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The world is full of inequalities

There are countess books on mathematical inequalities, among them

Hardy, Littlewood and Pólya (1934) “Inequalities”
“It is often really difficult to trace the origins of a familiar inequality.
It is quite likely to occur first as an auxiliary proposition, often without
explicit statement, in a memoir on geometry or astronomy; it may have
been rediscovered, many years later, by half a dozen different authors;
and no accessible statement may be quite complete.”

Mitrinovic, Dragoslav S., Pecaric, J., Fink, A.M (1993), “Classical and New
Inequalities in Analysis”
Math Reviews: “This is an excellent book that seems to prove that there
is no possibility of a last word on equalities . . . ”

Over 700 pages, with about 1,200 references for about $700
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Given an inequality, many questions arise

Questions
1 Is the inequality sharp? If not, what is the sharp inequality?

2 Once a sharp version is proved, is equality ever attained or is the
inequality always strict?

3 If the sharp inequality is attained, can the set of extremal (the
quantities that give equality) be fully described/characterized?

4 If the sharp inequality is attained, and an admissible quantity gives
strict inequality, how far is it from the set of externals and how to
make the “how far” precise? How to measure the “deficit”? These go
by the name of “Quantitive sharp inequalities.”
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Stein then lists several examples of his new estimates

1 The classical Hardy-Littlewood maximal function

2 The “spherical” maximal function

3 Various Fourier Multipliers (imaginary powers of the Laplacian, etc)

From Calderón-Zygmund theory: For fix p, Ap grows exponentially with n. For fix
n,

Ap = O(p), p→∞, and O(
1

p− 1
), p→ 1

Best possible order in on p. Stein’s gets: O(p2) and O( 1
(p−1)2 )
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Stein concludes his paper with
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Stein was right:
For many classical operators in harmonic analysis T : Lp(Rn)→ Lp(Rn),
probability theory (and more precisely Brownian motion and martingale
theory) not only gives bounds for their Lp-norms that are independent of
dimension but in several cases gives sharp estimates on operator norms:

‖T‖p→p = sup
f∈Lp(Rn)

‖Tf‖p
‖f‖p

These applies to many operators, including: Riesz transforms, Beurling-Ahlfors
operators, various types of Fourier multipliers, Littlewood-Paley square functions,
etc, on different geometric setting
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Large literature on this topic–recent paper with lots of references)
Fabrice Baudoin, Chen Li, & R.B. (Math Annalen (2019)) “Gundy–Varopoulos
martingale transforms and their projection operators on manifolds and vector
bundles.”

We illustrate these techniques with a very simple to state problem that
has been of interest for a while

First a little pre Calderón-Zygmund history
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A question that excited the interest of many analysts during the early part of the
20th century:

How does the size of a periodic function control the size of its conjugate?

f(θ) =
N∑
k=1

(ak cos kθ + bk sin kθ) , ak, bk real numbers, θ ∈ [−π, π]

Conjugate function (switch placement of sin and cos and “+” by “-” in f)

f̃(θ) =
N∑
k=1

(ak sin kθ − bk cos kθ)

“Size” of f is measured by:

‖f‖p =
(∫ π

−π
|f(θ)|pdθ

)1/p
, 1 ¬ p <∞

Question of interest was: Is there a constant Cp, depending only on p , s.t.

‖f̃‖p ¬ Cp‖f‖p?

If p = 1 or p =∞, NO. Problem was 1 < p <∞.
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Since ˜̃f = −f , question equivalent to
If one of these series is in Lp is the other also in Lp with comparable norms?

Orthogonality of the trigonometric functions gives:

‖f̃‖2 = ‖f‖2.

For general 1 < p <∞, the problem was solved by M. Riesz 1923.
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“Conjugate function”?

Set ck = ak − ibk. Consider the analytic function (polynomial) in the unit disc
{z ∈ C : |z| < 1}, z = x+ iy = reiθ,

F (z) =
N∑
k=1

ckz
k =

N∑
k=1

ckr
kekθ = U(z) + iV (z)

U and V are Conjugate Harmonic functions satisfying the Cauchy-Riemann
equations:

∂U

∂x
=
∂V

∂y
,

∂V

∂x
= −∂U

∂y

Furthere

lim
r→1

U(reiθ) = lim
r→1

N∑
k=1

(
akr

k cos kθ + bkr
k sin kθ

)
= f(θ)

lim
r→1

V (reiθ) = lim
r→1

N∑
k=1

(
akr

k sin kθ − bkrk cos kθ
)

= f̃(θ)
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In general: For a periodic function on [−π, π], the conjugate function can be
defined by

f̃(θ) = p.v.
1

2π

∫ π

−π
cot

(
θ − ϕ

2

)
f(ϕ)dϕ

Theorem (M. Riesz–Published 1927, Proved 1923)

‖f̃‖p ¬ Cp‖f‖p, 1 < p <∞,

Cp depends only on p.

Non-periodic Hilbert transform on the real line

Hf(x) = p.v.
1
π

∫
R

f(x− y)
y

dy = lim
ε→0

1
π

∫
|y|>ε

f(x− y)
y

dy

Riesz theorem equivalent to

‖Hf‖p ¬ Cp‖f‖p, 1 < p <∞,
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Discrete Hilbert transform, D. Hilbert early 1900’s. {an, n ∈ Z} a sequence

Han =
1
π

∑
m∈Z\{0}

an−m
m

In his paper, M. Riesz: Lp boundedness of H implies lp boundedness for H.

‖Han‖p ¬ C ′p‖an‖p, 1 < p <∞, ‖an‖p =

(∑
n∈Z
|an|p

)1/p
and operator norms satisfy:

‖H‖p→p ¬ C‖H‖p→p, and ‖H‖p→p ¬ ‖H‖p→p

E. C. Titchmarsh (Published 1926, Proved 1924)

1 ‖Han‖p ¬ Cp‖an‖p, 1 < p <∞
2 ‖H‖p→p = ‖H‖p→p, 1 < p <∞,

3 That is, the best constants in the lp and Lp inequalities for the discrete and
continuous Hilbert transforms are the same!
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Error in T’s proof of ‖H‖p→p ¬ ‖H‖p→p. Problem has been open since

CorrecUoa. 

Von 

E. C. Titchmarsh. 

I. I n  paragraph 4 of my paper on 'Reciprocal formulae involving 
series and integrals' (Math. Zeitschr. 25 (1926), pp. 321--347), the proof 
that N~ ~ N~ is incorrect, and should be deleted. This does not affect 
a~ything else in the paper. 

II. In obtaining the inequality .which follows formula: (2. 32), we 
have assumed that (4a) as well as (3a)holds for the particular value 
O~ ~ .taken. This merely involves a slight rearrangement of the proof, 

III. The following references to the work of M. Riesz should have 
been given: 

Comptes Rendus 178 (Apr. 28, 1924), pp. 1464--1467 and Proc. 
London Matl~. Soc. (2) 23 (1925), pp. Y~IV,XXTI  (Records for Jan. 17, 
1924). I should have said that I was already familiar with Riesz's methods, 
and not merely h~s results, wl~en I wrote my paper. 

(Eingegangen am 10. November 1926.) 
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“Manuscripts of Hardy, Littlewood, Marcel Riesz and Titchmarsh,” Mary Lucy

(M.L.) Cartwright, Bull London. Math. Soc, 14 (1982), 472-532
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The following quotes are from Cartwright’s LMS paper:

MANUSCRIPTS OF HARDY, L1TTLEWOOD, MARCEL RIESZ AND TITCHMARSH 4 8 5

nouvelles', and comments on some of Hardy's remarks. In this letter he writes of
earlier plans to go to Gottingen or to stay for a time in Berlin, but 'je ne crois pas que
je pourrai realiser ce projet; ma mere, ma soeur et mon frere desirent que je vienne en
Hongrie aussitot que possible', and he thinks of leaving about 1 July. However, from
a card giving his address up to 10-11 July: c/o Hilb,,it emerges that he is going first
to Hilb at Wiirzburg. Notwithstanding these commitments he invites Hardy to
Stockholm when he returns on 15 September. Riesz also says in the letter of 19 June
that he has returned the proofs of the encyclopedia article to Hilb after keeping them
eight months and that the matter was too pressing to send Hardy a copy, and
therefore he had asked Hilb to send one direct to Hardy. There are various
comments on modifications of the article. On the very same day, 19 June 1923,
Hardy wrote returning the proofs with comments, and the letter mentioned above,
written by Riesz on 25 June, begins 'II n'y a qu'une heure que j'ai rec.u votre lettre et
je m'empresse de vous remercier de votre critique si bienveillante et de vos
observations precieuses'. He admits that he had not studied them deeply, but counts
on doing so that day or the following. I feel rather sorry for Hilb if he had to sort out
this sort of correspondence. It is in these letters of 19, 25 and 26 June that both Riesz
and Hardy introduce topics which are relevant to 'the body of work', and I postpone
them to other sections. However, perhaps it is worth adding that in a letter of
26 June replying to some of Hardy's suggestions Riesz tells Hardy,

Je ne sais pas (et je ne crois pas) que nous pourrons citer le
theoreme de Young in extenso, mais nous donnerons au moins une
indication bibliographique. Je dois vous dire que j'ai eu, et que j'ai
toujours un combat acharne avec Hilb au sujet de chaque mot que
je veux ajouter a l'article. Vous savez probablement que c'est lui qui
redige maintenant le tome II et c'est sa manie d'avoir des articles
aussi courts que possibles. Evidemment, il ne peut rien faire dans le
cas general, p. ex. Bohr-Cramer, mais cette fois qu'il est
collaborateur, il fait tout son possible. Je viens justement de lui
ecrire une lettre tres serieuse sur ce point. Son article sur les
developpements orthogonaux sera excessivement court. Quant au
theoreme de Young, je trouve moi-meme qu'il serait tres difficile de
l'inserer dans toute sa longueur.

§6. 1 shall now try to tell the story leading to the long letter [Add. Ms. a.27518]
on conjugate functions written by Riesz in December 1923 and received by Hardy
early in the following January. I shall quote it in full because several references to
Riesz's work are based on this letter long before he published the full account in
Math. Zeitschrift in 1927, and it must have affected the thinking of Hardy and
Littlewood, and also Titchmarsh.

At the end of Riesz's letter of 19 June 1923, he wrote

J'ai demontre (on peut le formuler de beaucoup d'autres manieres)
que deux series trigonometriques conjuguees sont toujours en meme
temps les series de Fourier de fonctions de la classe IP (p > 1).
C'est-a-dire, si l'une Test, l'autre Test aussi. Ma demonstration n'a
rien a faire avec le theoreme de Young-Hausdorff.

The letter of Hardy written on the same day says that the last four pages are 'a
digression on the 'conjugate series'—a very interesting subject'. These four pages are
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488 M. L. CARTWRIGHT

The circumstances are described in the letter of 23 December 1923, which I quote in
full in §7. It is headed 'En chemin de fer, jeudi', and the Tout a vous M. Riesz' is
squeezed in 'at the top beside the heading,

Mon cher ami, je vous indiquerai probablement encore de
Wurzburg ma demonstration. Mes recherches se sont montrees
assez fertiles. Ainsi p. ex. j'ai le theoreme: Admettons que

alors f [f^^-dxdy ^ Mp,
0 0 0 0

Mp etant une constante ne dependant que de p. L'integrale
impropre devra evidemment etre interpreter d'une maniere
convenable. II en resulte: Si sn est la somme partielle de la serie de
Fourier d'une fonction de la classe L1+p alors j | s j 1 + p reste bornee,
contrairement a ce que dit W.H. and G. Ch. Young dans le Quart. J.
1913. Si Ton designe par £ {ancosnt + bn sinnt) et
Y, (<*„ cosnt + /?„ sinnt) deux series de Fourier de classes 1+p et
1 + 1/p respectivement, £ (anan + bn^n) est convergent. Young
pretend le contraire. Sa demonstration est un cercle vicieux.

It should be noted that the theorem about J \sn\
i + pdx is VI of the major letter of

December 1923.
On 29 October Hardy wrote to Riesz because the printers said that Riesz had not

returned the proofs of his equivalence note. No other topic was mentioned in this
letter, but on 18/12/1923, Hardy wrote

Some months ago you said 'j'ai demontre que 2 ser. trig, conjuguees
sont toujours en meme temps les series de F. de fonctions de la
classe If {p > 1)...' / want the proof. Both I & my pupil Titchmarsh
have tried in vain to prove it. Some attempts go close, and I feel that
probably I could do it with sufficient determination. But it is not
worth while if you have done it already. As T. is engaged on
corresponding questions about integrals, it is of vital importance to
him to have the proof of this rather fundamental theorem.

So please send me (a) the grandes lignes de la dem (so that if
need be we can reconstruct it without serious difficulty) or (b) a
complete proof. I need hardly say that I should be delighted to get it
published here.

When is the article on trig, series to appear: je l'attend avec
impatience.

This produced the letter reproduced in full in §7. Incidentally these letters of
Hardy suggest that he did not go to Stockholm in September. For if he had, surely he
would have extracted the proof during his visit, and would have referred to the visit
in his letter about the proofs of the Hobson article.

§7. There are so many points of interest and so many references to the reply by
Riesz [Add. Ms.a.27518] that I reproduce it in full (with some of its errors). It
should be noted that although it is headed 23 decembre 1923, it says at the end
'Achevee, le 29 decembre 1923'.
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MANUSCRIPTS OF HARDY, LITTLEWOOD, MARCEL RIESZ AND TITCHMARSH 4 8 9

Dobelnsgatan 5, Stockholm.
23 decembre 1923.

Mon cher ami,

Voici les grandes lignes de la demonstration desiree:

I. Deux series trigonometriques conjuguees sont en meme
temps les series de Fourier de fonctions de la classe II, p > 1.

Ce theoreme est evidemmefit equivalent au theoreme suivant:

II. Soit F(z) = F{reix) = U(x,r) + iV(x, r) une fonction
lit

holomorphe pour r < 1. Si \U(x,r)\pdx reste borne lorsque r

o
In

tend vers 1, il en sera de meme de \V(x, r)\pdx.
J

o
Ou plus precisement:

III. Posons F(0) = u + iv. Si Ton a

(A) ^

o
on aura

2n

ou Mp ne depend que de p.

Pour p = 2, tout ce que je viens de dire est un corollaire
immediat du theoreme de Parseval. Or pour arriver a la
demonstration dans le cas general, le pas le plus important, pour ne
pas dire le seul pas necessaire, c'est d'oublier le theoreme de
Parseval. II est en effet manifeste que le theoreme de Young-
Hausdorff n'etant pas un theoreme reversible, on n'en pourra rien
tirer pour la question actuelle. L'histoire de ma demonstration est
des plus droles. Au printemps j'avais a preparer des problemes
d'examen pour un eleve tres peu doue qui voulait passer son
examen de "licenciat" (examen plus haut que la licence francaise).
Parmi les 8 problemes se trouvait aussi la question actuelle pour
p = 2 (sous la forme II). Or il etait a peu pres evident que mon
candidat ne connaissait pas le theoreme de Parseval. Avant de lui
proposer le probleme, il me fallait done refleehir s'il y avait d'autres
voies par lesquelles il pouvait arriver a la solution. Je constatai tout
de suite que c'est le theoreme de Cauchy qui est la vraie source du
theoreme et cette observation me fournissait pour ainsi dire toute
prete la solution de la question generale, question qui m'avait si
longtemps occupe. (Tous mes essais anterieurs se basaient sur la
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502 M. L. CARTWRIGHT

I saw it beside the other two. In the margin of B6E4i8 on Lipschitz conditions
Hardy wrote 'Abominable writing, but may be useful?' I postpone consideration of
B6 E4 i8 because it is concerned mainly with the complex variable point of view, but
B6E4ilO will be considered in §10.

§8. This evoked a reply [Add. Ms. a.27533] from Hardy dated 5/1/24

Very many thanks—you supply all that is essential, & I have sent
on your letter to Titchmarsh.

Most elegant & beautiful. Of course p. 2 is the real point. It is
amazing that none of us should have seen it before (even for
p = 4!). Your student's life is not entirely without value (though I
suppose he will never understand why).

I make a few miscellaneous & ill assorted remarks (though I
have nothing to say about the main theorems).

The page 2 in question is most of the proof of III for p an even integer. There is a
later remark

(A propos of your remark about forgetting Parseval's theorem, do
you know the puzzle (which defeated Einstein, Jeans, J. J. Thomson
etc).

Two cyclists A, B, 20 miles apart, ride towards one another at
10 miles an hour. A fly C can fly 15 miles an hour. It leaves A and
flies to meet B, then back to A, & so on. How far does the fly fly ?

One thing only is necessary: you must not know the formula for
the sum of a geometrical progression. If you do, you will take 15-20
minutes: if not, 2 seconds.)

A diagram shows that he means until the cyclists meet.
There are several important items in this letter. I take first item 2 in which Hardy

talks business. He undertakes to send the proofs of the letter written for the benefit of
Hobson (see §5) to the printers, and then writes

As regards an 'abstract' of the new results: there is no difficulty if
you can get it into say 3 pages (theoretically 2: but I can enlarge the
number a little). We rather like short abstracts of papers printed
elsewhere: Littlewood & I insert them continually (in the 'prefatory'
part of the Proceedings). Separata are not usually sent, but can be
arranged for. I will get quotations from the printers.

In the margin he writes,

I think this should be practicable, as the principal idea is so simple:
and you could also write one of 8 pp for the Berlin Society if you
like. With > 3 pages, there is difficulty, if it is a question only of a
sketch to be elaborated elsewhere.

Meanwhile Riesz had written again on 30 December [Add. Ms. a.27519] about
the generalizations not being so laborious for certain classes of curve because
Cauchy's theorem could be used, and about the proof of VI (possibly meaning IV I
think) which could be made simpler and 'meme plus rigoureuse si Ton ecarte le
noyau 1/sin j(x — y)\ This letter and another [Add. Ms. a.27520] written on 6 January
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Theorem (S. Pichorides 1972 (independent & unpublished by B.Cole))

‖Hf‖p ¬ cot
(

π
2p∗

)
‖f‖p, 1 < p <∞,

where p∗ = max{p, q}, 1p + 1
q = 1. Same as

cot
(

π
2p∗

)
=

{
tan( π2p ) 1 < p ¬ 2,

cot( π2p ) 2 ¬ p <∞

Further, ‖H‖p→p = cot
(

π
2p∗

)
. That is, the constant cot

(
π
2p∗

)
is best possible.

The inequality is strict unless p = 2. (No extremal otherwise)

Sharpness with truncations of |x|−1/p:

fε(x) = (4 log(1/ε))−1/p χ{x:ε<|x|< 1ε }|x|
−1/p, 0 < ε < 1
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Theorem (M. Kwaśnicki* & R.B. 2018)

‖Han‖`p ¬ cot
(

π
2p∗

)
‖an‖`p , 1 < p <∞,

In particular,
‖H‖p→p ¬ ‖H‖p→p.

Together with Riesz/Titchmarsh:

‖H‖p→p = ‖H‖p→p

∗With Mateusz Kwaśnicki, Wrocław University of Science &Technolgy, Poland
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1) T. Gokhberg, N.Y Krupnik (1968): ‖H‖p = cot
(

π
2p∗

)
for p = 2n or p = 2n

2n−1 ,

n = 1, 2, . . . Proof by induction and the identity

|Hf |2 = 2H(fHf) + f2

which leads to
‖H‖2p ¬ ‖H‖p +

√
‖H‖2p + 1

Now use cot(α2 ) = cot(α) +
√
cot2(α) + 1

2) Argument extended to ‖H‖p by I.E. Verbitisky (1984), E.Laeng (2007).

|Hf |2 = 2H(f ·Hf) + J(f2) + 2f · Jf

Many other proofs of
‖Han‖p ¬ Cp‖an‖p

exist, including via Littlewood-Paley theory for discrete Laplacian (random walks).
None Sharp.
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Inequalities for stochastic integrals on n-dimensional Brownian Motion Bt

Nt =
∫ t

0
Ks · dBs, Mt =

∫ t

0
Hs · dBs, 0 ¬ t ¬ T

1 N subordinate to M (N << M) if: |Ks| ¬ |Hs| a.s. for all s

2 N & M are orthogonal: (N ⊥M) if: Ks ·Hs = 0 a.s. for all s

D. Burkholder (1984). Under subordination (T any “time”)

‖NT ‖p ¬ (p∗ − 1)‖MT ‖p, 1 < p <∞,

(p∗ − 1) = (p− 1), if 2 ¬ p <∞, and 1
(p∗−1) , if 1 < p ¬ 2)

G. Wang & R.B. (1995). Under subordination and orthogonality

‖NT ‖p ¬ cot
(

π
2p∗

)
‖MT ‖p, 1 < p <∞

Both sharp. (Also strict!)
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A stochastic proof of Pichorides Theorem (WHY?)

Poisson kernel & Harmonic functions in upper half-space

pw(x, y) =
1
π

y

(|x− w|2 + y2)
, x, w ∈ R, y ∈ (0,∞)

Uf (x, y)) =
1
π

∫
R
pw(x, y)f(w)dw, (nice f)

is harmonic in R2+ = {x, y) : x ∈ R, y > 0}.

lim
y↓0

Uf (x, y) = f(x), lim
y↑∞

Uf (x, y) = 0,

and

lim
y↑∞

(yπUf (x, y)) =
∫
R
f(w)dw

In particular,

lim
y↑∞

(yπUf (0, y)) =
∫
R
f(w)dw
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Harmonic functions composed with Brownian motion

Bt = (Xt, Yt) Brownian motion in R2+, τ = inf{t > 0 : Yt = 0} is exit time.
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Then
Uf (0, y) = E(0,y) (f(Bτ )) ,

lim
y→∞

(
πyE(0,y) (f(Bτ ))

)
=
∫
R
f(w)dw

“Fundamental” Theorem of Stochastic Calculus (Itô’s formula):

Uf (Bt∧τ ) = Uf (B0) +
∫ t∧τ

0
∇Uf (Bs) · dBs

Letting t→ τ ,

f(Xτ ) = Uf (0, y) +
∫ τ

0
∇Uf (Bs) · dBs

Trivial observations
Vf is the conjugate harmonic function of Uf . Cauchy-Riemann

|∇Uf (x, y)| = |∇Vf (x, y)|.

∇Vf = H∇Uf , H =

(
0 −1
1 0

)
.
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Vf (Bt∧τ ) = Vf (0, y) +
∫ t∧τ

0
H∇Uf (Bs) · dBs

and so

Hf(Xτ ) = Vf (0, y) +
∫ τ

0
H∇Uf (Bs) · dBs

Vf (Bt∧τ ) << Uf (Bt∧τ ), Vf (Bt∧τ ) ⊥ Uf (Bt∧τ ) Wang & R.B. ⇒

E(0,y)|Hf(Xτ )−Vf (0, y)|p ¬
(
cot
(

π
2p∗

))p
E(0,y)|f(Xτ )−Uf (0, y)|p, 1 < p <∞.

Multiply both sides by πy and send y to infinity to get Pichorides.
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For general (constant or even variable coefficient) 2× 2 matrix A.

Fix (0, y) ∈ R2+. Define:

T yAf(x) = E(0,y)

(∫ τ

0
A∇Uf (Bs) · dBs|Bτ = x

)

Any A :
(
E(0,y)|T yAf(Bτ |

)1/p ¬ (p∗ − 1)‖A‖
(
E(0,y)|f(Bτ )|p

)1/p
‖A‖ = ‖ sup

|v|¬1
(|A(z, w)v|)‖L∞(R2×[0,∞)) <∞,

(From Burkholder’s inequality)

Orthogonal A :
(
E(0,y)|T yAf(Bτ |

)1/p ¬ cot( π
2p∗

)
‖A‖

(
E(0,y)|f(Bτ )|p

)1/p
(From Wang and R.B. inequality)
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As y →∞, we get for any A with (n+ 1)× (n+ 1) matrix we get on Rn, any
n ­ 1,

‖A‖ = ‖ sup
|v|¬1

(|A(z, w)v|)‖L∞(Rn×[0,∞)) <∞,

TAf(x) =
∫
Rn
K(x, x̃)f(x̃)dx̃,

KA(x, x̃) =
∫ ∞
0

∫
Rn

2wA(z, w)∇px̃(z, w) · ∇px(z, w)dz dw,

Remark

Some are convolution, some are not, some are C-Z, some are not . . . Not all
C-Z arise this way

Get Riesz transforms, Rn, Lie groups, manifolds, Ornstein-Uhlenbeck
(Wiener space), etc.

Can replace Brownian motion by other processes– including Lévy processes
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Replace Brownian motion by “conditioned” Brownian motion (Doob h-processes)
Zt = (Xt, Yt). Only exists R2+ on the lattice Z. τ = inf{t ­ 0 : Yt = 0}.
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“Repeat” for Discrete Hilbert H

L = {2πn : n ∈ Z} (normalization of some constants)

pn(x, y) =
1
π

y

(x− 2πn)2 + y2
,

for x ∈ R and y > 0. We define (periodic Poisson kernel)

h(x, y) =
∑
n∈Z

pn(x, y) =
(

1
2π

sinh y
cosh y − cosx

)
.

h positive harmonic. For f : L→ R defined by f(2πn) = an (compact support)

Uf (x, y) =
∑
n∈Z

f(2πn)
pn(x, y)
h(x, y)

, x ∈ R, y > 0

Uf is h-harmonic in R2+:

1
2

∆Uf (x, y) +
∇h(x, y) · ∇Uf (x, y)

h(x, y)
= 0.

Uf (2πn, 0) = an; Uf is the h-harmonic extension of {an}.
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dZt = dBt +
∇h(Zt)
h(Zt)

dt.

Consider two stochastic integrals (martingales) Mt = Uf (Zt∧τ ). (A bit of
stochastic calculus)

Mt = Uf (Zt∧τ ) = M0 +
∫ t∧τ

0
∇Uf (Zs) · dZs +

1
2

∫ t∧τ

0
∆Uf (Zs)ds

= M0 +
∫ t∧τ

0
∇Uf (Zs) · dZs −

∫ t∧τ

0

∇h(Zs) · ∇Uf (Zs)
h(Zs)

ds

= M0 +
∫ t∧τ

0
∇Uf (Zs) · dBs.

Any 2× 2 matrix with A, ‖A‖ ¬ 1, consider the new stochastic integral:

Nt =
∫ t∧τ

0
A∇Uf (Zs) · dBs

Then Nt << Mt. If in addition, A is orthogonal, then Nt ⊥Mt.
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For y > 0, we now define the conditional expectation operator TyA :

T
y
A(f)(n) = E(0,y)

[
Nτ
∣∣Xτ = 2πn

]

1 For any 2× 2 matrix A and 1 < p <∞,

E(0,y)|TyAf(Xτ )|p ¬ E(0,y)|Nτ |p ¬ (p∗ − 1)p‖A‖pE(0,y)|f(Xτ )|p.

2 If A is orthogonal (A~v · ~v = 0, all ~v ∈ R2)

E(0,y)|TyAf(Xτ )|p ¬ E(0,y)|(A?Mf )τ |p ¬
(
cot
(

π
2p∗

))p
‖A‖pE(0,y)|f(Xτ )|p.

Theorem: As y →∞, TyA(f)→ JA(f)

1 ‖JA(f)‖`p(Z) ¬ (p∗ − 1)‖A‖‖f‖`p(Z), any A

2 ‖JA(f)‖`p(Z) ¬ cot( π
2p∗ )‖A‖‖f‖`p(Z), any orthogonal A
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Question: What are these operators JA(f)?

Theorem (M. Kwaśnicki & R.B.)

For H =
(

0 −1
1 0

)
, orthogonal matrix of norm 1:

JH(f)(n) =
∑
m∈Z

J(n)f(n−m),

J(n) =
∫
R

∫ ∞
0

2y
h(x, y)

H∇pn(x, y) · ∇p0(x, y)dydx

+
∫
R

∫ ∞
0

4yp0(x, y)H∇pn(x, y) · ∇(
1

h(x, y)
)dydx

=
1
πn

(
1 +

∫ ∞
0

2y3

(y2 + π2n2) sinh2 y
dy

)
1Z\{0}
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Theorem
The discrete Hilbert transform is the convolution of JH with a probability kernel:

Hf(n) =
∑
m∈Z

K(n−m)JH(f)(m),

{K(n);n ∈ Z} nonnegative, mass 1

Corollary

‖Hf(n)‖`p(Z) ¬ ‖JH(f)‖`p(Z) ¬ cot
(

π
2p∗

)
‖f‖`p(Z), 1 < p <∞,

p∗ = max(p, p/(p− 1)) and hence

‖H‖Lp(R) = ‖H‖`p(Z) = ‖JH‖`p(Z)
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Calderón-Zygmund (1952)

Tf(x) = p.v.

∫
Rd
K(y)f(x− y)dy,

K a Calderón-Zygmund (C-Z) kernel.

‖T‖p ¬ Cp,d‖f‖p, 1 < p <∞

Discrete versions: f : Zd → R, n ∈ Zd

Tf(n) =
∑

m∈Zd\{0}

K(m)f(n−m).

As Riesz and Titchmarsh:
‖T‖p ≈ ‖T‖p

R. Bañuelos (Purdue) Hugh C. Morris Lecture



A. Magyar, E.M. Stein, S Waigner (2002):

‖T‖Lp(Rd) ¬ ‖T‖`p(Zn) ¬ Cd‖T‖Lp(Rd),

Cd depending only on dimension.

Magyar–Stein–Waigner: Remark
“It would be interesting to know if Cd can be taken to be independent of d or for
that matter if C = 1.”

For Riesz transforms, Rj , j = 1, 2, . . . d,

Kj(x) =
cdxj
|x|d+1

Known (Iwaniec–Martin (1996), Wang-R.B(1995))

‖Rj‖p = ‖H‖p = cot

(
π

2p∗

)
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For discrete Riesz Transforms on Rd, d > 1. ±1 in the (jth + 1) place:

Hj =



0 0 . . . −1 0 . . . 0
0 0 . . . . . . . . . . . . 0
...
1 0 . . . . . . . . . . . . 0
...
0 . . . . . . . . . . . . . . . 0
...

...
...

0 . . . . . . . . . . . . . . . 0


|Hjv| ¬ |v|, 〈Hjv, v〉 = 0, v ∈ Rd

One computes:

Jn =
∫
Rd

∫ ∞
0

2y
h(x, y)

Hj∇pn(x, y) · ∇p0(x, y)dydx

+
∫
Rd

∫ ∞
0

4yp0(x, y)Hj∇pn(x, y) · ∇(
1

h(x, y)
)dydx

Jn = cdRj(n) + Ej(n)

with Ej(n) “error” term. But . . .
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Thank You!
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