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Stability in the Cuntz semigroup of a
commutative C*-algebra

Andrew S. Toms

ABSTRACT

Let A be a C*-algebra. The Cuntz semigroup W (A) is an analogue for positive elements of the
semigroup V(A) of Murray—von Neumann equivalence classes of projections in matrices over A.
We prove stability theorems for the Cuntz semigroup of a commutative C*-algebra which are
analogues of classical stability theorems for topological vector bundles over compact Hausdorff
spaces.

Let SDG denote the class of simple, unital, and infinite-dimensional AH algebras with slow
dimension growth, and let A be an element of SDG. We apply our stability theorems to obtain
the following:

(i) A has strict comparison of positive elements;
(ii) W (A) is recovered functorially from the Elliott invariant of A;
(iii) the lower semicontinuous dimension functions on A are weak-* dense in the dimension
functions on A;

(iv) the dimension functions on A form a Choquet simplex.

Statement (ii) confirms a conjecture of Perera and the author, while statements (iii) and (iv)
confirm, for SDG, conjectures of Blackadar and Handelman from the early 1980s.

1. Introduction

In 1978, Cuntz introduced a generalisation of Murray—von Neumann comparison: given positive
elements a and b in a C*-algebra A, write a 3 b if there is a sequence (v;)$2; in A such that

[ogbv? — al| =22 0

[7]. We say that a is Cuntz subequivalent to b. The relation ~ given by
a~b <<= aZXbAbZIa

is an equivalence relation known as Cuntz equivalence. If A is unital, then one can mimic the
construction of the ordered semigroup V(A) of Murray-von Neumann equivalence classes of
projections in matrices over A by substituting positive elements for projections and Cuntz
equivalence for Murray—von Neumann equivalence. This yields a positively ordered Abelian
monoid W (A) called the Cuntz semigroup of A, and its partially ordered Grothendieck envelope

6(A). If A is stably finite, then each tracial state on A gives rise to an order-preserving state
on W(A). If the partial order on W (A) is determined by these states, then A is said to have
strict comparison of positive elements, or simply strict comparison.

The study of the Cuntz semigroup has been resurgent of late. Rgrdam has proved that
simple, unital, exact, and finite C*-algebras which absorb the Jiang—Su algebra tensorially have
strict comparison [21], whence, by results of W. Winter and the author, this last property is
enjoyed by all classes of simple, separable, and nuclear C*-algebras currently known to satisfy
Elliott’s classification conjecture [25, 26]. Coward, Elliott, and Ivanescu have recently identified
a category of partially ordered semigroups into which the Cuntz semigroup is a continuous
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functor with respect to inductive limits. Significantly, the Cuntz semigroup is deeply connected
to the classification programme for separable and nuclear C*-algebras: such algebras cannot be
classified by their K-theory in the absence of strict comparison [22], and there is some evidence
that the converse will hold [27]. Brown, Perera, and the author recently proved a structure
theorem for the Cuntz semigroup which applies to most of our stock-in-trade simple, separable,
and nuclear C*-algebras [6, 20].

In this paper we study the structure of the Cuntz semigroup for commutative and
approximately homogeneous (AH) C*-algebras. Our main result is a positive answer to the
following question, raised in [23].

QUESTION 1.1. Does there exist a constant K > 0 such that for any compact metrisable
Hausdorft space X, n € N, and positive elements a,b € M,,(C(X)) for which

rank(a)(z) + K dim(X) < rank(d)(z), for all z € X,

one has a 3 b7

This question asks for an analogue in positive elements of the following well-known stability
theorem for vector bundles.

THEOREM 1.2 [17, Chapter 8, Theorems 1.2 and 1.5]. Let X be a compact metrisable
Hausdorff space, and let w and £ be complex vector bundles over X. If the fibre dimension of
w exceeds the fibre dimension of § by at least [dim(X)/2] over every point in X, then & is
isomorphic to a sub-bundle of w.

Our positive answer to Question 1.1 has several applications to AH algebras. Recall that an
AH algebra is an inductive limit C*-algebra A = lim;_,(A;, ¢;), where

A = P pii(C(Xi) @ K)piy (1.1)
=1

for compact connected Hausdorff spaces X;;, projections p;; € C(X,;;) ® K, and natural

numbers n;. If A is separable, then one may assume that the X, ; are finite CW-complexes

[1, 16]. The algebras A; are called semi-homogeneous, and the inductive system (A;, ¢;) is

referred to as a decomposition for A. All AH algebras in this paper are assumed to be separable.
If an AH algebra A admits a decomposition as in (1.1) for which

dim(X; 1) dim(X; ;) | iooo
max e : 0,
1<i<n; | rank(p; 1) rank(pi,n,; )

then we say that A has slow dimension growth. Let SDG denote the class of simple, unital,
and infinite-dimensional AH algebras with slow dimension growth. The class SDG was studied
intensively during the early to mid 1990s by Blackadar, Bratteli, Dadarlat, Elliott, Gong,
Kumjian, Li, Rgrdam, Thomsen, and others (see [2, 3, 5, 811, 13, 15]). The crowning
achievement of this study was the confirmation of Elliott’s classification conjecture for SDG
under the additional assumption of real rank zero [8, 10, 15], and the same confirmation in
the real-rank-one case under the stronger hypothesis of very slow dimension growth for A [13]:

dim(X; 1)? dim(X;,n,)% ) imeo
m .., : 0.
1<I<n; rank(pi,l) rank(pi,ni)
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This strengthened hypothesis is thought by experts to be unnecessary, but there has been no
progress on this problem. In fact, there has been no progress on the basic structure of elements
of SDG since the late 1990s.

In this paper we obtain significant new results on the structure of slow dimension growth
AH algebras. We use our positive answer to Question 1.1 to prove that if A € SDG, then A
has strict comparison of positive elements. There is evidence that this powerful K-theoretic
condition will characterise those simple, separable, and nuclear C*-algebras which are amenable
to K-theoretic classification — it already does so for a class of AH algebras intersecting
substantially with SDG (see [27]) — and so our result supports the belief that SDG will satisfy
the Elliott conjecture without the assumption of very slow dimension growth. By appealing to
our recent work with Brown and Perera [6], we confirm several conjectures pertaining to the
structure of the Cuntz semigroup for A € SDG. First, W (A) is recovered functorially from the
Elliott invariant of A, allowing one to attack the Elliott conjecture for SDG with considerably
more information than would appear to be contained in the Elliott invariant alone. (This
functorial recovery was conjectured for a class of algebras containing SDG by Perera and the
author in [20].) Second, the states on W(A) coming from traces on A are weak-* dense in
the state space of W (A). Third, the state space of W(A) is a Choquet simplex. The results
concerning the state space of W(A) were conjectured by Blackadar and Handelman in 1982
(see [4]), but were only known to hold for commutative C*-algebras at the time.

In a separate paper we will apply our positive answer to Question 1.1 to answer, affirmatively,
a question of N. C. Phillips: ‘Do there exist simple, separable, nuclear, and non-Z-stable
C*-algebras which agree on the Elliott invariant, yet are not isomorphic?’ (See [24].)

This paper is organised as follows: Section 2 contains the definition of the Cuntz semigroup
and recalls some essential facts about Cuntz subequivalence; Section 3 contains the stability
theorems which answer Question 1.1; in Section 4 we establish results (i)—(iv) of the abstract.

Acknowledgements. The author thanks N. Christopher Phillips and Wilhelm Winter for
several inspiring conversations held during a visit to Miinster in August of 2005 which incited
him to write this paper. He also thanks Mikael Rgrdam for supplying Lemma 4.3, and Joachim
Cuntz for supporting his visit to Miinster.

2. Preliminaries

Let A be a C*-algebra, and let M,,(A) denote the n x n matrices whose entries are elements
of A. If A= C, then we simply write M,,. Let M., (A) denote the algebraic limit of the direct
system (M,,(A), ¢,), where

O Mp(A) — M, 11(A)

ar—>a0
0 0)

Let Moo (A)y and M, (A)4 denote the positive elements in My, (A) and M, (A) respectively.
Given a,b € My (A) 4, we say that a is Cuntz subequivalent to b (written a 3 b) if there is a
sequence (v,,)52 ; of elements of M, (A4) such that

is given by

|unbvl — al| === 0.

We say that a and b are Cuntz equivalent (written a ~ b) if a 3 b and b 3 a. This relation is
an equivalence relation, and we write (a) for the equivalence class of a. The set

W(A) = Mo (4) 1/~
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becomes a positively ordered Abelian monoid when equipped with the operation
(a) +(b) = (a B b)

and the partial order

(@) <(b) <= aZb

In the sequel, we refer to this object as the Cuntz semigroup of A. The Grothendieck enveloping
group of W(A) is denoted K{(A).

Given a € Mo (A)4+ and € > 0, we denote by (a — €)4 the element of C*(a) corresponding
(via the functional calculus) to the function

f(t) = max{0,t — €}, for t € o(a).

(Here o(a) denotes the spectrum of a.) The proposition below collects some facts about Cuntz
subequivalence due to Kirchberg and Rgrdam.

ProPOSITION 2.1 (Kirchberg and Rgrdam [18], Rgrdam [21]). Let A be a C*-algebra, and
a, be A+.
(i) We have (a — €)4+ 3 a for every € > 0.

(ii) The following are equivalent:
(a) a Zb;
(b) for alle >0, (a —€)y 3b;
(c) for all € > 0, there exists § > 0 such that (a —€)4 3 (b—96)4+.

(i) If e > 0 and |la — b|| < €, then (a — €)1 2 b.

Now suppose that A is unital and stably finite, and denote by QT(A) the space of normalised
2-quasitraces on A (see [4, Definition I1.1.1]). Let S(W(A)) denote the set of additive and
order-preserving maps s from W (A) to RT having the property that s({(14)) = 1. Such maps
are called states. Given 7 € QT(A), one may define a map

sr: Mg (A)y — R

by
s5,(a) = lim 7(a"/™). (2.1)

n—oo
This map is lower semicontinuous, and depends only on the Cuntz equivalence class of a. It
moreover has the following properties:
(i) if a 3 b, then s;(a) < s,(b);

(ii) if @ and b are mutually orthogonal, then s.(a +b) = s,(a) + s,(b);

(iii) s,((a —€)4) " s-(a) as e = 0.
Thus, s, defines a state on W(A). Such states are called lower semicontinuous dimension
functions, and the set of them is denoted LDF(A). The space QT(A) is a simplex (see [4,
Theorem 11.4.4]), and the map from QT(A) to LDF(A) defined by (2.1) is bijective and affine
[4, Theorem I1.2.2]. A dimension function on A is a state on K{(A), where it is assumed that
the latter has been equipped with the usual order coming from the Grothendieck map. The
set of dimension functions is denoted DF(A). The set LDF(A) is a (generally proper) face of
DF(A). If A has the property that a X b whenever s(a) < s(b) for every s € LDF(A), then we
say that A has strict comparison of positive elements.
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3. A stability theorem for W(C(X))

3.1. Strategy

In this section we provide a positive answer to Question 1.1. The proof is long and proceeds
in several steps, so an overview of our strategy is in order. We first generalise the concept of a
trivial vector bundle by introducing trivial positive elements in matrices over a commutative
C*-algebra, and prove that our question need only be answered in the case that X is a finite
simplicial complex (Proposition 3.7). For a finite simplicial complex X, we prove that any
positive element in M,,(C(X)) can be approximated in norm from below by a particularly
tractable kind of positive element (Theorem 3.9). Such an approximant is then shown to be
dominated (in the sense of Cuntz comparison) by a trivial element whose rank over each point
of X exceeds the rank of the approximant by an amount no greater than some fixed multiple
of the dimension of X (Theorem 3.13). Finally, we prove that any positive element dominates
a trivial element provided that the rank of the given element exceeds the rank of the trivial
element by dim(X') + 1 over every point in X (Theorem 3.14). Combining the last two theorems
yields a positive answer to Question 1.1.

REMARK 3.1. We are seeking the constant K of Question 1.1. The reader will notice that
we make little effort to find the smallest possible value of K. This is deliberate. The applications
of Section 4 require only that some K exists, and any effort to find the optimal K introduces
more complexity into an already difficult proof. Of course, it is interesting to ask what the
optimal value of K might be. We suspect that it is the same as it is for projections, namely,
about half the covering dimension of X.

3.2. Notation and background

Let X be a topological space. By an upper (respectively lower) semicontinuous function
f:X = M,(C); we will mean a function such that for every vector £ € C", the real-valued
function

z— (f(@)€ ] §)

is upper (respectively lower) semicontinuous (cf. [5]). The following result of Bratteli and
Elliott, based on earlier work of Dadérlat, Nagy, Némethi and Pasnicu [9, Proposition 3.2],
will be used extensively in the sequel.

THEOREM 3.2 (Bratteli and Elliott [5, Theorem 3.1]). Let X be a compact metrisable
Hausdorff space of dimension d, and let P and ) be maps from X into the projections of M,,
such that P is lower semicontinuous and () is upper semicontinuous. Suppose that

P(z) 2 Q(x), for all z € X,
and that, furthermore, there exists a natural number k such that
rank(P(z)) > k+ 1(d+1), for all z € X,

and
rank(Q(z)) < k — 1(d+1), for all z € X.

Then, there is a continuous map R from X into the rank-k projections of M,, such that

P(z) 2 R(z) = Q(=), for all z € X.
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For a natural number [ € N, let 6; denote the trivial vector bundle of complex fibre dimension
I. In a metric space X we will use the notation B,(x) for the open ball of radius r >0
about = € X. The following well-known theorem is a direct consequence of [17, Chapter 8,
Theorems 1.2 and 1.5].

THEOREM 3.3. Let X be a compact metrisable Hausdorff space of dimension d, and let w
be a complex vector bundle over X. Then, there is a complex vector bundle W on X of rank
less than or equal to d with the property that w & w is a trivial vector bundle.

Let T',,(X) denote the set of n-multisets (sets of n elements, allowing multiplicity) whose
entries are elements of a metric space X. Equip I';, (X)) with the following metric: for A, B € T'y,,
let P denote the set of all possible pairings of the elements of A with the elements of B;
for P € P, let A(P) denote the maximum distance between two paired elements in P; set
dist(A, B) = minpep A(P).

3.3. Trivial positive elements

DEFINITION 3.4. Let X be a compact metrisable Hausdorff space, and let a € M,,(C(X)) be
positive with (lower semicontinuous) rank function f: X — ZT taking values in {nq,...,nx},
where n1 <ng < ... < ng.

(i) For each 1 < i < k define sets

Gio={v € X | f(z) > n;},

Fio:={z€ X | f(z) =n},
and
Hi,:={zec X | f(r)<ni}.

)

Note that G, , is open.

(ii) Say that a is trivial if there exist a natural number n, n; mutually orthogonal
projections pi,...,pn, € M,(C(X)), each corresponding to a trivial complex line bundle,
and positive continuous functions g;  : X — Ry, (c(x)) with supp(gi,a) = Gi,q such that a
is Cuntz equivalent to

ni

ny
@gl,apj D...0 @ 9k,alj
j=1

J=ng_1+1

(iii) Say that a is well supported if, for each 1 < i < k, there is a projection p; € M,,(C(F; ,))
such that

1/r

lim a(x)"" = p;i(z), for all z € F, 4,

7—00

and p;(z) < p;(x) whenever z € F; , N Fj, and i < j.

Clearly, if a above is a projection, then it is trivial in the sense we have defined if and only
if it corresponds to a trivial vector bundle. When there is no danger of confusion, we will omit
the second subscript for the sets G; 4, F;,o and H; 4.

The following lemma was observed in [19]. The proof is an easy exercise.

LEMMA 3.5. Let a,b € M,, be positive. Then, a 3 b if and only if rank(a) < rank(d).
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An important analogy between trivial positive elements and trivial vector bundles is the fact
that Cuntz comparison for trivial positive elements is encoded by rank functions.

PROPOSITION 3.6. Let X be a compact Hausdorff space, and let a,b € M,,(C(X))+ be
trivial. Then, a 3 b if and only if rank(a)(z) < rank(b)(z), for all x € X.

Proof. If a 3 b, then a(z) 3 b(z) for every x in X. It follows from Lemma 3.5 that
rank(a)(z) < rank(b)(x), for all z € X.
Now suppose that the rank inequality above holds. Let
ny<ng <...<ng and mp <mo < ...<my

be the rank values taken by a and b respectively. By assumption there exist projections
Ply--,Pn, and q1,..., ¢, in some M, (C(X)), each corresponding to a trivial line bundle,
and positive continuous functions

Gia - X — R]-MTL(C(X))a for1 <i< S,

and

gip + X — Ry, (c(x)) for 1 < j <t

with supp(¢s,a) = Gi,« and supp(g;») = Gj,» such that

ni Ns
an~ @gl,apj D...D @ 9s,aPj
j=1 j=ns—1+1

and

my

mi
b~ @gm% D...D @ 9t,b9;
j=1

j=me—_1+1

The projections p; and g; are Murray—von Neumann equivalent for every 1 < ¢ < ng, as are their
complements inside M,,(C(X)). It follows that there is a unitary U; in M, (C(X)) such that
u1q1ur* = p1. We can repeat this argument to find a unitary us in (1 — p1)M, (C(X))(1 — p1)
such that usgoug* = pa. Then Us = (u2 @ p1)uq is a unitary in M, (C(X)) such that Usq; Uy =
p; for i = 1, 2. Tterating this process we arrive at a unitary U in M, (C(X)) such that

Uq,U™ = p;, for 1 < i < ns.
Our rank inequality implies that
supp(gi,a) € supp(gip),  for 1 <i<ny,
whence g; op; is in the hereditary subalgebra of M,,(C(X)) generated by g; »p;. It follows that

ny Ng
a ~ @glﬂpj b...P @ Js,alj
Jj=1 j=ns—1+1
is in the hereditary subalgebra of M,,(C(X)) generated by
mi me
Ul | e ..o B g || U~
Jj=1 j=mi—1+1

and that a = b, as desired. O
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3.4. Reduction to finite simplicial complexes

PROPOSITION 3.7. Suppose that there exists a constant K > 0 such that for any finite
simplicial complex X and positive elements a,b € Mo, (C(X)) for which

rank(a)(z) + K dim(X) < rank(d)(z), for all z € X,

one has a X b. Then, this same statement holds (with the same value for K) upon replacing
finite simplicial complexes with arbitrary compact metric spaces.

Proof. Let a, b, and K > 0 be as in the hypotheses of the theorem. Let there be given a
compact metric space Z, and positive elements a,b € My, (C(Z)) such that

rank(a)(z) + K dim(Z) < rank(b)(z), for all z € Z.

(This implies, in particular, that Z has finite covering dimension, but Theorem 3.15 holds
vacuously if dim(Z) = oo; there is no loss of generality here.)

A central theorem in the dimension theory of topological spaces asserts that if Z is a compact
metric space of finite covering dimension, then Z is the limit of an inverse system (Y, m; ;),
where each Y; is a finite simplicial complex of dimension less than or equal to the dimension of
Z (cf. [14, Theorem 1.13.2]). Thus, we have an inductive limit decomposition for M (C(Z)):

Moo (C(2)) = Jim (Mao(C(¥:)), 60),

where ¢; : Moo (C(Y;)) = Moo (C(Yiq1)) is induced by 741 : Yip1 — Y.
We claim that for each € > 0 there exists a 6 > 0 such that

rank(a — €)1 (2) + K dim(Z) < rank(b — §)4(2), for all z € Z.

Notice that if €; < €2, then rank(a — €1)4+ > rank(a — €2)+. Let € > 0 be given, and fix z € Z.
Put A = rank(a)(z) and B = rank(b)(z) for convenience. Let 7(z) denote the smallest non-zero
eigenvalue of a(z). For the purpose of proving our claim, we view a and b as being contained
in some M, (C(Z)). The map

o:M,(C(2)) x Z — Ty,

which assigns to an ordered pair (d, z) the multiset whose elements are the eigenvalues of d(x),
is continuous in both variables, and so there is a neighbourhood V(z) of z upon which a has
precisely A eigenvalues greater than or equal to min{n(z)/2,€}. It follows from the functional
calculus that rank(a — €)4 is less than or equal to A on V(z). Now o(b, - ) is continuous, and
so there is a neighbourhood U(z) of z upon which b has at least B non-zero eigenvalues. In
fact, more is true: U(z) may be chosen so that there is a continuous choice of B non-zero
eigenvalues of b on U(z) which coincides with the spectrum of b(z) at z. Let §, be half the
smallest eigenvalue occurring in this continuous choice of eigenvalues. Then, rank(b —¢,)+ > B
on U(z), and this remains true if ¢, is replaced by some smaller §’. Put W(z) = V(z) N U(z).
Then,

rank(a — €)1 (z) < A+ K dim(Z) < B < rank(b — 6, )+ (), for all x € W(z).

The space Z is compact, so we may find z1,...,2; € Z such that
Z =W(z)U...UW(z).
Put 6 = min{d,,,...,d,,}, and let € Z be given. Then x € W(z;) for some 1 <1 < k, and

applying the preceding inequality we have
rank(a — €)1 (z) + K dim(Z) < rank(b — 6,,)+(x) < rank(b — )4 ().

This proves the claim.
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Given n > 0 and a € M (C(Z))4+ one can always find an element & satisfying:
(i) a3 a
() (a—n)s 34
(iii) @ is in the image of ¢;  for some i € N.
(This follows from Proposition 2.1 and the inductive limit decomposition of My (C(Z)).) Let
€ > 0 be given, and find § > 0 so that

rank(a — €/2) 4+ (2) + K dim(Z) < rank(b — §)4(2), for all z € Z.

Find an approximant b for b satisfying (i)—(iii) above with 7 = . Similarly, find an approximant
a for (a — €/2)4 with n = €/2. Then, for all z € Z,

rank(a)(z) + K dim(Z) < rank(a — €/2)4(2) + K dim(Z2)
< rank(b —0)1(2)
< rank(b)(z).

We may assume that both a and b are the images under ¢; o, of elements a and b in
M. (C(Y;)), respectively. These pre-images satisfy
rank(a)(y) + K dim(Z) < rank(b)(y), for all y € Im(7m;,00),
where 7; o : Z — Y is the continuous map which induces ¢; .. We cannot apply the hypothesis
of the proposition unless the inequality above holds for all y € V;, and so we modify the
pre-image b. We may, as before, view G and b as lying in some M,,(C(Y;)). Choose a continuous
function f :Y; — [0, 1] supported on the complement of Im(7; ). Put

b=ba f- 1k dim(2)7-

Since b and b agree on Im(m; o), we have ¢; o0 (b) = b. But clearly

rank(d)(y) + K dim(Z) < rank(b)(y), for all y € Y},

whence a 3 @ by our hypothesis. Cuntz subequivalence is preserved under *-homomorphisms,
whence a < b. Now

(a—e)r 3a3b30;
€ was arbitrary, and the proposition follows. |

3.5. Well supported approximants

LEMMA 3.8. Let X be a finite simplicial complex, V' be an open subset of X, and U be
a closed subset of V. Then, there are a refinement of the simplicial structure on X and a
subcomplex Y of this refined structure satisfying:
(i) Y2V
(i) UNY =0;
(iii) Y is the closure of its interior.
Moreover, Y¢ and Y = 0Y ¢ are subcomplexes of this refined structure.

Proof. We first define a precursor Y to Y, whose definition we later refine to obtain Y
proper. By assumption, U N V¢ = (. Since U and V¢ are compact, there is a § > 0 such that

dist(U, ) > 0, for all x € V°.

Refine the simplicial structure on X through repeated barycentric subdivision until the
largest diameter of any simplex is less than §/2. Let Y be the subcomplex consisting of all
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simplices whose intersection with V¢ is non-empty. The distance from any point in Y to V¢is
at most /2, and so_ YNU = 0. Every z € V¢ is contained in some simplex of X, so Y DVe.
Now choose z € Yc and let ©, be the smallest simplex of the refined simplicial structure on
X containing x. Suppose that ©, is not contained in ye. Then, ©, contains a point y € }70,
and there is an open set U C Y° such that y € U. Thus, there is a point 3/ € U which is in the
(relative) interior of ©,, and the smallest simplex of X containing 3’ is ©,. This implies that

©, is contained in Y by construction, contradicting x € ©,. We conclude that ©, C Ye. Now

vee [Je.cve,
zeye

and so the second containment above is in fact equality. We conclude that Yeisa subcomplex
of X. Now Y*© 1is open, whence Ye is the closure of its interior.

Notice that Y¢ is defined in the same manner as Y: for each point in a given open set, one
finds the smallest simplex containing the said point, and then takes the union of these simplices
over all points in the open set. We may therefore define

=\

Y = (Y) ,
and apply the arguments above to conclude that Y is a subcomplex. Now Y both contains
V and is contained in Y, and so satisfies conclusions (i) and (ii) of the lemma; Y satisfies

conclusion (iii) by construction. Repeating the arguments above one last time, we find that Y¢
and hence 9Y ¢ = 9Y are subcomplexes. |

THEOREM 3.9. Let X be a finite simplicial complex, a € M,,(C(X))4, and € > 0 be given.
Then, there exists a well supported element f € M,,(C(X))4 such that f < a and ||f — al| <e.
Moreover, f takes the same rank values as a, and the sets F; corresponding to f (see
Definition 3.4) may be assumed, upon refining the simplicial structure of X, to be subcomplexes
of X.

Proof. Let a € M,,(C(X))+, and let H; be the set H; , of Definition 3.4. Let € > 0 be given.

Step 1. We will show that there exist open sets V; D H;, for 1 <i < k, and an upper
semicontinuous function g : X — M, (C) satisfying:

(i) g(z) = a(x), for all w € H; \ (U_; V;);
(i) g(z) is contlnuous on V; \ (UZ ! 1Vj), for 1 <i < k;

(iii) [|g(x) —a(z)| <, for all z € X;
(iv) rank(g)( ) =mn;, for all z € V; \ (UjZ1 V));
(v) with

i—1
Uv |
j=1
there is a continuous projection-valued function p; € M,,(C(D;)) such that
i—1
lim g(z)"" = p;(z), for all x € V; \ UVJ )

T—>00
j=1

and p;(x) < p;(x) whenever x € D; N D; and i < j
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Moreover, upon refining the simplicial structure of X, we may assume that both V; and V¢ are
subcomplexes of X.

Let n; < ... < ng be the rank values taken by a. The function which assigns to each point
x € 0H; the minimum non-zero eigenvalue of a(z) is continuous on a compact set, and so
achieves a minimum, say 7; > 0. For each « € 9Hj, find 0, > 0 such that, for every y € Bs, (),
the eigenvalues of a(y) are all either greater than

LY := max{%m,m — e},
or less than
L} := min {%nl, e}.

Let U, be the connected component of Bs_(x) containing z. Put

W1:H1U< U Um>.

r€EOH,

Then W is open. Use Lemma 3.8 to find a subcomplex Y; of X such that Y; D V[A//lc and
Y1 N Hy =0. Put V; =Y, and note that V; so defined is a subcomplex of some (possibly
refined) simplicial structure on X. Define p; (z) to be the support projection of a(z) for z € Hy,
and the support projection of the eigenvectors of a(z) corresponding to eigenvalues which are
greater than or equal to LY for € V5 \ H;. For each x € V;, put

g9(z) = p1(z)a().

CramM. The following hold:
i) g(x) = a(x), for all x € Hy;

lim g(z)V" = pi(z), for all z € V.

Proof. Part (i) is clear from the definition of g on Hj.

For (ii), let @, — = in V;. If x is an interior point of Hj, then g(x,) — g(z) since a is
continuous and g =a on H;. Otherwise, x € V; is an interior point of some U,, and we
may find N € N such that z,, € Uy, for all n > N. It will thus suffice to prove that g(x)
is continuous on Uy, with y € 0H;. Let o(a(x)) denote the spectrum of a at the point
x € X. The map s: X — T, given by s(x) = o(a(x)) is continuous. Thus, s(z,) — s(z). In
particular, the submultiset of s(x,,) corresponding to elements larger than L} converges to the
similar submultiset of s(z); the eigenvectors of a(x,,) corresponding to p;(x,) converge to the
eigenvectors of a(x) corresponding to p(z), and so g(x,) — g(z), as required.

Part (iii) follows from the functional calculus and the definition of g because a(x) — g(x) is
zero if ¢ € Hy, and is equal, in the functional calculus, to h(t) =t on the part of the spectrum
of a which is less than Lll < € and zero otherwise.

Part (iv) is trivial for x € Hy, so suppose that = € U, for some y € 0H;. The rank of g(x)
is equal to the number of eigenvalues of a(x) which are greater than L%, and this number is
ny for a(y). Let M C I'), consist of those multisets with the property that each element of the
multiset is either greater than LY or less than L). Let A C M consist of those multisets for
which the number of elements greater than LY is exactly n;, and let B be the complement of
A relative to M. Then, A and B are separated. Since s(z) C M, for all z € Uy, s(y) € A, and
U, is connected, we conclude that s(z) € A, for all z € U,. In particular, the rank of g(x) is
n1, as required.
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Observe that (iv) implies that the function which assigns to a point € V; the submultiset
of s(x) consisting of those eigenvalues which are greater than or equal to LY is continuous on
V1. Note that p;(z) is the spectral projection on this submultiset for each x € V4, and is thus
continuous merely by the existence of the continuous functional calculus. This proves (v), and
hence the claim. |

The claim above (now proved) is the base case of an inductive argument. We now describe
the construction of V5, p2, and the definition of g on V5 \ V1. The construction of the subsequent
V; and p;, and the definition of g on V; \ (U;;ll V;) will be similar: all of the essential difficulties
have already been encountered for ¢ = 2.

Let O(Hz \ V1) be the boundary of Hs \ V; inside V¥ (we may assume that this boundary is
non-empty by shrinking V7, if necessary). Find, as before, the minimum value 7y > 0 occurring
as a non-zero eigenvalue of alg(g,\v,). Define

Ly :max{%ngmg—e} and L :min{%nz,%maﬁ}

(Note the dependence of L) on 7;.) Find, for each x € d(H, \ V1), a connected open (rel V%)
set U, C V{° containing = and with the property that for every y € Uy, the eigenvalues of
a(y) are all either greater than Ly or less than LL. Let U, be an open set in X such that
U, =U; NVE Put

Wy =HyU U UNI C X.
z€(H2\V1)

Refine the simplicial structure on X so that we may find (using Lemma 3.8) a subcomplex Ys
of Vi which is disjoint from W and whose interior (rel V;°) contains Hy \ V4. Put Vo = Y U1
(interior taken (rel Vi¢)). Thus, Vi and V5 are subcomplexes of X . Define py(z) to be the support
projection of a(z) for x € Hy \ V. For any y € (U, \ Hz) N Vo and some = € O(Hy \ V1), let
p2(x) be the support projection of those eigenvectors of a(y) corresponding to eigenvalues
greater than LY. Put g(z) = p2(x)a(z), for all € Vo \ V4.

CrAM. The py and g(x) so defined have the desired properties, namely:
i) g(z) = a(z), for all x € Hy \ Vi;
(i) g(z) is contmuous on Vo \ Vi;
(iii) [|g(x) —a(z)| <, for all x € Va;
(iv) rank(g )( ) =g, for all x € Vo \ Vi;
(v) p2 extends to a continuous projection-valued function on Dy := Vy \ V; such that
lim g(z)Y" = pi(z), for all z € V7,

r—00

and py(z) < pa(x) whenever x € Vi N (Vo \ V7).

Proof. The proofs of all but the last part of (v) are identical to the proofs of the correspond-
ing statements for p; above. We must show that pi(x) < pa2(x) whenever z € Vi N (Va \ 7).
This follows from the fact that the eigenvalues of (1 — pa(x))a(x)(1 — pa(x)) are all less
than or equal to L) < L}, and so correspond to eigenvectors in the complement of the range
of p1(x). O

The remaining p;, for ¢ < k, may be constructed inductively in a manner similar to the
construction of po: let 7; be the minimum eigenvalue taken by a on 8(H \(Uz ! V))

(boundary relative to X \ (UZ ! V) both here and below, and assumed to be non-empty
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by shrinking Vi, ..., V;_; if necessary) and put
L} :max{%m,m fe} and le- = min{%m,Lé_l};

find connected open (rel X \ (UZ Y ;) sets U, for each z € 9(H; \ (UZ Ly, 7)) which contain
z, and have the property that every eigenvalue of a(y ) for y € U, is elther greater than L}
or less than L!; find open sets U, C X such that U, = U, N X \ (U; _1V;), and define

w€d(H:\(UIZ1 V5))

refine the simplicial structure on X and find (using Lemma 3.8) a subcomplex Y; of V¢ ; which is
disjoint from W and whose interior (rel V¢ ;) contains H; \ V;_1; put V; = Y,° U V;_; (interior
taken (rel V¢ ,)) so that V¢ and V; are subcomplexes of X; define p;(z) to be the support
projection of the eigenvectors of a(z) with non-zero eigenvalues for x € H; \ (Uz 'y, ), and
the support projection of those eigenvectors of a(x) having eigenvalues greater than or equal
to LY for z € V; \ (U;;llvj), put g = p;(x)a(x), for all x € V; \ (UZ LV).

The p; and g so defined have the desired properties. As before all but the last part of
statement (v) follow from the proofs of the corresponding facts for p; and p2. So suppose that
x € D; N D;, where j < i. The range of 1 — p;(x) corresponds to the span of eigenvectors of
a(r) with eigenvalues less than or equal to L! < Lé-. This range is contained in the range of
1 —p;(x), since the latter corresponds to the span of eigenvectors of a(x) with eigenvalues less
than Lé. It follows that p;(x) < pi(x), as required.

For ¢ = k, the situation is straightforward. Simply put g(z) = a(z), for all z € V/¢_,.

Step 2. We have V3 C ... C V. = X. Since the H; are closed, we may find open sets
Uy C...C U, = X such that H; C U; C U; C V;. Moreover, we may assume, using Lemma 3.8,
that U¢ and U; are subcomplexes (possibly empty) of X for 1 <i<k. Let us define a
positive upper semicontinuous function f: X — M, (C(X)) as follows: f(x) = p;(x)a(z), for
all z € U; \ (UZ LU, ) Then, f( ) = g, for all z € X. Moreover, f is well supported by the
pi. To see this, one need only check the coherence condition. Put E; = U; \ (Ul LU, ), and
let © € E; N Ej, with j < 4. The range of 1 — p;(x) corresponds to the span of elgenvectors of
a(x) with eigenvalues less than or equal to L! < Lé» (since U; C V;). This range is contained
in the range of 1 — p;(z), since the latter corresponds to the span of eigenvectors of a(z) with
eigenvalues less than Lé-. It follows that p;(z) < p;(x), as required.

We now describe a smoothing process which will transform f into the function f required
by the theorem. For the first step in our process we work inside X \ Ux_o. Find a continuous
function s : X \ Ug—2 — [0, 1] which is zero on Ui_1 \ Ux_2, equal to 1 on X \ Vi_1, and non-
zero off Up_ \ Up_o. Define f*~1 on X \ Up_» as follows:

fk,g(x) _ f($) ifzeU,_1 \kaz U (X \ kal),
gx)®s(@)(fog)(r) fzeVia\Up.
Thus f”“_2 is continuous on X \ Uy_2 and dominates g on X \ Ui_». It is also subordinate to a.

For the generic step in our process, we work inside X \ Uy_;, with ¢ > 3. Assume that we
have found a continuous function f*~#*1: X \ Up_;41 — M, (C) such that

g(ﬂ?) < fk_H_l(.T), for all x € (X \ kaiJrl) n Vk,iJrl.

(This is the key property required to go from one stage in the smoothing process to the next.)
Find a continuous function s : X \ Uy_; — [0, 1] which is zero on Uy_;+1 \ Ux—;, equal to 1 on
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X\ Vi_it1, and non-zero off Uy_; 41 \ Up_;. Define f¥=% on X \ U,_; as follows:

. f(x) ifx e Uk—i+1 \Uk—i,
@) = S () i if v € (X \ Vik—itr),
9(@) ® s(x)(fF " eg)(z) ifzeVioia \Uk—it1.

Then, as before, f*~* is continuous on X \ Up_;, dominates g, and is subordinate to a.
This smoothing process terminates when ¢ =k — 1, and the resulting continuous function
f:X = M,(C); has the desired properties. (Note that the sets H; of Definition 3.4
corresponding to f are precisely the U;. The sets F; of Definition 3.4 corresponding to f
are thus the U; N Uf_;, and so are subcomplexes of the refined simplicial structure on X.) [J

3.6. Trivial majorants

LEMMA 3.10. Let X be a finite simplicial complex of dimension d, and let Y be a
subcomplex. Let p € M,,(C(Y)) be a projection of (complex) fibre dimension | € N corres-
ponding to a trivial vector bundle, and suppose that | > [d/2] 4+ 1. Then, there is a projection
q € A:=M,(C(X)) such that

(i) g corresponds to a trivial vector bundle of fibre dimension [;

(ii) q(y) =p(y), for all y € Y.

Proof. The projection p may be viewed as a vector bundle (E,r,Y). Here F is trivial,
and so admits [ mutually orthogonal and everywhere non-zero cross-sections s; : Y — F, for
1 < i < 1. We will prove that each s; can be extended to a continuous map v; defined on all
of X which takes values in C™ \ {0}, and that these extensions can be chosen to be mutually
orthogonal. The projection whose range at a point € X is span{vy(z),...,v;(x)} is then the
projection g that we seek.

We proceed by induction. First consider s;, which may be viewed as a continuous map from
Y to C™\ {0} 2 R?"\ {0}. Theorem 2.2 in [17, Chapter 1] states that if (A, B) is a relative
CW-complex and R is a space which is connected in each dimension for which A has cells, then
every continuous map f: B — R extends to a continuous map ¢g: A — R. Now (X,Y) is a
relative CW-complex, C" is (2n — 1)-connected, and 2n — 1 > d, so s; extends to a continuous
map vy : X — C™\ {0}, as desired.

Suppose now that we have found mutually orthogonal and continuous extensions v; of s; for
each i < k < l. We wish to extend s; to a continuous map v; on X taking values in E and
pointwise orthogonal to vy, ...,v5—1. Let Qx—1 € M,,(C(X)) be the projection whose range at
a point x € X is span{vy(z),...,vk—1(x)}. To find our extension vy, it will suffice to extend
s to an everywhere non-zero cross-section inside

A1 = (1a = Q1) (Mn(C(X)))(1a = Qr—1) = My 4 (C(X))

(the last isomorphism follows from the fact that 14 — Q—1 is trivial). This problem is identical
to the problem of extending sy, except that we are now extending a map from Y into C*~* \ {0}
rather than into C™ \ {0}. Since n — 1 > [d/2] + 1, we have 2(n — k) — 1 > d. Since C*~* \ {0}
is 2(n — k) — 1-connected, we may use [17, Chapter 1, Theorem 2.2], to find the desired
extension vg. ]

LEMMA 3.11. Let X be a finite simplicial complex of dimension d, and let Uy,...,U; be
subcomplexes. Suppose that for each 1 < i < k there is a constant-rank projection-valued map
pi € Moo (C(Uy)) satisfying:

(i) pi(z) < pj(z) whenever x € U; NU; and i < j;

(ii) rank(p;) < rank(p;) whenever i < j.
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Then, there exist a partition of {1,2,...,k} into non-empty subsets Jy, ..., Js, subcomplexes
Vi := U, Ui, and projections R € Moo(C(V1)), with 1 <1 < s, such that:

pi(z) < Ry(x) for each x € U; NV;

)
)
(iii) rank(R;) + d < rank(Ry41), for 1 <1 <'s;
)
v) ifz e VinV, and I < t, then Ri(z) < Ry(z).

Proof. Put n; = rank(p;). For each n € N, put
D,={meN|(n—-1)d <m < nd}.

Let I,...,js be the list of the D, which have non-empty intersection with {ni,...,ny},
ordered so that some (and hence every) element of J; is less than every element of J; ;. For
1 < j < s, let J; be the set of indices of the n; appearing in J;.
For A C X put
Py(x) := \/ pi(x), for all z € A.

1<i<k

The condition that p;(z) < pj(x) whenever z € U;NU; and ¢ < j implies that P4(z) is an
upper semicontinuous projection-valued function for every A C X.

An application of [5, Theorem 3.1] allows us to find a constant-rank projection-valued map
Qs € Moo (C(V4)) such that

rank(Q;) — rank(py) < d

and
pi(z) < Qs(x), for all i € J; and all x € Us.
It follows that rank(Qs) — rank(r;) < 2d for every i € J,. For every N > d, there is a projection

Qs,N € Moo (C(Vy)) of rank n such that Q@ Qs n corresponds to a trivial vector bundle
(cf. Theorem 3.3). Put

Ny = 3d + 3 + rank(ry) — rank(Qs)
and
Rs = Qs 52 QS,NS-

Now R, so chosen satisfies conditions (i), (ii), and (iv) in the conclusion of the lemma; conditions
(iii) and (v) are not yet relevant.

Now suppose that we have found, for each m <[l <s, constant-rank projections
R; € Moo (C(V})) satisfying conditions (i)—(iv) of the conclusion of the lemma, and satisfying
condition (v) whenever ¢, > m. We will construct R, on V;,, so that Ry, ..., R, satisfy (i)—(iv),
and satisfy (v) when ¢,] > m. Proceeding inductively then yields the lemma.

Define a projection-valued map

Ry |J Vi— Mx(0)

m<U<s

by setting Ry, (x) = Ry(x) if [ > m is the smallest index such that 2 € V;, and setting Ry, (z)
equal to the unit of the (arbitrarily large) matrix algebra which constitutes the target space of
all of our projection-valued maps otherwise. One easily checks that R, is lower semicontinuous,
and that

rank(R,, — Py, )(x) > 3d + 3, for all x € V.
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An application of [5, Theorem 3.1] then yields a constant-rank projection-valued map
Qm € Moo (C(V,y,)) such that

Py () < Qum(z) < R (), for all z € V,,,

and

rank(R,, — Q) (x) = 2d + 2, for all x € V,,,.

Applying [5, Theorem 3.1] to R,, and Q,, yields a constant-rank projection-valued map
Q' € Myo(C(V;y)) such that

Qm(z) Q) (z) < Em(a:), for all z € V,,,,

and
rank(Q!, — Q) (z) = d+1, for all x € V,,.

-
By [17, Chapter 8, Theorem 1.2], there is a subprojection Qm of Q, — Q,, with constant
rank at most d such that T}, := @Q,,, ® @, corresponds to a trivial vector bundle over V,,,. By

definition we have
Py, (#) < Tpn(z) < Rn(z),  forall z € V,.

m

From the definition of Ry, () we have

Py () < Tn(x) < \/ Ri(z), forall z € Vi, N (Vi U ... U V).
m<I<s
Now R,,4+1 — T;, is a trivial projection on V,,, N V41, and so can be extended to a trivial
projection of the same rank on V, N (V41 UV,,12) by Lemma 3.10 (this requires the fact
that the R;, for m < j <'s, satisfy condition (iii) in the conclusion of the lemma). We can
repeat this extension process until R,,+1 — T3, has been extended to a trivial constant-rank
projection T, defined on V,,, N (V41 U ... U V) and satisfying

T! (z) < \/ Ri(z) | — Tim(2), forall z € Vi, N (Vi U ... U V).

m<I<s

Note that the rank of T, is at least d. Choose a trivial subprojection T/ of T/ with the property
that rank(7,, ® 1)) = rank(Ry,+1) — d. Apply Lemma 3.10 to extend T, to V,, inside the
complement of T,,,, and put

Ry (z) =Ty (z) @ T) (x), for all x € V;,,.
The space R,,(z) so defined has the desired properties. |

LEMMA 3.12. Let X be a finite simplicial complex of dimension d, and let Uy,...,U be
subcomplexes. Suppose that for each 1 < ¢ < k, there exists a constant-rank projection-valued
function R; € My (C(U;)) satisfying:

(i) R; corresponds to a trivial vector bundle over U;;

(ii) rank(Ry) > [d/2] + 1;

(iii) rank(R;) + [d/2] + 1 < rank(R;4q), for 1 < i < k;

(iv) Ri(z) < R;(x) whenever x € U;NU; and i < j.

Finally, suppose that rank(R;) = n;, with n; < ... < ng, and put ng = 0. Then, there exist
mutually orthogonal rank-one projections p,...,pn, € Mso(C(X)), each corresponding to a
trivial vector bundle on X, such that

k ng

R=\/ R=P| P xWu...uUp,

1<i<k =1 \j=n;—1+1
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Proof. We proceed by induction on k. Consider the case k = 1. Since we may view R; as
an upper semicontinuous projection-valued map from X into M, (C) for n large, and since
(X,Uy) is a relative cell complex with cells of dimension at most d < n, we may apply
Lemma 3.10 to extend R; to a projection IZ; on X corresponding to a trivial vector bundle.
Write Ry = p1 + ...+ pn, for line bundles pi,...,p,,, each of which corresponds to a trivial
vector bundle. Then,

Ry = x(U)R, = @X (U1)p;,

as desired.

Now suppose that the lemma holds for i < k. Conditions (i) and (iii) in the hypotheses of
the lemma, together with Lemma 3.10, allow us to extend R; to a trivial projection on Uy U Uy
subordinate to R; V Rs. Iterating this process, we extend R; to a trivial projection R; on
Uy U... U Uy which is subordinate to Ry V...V Rj. Finally, apply Lemma 3.10 once more to
extend R; to a trivial projection on all of X. Write Ry = p; + ...+ py,, where each p; is a
projection corresponding to a one-dimensional trivial vector bundle on X. Then, as before,

Ry = x(U1)Ry = @X Ur)p

By [17, Chapter 8, Theorem 1.5], we find that R; — Ry is trivial for 1 <¢ < k. If i > 1,
then R; — R; has rank greater than or equal to [d/2] + 1. It follows that the projections
(Ry — Rl) (Rs — Rl) , (R, — Rl) over the subcomplexes Uy, Us, . .., Uy, respectively, satisfy
the hypotheses of the lemma. Moreover, these projections may be viewed as maps from
X into the orthogonal complement of R;. It follows that there exist rank-one projections
Pritis- Py, € Moo(C(X)), each corresponding to a trivial vector bundle and each orthogonal
to Ry, which satisfy

k n;
\/ (Rz—Rl)Z@ @ X(UiU...UUk»)pj
2<i<k i=2 \j=n;_1+1
We have
\/ R, =RV \/(Rz_él) )
1<i<k 2<i<k
and the lemma follows. |

THEOREM 3.13. Let X be a finite simplicial complex, and let a € My (C(X))4. Then,
a 3 d for any d € Moo (C(X))4 which is trivial and satisfies

rank(a)(z) + 4dim(X) + 3 < rank(d)(x), for all z € X.

Proof. 'We may assume that ||a]| < 1. Let n; < ... < ny be the rank values taken by a, and
let € > 0 be given. Form an approximant f to a satlsfylng the conclusions of Theorem 3.9, where
the sets I, ..., F}, corresponding to f (cf. Definition 3.4) are subcomplexes of X satisfying
the conclusion of Lemma 3.8. Let py,...,px be the supporting projections for f, and notice
that these satisfy the hypotheses of Lemma 3.11. The conclusion of Lemma 3.11 then provides
a family of constant-rank projections R; € Mo (C(V;)), where 1 <1 < s (each V; is a union of
consecutive sets ;). These, in addition to satisfying the hypotheses of Lemma 3.12, have the
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properties that
R(x)= \/ Rix)> \/ pi(2) > f(z), forallzeX,
1<I<s 1<i<k

and

rank(R)(x) — rank \/ pi(z) | <4dim(X)+ 3.
1<i<k

Set mo = 0 and m; = rank(R;). Let ¢1,...,qn, be the family of mutually orthogonal rank-one
projections, each corresponding to a trivial bundle, which are provided by the conclusion of
Lemma 3.12, that is,

S my

R= @ x(ViU...UVa)g;

I=1 \j=mi_1+1
By construction (see the proof of Theorem 3.9) we have
H;,={r € X |rank(a)(z) <n;} C(F1U...UF)°.
Put
F; o, ={z € X | rank(a)(z) = n;}.

Use Lemma 3.8 to find, inductively (and upon refining the simplicial structure of X if
necessary), subcomplexes Uy, ..., Uy of X satisfying

FU...UF, C(U;U...UU)° CU;U...UU, C Hf for 1 <i<k.

i—1,a°

The set V; is a union of consecutive Fj; let J; be the set of indices occurring among these Fj,
and let M; be the largest element of .J;. Put

vi=Ju.
i€J;
For each 1 <1< s, choose a continuous function ¢; : X — [0,1] which is identically 1 on

Viu...uV, C walil . identically zero on Hyy, , 4, and non-zero off Hyy, , 4. Then,

s my

E(SU) = @ @ 91()g;

=1 \j=mi_1+1

is a trivial element of Mo (C(X))4 such that R(z) > R(x), for all z € X.
We claim that for all x € X, we have

rank(R)(x) — rank(a)(z) < 3dim(X) + 3.
Indeed,

A :={z € X |rank(R)(z) =m} =V,Nn(VLU...UV,_1)",
and g; is non-zero on A; if and only if j < 1. We have chosen g; to satisfy

gi(z) #0 <= «=x¢€ wajiha,

so x € A; if and only if
T € HJC\/Ij,ha n HMl,a-
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Thus, for x € A;, rank(a)(x) = n, for some ¢ € J;. We have

rank(R)(x) — rank \/ pi(z) | <4dim(X)+ 3,
1<igk
whence m; — n; < 4dim(X) + 3, for all ¢ € J;. This proves the claim.
If d is trivial and satisfies the hypotheses of the theorem, then

rank(d)(z) — rank(R)(z) > 0, for all z € X.
It follows from Proposition 3.6 that

f<R=d
Thus, for every € > 0, there exists v € My, (C(X)) such that
|lodv™ — f| <e.

It follows that
lvdv* —al| < e+ |lvdv™ — f|| < 2¢;

€ was arbitrary, and the theorem follows. |

3.7. Trivial minorants

THEOREM 3.14. Let X be a compact metric space, and a € Moo (C(X))4. Then, d S a
whenever d is trivial and satisfies

rank(d)(z) < max{rank(a)(z) — dim(X) — 1, 0}, for all z € X.

Proof. The hypotheses of the theorem imply that d = 0 if dim(X) = oo, in which case the
theorem holds.

Suppose that dim(X) < co. We proceed by induction on k. Suppose that a takes rank values
ny < ... < ng, and, with ng = 0, put

G; ={zr € X | rank(a)(x) > n;_1}.

Suppose that k = 1. If ny < dim(X) + 1, then there is nothing to prove, so assume that
ny > dim(X) + 1. By [17, Chapter 8, Theorem 1.5], a (which, since it only takes one rank
value, is Cuntz equivalent to a projection) is Cuntz equivalent to 6, _qim(x)+1 © p for some
projection p € My (C(X)). The projection 6,,, _qgim(x)+1 is trivial, and so dominates any trivial
d satisfying the hypotheses of the theorem by Proposition 3.6.

Now suppose that we have proved the theorem when a takes ¢ < k rank values. We treat two
cases: n1 < dim(X) + 1 and ny > dim(X) + 1.

Suppose first that ny < dim(X) + 1. Then, any trivial d satisfying the hypotheses of the
theorem necessarily satisfies

rank(d)(z) = 0, for all z € G5.

Put ¢, = 1/2". Since |d(x)| is uniformly continuous on Gy, there exists a sequence (6,) of
non-negative reals such that ||d(xz) — d(y)|| < €n/3 whenever dist(z,y) < d,,. For each n € N,
let V,, C G5 be the closed set which is the complement of the set of points in G whose
distance from G5 \ Gy is strictly less than 6, and let U,, be the closed set consisting of those
points in G5 whose distance from Gj \ Gg is less than or equal to §,/2. Choose a function
fn : G2 — [0,1] which is identically zero on U,, and identically 1 on V;,. Notice that ||d(z)| < e,
for all z € G5\ V,,. Upon restriction to Ug, a takes at most k — 1 rank values. Since a|UTCL

and d|z= satisfy the hypotheses of the theorem a fortiori, there is an element w,, € My, (C(UZ))
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such that
< €p.

[wn(alge)wy, — dlge
Put g, = fn - wn, and note that since f, is zero off Uc, we may view g, as an element of
M. (C(G2)). Now,

llgn (z)a(x) gy (z) — d(2)] < €n, for all z € V,,
and, for every x € V.2,
lgn(z)a(x)g,(z) — d(@)|| < || fo(@)wn(z)a(z)w, (@) fo(2)] + lld()]]
< | fo (@) (wn (2)a(a)wy () — d(@)) || + 2]|d(2)]]
< 3[|d()[| < en
(the second-to-last inequality uses the fact that f,,(x) = 0, for all z € U,,). Thus,
gnagy, == d,

and d 3 a, as desired.
Now suppose that n; > dim(X) + 1. We will reduce to the case n; < dim(X) + 1, proving
the theorem. By [9, Proposition 3.2], there is a projection p on X such that
rank(p) > [dim(X)/2] + (n; — dim(X) — 1)

and p 2 a. An application of [17, Chapter 8, Theorem 1.2] yields a trivial subprojection
0., of p, where m =ny; — dim(X) — 1. By [20, Proposition 2.2], there is a positive element
b € My (C(X)) such that a ~ b® 6,,. Let p1, ..., pn, be the first m trivial rank-one projections
supporting d (cf. Definition 3.4). Then, py @ ... ® py, ~ 0., (where ~ is in fact true Murray—von
Neumann equivalence), and

d=1-p1®...0pn))d(1l—(p1D...Dpm))
and
d":=(p1®...0pwn)dp1® ... pm)

are trivial. Moreover, d’ and b (substituted for d and a, respectively) satisfy the hypotheses of
the theorem, b takes k rank values, and the lowest rank value taken by b is less than or equal
to dim(X) + 1. We may thus apply our proof above to conclude that d’ 3 b. Since d” 3 6,,, we
have

d:d/@d/léb@emwaa
as desired. ]

3.8. The main theorem

THEOREM 3.15. Let X be a compact metric space of covering dimension d € N. Let
a,b € M,,(C(X)) be positive, and suppose that

rank(a)(z) + 9d < rank(b)(z), for all x € X.

Then, a 2 b.

Proof. Combining Theorems 3.13 and 3.14 yields the theorem with 9d replaced by 5d + 4.
But if d = 0, then

rank(a)(z) < rank(b)(z), for all z € X,
implies that a 3 b by [19, Theorem 3.3]. If d > 1, then 5d + 4 < 9d. |
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Theorem 3.15 applies equally well to locally compact second countable Hausdorff spaces
whose one-point compactifications have finite covering dimension. We fully expect that it will
generalise to recursive subhomogeneous C*-algebras.

4. Applications to AH algebras

4.1. The dimension-rank ratio vs. the radius of comparison

Recall the terminology concerning AH algebras from Section 1. A unital AH algebra A has
flat dimension growth [23, Definition 1.2] if it admits a decomposition for which

dim( X
limsup max dim(Xs.0) < oo. (4.1)
imoo 1<i<m; | rank(p; )

The study of unital AH algebras with flat dimension growth was suggested by Blackadar [1] in
1991, but there were no non-trivial examples of such algebras — algebras with flat dimension
growth but not slow dimension growth — until the pioneering work of Villadsen in 1997 [28].
We initiated the study of such algebras in earnest in [23]. Our key tool was the dimension-rank
ratio of a unital AH algebra A (write drr(A)), an isomorphism invariant which is defined to be
the infimum of the set of non-negative reals ¢ such that A has a decomposition satisfying

dim(X;
limsup max {lm(l)} <ec. (4.2)

imoo 1<i<m, | rank(p;,)

This invariant may be thought of as a measure of the ratio of the topological dimension of
A to its matricial size, despite the fact that both quantities may be infinite. Its effectiveness
in studying AH algebras of flat dimension growth leads one naturally to consider whether it
has an analogue defined for all unital and stably finite C*-algebras. In [23] we introduced the
following candidate.

DEFINITION 4.1 [23, Definition 6.1]. Say that A has r-comparison if whenever one has
positive elements a,b € M (A) such that
s({a)) +r < s((b)), for all s € LDF(A),
then (a) < (b) in W(A). Define the radius of comparison of A, denoted rc(A), to be
inf{r € R™ | (W(A),(14)) has r-comparison}
if it exists, and oo otherwise.

Theorem 3.15 confirms the radius of comparison as the proper abstraction of the dimension-
rank ratio for semi-homogeneous algebras.

THEOREM 4.2. There exist constants Ki, Ko > 0 such that for any semi-homogeneous
C*-algebra

A=Pr(CX)@)p:
i=1
with each X; a connected finite-dimensional CW-complex, one has the following inequalities:
drr(A) < Kyre(A)

and
rc(A) < Ko drr(A).



22 ANDREW S. TOMS

Proof. Suppose first that n = 1. The first inequality is [23, Theorem 6.6]. For the second
inequality, use [23, Theorem 2.2] to conclude that drr(A) = dim(X)/rank(p); the inequality
now follows from the definition of the radius of comparison and Theorem 3.15. To prove the
theorem for general n use the following facts:

drr(A @ B) = max{drr(A),drr(B)}
and
rc(A @ B) = max{rc(4),rc(B)}
for any unital AH algebras A and B (see [23, Proposition 2.2(ii)] and [23, Proposition 6.2(ii)],
respectively). O

We will address the relationship between the dimension-rank ratio and the radius of
comparison for general AH algebras in a separate paper.

4.2. Strict comparison of positive elements

The next lemma is due to M. Rgrdam. We are grateful for his permission to use it here.

LEMMA 4.3 (Rgrdam, private communication). Let A be a C*-algebra and {A;}icsr a
collection of C*-subalgebras whose union is dense. Then, for every a € My (A)4+ and € >0
there exist i € I and @ € M (A;) such that

(a- ey Z03(a—e/2); Za
in My (A).

Proof. First find a positive element b in some Mo, (A;), with ¢ € I, such that
b= (a—e/2)4] < e/4

Put @ := (b — €/4). The conclusion follows from Proposition 2.1 and the estimate ||ja — a|| < e.

LEMMA 4.4. Let A be the limit of an inductive system (A;, ¢;)ien of C*-algebras, where ¢;
is injective for each i € N. Let a,b € M (A;) be positive elements such that ¢ie(a) 3 Pico(b)
in Moo (A). Then, for every € > 0 there is a j > ¢ such that

(¢ij(a) =€)+ 3 ¢i; (b)
inside Moo (4;).

Proof. By working in a matrix algebra over A, we may assume that a,b € A. Since the ¢;
are injective, we simply identify a and b with their forward images in A;, for j >4, and in A
itself. We have a 2 b in My (A), so there is a sequence (v,) in M, (A) such that

vpbvl 222 .
This sequence may be chosen to lie in the dense local C*-algebra J;=; A;. Indeed, for any
w, € A we have
lwnbw, * —v, b0 || = || (Wn — Vn + V) b(Wy, — vy + v,)" — v 0]
= ||[(wn — vp)0(wn, — V)" + (W, — v,)bvy, * +vpb(wy, — vy)*|
< [(wn = o) [(10(wn = vn) (| + [[boy | + [[bvnl]),
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so choosing w,, € Ufil A; sufficiently close to v,, yields

% N—00

wybw, —— a.

Let € > 0 be given. Find ¢,n € N such that
|wpbw) —al| < e

and a,b,w, € My A4;. It then follows from Proposition 2.1 that (a —€)4 3 b inside My (4;),
as desired. U

THEOREM 4.5. Let (A;, ¢;) be an inductive sequence of unital, exact, and stably finite
C*-algebras with simple limit A. Suppose further that each ¢; is injective and that

liminfrc(4;) = 0.

1—00

Then, rc(A) = 0. In particular, A has strict comparison of positive elements.

Proof. We will prove that W(A) is almost unperforated, that is, that whenever one
has (a), (b) € W(A) such that (n+ 1){a) < n(b), then (a) < (b). It then follows from [21,
Corollary 4.6] that A has strict comparison of positive elements.

Let a,b € My, (A) be positive, and suppose that (n + 1)a = nb for some n € N. Let € > 0 be
given, and find § > 0 such that

(n+L)a—e/2)4 = (n+1)(a—e/2)4 Sn(b—5); = (nb— ).
Use Lemma 4.3 to find some i € N and @,b € Mo, (A;) such that
(a—3¢/4)y Sa3(a—e/2)y and  (b—68) 303D (4.3)
It follows that
(n+1)(a—e)y Z(n+1)(a—e/4)y 2 nb3nb.
By Lemma 4.4 we may, by increasing ¢ if necessary, assume that
(n+1)(@—e/4); Jnb (4.4

)
inside Moo (A;). Since A is simple, we may assume that the images of both (@ —¢/4)4 and b
under any 7 € T(A;) are non-zero. It follows that

s((a—e/4)4) #0 and s(b) # 0, for all s € LDF(4;).
Equation (4.4) shows that for any 7 € T(4;),
520) = 5 ((@— €/4)5) > (1/n)5,(5).

The map 7 +— s,(b) is strictly positive and lower semicontinuous on the compact space T(A4;).
It therefore achieves a minimum value ¢ > 0, and

s:((a—€/4) ) +¢/2 <s.(b), forallTeT(A).
Increasing i if necessary, we may assume that rc(4;) < ¢/2, whence
(a—e/)y 3b b (45)
by the definition of rc( - ). From (4.3) we have the inequality
(a—3¢/4)s 34,
whence
(@a—e)r 3 (@a—e/4)r (4.6)
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by the functional calculus. Combining (4.5) and (4.6) we have
(a—€)+ 3.

Since € was arbitrary, the theorem follows from Proposition 2.1. |

COROLLARY 4.6. Let A be a simple unital AH algebra with slow dimension growth. Then,
W (A) is almost unperforated. In particular, A has strict comparison of positive elements.

Proof. As in equation (1.1) we have A = lim;_,o(A4;, ¢;), where
ng
A= @pi,l(C(Xi,l) ® K)pi,i-
1=1

Now A has slow dimension growth, so we may assume that the ¢; are injective (this is the
main result of [12]) and that

max ., : 0.
1<i<n; | rank(p; 1) rank(p; n,)

This last condition, by [23, Theorem 2.3], implies that drr(4;) -0 as i — oo. Then
Proposition 4.2 shows that rc(A;) — 0 as i — 0o, and we have collected the hypotheses of
Theorem 4.5. Ul

Combining Corollary 4.6 with earlier work of Rgrdam we recover the characterisation of real
rank zero for simple unital AH algebras of slow dimension growth obtained in [3].

COROLLARY 4.7 (Blackadar, Dadarlat and Rerdam, [3]). Let A be a simple unital AH
algebra with slow dimension growth. Then, the following are equivalent:
(i) A has real rank zero;
(ii) the projections in A separate tracial states;
(iii) the image of Ko(A) is uniformly dense in the space of continuous affine functions on the
tracial state space T(A).

Proof. The algebra A has stable rank 1 by the results of [3], and a weakly unperforated
Cuntz semigroup by Corollary 4.6. Apply [21, Theorem 7.2]. O

Finally, we note that several theorems on Z-stable C*-algebras recently proved by Brown,
Perera, and the author can be extended to AH algebras with slow dimension growth.

COROLLARY 4.8. Let A be an element of SDG. The following statements hold:
(i) W(A) is recovered functorially from the Elliott invariant of A;

(ii) LDF(A) is weak-x dense in DF(A);

(iii) DF(A) is a Choquet simplex.

Proof. Since A has strict comparison of positive elements, we may appeal to [6, Theorem 5.4
and Corollary 6.9]. O

We refer the reader to [20, Section 4] for an explicit description of the functor which
reconstructs W(A) from the Elliott invariant of A in (i) above.



N =

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.
21.

22.

23.
24.

25.

26.

27.

28

STABILITY IN THE CUNTZ SEMIGROUP 25

References

. B. BLACKADAR, ‘Matricial and ultramatricial topology’, Res. Notes Math. 5 (1993) 11-38.

. B. BLACKADAR, O. BRATTELI, G. A. ELLIOTT and A. KUMJIAN, ‘Reduction of real rank in inductive limits
of C*-algebras’, Math. Ann. 292 (1992) 111-126.

B. BLACKADAR, M. DADARLAT and M. R@RDAM, ‘The real rank of inductive limit C*-algebras’, Math.
Scand. 69 (1991) 211-216.

B. BLACKADAR and D. HANDELMAN, ‘Dimension functions and traces on C*-algebras’, J. Funct. Anal. 45
(1982) 297-340.

O. BRATTELI and G. A. ELLIOTT, ‘Small eigenvalue variation and real rank zero’, Pacific J. Math. 175
(1996) 47-59.

N. P. BRowN, F. PERERA and A. S. Towms, ‘The Cuntz semigroup, the Elliott conjecture, and dimension
functions on C*-algebras’, J. reine angew. Math. to appear, arXiv:math.OA /0609182.

J. CuNTZ, ‘Dimension functions on simple C*-algebras’, Math. Ann. 233 (1978) 145-153.

M. DADARLAT, ‘Reduction to dimension three of local spectra of real rank zero C*-algebras’, J. reine angew.
Math. 460 (1995) 189-212.

M. DADARLAT, G. NAGY, A. NEMETHI and C. PAsNIcU, ‘Reduction of topological stable rank in inductive
limits of C*-algebras’, Pacific J. Math. 153 (1992) 267-276.

G. A. ELLioTT and G. GONG, ‘On the classification of C*-algebras of real rank zero. II’, Ann. of Math.
(2) 144 (1996) 497-610.

G. A. Evruiort, G. GONG and L. LI, ‘Approximate divisibility of simple inductive limit C*-algebras’,
Operator algebras and operator theory (ed. L. Ge et al.), Contemporary Mathematics 228 (American
Mathematical Society, Providence, RI, 1998) 87-97.

G. A. ELriorT, G. GONG and L. LI, ‘Injectivity of the connecting maps in AH inductive limit systems’,
Canad. Math. Bull. 48 (2005) 50-68.

G. A. ELLioTT, G. GONG and L. L1, ‘On the classification of simple inductive limit C*-algebras, II: the
isomorphism theorem’, Invent. Math. 168 (2007) 249-320.

R. ENGELKING, Dimension theory, North-Holland Mathematical Library 19 (North-Holland, Amsterdam,
1978).

G. GONG, ‘On inductive limits of matrix algebras over higher dimensional spaces, part II’; Math. Scand.
80 (1997) 56-100.

K. R. GOODEARL, ‘Riesz decomposition in inductive limit C*-algebras’, Rocky Mountain J. Math. 24
(1994) 1405-1430.

D. HUSEMOLLER, Fibre bundles (McGraw-Hill, New York, 1966).

E. KIRCHBERG and M. R@RDAM, ‘Non-simple purely infinite C*-algebras’, Amer. J. Math. 122 (2000)
637-666.

F. PERERA, ‘Monoids arising from positive matrices over commutative C*-algebras’, Proc. Roy. Irish. Acad.
Sect. A 99 (1999) 75-84.

F. PERERA and A. S. ToMms, ‘Recasting the Elliott conjecture’, Math. Ann. 338 (2007) 669-702.

M. R@RDAM, ‘The stable and the real rank of Z-absorbing C*-algebras’, Internat. J. Math. 15 (2004)
1065-1084.

A. S. Towms, ‘On the classification problem for nuclear C*-algebras’, Ann. of Math. (2) to appear,
arXiv:math.OA/0509103.

A. S. Tows, ‘Flat dimension growth for C*-algebras’, J. Funct. Anal. 238 (2006) 678-708.

A. S. Towms, ‘An infinite family of non-isomorphic C*-algebras with identical K-theory’, Preprint, 2006,
arXiv:math.OA/0609214.

A. S. Toms and W. WINTER, ‘Strongly self-absorbing C*-algebras’, Trans. Amer. Math. Soc. 359 (2007)
3999-4029.

A. S. Toms and W. WINTER, ‘Z-stable ASH algebras’, Canad. J. Math. to appear,
arXiv:math.OA /0508218.

A. S. Toms and W. WINTER, ‘The Elliott conjecture for Villadsen algebras of the first type’, Preprint,
2007, arXiv:math.OA/0611059.

. J. VILLADSEN, ‘Simple C*-algebras with perforation’, J. Funct. Anal. 154 (1998) 110-116.

Andrew S. Toms
Department of Mathematics and Statistics

York University

4700 Keele Street

Toronto
Ontario, M3.J 1P3
Canada

atoms@mathstat.yorku.ca



	1. Introduction
	2. Preliminaries
	3. A stability theorem for W(C(X))
	3.1. Strategy
	3.2. Notation and background
	3.3. Trivial positive elements
	3.4. Reduction to finite simplicial complexes
	3.5. Well supported approximants
	3.6. Trivial majorants
	3.7. Trivial minorants
	3.8. The main theorem

	4. Applications to AH algebras
	4.1. The dimension-rank ratio vs. the radius of comparison
	4.2. Strict comparison of positive elements

	References

