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Abstract: We prove that the C*-algebra of a minimal diffeomorphism satisfies
Blackadar’s Fundamental Comparability Property for positive elements. This leads to
the classification, in terms of K-theory and traces, of the isomorphism classes of coun-
tably generated Hilbert modules over such algebras, and to a similar classification for
the closures of unitary orbits of self-adjoint elements. We also obtain a structure theo-
rem for the Cuntz semigroup in this setting, and prove a conjecture of Blackadar and
Handelman: the lower semicontinuous dimension functions are weakly dense in the
space of all dimension functions. These results continue to hold in the broader setting
of unital simple ASH algebras with slow dimension growth and stable rank one. Our
main tool is a sharp bound on the radius of comparison of a recursive subhomogeneous
C*-algebra. This is also used to construct uncountably many non-Morita-equivalent
simple separable amenable C*-algebras with the same K-theory and tracial state space,
providing a C*-algebraic analogue of McDuff’s uncountable family of II; factors. We
prove in passing that the range of the radius of comparison is exhausted by simple
C*-algebras.

1. Introduction

The comparison theory of projections is fundamental to the theory of von Neumann
algebras, and is the basis for the type classification of factors. For a general C*-algebra
this theory is vastly more complicated, but no less central. Blackadar opined in [1]
that “the most important general structure question concerning simple C*-algebras is
the extent to which the Murray-von Neumann comparison theory for factors is valid
in arbitrary simple C*-algebras.” In this article we answer Blackadar’s question for the
C*-algebras associated to smooth minimal dynamical systems, among others, and give
several applications.
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Tellingly, Blackadar’s quote makes no mention of projections. A C*-algebra may
have few or no projections, in which case their comparison theory says little about the
structure of the algebra. The appropriate replacement for projections is positive ele-
ments, along with a notion of comparison for the latter which generalises Murray-von
Neumann comparison for projections. This idea was first introduced by Cuntz in [9]
with a view to studying dimension functions on simple C*-algebras. His comparison
relation is conveniently encoded in what is now known as the Cuntz semigroup, a positi-
vely ordered Abelian monoid whose construction is analogous to that of the Murray-von
Neumann semigroup. When the natural partial order on this semigroup is governed by
traces, then we say that the C*-algebra has strict comparison of positive elements (see
Subsec. 2.2 for a precise definition); this property, first introduced in [1], is also known as
Blackadar’s Fundamental Comparability Property for positive elements. It is the best
available analogue among simple C*-algebras for the comparison theory of projections
in a factor, and a powerful regularity property necessary for the confirmation of G.
A. Elliott’s K-theoretic rigidity conjecture (see [11 and 27]). Its connection with the
comparison theory of projections in a von Neumann algebra is quite explicit: if a uni-
tal simple stably finite C*-algebra A has strict comparison of positive elements, then
Cuntz comparison for those positive elements with zero in their spectrum is synony-
mous with Murray-von Neumann comparison of the corresponding support projections
in the bidual; the remaining positive elements have support projections which are contai-
ned in A, and Cuntz comparison for these elements reduces to Murray-von Neumann
comparison of their support projections in A, as opposed to A**.

Our main result applies to a class of C*-algebras which contains properly the
C*-algebras associated to minimal diffeomorphisms. Recall that a C*-algebra is sub-
homogeneous if there is a uniform bound on the dimensions of its irreducible represen-
tations, and approximately subhomogeneous (ASH) if it is the limit of a direct system of
subhomogeneous C*-algebras. There are no known examples of simple separable ame-
nable stably finite C*-algebras which are not ASH. Every unital separable ASH algebra
is the limit of a direct sequence of recursive subhomogeneous C*-algebras, a particularly
tractable kind of subhomogeneous C*-algebra ([19]).

Theorem 1.1. Let (A;, ¢;) be a direct sequence of recursive subhomogeneous
C*- algebras with slow dimension growth. Suppose that the limit algebra A is unital
and simple. It follows that A has strict comparison of positive elements.

We note that the hypothesis of slow dimension growth is necessary, as was shown by
Villadsen in [31]. The relationship between Theorem 1.1 and the C*-algebras of minimal
dynamical systems is derived from the following theorem:

Theorem 1.2 ([17]). Let M be a compact smooth connected manifold, and leth : M —
M be a minimal diffeomorphism. It follows that the transformation group C*-algebra
C*(M, Z, h) is a unital simple direct limit of recursive subhomogeneous C*-algebras
with slow dimension growth (indeed, no dimension growth).

K-theoretic considerations show the class of C*-algebras covered by Theorem 1.1 to
be considerably larger than the class covered by Theorem 1.2.

Let us describe briefly the applications of our main result. In a C*-algebra A of stable
rank one, the Cuntz semigroup can be identified with the semigroup of isomorphism
classes of countably generated Hilbert A-modules—addition corresponds to the direct
sum, and the partial order is given by inclusion of modules ([7]). It is also known that
positive elements a,b € A are approximately unitarily equivalent if and only if the
canonical maps from Cy(0, 1] into A induced by a and b agree at the level of the Cuntz
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semigroup ([5]). Thus, to the extent that one knows the structure of the Cuntz semigroup,
one also knows what the isomorphism classes of Hilbert A-modules and the closures of
unitary orbits of positive operators look like. If A is in addition unital, simple, exact, and
has strict comparison of positive elements, then its Cuntz semigroup can be described
in terms of K-theory and traces (see [4, Theorem 2.6]), and the Ciuperca-Elliott clas-
sification of orbits of positive operators extends to self-adjoint elements. Thus, for the
algebras of Theorem 1.1, under the additional assumption of stable rank one, we have a
description of the countably generated Hilbert A-modules and of the closures of unitary
orbits of self-adjoints in terms of K-theory and traces. (In fact, this description also cap-
tures the inclusion relation for the said modules, and the structure of their direct sums.)
This result applies to the C*-algebras of minimal diffeomorphisms as these were shown
to have stable rank one by N. C. Phillips ([23]). Our classification is quite practical, as
the K-theory of these algebras is accessible through the Pimsner-Voiculescu sequence
and their traces have a nice description as the invariant measures on the manifold M.
The classification of Hilbert modules obtained is analogous to the classification of
W*-modules over a II; factor. (See [4] and Subsects. 5.4 and 5.5.) Finally, we note
that Jacob has recently obtained a description of the natural metric on the space of
unitary orbits of self-adjoint elements in a unital simple ASH algebra under certain
assumptions, one of which is strict comparison. This gives another application of
Theorem 1.1 ([15]).

It was shown in [3, Theorem 6.4] that if the structure theorem for the Cuntz semigroup
alluded to above holds for A, then the lower semicontinuous dimension functions on A
are weakly dense in the space of all dimension functions on A, confirming a conjecture
of Blackadar and Handelman from the early 1980s. This conjecture therefore holds for
the algebras of Theorem 1.1. (See Subsects. 5.2 and 5.3.)

If A is a unital stably finite C*-algebra, then one can define a nonnegative real-valued
invariant called the radius of comparison which measures the extent to which the order
structure on the Cuntz semigroup of A is determined by (quasi-)traces. This invariant
has proved useful in the matter of distinguishing simple separable amenable C*-algebras
both in general ([29]) and in the particular case of minimal C*-dynamical systems ([12]).
The proof of Theorem 1.1 follows from a sharp upper bound that we obtain for the radius
of comparison of a recursive subhomogeneous C*-algebra. This bound generalises and
improves substantially upon our earlier bound for homogeneous C*-algebras ([30]). In
addtion to being crucial for the proof of Theorem 1.1, this bound has other applications.
We use it to prove that the range of the radius of comparison is exhausted by simple
C*-algebras, and that there are uncountably many non-Morita-equivalent simple sepa-
rable amenable C*-algebras which all have the same K-theory and tracial state space
(Theorem 5.11). This last result is proved using approximately homogenenous (AH)
algebras of unbounded dimension growth, and so may be viewed as a strong converse
to the Elliott-Gong-Li classification of simple AH algebras with no dimension growth
([10]). It can also be viewed as a C*-algebraic analogue of McDuff’s uncountable family
of pairwise non-isomorphic II; factors ([18]). (See Subsect. 5.1 and 5.6.)

W. Winter has recently announced a proof of Z-stability for a class of C*-algebras
which includes unital simple direct limits of recursive subhomogeneous C*-algebras with
no dimension growth, leading to an alternative proof of Theorem 1.1 under the stronger
hypothesis of no dimension growth. Those working on G. A. Elliott’s classification pro-
gram for separable amenable C*-algebras suspect that the conditions of slow dimension
growth and no dimension growth are equivalent, but this problem remains open even for
AH C*-algebras. Gong has shown that no dimension growth and a strengthened version



404 A. S. Toms

of slow dimension growth are equivalent for unital simple AH algebras, an already
difficult result (see [13]).

The paper is organised as follows: Section 2 collects our basic definitions and prepara-
tory results; Section 3 establishes a relative comparison theorem in the Cuntz semigroup
of a commutative C*-algebra; Section 4 applies the said comparison theorem to obtain
sharp bounds on the radius of comparison of a recursive subhomogeneous algebra;
Section 5 describes our applications in detail.

2. Preliminaries

2.1. The Cuntz semigroup. Let A be a C*-algebra, and let M,,(A) denote the n x n
matrices whose entries are elements of A. If A = C, then we may simply write M,,.

Let Moo (A) denote the algebraic limit of the direct system (M,,(A), ¢,), where ¢, :
M, (A) = M,41(A) is given by

a0
ar~\go):
Let Moo (A);+ (resp. M, (A)+) denote the positive elements in My, (A) (resp. M, (A)).

Given a, b € My (A),, we say that a is Cuntz subequivalent to b (written a 3 b) if
there is a sequence (vn)ff:l of elements of My (A) such that

o0
v, —al] =3 0.

We say that a and b are Cuntz equivalent (written a ~ b) if a = b and b 3 a. This
relation is an equivalence relation, and we write (a) for the equivalence class of a. The
set

W(A) :=Moo(A)+/ ~
becomes a positively ordered Abelian monoid when equipped with the operation
(a) +(b) = (a ® D)
and the partial order
(a) < (b)y & a3 b.

In the sequel, we refer to this object as the Cuntz semigroup of A. (It was originally
introduced by Cuntz in [9].) The Grothendieck enveloping group of W (A) is denoted
by K§(A).

Given a € My (A)+ and € > 0, we denote by (a — €); the element of C*(a)
corresponding (via the functional calculus) to the function

f(@) =max{0,t — €}, t € o(a).

(Here o (a) denotes the spectrum of a.) The proposition below collects some facts about
Cuntz subequivalence due to Kirchberg and Rgrdam.

Proposition 2.1 ([16,26]). Let A be a C*-algebra, and a, b € A..
(1) (a—¢€)y S aforeverye > 0.
(ii) The following are equivalent:
@ a3 b;
(b) foralle >0, (a —e€)y 2 b;
(¢) forall € > 0, there exists § > 0 such that (a — €)+ 3 (b — §)+.
(iii) Ife > Oand ||la — b|| < €, then (a — €); = b.
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2.2. Dimension functions and strict comparison. Now suppose that A is unital and
stably finite, and denote by QT(A) the space of normalised 2-quasitraces on A (V.
[2, Def. II.1.1]). Let S(W(A)) denote the set of additive and order preserving maps
d : W(A) — R having the property that d({14)) = 1. Such maps are called states.
Given T € QT(A), one may define a map d; : Moo (A); — R* by

de(a) = lim t(a'/"). ()

This map is lower semicontinous, and depends only on the Cuntz equivalence class of
a. It moreover has the following properties:

(i) ifa 2 b, thend;(a) < d;(b);
(i1) if @ and b are mutually orthogonal, then d; (a + b) = d;(a) + d (b);
(i) d;((a —€);) S di(a)ase — 0.

Thus, d; defines a state on W (A). Such states are called lower semicontinuous dimen-
sion functions, and the set of them is denoted LDF(A). QT (A) is a simplex ([2, Theorem
I1.4.4]), and the map from QT(A) to LDF(A) defined by (1) is bijective and affine ([2,
Theorem 11.2.2]). A dimension function on A is a state on Kg(A), assuming that the
latter has been equipped with the usual order coming from the Grothendieck map. The
set of dimension functions is denoted DF(A). LDF(A) is a (generally proper) face of
DF(A). If A has the property that a X b whenever d(a) < d(b) for every d € LDF(A),
then we say that A has strict comparison of positive elements.

2.3. Preparatory results. We now recall and improve upon some results that will be
required in the sequel.

Definition 2.2 (cf. Definition 3.4 of [30]). Let X be a compact Hausdorff space, and
let a € M, (C(X)) be positive with (lower semicontinuous) rank function f : X — 7*
taking values in {ny, ...,ni}, ny <nz < --- < ng. Set

Fia = {x € X[f(x) = n;}.

We say that a is well supported if, for each 1 < i < k, there is a projection
pi € M, (C(F; ,)) such that

lim a()!" = pi(x), Vx € Fia,

and p;i(x) < pj(x) whenever x € mﬂ Fijgandi < j.

Theorem 2.3 (cf. Theorem 3.9 of [30]). Let X be a compact Hausdor{f space, and let
a € M, (C(X))+ and € > O be given. It follows that there is a € M, (C(X)), with the
following properties:
(i) a=<a;
(i) [la —all <€
(i) a is well supported.

Remark 2.4. Inthe statement of Theorem 3.9 of [30], X is required to be a finite simplicial
complex, but this is only to ensure that some further conclusions about the approximant
a can be drawn. The proof of this theorem, followed verbatim, also proves Theorem
2.3—one simply ignores all statements which concern the simplicial structure of X. An
alternative proof can be found in [17].



406 A. S. Toms

For our purposes, we require a different and in some ways strengthened version of
Theorem 2.3. It says that the well-supported approximant @ can be obtained as a cut-down
of a, at the possible expense of condition (i).

Lemma 2.5. Let X, a, and € be as in the statement of Theorem 2.3. Suppose further that
a has norm at most one. It follows that there is a positive element h of M, (C(X)) of
norm at most one such that the following statements hold:

(1) |lhah —al| < €;
(i) ||ha —al| < €/2 and ||lah — al| < €/2;
(iii) hah is well-supported.

Proof. Apply Theorem 2.3 to a with the tolerance €/4 to obtain the approximant a.
This approximant can be described as follows (the details can be found in the proof of
Theorem 3.9, [30], which is constructive). Atevery x € X there are mutually orthogonal
positive elements aj(x), ..., ax(x) of M, (C) such that

a(x) =a1(x) ®ax(x) ®--- ® ar(x).

Note that k varies with x, and that we make no claims about the continuity of the g;s.
Our approximant then has the form

a(x) =rai(x) @ raz(x) @ - - @ Arag(x),

where A; € [0, 1]. We also have that ||a; (x)|| < €/4 whenever A; # 1, and that there
is an n > 0, independent of x, such that the spectrum of a;(x) is contained in [, 1]
whenever A; = 1.

Let f : [0, 1] — [0, 1] be the continuous map given by

=iz

t>n"
Set

h(x) = fa(x)) = f(hai(x) & f(raa(x)) & - @ f(hear(x)),

and note that 4 : X — M,,(C) is indeed a positive element of M, (C(X)) since a is.
Let us first verify that ||ha — a|| < €/2; the proof that ||[ah — al| < €/2 is similar.
For every x € X we have

k
h(nax) —a(x) = P (f hiai(x)a; (x) — ai(x) .
i=1

If A; = 1, then f(A;a;(x)) = pi(x), where p;(x) is the support projection of @; (x) in
M,,(C). Thus,

fhiai(x))a;(x) — a;(x) = pi(x)a;(x) —a;(x) = a;(x) — a;(x) = 0.
Otherwise, ||a;(x)]| < €/4 and || f (A;a;(x))]| < 1, whence

[1f(iai(x)a;(x) —a;(x)|| < €/4+€/4=¢€/2.
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We have shown that || f(A;a; (x))a; (x) —a;(x)|| < €/2foreachi € {l,...,k}, so that
|lha — al| < €/2, proving (ii). For (i), we have

|hah — a|| = ||hah — ha + ha — al|
< |Iall - llah — a|| + ||ha — al|
<ef2+e/2=c.

To complete the proof, we must show that hah is well-supported. The property of
being well-supported depends only on the support projection of hah(x) as x ranges over
X. Tt will thus suffice for us to show that the support projection of hah(x) is the same as
thatof a(x), since a is well-supported. If &; is zero, thensois f (A;a; (x))a; (x) f (A;ja; (x)),
whence both it and A;a; (x) have the same support projection, namely, zero. If A; # 0,
then f(A;a;(x))a;(x) f(Xia;(x)) is the image of A;a; (x) under the map t — f(#)(t/X\;)
f (). This map is nonzero on (0, 1], and it follows that A;a;(x) and f(A;a;(x))a;(x)
f(Xia;(x)) again have the same support projection. Since these statements hold for each
i €{1,...,k}, we conclude that the support projections of a(x) and hah(x) agree for
eachx e X. 0O

Proposition 2.6 (Proposition 4.2 (1) of [22]). Let X be a compact Hausdorff space
of finite covering dimension d, and let E C X be closed. Let p,q € M, (C(X)) be
projections with the property that

rank (g (x)) + %(d — 1) <rank(p(x)), Vx € X.

Let s) € M, (C(E)) be such that siso = q|g and sos5 < plg. It follows that there is
s € M,,(C(X)) such that

s*s=¢q, ss* <p, and 5o =s|E.
We record a corollary of Proposition 2.6 for use in the sequel.

Corollary 2.7. Let X be a compact Hausdorff space of covering dimension d € N, and
let Eq, ..., Ex be acover of X by closed sets. Let p € M,,(C(X)) and q; € M,,(C(E;))
be projections of constant rank for each i € {1, ..., k}. Set n; = rank(q;), and assume
thatny <np < --- < ng. Assume that q; (x) < qj(x) wheneverx € E;NEjandi < j.
Finally, suppose that n; — rank(p) > (1/2)(d — 1) for every i.

The following statements hold:

(1) there is a partial isometry w € M, (C(X)) such that w*w = p and
wwH) <\ @), Vx e X;
{i | xek;}

(i1) if Y C X is closed, p|y corresponds to a trivial vector bundle, and

r» < N\ @), Vyey,
{i | yeEi}

then ply can be extended to a projection p on X which also corresponds to a
trivial vector bundle and satisfies

o< N\ @), vxex.
{i | x€E;}
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Proof. (1) Therankinequality hypothesis and the stability properties of vector bundles
imply that there is a partial isometry wi € M, (C(E})) such that wjw; = p and
wiw] < ¢q1. Since g1 (x) < qj(x) whenever x € E1 N E, we have

(wiw])(x) < /\ qj(x), Vx € E.
{j | x€Ej)

Suppose now that we have found a partial isometry w; € M, (C(E1 U --- U E;))
such that w}w; = p and

(wiw)(x) < /\ qj(x), Vx € E{U---UE;. 2)
{j | x€Ej)

We may now apply Proposition 2.6 with X = Ej41, E = Ejx1 N (E1U---UE;),
and so = w;|g;,,N(E;U--UE;) to extend w; to a partial isometry w;4+; € M, (C(£; U
-+ U Ej;+1)) which satisfies (2) with i + 1 in place of i. Continuing inductively
yields the desired result.

(i) We will explain how to extend p|y to p defined on ¥ U E;. The desired result
then follows from iteration of this procedure.

Let r be a projection over Y U E; which corresponds to a trivial bundle and has
rank equal to rank(p). Since r|y and p|y are Murray-von Neumann equivalent,
we may use Proposition 2.6 to find a partial isometry s defined over Y U E| with
the property that s*s = r and ss*|y = p. Thus, without loss of generality, we
may assume that r|y = ply.

Now rlyng, corresponds to a trivial vector bundle and is subordinate to
q1lyng,. We may view this subordination as the statement that »|yng, is a partial
isometry such that

rlyne, = rlyne)*(rlyne,) = lyne)(Flyne)™ < qilyne, -

By Proposition 2.6, we may extend r|yng, to a partial isometry v defined on E|
with the property that

rlg, = v ~vv* <gqj.

We can extend v to Y U E by setting v(x) = r(x) for each x € Y\ E;. Now set
p = vv*, so that p, by virtue of being equivalent to , must correspond to a trivial
vector bundle. It follows that forevery x € Y, v(x)v(x)* = (rly)(x) = (ply) (x),
and for every x € E;

p(x) = v(x)vx)* < q1(x).

The proof of the next lemma is contained in the proof of [30, Prop. 3.7].

Lemma 2.8. Let X be a compact Hausdorff space, and leta, b € M,,(C(X)) be positive.
Suppose that there is a non-negative integer k such that

rank(a(x)) + k < rank(b(x)), Vx € X.
It follows that for every € > 0 there is § > O with the property that
rank((a — €)+(x)) +k <rank((b — §)+(x)), Vx € X.
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3. A Relative Comparison Result in M,, (C(X))
The goal of this section is to prove the following lemma.

Lemma 3.1. There is a natural number N such that the following statement holds: Let X
be a compact metrisable Hausdorff space of finite covering dimension d, and let Y C X
be closed. Leta, b € M,,(C(X)) be positive and, for a given tolerance 1 > € > 0, satisfy

1) [la(x) = b(x)|| < € foreachx €Y, and
(i1) rank(a(x))+ (d — 1)/2 < rank(b(x)) foreach x ¢ Y.

It follows that there are positive elements c, d and a unitary element u in My, (C(X))
whose restrictions to Y are all equal to 1 € My, (C(Y)), and which, upon viewing a and
b as elements of the upper left n x n corner of My, (C(X)), satisfy the inequality

[|(duc)b(duc)* — al| < N+ /€.
The proof of Lemma 3.1 proceeds in several steps.

Lemma 3.2. Let X be a compact metrisable Hausdorff space, and let Y be a closed
subset of X. Suppose that we have positive elements a,b € M, (C(X)), a tolerance
€ > 0, and a natural number k satisfying

(i) llaly —blyll <€, and
(ii) rank(a(x)) +k < rank(b(x) foreachx ¢ Y.

It follows that there are a positive element a € M,,(C(X)) and open neighbourhoods
Uy C U of Y with the following properties:

(@ lla —all < 4e;
(b) U S Uy o
(¢) a(x) = (b(x) —2€)+ forevery x € Up\Uy;

(d) rank(a(x)) + k < rank(b(x)) for each x € X\Uj.

Proof. By the continuity of @ and b we can find open neighbourhoods Uy C U, C Us
of Y such that Uy C U,, Uy C Us, and ||a|U7— b|73|| < (3/2)e.Let f: X — [0, 1]
be a continuous map which is equal to zero on ¥ U (X\U3) and equal to one on U \Uj.
As a first approximation to our desired element a, we define

ay(x) = = fx)ax) + f(x)b(x).

We then have ||a; |73— b|73|| < 2¢ and ||a —ay]|| < 2¢. Now find a continuous function
g : X — [0,1] which is zero on Y, and equal to one on X\Uj. Set
a(x) = (a1 (x) — 2eg(x))+. Thus, conclusions (a) and (b) are satisfied.

For each x € U;\U; we have f(x) = g(x) = 1, so that aj(x) = b(x) and
a(x) = (b(x) — 2¢). This establishes part (c) of the conclusion.

For part (d) of the conclusion we treat two cases. For x € 73\ U\ we have the estimate
[laj(x) —a(x)]| < 2€ and the fact that a(x) = (a;(x) — 2¢). Proposition 2.1 (iii) then
implies that a(x) = a(x), whence

rank(a(x)) < rank(a(x)) < rank(b(x)) — k.

For x € X\Us we have a;(x) = a(x) and a(x) = (aj(x) — 2€)4. Thus, a(x) = a(x)
and we proceed as before. O

‘We can now make our first reduction.
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Lemma 3.3. In order to prove Lemma 3.1, it will suffice to prove the following statement,
hereafter referred to as (S): Let X be a compact metrisable Hausdorff space of covering
dimension d € N, and let Y C X be closed. Let 1 > € > 0 be given. Suppose that

a, be M,, (C(X))+ have the following properties:

@ |- lS)lUH < € for some open set U D Y;
(i) l;|x\U is well-supported,
(iii) there are an open set V. 2 U and y > 0 such that

a(x) = (b(x) — )+, Vx € V\U;
(iv)
rank (4 (x)) + (d — 1)/2 < rank(b(x)), Vx € X\U.

It follows that there are positive elements ¢, d and a unitary element v in My, (C(X))
whose restrictions to U are all equal to 1 € My, (C(U)), and which, upon viewing a
and b as elements of the upper left n x n corner of Ma, (C(X)), satisfy the inequality

[[(dvé)b(dvé)* — a|| < 4+/e.

Proof. Let a and b be as in the hypotheses of Lemma 3.1. One can immediately find an
open set U O Y such that [|a(x) — b(x)|| < €9 < € for every x € U. By Lemma 2.8,
there is a § > O such that

rank(a(x) — €);) + (d — 1)/2 < rank(b(x) — 8)+, Vx € X.
Set n = min{e — €q, §}.

Fix an open set W 2 Y such that W € U. Apply Lemma 2.5 to blx\w with the

tolerance 7 to produce a positive element h € M, (C(X \W)) with the properties listed
in the conclusion of that lemma. Fix a continuous map f : X — [0, 1] which is equal
to one on W and equal to zero on X\U. Set

h(x) = £y, + (1 = fF())A(x), Vx € X,

and l;(x) = h(x)b(x)h(x). For each x € X\U, we have f(x) = 0. It follows that
blx\v = (hlx\v)(blx\v)(h|x\v), whence, by part (i) of the conclusion of Lemma 2.5,
b| x\u is well-supported.

We have
[|hbh — b|
= sup||h(x)b(x)h(x) — b(x)]|
xeX
= Sugll[f(X)l + (1 = FEDRENIBE(fF )1+ (1 — fFE)RE)] - bX)]| <1,

where the last inequality follows from part (ii) of the conclusion of Lemma 2.5. Since
n < € — €o, we have ||la|z — b|f7]| < €. The inequality n < § implies that ||b — b|| < 6.
Combining this fact with part (iii) of Proposition 2.1 yields

rank((a(x) —€)4) + (d — 1)/2 <rank(b(x) — §)4+) < rank(I;(x)), Vx € X.
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We will now apply Lemma 3.2 with 5, (a — €)4, and 2¢ substituted for b, a, and ¢,
respectively. Note that by shrinking U and W above, we may assume that they will serve
as the sets U, and U of Lemma 3.2, respectively. Form the approximant a to (a — €)+
provided in the conclusion of Lemma 3.2, and set a = a. Note that ||a — (a — €)+| < 8e.
We have

@ —b)lgll < 1@ — (@ — eyl +11((a — €)5 — Hll
< 2(4¢€) +2¢ = 10e

and
a(x) = (b(x) — 4€)4, Vx € X.

Our @ and b now satisfy the hypotheses of statement (S) with 10€ and 4€ substituted
for € and vy, respectively. Let ¢, d, and v be as in the conclusion of statement (S). Set
u=v,d=d,and ¢ = ¢h. It follows that

< 11((dvd)b(dvé)* — al| +||a — al|
<40Ve| +lla—(a—e)ill+lla — (a—e)4]
< 404/€ + 9¢ < 49./€.

This shows that if (S) holds, then Lemma 3.1 holds (with N = 49). 0O
The next lemma constructs the unitary # of Lemma 3.1.

Lemma 3.4. Let X be a compact metrisable Hausdorff space of covering dimension
d e N, and let a, b € M,,(C(X)) be well-supported positive elements with the property
that

rank(a(x)) + %(d — 1) <rank((b — €)+(x))

for some € > 0 and every x € X. Suppose further that a(y) < (b(y) — €)4 for each y
in the closure of an open subset Y of X, and that a and b have norm at most one.
Foreachk € {0,1,...,n}, set

Er ={x € Z | rank(a(x)) = k}; Fr = {x € Z | rank(b(x)) = k}.

For each x € Ey, let pr(x) be the support projection of a(x); for each x € Fy let gi(x)
be the support projection of b(x). Since a and b are well-supported, the continuous
projection-valued maps x +— py(x) and x +— qi(x) can be extended to Ej and Fy,
respectively. We also denote these extended maps by py and q.

View M,,(C(X)) as the upper-left n x n corner of My, (C(X)), and let Z C Y be
closed. It follows that there is a unitary u € Ma, (C(X)) with the following properties:

(1) u(z) = 14, € My, (C) for each z € Z;
(ii)
wpa)(x) < N\ qi(x). Vx € Ex, Yk €{0,....n};
{j | xeF}

(i) u is homotopic to the unit of M4, (C(X)).
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Proof. Step 1. For each y 6_7, set v(y) = 1,. Let us verify conclusion (ii) above with
v in place of u for each x € Y N Ej. For each y € Y we have a(y) < b(y), and so

a < by, Vn e N.

It follows that py(y) < g;(y) foreach y € YNEN Fj, and so

Wp»=p» =< N\ @O
{j | yeFj}

foreach y € Y N Ex and k € {1, ..., n}. It remains to prove that the inequality above
holds when y € Y N Ey.

Set r(x) = xre/2,11(b(x)) for each x € X, so that r (x) dominates the support projec-
tion of (b — €)4 at x. It follows that py(x) < r(x) for each x € Ej. In fact,

@ <rm < N g 3)
{j | xeF;}
foreach k € {0, ..., n} and x € Ej, where the second inequality follows from the fact
that
JAN163)
{j | xeF})

is the support projection of b(x) for each x € Ej. It will suffice to prove that the first
inequality holds for y € Y N Ey. It is well known that (x) is an upper semicontinuous
projection-valued map from X into M, (C(X)). Fix y € Y N E, and let (y,) be a
sequence in Y N Ej converging to y. Since pi(y,) < r(y,) for eachn € N we have

(Pk(yn)§18) < (r(yn)€1€), V& € C*, n e N.

Now

(PE(EIE) = Tim (pr(n)E18) < lim sup(r(m)E€) < (r(1EIE), V& € ",

n— o0

where the last inequaltiy follows from the upper semicontinuity of r. It follows that

pr(y) < r(y), as required. -
Step 2. We will construct partial isometries vy € M, (C(E;\Y)) with the following
properties:

(a)

Wip @) < N\ qj@). Yx e EQ\Y. Yk e {1, nk
{j | xeFj\Y}

(b) the vgs are compatible in the sense that for each x € E; N E_j\Y withi < j,
] pivi)(x) = (v pivj)(x);

(c) foreach x € Ex NAY, vg(x) = pr(x) = v(x) pr(x).
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In the third step of the proof, we will extend the v from Step 1 and the vi’s above to
produce the unitary u required by the lemma.

We will prove the existence of the required vg’s by induction on the number of rank
values taken by a. Let us first address the case where a has constant rank equal to k. In this
case Ey, = Ey, = X, and a is Cuntz equivalent to the projection py, € M, (C(X)). We
set v, (y) = pr,(y) foreach y € dY, thus satisfying requirements (a) and (c) for these y.
(Note that condition (b) is met trivially in the present case.) Let j; < j» < --- < ji be
the indices for which Fj;, # (. The existence of the required partial isometry extending
the definition of vy, on 9Y now follows from repeated application of Proposition 2.6: one
substitutes py, and g, for g and p, respectively, in the hypotheses of said proposition.

Now let us suppose that we have found partial isometries vy, .. ., vg satisfying (a),
(b), and (c) above. We must construct vy, assuming k < n. We will first construct vi1
on the boundary

ExiN(E{UE,U---UE;) NYEC.

For x € Exs1 N Ex N Y€, we have

Wipon@ < N g,

{j | xeF;\Y}

From (3) on Ej4; we also have that the rank of the right-hand side exceeds that of the
left-hand side by at least

1
rank (pie1 (x) = pr(x)) + 2(d = 1).

Working over Epy; N Ex N Y°, we have that (px+1 — pk) is Murray-von Neumann
equilvalent to a projection f which is orthogonal to v pyvy and satisfies

i< N .
{j | xeF;\Y)

(This follows from part (i) of Corollary 2.7.) Let wy be a partial isometry defined over
Eiy1 N Ex N Y€ such that w(prs1 — p)wi = fk, and set vgy) = v + wy. With this
definition we have

Wiapev)@ < N\ i),
{j | xeFj\Y}

and
(U Prvi) () = (V41 Prvk+1) (X)

foreach x € Ejey N Ex N Y. L
Let us now show how to extend vi; one step further, to Ex+1 N (Ex U Ex—1) N YS;
its successive extensions to the various

Ek+]m(E_kU"'UEk_j)mYC, Je{lv’k_l}a

are similar, and the details are omitted.
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In this paragraph we work over the set Ers1 N (Ex UE_1) N Y. We will suppose
that this set contains Ez+; N Ex N Y° strictly, for there is otherwise no extension of vi4]
to be made. Over (Exs; N Ex N YS) N Ex_q, we set wy_; = Vk+1 (Pk+1 — pr). Thus,
w1 is a partial isometry carrying (the restriction of) px+1 — px—1 to a subprojection of

def _
0(x) = /\ qj(x) | = k=1 pk—1V_ D), x € (Exs1 NExNY) N Eg_y.
{j | xeF;\Y}

We moreover have the rank inequality

1
[rank (Q (x)) — rank ((vg—1 pe—1vg_1)(x))] — rank (we—1wi_ ) (x)) > F@d—=D.

Applying part (i) of Corollary 2.7, we extend wy_1 to a partial isometry defined on all
of Exr1 N Ex—1 N Y¢ which has the property that (wk—lw/f,l) < Q(x). Finally, set
Vk+1 = Vg—1 + wg—1 on this set. It is straightforward to check that vy has the required
properties.

Iterating the arguments above, we have an appropriate definition of vi+; on

EiN(EfTUE,U---UE;) NYEC.

To extend the definition of v, from the set above to all of Ej4; N Y€, we simply apply
part (i) of Corollary 2.7.

Step 3. Set H_| = Y and Hy = Ex\Y,sothat H_q, ..., H, is a closed cover of X. For
eachk € {—1,0,...,n} we have a partial isometry vy € M,,(C(Hy)) from Steps 1 and
2 (assuming that v_; = v = 1). Let ¢ denote the source projection of v. Notice that
rr agrees with pi off Y. In this final step of our proof, we will construct the required
unitary # in a manner which extends the vg: (u|py )ri = vg.

Suppose that we have found a partial isometry wy € My, (C(H-1 U - --U Hy)) with
source projection equal to 1, (i.e., the unit of the upper-left n x n corner) and satisfying
(wilg;)rj = vj foreach j € {0, ..., k}. Let us show that k can be replaced with k + 1,
and that wi41 may moreover be chosen to be an extension of wy.

Over (H_1 U- - -U Hy) N Hy41, wy carries the projection 1,, — ry41 into a subprojection
of 12, — Vka1 v,’: .1~ The rank of the latter projection exceeds that of the former by at least
(d—1)/2, and so the partial isometry wy (1,, —r¢+1) defined over (H_1U- - -U Hy) N Hiy41
can be extended to a partial isometry w,; 1 defined over Hy,; which carries 1, — r¢41

into a subprojection of 12, — vg41 vz‘ 1 (cf. Proposition 2.6). Setting w11 = vg41 + w}( ol
on Hjy and w41 = wy otherwise gives the desired extension. Iterating this extension
process yields a partial isometry w € Mj, (C(X)) with source projection 1,, satisfying
(wlg)rk = vk.

To complete the proof, it will suffice to find a unitary u € My, (C(X)) which is
homotopic to the identity (for conclusion (iii)), satisfies u1,, = w (for conclusion (ii)),
andisequal to 1 € My, (C) over Z (for conclusion (i)). We will find a unitary s satisfying
(i1) and (iii), and then modify it to obtain u.

The complement of 1, in M, (C(X)) is Murray-von Neumann equivalent to the
complement of ww™*, as both projections have the same Ky-class and are of rank at least
(d—1)/2. Let w' be a partial isometry implementing this equivalence. It follows that
wtw € M>,, (C(X)) is unitary. Setting s = (w+ w/) ®(w+ w/)* yields our precursor to
the required unitary u € My, (C(X))—the K;-class of s is zero, so it is homotopic to 14,
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by virtue of its rank ([24, Theorem 10.12]). The unitary sl € My, (C(Y)) has the form
1,,®s5, where s is a 3n x 3n unitary homotopic to the identity. (This follows from two facts:
the K;-class of 1,, @ § is zero, and the natural map ¢ : U/ (M3, (C(Y)) — UMy, (C(Y))
given by x +— 1, @ x is injective by [24, Theorem 10.12].) Let

H:Y x [0, 1] > UMz, (C))

be ahomotopy such that H (y, 0)=5(y) and H (y, 1) =13, € M3,(C).Leth : Y — [0, 1]
be a continuous map equal to one on Z and equal to zero on dY. Finally, define

— S('x)v X ¢ 7
n = [ 1,® H(x, f(x)), x €Y~
The unitary u is clearly homotopic to s, and so satisfies conclusion (iii). Conclusion (i)
holds for u by construction, and conclusion (ii) holds since ul, = s1, = w. O

Lemma 3.5. The statement (S) (cf. Lemma 3.3) holds.

Proof. Step 1. To avoid cumbersome notation, we use a, b, ¢, and d in place of their
“hatted” versions in the hypotheses and conclusion of (S). We will first find the unitary
v and the positive elements ¢ and d required by the conclusion of (S) with two failings:
c and d are not necessarily equal to 1 € My, (C) at each point of U, and the estimate

|| (cvd)b(cvd)* —al| < 44/€

only holds on X\U. Both of these failings will be attributable to ¢ and d alone, and will
be repaired later in Steps 2. and 3.

By combining the hypotheses (i) and (iii) of (S), we may, after perhaps shrinking the
set V, assume that y < €. With this choice of V we also have that hypothesis (i) holds
with V in place of U. We will also weaken hypothesis (iii) to an inequality. This has two
advantages. First, by replacing a with (a —§), for some small § > 0, we can assume that
(iv) holds with b replaced by (b — 1)+ for some y > 1 > 0. Second, we can assume that
alx\v is well-supported by using the following procedure: let W 2 Y be an open set
whose closure is contained in U ; replace a with a suitably close approximant @ on X\ W,
as provided by Lemma 2.5; choose a continuous map f : X — [0, 1] which is equal to
one on W and equal to zero on X\U; replace the original a with the positive element
equal to f(x)a(x)+ (1 — f(x))a(x) ateach x € X. Let us summarise our assumptions:

(i) [l(a = b)[5Il < € for some openset V 2O Y;
(i) b|x\v and a|x\y are well-supported (and U C V);
(iii) thereis 0 < y < € such that

a(x) < (b(x) — )4, ¥x € V\U;
(iv)
rank(a(x)) + (d — 1)/2 <rank((b — n)+(x)), Vx € X\U.

Set Z=X\U and W = V\U.
Foreachk € {0, 1, ..., n}, set

Er = {x € Z | rank(a(x)) = k}; Fr = {x € Z | rank(b(x)) = k}.
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For each x € E, let pr(x) be the support projection of a(x). Similarly, define g (x)
to be the support projection of b(x) for each x € F. Since (the restrictions of) a and
b are well-supported on Z, the continuous projection-valued maps x +— pi(x) and
x — gr(x) can be extended to Ex and Fy, respectively. We also denote these extended

maps by py and g;. Let V| be an open subset of X such that U C Vi € V] C V, and
set Vi = Vi N Z. Apply Lemma 3.4 with b|z, al|z, Z, W, V1, and n substituted for the
variables b, a, X, Y, Z, and € in the hypotheses of the lemma, respectively. Let u be the
unitary in My, (C(Z)) provided by the conclusion of said lemma. Define v € My, (C(X))
to be the unitary which is equal to u on Z and equal to 1 € My, (C) at each point of U.
This v will serve as the unitary required in the conclusion of (S). We will simply use v
in place of v|z whenever it is clear that we are working over Z.
From conclusion (ii) of Lemma 3.4 we have

pr(x) < v(x) /\ q;j(x) v(x)*, Vx € Ei, Yk € {0, ...,n}. “4)
{j | xeFj}

For each § > Olet fs5, gs : [0, 1] — [0, 1] be given by the formulas

0, t €[0,6/2]

fs(t) =1 @2t —=8)/8,1€(8/2,8) ,
1, tels, 1]

and

_ o, 1e0,8/2]
8= [fa(t)/t re /2, 1]

Note that f5(¢) and gs(¢) are continuous, and that g5 (1) = fs(¢).
Consider the following product in My, (C(Z)):

(Vavy/gs(b)b(Vavy/ gs(h)* = (Vavy/gs(b)b(y/ g5 (b)v*Va). ®)

As § — 0 we have

[Ves(0)by/gs()1(x) = fsb)x) >\ q;x), ¥x € Z.

{j | xeF})

Thus, by (4), [vi/gs(b)by/gs(b)v*](x) converges to a projection which dominates the
support projection of a(x). It follows that the product (5), evaluated at x € Z, converges
toa(x) as § — 0. We will prove that this convergence is uniform in norm on Z.

If § < k, then f5(b) > f,(b). It follows that

Vavfs(bw*a > Javf(b)v*a. (©6)

Since b < 1, we have

Vavfs(b)yv*Va < Javv*a = a,
and similarly for f, (b). Combining this with (6) yields

0 < a—avfs(b)v*va < a — Javf.(b)v*/a.
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By positivity,
|la — Vavfsbyw*Val| < [la — Vavfebyw*Val|. ()

Let (8,) be a sequence of strictly positive tolerances converging to zero. By (7),

la = Vav/gs, Bb/g5, HHv* Val)|| = [|la = Vavss, Gy Val ||

is a monotone decreasing sequence converging to zero for each x € Z. By Dini’s
Theorem, this sequence converges uniformly to zero on Z. For the remainder of the
proof we fix € > § > 0 with the property that

Ha — ﬁvmbmv*ﬁ“ <e. )

Extend +/a and +/gs(b) to positive elements ¢ and d in My, (C(X)), respectively. This
choice of ¢ and d completes Step 1.
Step 2. We must now modify our choice of ¢ and d to address their failings, outlined
at the beginning of Step 1. This modification will be made in three smaller steps. In a
slight abuse of notation, we will use ¢ and d to denote the successive modifications of
the present ¢ and d.

For each x € W we have b(x) — a(x) > 0 and [Ib(x) —a(x)|| < e.Itis a straight-
forward exercise to show that

Voo - Va@]| < ve.

Choose a continuous map f1 : Z — [0, 1] which is equal to one on Z\W and equal

to zero on Vi. Set a;(x) = fi(x)v/a(x) + (1 — f1(x))+/b(x) for each x € Z, and set
s = v/gs(b)b~/gs(b)v* for brevity. Note that ||s|| < 1. Now for each x € W we have

llaisail(x)ll
=|[Iva+ = /b - valmsmlva+ (- b - Vale||
= |Ivasvale +r@||.

where ||r(x)|| < 24/€ +¢€. We revise our definition of ¢ by setting it equal to aj on X\U
and extending it in an arbitrary fashion to a positive element of My, (C(X)). Combining
this new definition of ¢ with (8) above we have the estimate

|| [(cvd)b(cvd)*1(x) — a(x)|| < 2(v/€ +¢€), Vx € X\U. 9)

Choose an open subset V5 of Z such that U € V, € V; C Vi, and a continuous map
f»: Z — [0, 1] equal to zero on Z\V; and equal to one on V. For each x € V| we
have c(x) = /b(x),d(x) = +/g5(b), and v(x) = 1, whence
cvdblerd) 1x) = aw)]| = |[ber)?gsB) ) — a)|| (10)

= [1b(x) fs(b)(x) — a(x)]| (1)
= 1b(x) f5(b)(x) — b(x)|[ + [|b(x) —a(x)|[ <2¢. (12)

For each s € [0, 1] define

hor) = | 21879, t €[0,8/2]
s(0) = Qt =81 —s)/2—=8]+s, te/2,1]"
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It straightforward to verify that /4 (¢) is a homotopy of maps such that

o _J2t/8, 1t €10,8/2]
ho(t) =t; hi(t) = { 1, rte(/2,11°
Set
B t €10,8/2]
8s,s(1) = Ifé(f)/h ), te(5/2,1]"

With these definitions we have A, (t)gs s (t) = fs(t), Vs, t € [0, 1]. For each x € Vi, we
adjust our definitions of ¢(x) and d(x) as follows:

c(x) = \/h ) (b(x); dx) =/8s. fx)(b(x)).

Since f>(x) = 0on dVj, the definitions of ¢(x) and d (x) are not altered on d V1. Thus, our
modified versions of ¢ and d are still positive elements of My, (C(Z)), and the estimate
(9) still holds on Z\ Vj. For x € V| we have

|| [(cvd)b(cvd)*1(x) — a(x)|| = || ) (B(X)) g5, o0 (BX)b(x) — a(x)|| (13)
= || f5(b(x))b(x) —a(x)|| < 2e, (14)

where the last inequality follows from (10) above. Thus, (9) continues to hold with our
new definitions of ¢ and d.

Choose an open subset V3 of Z such that U C Vi3 C 73 C V>, and a continuous
map f3 : Z — [0, 1] equal to zero on Z\ V and equal to one on V3. Foreachs € [0, 1]
define continuous maps ry, w;s : [0, 1] — [0, 1] by

rs(t) = max {s, \/iT(t)} ; we () = max {s, ,/gg,l(t)} .

Thus, ry and w, define homotopies of self-maps of [0, 1] such that ro = h1, wo = gs.1,
andr; = w; = 1. Foreach x € V, we adjust our definitions of ¢(x) and d(x) as follows:

c(x) = /T (b(X); dx) = /wpx) (b(x)).

Since f3 = 0 on d V>, the definitions of ¢(x) and d(x) are not altered on 9 V5. Thus, our
modified versions of ¢ and d are still positive elements of My, (C(Z)), and the estimate
(9) still holds on Z\ V;. For x € V, we have

||[(cvd)b(cvd)*1(x) — a@)|| = || 00 B W g6y BX)D(x) — a(x)|| < 2¢
by a functional calculus argument similar to (13) above—one need only observe that
fs(t) = rs@wy (1) =1, Vs, 1 €0, 1].

Thus, (9) continues to hold with our new definitions of ¢ and d. Moreover, we have
c(x) = d(x) =1 € My, (C) for each x € V3. We may thus extend our definitions of ¢
and d to all of X by setting c¢(x) = d(x) = 1 € My, (C) for every x € U U V3. With
this final definition of ¢ and d, we see that

|| [(cvd)b(cvd)*1(x) — a(x)|| = |Ib(x) —a(x)|| <€, Yx € UU V3.
We conclude that the estimate (9) holds on all of X, whence (S) holds. O

With (S) in hand, we have completed the proof of Lemma 3.1.
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4. A Comparison Theorem for Recursive Subhomogeneous C*-Algebras

4.1. Background and notation. Let us recall some of the terminology and results from
[22].

Definition 4.1. A recursive subhomogeneous algebra (RSH algebra) is given by the
following recursive definition:

(1) If X is a compact Hausdorff space and n € N, then M,,(C(X)) is a recursive
subhomogeneous algebra.

(1) If A is a recursive subhomogeneousalgebra, X is a compact Hausdorff space,
XO c X is closed, ¢:A— My (C(X DY) is a unital s«-homomorphism, and p :
M (C(X)) = Mp(C(X DY) is the restriction homomorphism, then the pullback

A B, cx 0y M(C(X)) ={(a, f) € A @ M(C(X)) | p(a) = p(f)}
is a recursive subhomogeneous algebra.

It is clear from the definition above that a C*-algebra R is an RSH algebra if and only
if it can be written in the form

R = [ o [[Co Do Cl] Do C2] : ] ®co C, (15)

with Cx = M, ) (C(Xy)) for compact Hausdorff spaces Xy and integers n(k), with

CIEO) = M,,(k)(C(Xlio))) for compact subsets X ,io) C X (possibly empty), and where the

maps Cy — C,EO) are always the restriction maps. We refer to the expression in (15) as

a decomposition for R. Decompositions for RSH algebras are not unique.
Associated with the decomposition (15) are:

(1) its length
(i) its k™ stage algebra

R, = [ . [[CO Do Cl] Do Cz] : ] GBCEO) Ck;

(iii) its base spaces Xo, X1, ..., X; and fotal space ui:OXk;
(iv) its matrix sizes n(0), n(1), ..., n(l) and matrix size function m : X — N given
by m(x) = n(k) when x € X (this is called the matrix size of R at x);
(v) its minimum matrix size mingn (k) and maximum matrix size maxgn(k);
(vi) its topological dimension dim(X) and topological dimension function d : X —
N U {0} given by d(x) = dim(X}) when x € Xy;
(vii) its standard representation og : R — @izoMn(k) (C(X})) defined to be the
obvious inclusion;
(viii) the evaluation maps evy : R — M) for x € Xy, defined to be the composition

of evaluation at x on @izoMn(k) (C(Xy)) and og.

Remark 4.2. If R is separable, then the X can be taken to be metrisable ([22, Prop.
2.13]). If R has no irreducible representations of dimension less than or equal to N, then
we may assume that n(k) > N. It is clear from the construction of R4 as a pullback
of Ry and Cy41 that there is a canonical surjective x-homomorphism Ay : Riy1 — Ry.
By composing several such, one has also a canonical surjective x-homomorphism from
R; to Ry for any j > k. Abusing notation slightly, we denote these maps by A as well.
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Remark 4.3. The C*-algebra M,,,(R) = R ® M,,(C) is an RSH algebra in a canonical
way: Cy and C ,EO) are replaced with Cy ® M,,(C) and C ,io) ® M,,, (C), respectively, and
the clutching maps ¢x : Ry — C,E(i)l are replaced with the amplifications

¢k ®idyy : Ck ® M,y (C) — C\) & My (O).

From here on we assume that M,, (R) is equipped with this canonical decomposition
whenever R is given with a decomposition. We will abuse notation by using ¢y to denote
both the original clutching map in the given decomposition for R and its amplified
versions.

4.2. A comparison theorem.

Lemma 4.4. Let X be a compact metrisable Hausdorff space, and Y a closed subset
of X. If a € M, (C(Y)) is positive, then a can be extended to a € M, (C(X)) with
the property that a(x) is invertible for every x € X\Y. If u = v & v* for a unitary
v € M, (C(Y)), then u can be extended to a unitary u € My, (C(X)).

Proof. By the semiprojectivity of the C*-algebras they generate, both @ and u can be
extended to the closure of an open neighbourhood V of Y. We will also denote these
extensions by a and u. Fix a continuous map f : X — [0, 1] which is equal to zero on
Y, equal to one on X\V, and nonzero at every x € X\Y.

Define

- Jam+ fodlall —ax), x eV

“(’“)‘[Han, e X\T

Clearly, a belongs to M,,(C(X)) and extends a. It follows that for each x € X\Y, either
a(x) = |lal| € GL,(C), or

a(x) =ax) + f)(lall —alx)) = f)llall + (A = f(x))ax) = fx)llall > 0.

In the latter case we conclude that the rank of a(x) is n, whence a(x) € GL,(C) as
desired.
Now let us turn to . We have

M|W = U|W® U*|W ~n1e My, (C (V\Y))

by the Whitehead Lemma, where ~} denotes homotopy within the unitary group. Let
H(x,t): V\Y x [0, 1] — U(M3,(C)) be an implementing homotopy, with H (x, 0) =
M|W and H(x, 1) = 1. Define

u(x), xeyY
u(x) =14 H(x, f(x)), x e V\Y .
1, x € X\V

It is straightforward to check that # is a unitary in My, (C(X)), and & extends u by
definition. O
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Lemma 4.5. Let A be a separable RSH algebra with a fixed decomposition as above.
Leta, b € A be positive, and suppose that ||A, (b — a)|| < € inside the kth stage algebra
Ak, k < L. Suppose further that

rank(a(x)) + (d(x) — 1)/2 < rank(b(x)), Vx € Xj\XE.O),j > k.

It follows that there are m € N and v € M,, (A) such that, upon considering A as the
upper-left 1 x 1 corner of My, (A) we have ||Ar+1 (vbv* — a)|| < N /€ for the constant
N of Lemma 3.1 and

rank (a(x)) + (d(x) — 1)/2 < rank((vbv*)(x)), Vx € X,-\X;O),j > k+1.

Proof. Let ¢ : Ar — C,E?r)l be the k™ clutching map. Our hypotheses imply that
(), $i(@) € CLYy = My (C(X(2)) satisty 1@ (b) — de(@)l| < €. Apply Lemma
3.1 with ¢r(a), ¢r(b), Xi+1, X,E(J)r)l, and € in place of a, b, X, Y, and €, respectively. The
conclusion of Lemma 3.1 provides us with positive elements ¢, d and a unitary element
u in My k41)(C(Xg41)) such that

(@) [l(cud)pr(b)(cud)* — ¢r(a)|| < N+/€, and

(i) c(x) =d(x) = u(x) =1 € Maps1)(C) forevery x € X\°,.

Using (ii) we extend ¢, d, and u to M4 (Ag+1) (keeping the same notation) by setting
Aie(e) = A(d) = A(u) =1 € Ma(Ap).
Set viy1 = cud € My(Agy+1). We claim that

kst kst D)V — M1 (@] < N/e.

It will suffice to prove that the image of viy1Ak+1(D)vy, | — Axs1(a) under the standard
representation

k+1

OMy(Ars1) - Ma(Ags1) — @Mztn(j)(c(xj))
j=0

is of norm at most N /€. This in turn need only be checked in each of the direct summands
of the codomain. In the summand @I;:()MM (/) (C(X)) the desired estimate follows from
two facts: om,(a,,,) (Vk+1) s equal to the unit of said summand (see (ii) above), and the
images of a and b in this summand are at distance strictly less than € < N./€. In the
summand My, k+1)(C(Xy41)) the desired estimate follows from (i) above.

If m > 4, then any v € M,,(A) which, upon viewing M4(A) as the upper-left
4 x 4 corner of M,,(A), has the property that Az41(v) = vk will at least satisfy
[|Ak+1 (VbV* — a)|| < N./e. It remains, then, to find such a v, while ensuring that

rank (a(x)) + (d(x) — 1)/2 < rank((vbv*)(x)), Vx € Xj\xﬁ‘”,j >k+1.

If k+1 = [, then there is nothing to prove. Suppose that k+1 < [. Let us first construct
an element vi4o of Mg(Ak42) with the following properties: Ag+1(Vi+2) = vk+1, and

rank (a(x)) + (d(x) — 1)/2 < rank ((Vg2bv}',,) (1)), ¥x € Xp2\ X ).
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Define cx41 = ¢ @0, diy1 = d @0, and ugyy = u @ u*. Use Lemma 4.4 to
extend ¢ri1(Cks1), Prr1(drs1), and Pryq(ugs1) to positive elements Cry2, dry2 and a
unitary element itx42, respectively, in Mg, k+2)(C(Xk42)), all of which are invertible

atevery x € X k+2\X,E(J)r)2. Consider Mg(A+2) as a subalgebra of 69];;201\/[8"( H(C(X;))
via its standard representation, and define ¢4+ to be equal to cx4+; in the first k + 1
summands, and equal to ¢4 in the last summand; define dj4> and uy4; similarly. Setting
Vk2 = Cka2Uks2drsn We have that

M1 (Ves2) = A1 (Cha2Ug+2k+2)
= Cp+1Uk+1dk+1
=(c®0)udu)dd0)
=cud ®0

= Vk+1-

Moreover, for each x € X k+2\X;£(i)2, we have

Va2 (¥) = a2 (0)iigs2(¥)d42(x) € GLgy(ks2)(C).
It follows that
rank ((vbv*)(x)) = rank(b(x)) > (d(x) — 1)/2 + rank(a(x)), ¥x € X2\ X\,

as required.

If k +2 = [ then we set v = v42 to complete the proof. Otherwise, we repeat the
arguments in the paragraph above using ci2, di+2, and ug4o in place of ¢, d, and u,
respectively, to obtain vi43 € Mg2(Ax+3) such that Agy2 (Vke3) = vk42 and

rank (a(x)) + (d(x) — 1)/2 < rank((v+3b,3) (%)), ¥x € Xpa3\ X\ 5.

Continuing this process until we arrive at vi.—k) = v; and setting v = v; yields the
lemmain full. O

Theorem 4.6. Let A be a separable RSH algebra with a fixed decomposition as above.
Let a, b € A be positive, and suppose that

rank(a(x)) + (d(x) — 1)/2 < rank(b(x)), Vx € X,\XV, k€ {0,1,...,1}.
It follows that a 3 b.

Proof. We view A as the upper-left 1 x 1 corner of M,,(A), and adopt the standard
notation for the decompositions of A and M,,(A). Let € > 0 be given; we must find
m € Nand v € M,,,(A) such that [[vbv* — al| < €.

Let [ be the length of the fixed decomposition for A. Given 69 > 0, we define
S8k = N4/bx—1 foreachk € {1, ...,1}, where N is the constant of Lemma 3.1. It follows
that

k—1
. .
=8y [N,
j=0

Assume that §p has been chosen so that §; < €.
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Apply Lemma 3.1 with Lg(a), Lo(b), Xo, and @, in place of a, b, X, and Y. Since
Y is empty, we can arrange to have any value of € appear in the conclusion of Lemma
3.1. We choose € = 8(2) /N 2. 50 that the norm estimate in the conclusion of Lemma 3.1
is strictly less than N 58 /N?% = 8. Let cg, dy, and uq denote the positive elements and

the unitary element, respectively, of My, 0)(C(Xo)) produced by Lemma 3.1. Apply the
arguments of the second-to-last paragraph in the proof of Lemma 4.5 with ¢, do, and
ug in place of ¢, d, and u, respectively, to produce an element vy of M3;(A) such that
[|Ao(vobvg — @)l < 8o, and

rank (a(x)) + (d(x) — 1)/2 < rank((vobv) (x)), Vx € X./\XE.O),j > 0.

Suppose that we have found m; € Nand vy € My, (A) such that ||Ak(vkbv,f —a)l|| <
Sk and

rank (a(x)) + (d(x) — 1)/2 < rank((vebv}) (x)), Vx € X,-\Xj.o),j > k.

An application of Lemma 4.5 yields vgy1 € Mgy, (A) such that [[Agy1 (Vg1 vebvf vy, | —
a)|l < N+/8x = 841 and

rank (a(x)) + (d(x) — 1)/2 < rank (g 1vebv} V7, ) (X)), Vx € X,-\Xjf’),j >k+1.

Starting with vy, we use the fact above to find, successively, vp,...,v;. With
v =1vv_1 - - - Vg we have

[lvbv* —al| < & < e,

as desired. O

5. Applications

5.1. The radius of comparison and strict comparison. Let A be a unital stably finite
C*-algebra, and let a, b € My, (A) be positive. We say that A has r-strict comparison if
a =2 b whenever

d(a)+r < d(b), Vd € LDF(A).
The radius of comparison of A, denoted by rc(A), is defined to be the infimum of the set
{r € R* | A has r — strict comparison}

whenever this set is nonempty; if the set is empty then we set rc(A) = oo ([28]). The
condition rc(A) = 0 is equivalent to A having strict comparison (see Subsect. 2.2).

The radius of comparison should be thought of as the ratio of the topological dimen-
sion of A to its matricial size, despite the fact that both may be infinite. It has been
useful in distinguishing C*-algebras which are not K-theoretically rigid in the sense of
G. A. Elliott ([12,29]). Here we give sharp upper bounds on the radius of comparison
of a recursive subhomogeneous algebra. These improve significantly upon the upper
bounds established in the homogeneous case by [30, Theorem 3.15].
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Theorem 5.1. Let A be a separable RSH algebra with a fixed decomposition of length
[ and matrix sizes n(0), ..., n(l). It follows that

dim(Xy) — 1
rc(A) < max ———.
o<k<t  2n(k)

Proof. Use r to denote the upper bound in the statement of the theorem, and suppose
that we are given a, b € My (A)+ such that d;(a) + r < d.(b) for every T € T(A).

Associated to each x € X\ X ,(CO), 0 < k <, is an extreme point of T(A), denoted by 7,
obtained by composing ev, with the normalised trace on My, k). For any a € My (A)+
we have d; (a) = [rank(evy(a))]/n(k), and so

rank(evy(a)) dim(Xg) —1  rank(evy(a)) rank (evy (b))
+ < +r< —————2
n(k) 2n(k) n(k) n(k)

Multiplying through by n (k) we have

rank (a(x)) + w < rank(b(x))

for every x € Xk\Xlio) andk € {0, ..., 1}, whence a = b by Theorem 4.6, as desired. O
Specialising to the homogeneous case we have the following corollary.

Corollary 5.2. Let X be a compact metrisable Hausdorff space of covering dimension
d €N, and p € C(X) ® K a projection. It follows that

rc(p(C(X)®K)p) < m-

Proof. The algebra p(C(X) ® K) p admits a recursive subhomogeneous decomposition
in which every matrix size is equal to rank(p) and each X has covering dimension at
most d. (This decomposition comes from the fact that p corresponds to a vector bundle
of finite type—see Sect. 2 of [22].) The Corollary now follows from Theorem 5.1. 0O

Corollary 5.2 improves upon [30, Theorem 3.15], or rather, the upper bound on the
radius of comparison that can be derived from it: the latter result leads to an upper bound
of (9d)/rank(p). The bound achieved here is sharp, as can by seen from [28, Theorem
6.6].

The property of strict comparison is a powerful regularity property with agreeable
consequences. We will see some examples of this in Subsects. 5.2, 5.3, and 5.4; a fuller
treatment of this topic can be found in [11].

Theorem 5.3. Let (A;, ¢;) be a unital direct sequence of recursive subhomogeneous
algebras with slow dimension growth. If A = lim;_, »(A;, ¢;) is simple, then A has
strict comparison of positive elements.

Proof. Letus first show thatlim inf;_, o, 1c(A;) = 0. We assume thateach A; is equipped
with a fixed decomposition. Let ¥; = l—'ii:oX ik denote the total space of A;, d; : Y;i —
{0} U N its topological dimension function, and n; (0), ..., n; (;) its matrix sizes. From
[23, Def. 1.1], (A;, ¢;) has slow dimension growth if the following statement holds: for
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every i € N, projection p € My (A;), and N € N, there exists jo > i such that for
every j > joand y € ¥; we have

evy (¢, j(p)) = 0 or rank(evy(¢i j(p))) = Nd;(y):

if p = 14,, then only the latter statement can hold. If y € X j,k\Xﬁ'(,)lz’ then

rank (evy (¢, (14,))) = rank(evy(lAj)) =n;k) > Ndim(X; t).

It now follows from Theorem 5.1 that lim inf; o, rc(A;) = 0.

Theorem 4.5 of [30] would give us strict comparison for A if only each ¢; were
injective. The origin of this injectivity hypothesis lies in [30, Lemma 4.4]—the proof
of [30, Theorem 4.5] only uses injectivity of the ¢; in its appeal to this lemma. Thus,
we must drop injectivity from the assumptions of [30, Lemma 4.4]; we must prove the
following claim:

Claim. Let B be the limit of an inductive sequence (B;, ;) of C*-algebras, and let
a,b € Mo (B) be positive. If Vi oo (@) 2 ¥i0o(b), then for every € > O thereisa j > i
such that (w,-,j(a) —€)4 j lﬂi’j(b).

Proof of Claim. If will suffice to prove the claim for a, b € B. By assumption, there is
a sequence (vg) in B such that vy bv} — a. We may assume that the vy lie in the dense
local C*-algebra U; ¥ o0 (B;) (see the proof of [30, Lemma 4.4]). In fact, by compressing
our inductive sequence, we may as well assume that vy = ¢k oo (wy) for some wy € By.
The statement that vkbv,’(k — @ can now amounts to

1k o0 (i k (D)W — Wi g (@) | = 0.

Fix kg large enough that the left-hand side above is < €. Since ||k, j (X) | = [[Vkg,00 (X) |
for any x € Ay, we may find j > i such that

1Wko, j (Wi Vi ko (D) Wiy — Viko (@) < €.
Setting r; = Vg, j (wk,) and appealing to part (iii) of Proposition 2.1 we have
(Wi j(@) — )+ 31 j D)y X i j (),
as desired. This proves the claim, and hence the theorem. O
We collect an improvement of [30, Theorem 4.5] as a corollary.

Corollary 5.4. Let A be the limit of an inductive sequence of stably finite C*-algebras
(Ai, ¢i), with each A; and ¢; unital. Suppose that A is simple, and that
liminf rc(4;) = 0.
1—> 00
It follows that A has strict comparison of positive elements.

Proof. Follow the proof of [30, Theorem 4.5] but use the claim in the proof of Theorem
5.3 instead of [30, Lemma 4.4]. O

Corollary 5.5. Let M be a compact smooth connected manifold andh : M — M a mini-
mal diffeomorphism. It follows that the transformation group C*-algebra C*(M, Z, h)
has strict comparison of positive elements.

Proof. By the mainresult of [17], C*(M, Z, h) can be written as the limit of an inductive
sequence of recursive subhomogeneous C*-algebras with slow dimension growth. Apply
Theorem 5.3. O
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5.2. The structure of the Cuntz semigroup. The Cuntz semigroup is a sensitive invariant
in the matter of distinguishing simple separable amenable C*-algebras, and has recently
received considerable attention (see [3-5,7,8,11,27], and [30]). It is, however, very dif-
ficult to compute in general—see [27, Lemma 5.1]. This situation improves dramatically
in the case of simple C*-algebras with strict comparison of positive elements.

Let A be a unital, simple, exact, stably finite C*-algebra. In this case we may write
W(A) = V(A) U W(A); (as sets), where V (A) denotes the semigroup of Murray-von
Neumann equivalence classes of projections in M, (A)—here interpreted as those Cuntz
equivalence classes represented by a projection—and W (A); denotes the subsemigroup
of W(A) consisting of Cuntz classes represented by positive elements having zero as
an accumulation point of their spectrum (cf. [21]). Let LAff;(T(A))++ denote the set
of lower semicontinuous, affine, bounded, strictly positive functions on the tracial state
space of A, and define a map ¢ : W(A) — LAff,(T(A))++ by t({a))(t) = d(a). We
endow the set

V(A) ULAff,(T(A))++

with an Abelian binary operation +yw which restricts to the usual semigroup opera-
tion in each component and is given by x +w f = t(x) + f for x € V(A) and
f € LAff,(T(A))++. We also define a partial order <y on this set which restricts
to the usual partial orders in each component and satisfies

(1) x <w fifandonlyif((x) < f, and
(i) x >w fifandonlyifi(x) > f.

Theorem 5.6 ([3,7]). Let A be a simple, unital, exact, and stably finite C*-algebra with
strict comparison of positive elements. It follows that the map

idLn

V(A) UW(A)y — V(A) ULASf,(T(A))++
is a semigroup order embedding.

If A is infinite-dimensional and monotracial, then the embedding of Theorem 5.6 is
an isomorphism. We suspect that the monotracial assumption is unneccessary. Theorem
5.6 applies to ASH algebras as in Theorem 5.3, and so to the minimal diffeomorphism
C*-algebras C*(M, Z, h) considered above.

5.3. A conjecture of Blackadar-Handelman. Blackadar and Handelman conjectured in
1982 that the lower semicontinuous dimension functions on a C*-algebra should be
dense in the set of all dimension functions. This conjecture was proved for C*-algebras
as in Theorem 5.6 in [3, Theorem 6.4]. Thus, we have the following result.

Theorem 5.7. Let A be a C*-algebra as in Theorem 5.6 (in particular, A could be
the C*-algebra of a minimal diffeomorphism). It follows that the lower semicontinuous
dimension functions on A are weakly dense in the set of all dimension functions on A.

5.4. Classifying Hilbert modules. In [7], Coward, Elliott, and Ivanescu gave a new
presentation of the Cuntz semigroup. Given a C*-algebra A, they considered positive
elements in A ® IC (as opposed to M, (A), as we have done—the difference is ultimately
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immaterial). If A is separable, then the hereditary subalgebras of A® K are singly genera-
ted, and any two generators of a fixed hereditary subalgebra are Cuntz equivalent. Thus,
Cuntz equivalence factors through the passage from a positive element to the hereditary
subalgebra it generates. These hereditary subalgebras are in one-to-one correspondence
with countably generated Hilbert A-modules, and in [7] the notion of Cuntz equiva-
lence, considered as a relation on hereditary subalgebras, is translated into a relation on
Hilbert modules. Thus, we may speak of Cuntz equivalence between countably generated
Hilbert A-modules.

Theorem 5.8 ([7]). Let A be a C*-algebra of stable rank one. It follows that countably
generated Hilbert A-modules X and Y are Cuntz equivalent if and only if they are
isomorphic.

Corollary 5.9. Let A be as in Theorem 5.3. Suppose further that A has stable rank one.
(In particular, A could by the C*-algebra of a minimal diffeomorphism, as these have
stable rank one by the main result of [23].) It follows that countably generated Hilbert
A-modules X and Y are isomorphic if and only if they are Cuntz equivalent.

If X and Y as in Corollary 5.9 are finitely generated and projective, then they are
Cuntz equivalent if and only if the projections in A ® K which generate them as closed
right ideals have the same Ko-class. Otherwise, X has associated to it an affine function
on the tracial state space of A: one extends the map ¢ of Subsect. 5.2 to have domain
A ® K, applies it to any positive element of A ® I which generates X as a closed
right ideal. This function determines non-finitely generated X up to isomorphism. This
classification of Hilbert A-modules is analogous to the classification of W*-modules
over a Il factor. We refer the reader to Sect. 3 of [4] for further details.

5.5. Classifying self-adjoints. We say that self-adjoint elements @ and b in a unital
C*-algebra A are approximately unitarily equivalent if there is a sequence (u,);> of
unitaries in A such that u,au’ — b. Fora € A, we let ¢, : C*(a, 1) < A denote the
canonical embedding. Denote by Ell(a) the following pair of induced maps:

Ko(¢a) : Ko(C*(a, 1)) = Ko(A); ¢/, : T(A) = T(C*(a, 1)).

Theorem 5.10 ([4]). Let A be a unital simple exact C*-algebra of stable rank one and
strict comparison (in particular, A could have stable rank one and satisfy the hypotheses
of Theorem 5.3). If a,b € A., then a and b are approximately unitarily equivalent if
and only if o (a) = o (b) and Ell(a) = Ell(D).

5.6. The range of the radius of comparison, with applications. The classification theory
of operator algebras is a rich field. It was begun by Murray and von Neumann with their
type classification of factors in the 1930s, and has been active ever since. In the presence
of certain regularising assumptions, the theory is well-behaved. For instance, there is a
complete classification of injective factors with separable predual (due to Connes and
Haagerup—see [6 and 14]), and a similarly successful classification program for simple
C*-algebras upon replacing injectivity and separability of the predual with amenability
and norm-separability, respectively (see [11 and 25]

Without these regularising assumptions, the theory is fractious, but nonetheless inter-
esting. One of the landmarks on this side of the theory is McDuff’s construction of
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uncountably many non-isomorphic factors of type II; ([18]). (More recently there is
Popa’s work on II; factors with Betti numbers invariants—see [20].) One might view
McDuff’s result as saying that there are uncountably many non-isomorphic factors which
all have the same naive invariant, namely, the mere fact that they are I1; factors. (Connes
proved that there is only one injective II; factor with separable predual.) Here we prove
an analogue of McDuff’s theorem for simple, separable, amenable C*-algebras, where
the corresponding naive invariant consists of Banach algebra K-theory and positive
traces. We even obtain a somewhat stronger result, replacing non-isomorphism with
non-Morita-equivalence. In passing we prove that the range of the radius of comparison
is exhausted by simple C*-algebras, a result which represents the first exact calculations
of the radius of comparison for any simple C*-algebra.
Recall that the Elliott invariant of a C*-algebra A is the 4-tuple

Ell(A) := ((KoA, KoA*, 4), KiA, T*A, pa), (16)

where the K-groups are the Banach algebra ones, KgA™ is the image of the Murray-
von Neumann semigroup V(A) under the Grothendieck map, % 4 is the subset of Ko A
corresponding to projections in A, T* A is the space of positive tracial linear functionals
on A, and py4 is the natural pairing of T*A and KgA given by evaluating a trace at a
Kop-class.

Theorem 5.11. There is a family {A” )},ER+\{0} of simple, separable, amenable
C*-algebras such that rc(A,;) = r and Ell(A,;) = Ell(Ay) for every s,r € R*\{0}.
In particular, A, 2 As whenever r # s. If Ay and A, are Morita equivalent, then

s/r e Q.

Proof. The general framework for the construction of A" follows [31]. Find sequences
of natural numbers (n;) and (/;) and a natural number m( with the following properties:

(i) n; — oo;

(ii)
no niny---n; i—00
2mo  (ny+1)(na+1D)--- (n; +1;)

(iii) I; # O for infinitely many i;
(iv) every natural number divides some m; := mqo(ny +11)(ny +12) - - - (n; +1;).
Set X1 = [0, 17" and set X;,; = (X;)"+. Let nij : Xiv1 = Xi, 1 < j < nj;q be the

co-ordinate projections. Let A; be the homogeneous C*-algebra M,,, (C(X;)), and let
¢i : Ai = A;s1 be the x-homomorphism given by

¢i (f)(x) = diag (f o} (x), ..., fom ' (x), alx}), ...,a(xfi)) , VX € X4,

where x}, ... ,xfi € X; are to be specified. Set A" = lim;_, o (A;, ¢;), and define

i
¢i,j = ¢j—1 o---0¢;.
Let ¢; oo : A; — A be the canonical map. We note that the xil, R xfi € X; may be

chosen to ensure that A is simple (cf. [31]); we assume that they have been so chosen,
whence A" is unital, simple, separable, and amenable.
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By Theorem 5.1, we have

nony---nj — 1

lim rc(A;) = lim =r
i—00 i—»oo2mo(ny +1)(ny + 1) --- (n; +1;)

Since the construction of A" is the same as that of [29, Theorem 4.1], we conclude that
rc(AM) < r by [29, Prop. 3.3].

Let n > 0 be given. We will exhibit positive elements a, b € Moo (AT with the
property that

d.(a)+r —n < d.(b), VT € T(A"),

and yet (a) £ (b) in W (A®M). This will show that rc(A")) > r — n for every n > 0,
whence rc(AM) = r, as desired.
Choose i large enough that

Ldim(X;)/2] —1

mi

>r —n/4.

It follows from [28, Theorem 6.6] that there are a, b € My (A;)+ such that (a) ﬁ (b) in
W(A;) and yet

d:(a)+r —n <d;(b), YT € T(A;)).

Assumption (ii) above ensures that n; # 0, whence each ¢; is injective. We may thus
identify a and b with their images in A" so that

d;(a)+r —n < d.(b), VT € T(AD).

We need only prove that (a) ﬁ (b) in W(A®™). The technique for proving this is an
adaptation of Villadsen’s Chern class obstruction argument from [31].

With N; := non; - - - n;, we have A; = M,,, (C([0, 11V)). The element b of Moo (A;)
has the following properties: there is a closed subset ¥ of [0, 1]V homeomorphic to
S2k, N; — 2 < 2k < N;, such that the restriction of b to Y is a projection of rank k
corresponding to the k-dimensional Bott bundle £ over S?#; and the rank of b is at most
2k over any point in X; = [0, 1]V, The element a has constant rank—it is a projection
corresponding to a trivial line bundle over X;—and need only have normalised rank
strictly less than 37 /4. By increasing i, and hence m;, if necessary, we may assume that
the normalised rank of a is at least /2. This leads to

do(a) > 1 =2r (i) > d, (b) (i) Vr e T(A)). (17)
2 4r 4r
The map ¢; j : A; — Aj has the form

61.; () =diag (£ ol ;). .o fom (0, fD. o f()), Vx € X,

where k; j = njyinjw2---njand l; j = mj/m; — k; ;. Following [31], we have that
¢i,j(a) is a projection of rank rank (a)m j /m; corresponding to the trivial vector bundle
Orank (aym j/m;» While the restriction of ¢; j(b) to Y kij < Xfi’j = X; is of the form

gxkij @ f,, where f;, is a constant positive element of rank at most 2kl; ;. If pis the
image of 1 € A; under the eigenvalue maps of ¢; ; which are co-ordinate projections,
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then p¢; j(b)p = gxkij Letx e A . Restricting to vkij (and using the same notation
for the restriction of x) we have

X &5 @ f,)x* — Orankaym, /m; |

2 L.
= (P & £, )NE T @ Granie( 1)) (P ® £, — Brankiaym, /m |-

If we can show that Grank (a)m i/mi is not Murray-von Neumann equivalent to a subpro-

jection of & xkij @ Orank( ,,)» then we will have that the last quantity above is > 1/2 (cf.
[30, Lemma 2.1]). It will then follow that for every j > i and every x € A},

lxgi, j (B)x* — i, j (@] = 1/2;

in particular, (a) £ (b), as desired.
By a straightforward adaptation of [31, Lemma 2.1] (using the fact that the top Chern
class of & is not zero), Grank(a)m i/m will fail to be equivalent to a subprojection of

£Ki.J @ Opani( f,) if rank(a)m j/m; > rank(f5). We have

m; m;
rank(fp) —rank(a) - — < 2kl; ; — rank(a) - —
m

i m;

mj mj
< Ni\ — — ki) —rank(a) - —

mi i

mj
= (N; —rank(a)) - — —nony ---nj,
so it will be enough to prove that
m
noni ---nj > (N; —rank(a)) - —.

Rearranging and using the definitions of m; and N; we must show that

(st +1lis1) - (nj +1)
Niyl - Nj

(1 —rank(a)/N;) < 1.

Now rank(a) > (n/2)m;, so the right hand side above is less than

(i) +lig1) - +1j) | min
2N; ]

(18)

Misl - N

The sequence (m;n)(2N;) is convergent to a nonzero limit, so for some y > 0, for all {
sufficiently large, the expression in (18) is strictly less than

(ix1 +lig1) ---(nj +1j)
Rigl =N

1 =»). (19)

Increasing i if necessary we may assume that

(i1 +liv1) - - (nj +1;) - 1
Nit] N 11—y’

whence the expression in (19) is strictly less than one, as required. This completes the
proof that re(A”) = r.
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Since each natural number divides some m; and each X; is contractible, we have
Ko(A™) = Q, with the usual order structure and order unit. The contractibility of X;
also implies that K{(A;) = 0 for every i, whence Ki(A") = 0, too. The pairing p
between traces and Ky is determined uniquely since there is only one state on Ko(A")).
In order to complete the proof that EII(A")) = EII(A®)) for every r, s € R*\{0}, we
must prove that T(A®)) = T(A®)).

Recall that the tracial state space of My (C(X)) is homeomorphic to the space P(X)
of regular positive Borel probability measures on X. Let (AEV), ¢;) and (Afs), Yi) be
inductive sequences as above, with simple limits A”) and A®), respectively. We have
Spec(Alm) = [0, 11 and Spec(Al@) = [0, 1]1™i. Using the superscript f to denote the
map induced on traces by a *-homomorphism, we have

T(A(r)) ~ I(EI (P([0, I]Ni, ¢zj)’ T(A(S)) ~ {2] (P(0, I]Mi’ 1/jl_ﬁ).

We require sequences (y;) and (§;) of continuous affine maps making the triangles in
the diagram

P(0, V1) <—— P([0, 11"?) =<——P([0, ]V) <— -

¢1 ¢2 ¢3
i 0 o
3 8 8

1 2 3

(20)

commute ever more closely on ever larger finite sets as i — oco. We will in fact be able
to arrange for near-commutation on the entire source space in each triangle.

Let 1 be a probability measure on XV, and K a subset of {1, ..., N}. We use ux
to denote the measure on X'X! defined by integrating out those co-ordinates of XV not
contained in K. Straightforward calculation shows that upon viewing X;; as XiN’ +1/Ni
we have

Niy1/N;

Ni+1 1
¢r(n) = ———— @u bt

A )
niv1 +liv1 | Niw nit1 + iy

where A; is a convex combination of finitely many point masses. A similar statement
holds for wf. Since l;+1/(ni+1 +1i+1) is negligible for large i, we may in fact assume that

Ni+1/Ni M1/ M;

¢,-t (n) = @ My wf(u) @ ik}

for the purposes of our intertwining argument. We may also assume, by compressing
our sequences if necessary, that Ny < M| < N2 < My < ---. Define

LM1/N1]

i) = ———— H{I—1)N +1,..,IN}} -
LMI/NIJ @ {( ) 1+ l}
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Now set By = {(k — )M+ 1,..., kM } foreach 1 < k < |[Ny/M;], and D; =
{(t —1)Ny,...,tN1}foreach 1 <t < N,/Nj. Define

1 [N2/ M|
S1(n) = ———— ; ,
100 = ] kaj of (up,)

where a,:‘ is the map induced on measures by the homeomorphism oy : By — Bj defined
by the following property: if j is the first co-ordinate of By contained in a D; which
is itself contained in By, then oy is the permutation which subtracts j — 1(mod|Bx])
from each co-ordinate. (The idea is that o}, moves all of the D,’s contained in By “to the
beginning”.)

Let L be the number of D;’s which are contained in some By. Since N1 < M| < N3,
we have that (N, — N1L)/N; is (arbitrarily) small. Now

1
viodi(u) =+ . KD

{t | D;C By, for some k}

while
. 1 N2 /Ny
d () = —— HDy-
T N/ @ o

The difference [(y] 0 §1) — qﬁlﬁ](,u) is a measure of total mass at most 2(N, — N1L)/Na,
and so the first triangle from the diagram (20) commutes to within this tolerance on
all of P([0, 1172). The subsequent y;’s and §;’s are defined in a manner analogous
to our definition of &1, and this leads to the desired intertwining. We conclude that
Ell(A®) Z EIl(A®), as desired.

It remains to prove that if A" and A are Morita equivalent, then /s € Q. Suppose
that they are so. By the Brown-Green-Rieffel Theorem, A and A®®) are stably isomor-
phic, and so there are projections p, g € A”) ® K such that A”) = p(A") ® K)p and
A = (AT @ K)q. Since Ko(AT) @ K) = Ko(A")) = Q, there are natural numbers
n and m such that n[p] = m[q] in Kg. It is proved in [31] that the construction used to
arrive at A”) and A®) always produces C*-algebras of stable rank one, whence A" ® KC
has stable rank one. Thus, ®_, p and @;f’zl q are Murray-von Neumann equivalent,
and

M, (AD) = (@, p)(AY @ K)(@, p)
= (@, )(AY @ )@, q) =M, (AW).
By [28, Prop. 6.2 (ii)] we have
r/n = rc (Mn(A(’))) =rc (Mm(A(S))) —s/m,

whence r/s € Q, as required. O

Acknowledgements. Part of this work was carried out at the Fields Institute during its Thematic Program on
Operator Algebras in the fall of 2007. We are grateful to that institution for its support. We would also like to
thank N. P. Brown and N. C. Phillips for several helpful conversations.



Comparison Theory and Smooth Minimal C*-Dynamics 433

References

1.

11.

12.
13.

14.

15.

25.

26.
217.

28.
29.

30.

31.

Blackadar, B.: Comparison theory for simple C*-algebras, Operator Algebras and Applications, Vol. 1,
21-54, London Math. Soc. Lecture Note Ser., 135, Cambridge Univ. Press, Cambridge, 1988, pp. 21-54

. Blackadar, B., Handelman, D.: Dimension Functions and Traces on C*-algebras. J. Funct. Anal. 45, 297

340 (1982)

. Brown, N.P,, Perera, F., Toms, A.S.: The Cuntz semigroup, the Elliott conjecture, and dimension functions

on C*-algebras, J. Reine Angew. Math., to appear

. Brown, N.P,, Toms, A.S.: Three applications of the Cuntz semigroup. Int. Math. Res. Not., Article ID

rnm068, (2007), 14 pages

. Ciuperca, A., Elliott, G.A.: A remark on invariants for C*-algebras of stable rank one. Int. Math. Res.

Not., to appear

. Connes, A.: Classification of injective factors. Cases 111, Ilso, I11;, A # 1. Ann. of Math. (2) 104,

73-115 (1976)

. Coward, K., Elliott, G.A., Ivanescu, C.: The Cuntz semigroup as an invariant for C*-algebras. J. Reine

Angew. Math., to appear

. Ciuperca, A., Santiago, L., and Robert, L.: The Cuntz semigroup of ideals and quotients, and a generalized

Kasparov Stabilization Theorem, J. Op. Th., to appear

. Cuntz, J.: Dimension Functions on Simple C*-algebras. Math. Ann. 233, 145-153 (1978)
. Elliott, G.A., Gong, G., Li, L.: On the classification of simple inductive limit C*-algebras, II: The iso-

morphism theorem. Invent. Math. 168, 249-320 (2007)

Elliott, G.A., Toms, A.S.: Regularity properties in the classification program for separable amenable
C*-algebras. Bull. Amer. Math. Soc. 45, 229-245 (2008)

Giol, J., Kerr, D.: Subshifts and perforation. Preprint, 2007

Gong, G.: On the classification of simple inductive limit C*-algebras 1. The reduction theorem. Doc.
Math. 7, 255-461 (2002)

Haagerup, U.: Connes’ bicentralizer problem and uniqueness of the injective factor of type 711;. Acta.
Math. 158, 95-148 (1987)

Jacob, B.: A remark on the distance between unitary orbits in ASH algebras with unique trace. Preprint,
2008

. Kirchberg, E., Rgrdam, M.: Non-simple purely infinite C*-algebras. Amer. J. Math. 122, 637-666 (2000)
. Lin, Q., Phillips, N.C.: The structure of C*-algebras of minimal diffeomorphisms. In preparation

. McDuff, D.: Uncountably many II; factors. Ann. of Math. (2) 90, 372-377 (1969)

. Ng, PW., Winter, W.: A note on Subhomogeneous C*-algebras. C. R. Math. Acad. Sci. Soc. R. Can. 28,

91-96 (2006)

. Popa, S.: On a class of II factors with Betti numbers invariants. Ann. of Math. (2) 163, 809-899 (2006)
. Perera, F,, Toms, A.S.: Recasting the Elliott conjecture. Math. Ann. 338, 669-702 (2007)

. Phillips, N.C.: Recursive subhomogeneous algebras. Trans. Amer. Math. Soc. 359, 4595-4623 (2007)

. Phillips, N.C.: Cancellation and stable rank for direct limits of recursive subhomogeneous algebras. Trans.

Amer. Math. Soc. 359, 4625-4652 (2007)

. Rieffel, M.A.: Dimension and stable rank in the K-theory of C*-algebras. Proc. London Math. Soc.

(3) 46, 301-333 (1983)

Rgrdam M (2002) Classification of Nuclear C*-Algebras, Encyclopaedia of Mathematical Sciences 126,
Berlin-Heidelberg: Springer-Verlag, 2002

Rgrdam, M.: The stable and the real rank of Z-absorbing C*-algebras. Int. J. Math. 15, 1065-1084 (2004)
Toms, A.S.: On the classification problem for nuclear C*-algebras. Ann. of Math. (2) 167, 1059—
1074 (2008)

Toms, A.S.: Flat dimension growth for C*-algebras. J. Funct. Anal. 238, 678-708 (2006)

Toms, A.S.: An infinite family of non-isomorphic C*-algebras with identical K-theory. Trans. Amer. Math.
Soc., to appear

Toms, A.S.: Stability in the Cuntz semigroup of a commutative C*-algebra. Proc. London Math. Soc.
(3) 96, 1-25 (2008)

Villadsen, J.: Simple C*-algebras with perforation. J. Funct. Anal. 154, 110-116 (1998)

Communicated by Y. Kawahigashi



	Comparison Theory and Smooth MinimalC-Dynamics
	Abstract:
	Introduction
	Preliminaries
	A Relative Comparison Result in Mn(C(X))
	A Comparison Theorem for Recursive Subhomogeneous C*-Algebras
	Applications
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


