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The Problem: Conjecture of Tadeusz lwaniec, 1982

BIe) = [[ 20 dAw) = IBfl, < 67 = DIl
C

(p—1, 2<p< oo
pr—1=x«
\p—il, 1l<p<2
_ £
Bf(f)—@f(ﬁ), and  B(9f) =0f

Equivalent to: 10f1l, < (" = DIoflly, ¥V f€CG(C)



Outline

Burkholder’s Inequalities—The Heart of the Matter

Inequalities for Stochastic Integrals

The Hilbert, Riesz, and Beurling—Ahlfors Singular Integrals,
what is known, what is not known, what will be nice to know

Stochastic Integrals, Singular Integrals, and their marriage

Why should we care? Copious references (216) given at end of "talk”
and also available as a separate download.



Martingales: A sequence of functions { f,, };~ together with the sequence of o—algebras
{Fo C Fi,- -} on the Probability Space (2, Foo, P)

E(fn+1|fn) — fn
fn:dea dp = fr — fr—1,
k=1

Martingale Transform: Gn = O p—q Vkdy v € Fr—1 (predictable) |vg(w)| < 1.

(1) lgnlly < Cpll fullps  (Burkholder 1966)

For Haar = H S aarhi]| <Gl S anhs (REE.A.C. Paley 1932)
k=1 P k=1 P
(2) lgnlly < (0" — Dl fallp,  (Burkholder 1984)

Viz,y) = |y’ — (p" — 1)"|=|"
Want:
E(V (fn,g9n)) < 0.



Burkholder: There is a function U (x, y) such that
Viz,y) < Ulz,y)

and

{exr}, {dx} Hilbert space H valued martingale difference sequences with

lex(@)lls < llde(@) e, ¥V w € Q k>0,
gn =D ex,  fu=) di
k=1 k
© lgalls < (@* = Dllfullyy  (Burkholder 1988)

p

For Haar = H Z eiekakth < (p" — 1)H Z arh
k=1 P k=1

Uw) = ap (1ol = " = Dlal) (ol +1a) " ey =p(1-2)"



Stochastic Integrals

X, = (X}, ..., XM, Y, = (Y} ..., Y
X! = /Hﬂ dBs, Yg:/ K7 . dB,
0
(X7, / | HY |*ds, <XJ,YJ>t:/ H? - Kds
0

Subordination Inequality (B—Wang 1995): Assume (Y << X)
Y IKI W) <) |HIW)?, YVwe, Vs>0.

Then
1/2 1/2

(v —1) H Z|Xff|2

and p* — 1 is best possible.



Orthogonality: Take m = 1. The martingales X; and Y; are orthogonal, X 1Y,
if (X, V), =0Vt

(B-Wang 1995, 1996, 2000): Assume X 1 Y and Y << X.

1Y |l, < cot (;};) 1X ||y, (Pichorides—type)

s

VY2 + X2||, < csc <£> X ]|, (Essén—type),

P{Y| > 1} < K1|| X |1, (Davis-type)

1+5+m+m  3¢2 i
2 @) T 598434313301

K, = — L1117 48(2) 8B3(2)

B3(2) =~ .9159655 is the so called “Catalan constant*

cot (27;*) ~ %(p* —1)asp — 1 or co.



Weak (p,p)
(P. Janakiraman, 2004): Assume X 1 Y and Y << X.

P{IY|>1} < K[| X||p 1<p<2,

—1
1 [~ |2log |t|[”

K, = -j/ =zl ,
) o t?+1

UNKNOWN FOR 2 <p< o0.

Under Subordination only (Y << X): P{|Y| > 1} < | X]|lp
: 1<p<2 (Burkholder 1994)
— : <p< u
P [(p+1) P
pP~!
Yy = : 2<p< oo (Jiyeong Suh 2004)



Hilbert Transform

Hf(z) = l]o.’u. /)

T RL —Y

dy,

1H £l

VAN

cot (21) Ifl, (Pichorides 1972)
p

IVIHF2+ £

VAN

T z
csc (219*) | fllp, (Essén 1984)

m{r e R:|Hf(x) > 1}

VAN

eran (Davis 1974)

m{zr € R: |Hf(x)| > 1}

VAN

Kyl fllp (Janakiraman, 2004)

1<p<2

OPEN FOR 2 < p < 0.



Riesz Transforms in R", n > 2:

Rif(z) = Cp [ ) g0y ay, B = S Fe)

re |z — y|7T 13

Rif(x) = /OOO Pt*%(aj)dt = /OOO Pt(%)(a:)dt

IR, fll, < -cot (%) 1fll,,  (lwaniec—Martin 1993)

T
2p*

IWIRFI2+ 1121, < ( )IIpr (B-Wang 1994)

Other Applications of the subordination and orthogonality Martingale Inequalities

N. Arcozzi: Riesz Transforms on Compcat Lie Groups, Spheres and Gaussian Space, Arkiv
(1998)
N. Arcozzi and X. Li: Riesz transforms on spheres. Math. Res. Lett. (1997),

L. Larsson—Cohn: On the constant in the Meyer Inequality, Monatshefte f'ir Mathematik
(2002)



Weak—-type Inequalities for Riesz Transforms

Question 1: E. M. Stein, 1986 Berkeley ICM lecture, Page 203: Do the Riesz
Transforms in R™ have a have weak—type constant independent of the dimension
n’?

Question 2: From work of P.A. Meyer (1984): Do the Riesz Transforms on
Wiener Space have a weak—type inequality?

Open, Except

. P. Janakiraman, Indiana Math. J. (2004):

m{xr € R" : |R; f(z)| > 1} < Clogn||f]1,

C' does not depend on the dimension n.

. Fabes—Gutiérrez—Scotto, Revista Iberoamericana (1994): gives weak-type
estimates for the Riesz transforms associated with the gaussian measure in R™
but with constants depending on dimension n.



Second Order Riesz Transforms

— —52.,\ 1 [ o R
RF©) = mif©) = 5 [ e caneh fie) ar
1 [ _y2,202f
_ 5/0 e 22'5'28—;;(5)&
J
1 92
- 3/ Ti(n) () dt.
1 _lz—yl?
T0)@) = Gz [ € 2 aw)dy = [ HiGe = v)at) dy

Ri(f)(x) = /OOO P, (g—i) (x)dt = — (%(—A)_lﬂf) , Poisson Semigroup
J

o0 82 82
R?(f)(x) = %/0 T; <8az§> (x)dt = — ((%?(A)lf> , Heat Semigroup

BRN@ = 5 [ 1 (G ) @t = (5 -a)




B()(z) = %/jﬂ(

B—Wang, 1995:

— HBf

=)
Bf() = é?

2
| R f]
| R Ry f||

|3 et
j=1

Jross

Beurling—Ahlfors

F(€)

p

p

p

p

p

<

<

VAN

VA

VAN

= B =R, — R. + 2iRyRy,

o’ f B 0 o
@) (2)dt = — <@(—A) f)

Problem: Find best constants (1 < p < 00) in the inequalities:

Coll fllps
Coll fllps

2(p" — 1)Hf

(p" — 1)Hf

4(p” — 1)||f

J

j#F k.

p

)
p

p

1,...

, N

a; € {—1, 0, 1}



Nazarov—Volberg 2003, (Dragicevi¢c—Volberg, 2003, 2003): For all f,g € Cy°, 2 < p < oo,

5 (,1) (|00, (x, ) = (2,1) (| 0U,(x, )
2 [ LT g a2 [ [P vt

< (p* = DI fllpllgllg

Up(z,t) = Ti f(x)
Proved using Green theorem applied to
b(e, t) = B ([Us(a, O, [Uy(z, )7, Us(a, £), Uy(=, £))
where B(X,Y, &, n) is a “Bellman” function for (Burkholder's inequalities used to find it!)
D, ={(X,Y,&,n) e RxRx R* x R*: [|£||” < X, |In||” < Y}

The Littlewood—Paley Inequality above and

© r AUz, t)0U,(z, t
Rff.gda;:—zf / (@, 8) 0V, 8) o o
R2 0 R2

8561 8%1
X 1 *
— |R-B| <o’ -1  |RRs| <507 -
p p
— ||Bf| <207 -1)|f
p p




B-Méndez 2003:

< (-

| > aris a; € {~1,0,1}
j=1

)
b

p
|rires]| < s -v||s| 3w
= ||Bf|| < 20°-1)|7
p p

Space—Time Brownian motion: Let Z; be 2—dimensional Brownian motion with initial
distribution the Lebesgue measure. Fix T° > 0. Space—Time BM is:

Bt:(Zt,T—t), OStST

B, starts on hyperplane R? x T with the Lebesgue measure. If f € C’go(]Rz),

E” [f(Br] = /R E.[f(Br)dz = /R 2 /R Hr(z — w) f(w)dwdz = /R f(w)du



( 8Uf

ot (Z’t) — %AUf(Zwt)v (Zat) < Rﬁ-

| Up(2,0) = f(2), =z€R?
Up(By) =Up(Zy, T —t), t<T, is a martingale

1(Zr) = Up(Br) = Uy(Bo)+ [ V.Uy(B) - d2

T
Ut(Zo,T) —I—/ V.Us(By) - dZ,
0

For any 2 x 2 matrix A define the martingale transform

T
Ax f = / AV,U;(By) - dZ,
0



Subordination for Stochastic Integrals Gives

T T
| [ av.vss)-az < Ao -] [ VU -z,
0 0

LP(Q) LP(Q)

= 41" = )| f(Zr) - UpBo. T,

Al = sup { [ Az, w)]| 2,0 € C, |2+ ] < 1
The “projection” operator

T
S3f(z) = £ /O AV, U (B,) - dZ,

Br = (z, O)}

on R?2 has

|54

< 141" = 1)|| £(Z2) - Us(Bo, T)

LP(R2) LP(Q)



S

A

(2) = %/OQTTt (%) (z)dt—%/OQTTt (g%;) (2) dt

— R3f(z) — Rif(2), as T — o<

2T an
T _ —
Saf(z) = /0 T; (83718332) () dt 2R1Rof(2)

|A|| =1 in both cases, given the bounds above.



Other Related Inequalities: The subordination inequalities in B—\Wang 1995 give
many more similar bounds. We use f = f; +¢f> and

T, = R5 — R7, T, = 2R\ R

so that

B = T1 —I—ZTQ and EZ T1 — ’LTQ
Then
(4) [V1BsE+ BrE| < 267 - DI,
(5) |VILEFIRIE| < va@ - Difl,
© |[VITAPFIRRE| < " =Dl
(7) |RBD| < V2 DIl

The last inequality leads to (Dragicevi¢c—Volberg 2003)

1Bfllp < 7@)V20" = DIIfllp,  7(p) — Las p — oo.



Idea of Proof: Subordination Inequalities

t t
Yt:/Ks-st, thfﬂs-st
0 0

s (@) < [[Hs(w)]l-

Viz,y) =yl — (p* — 1)"|z|".
Want E(V (X4, Y:)) < 0.
Burkholder’s function:

Uz, y) = (1 — ;w—lum — (" = D)) (2] + |y

(a) V(x,y) < U(z,y)

(b) Usala,y)|H|? + 2U H - K + Uy, |K|2 < —CpA, C, >0,

A= (HP = [KP)(j=] + [y)P~.



“Apply” Ito:

1 t
U(Xtai/t) — Mt+§[/ Ua:a:(X87Ys)d<Xs>
0]

t t
b [ U (X YUK Y+ [ U (K YY)
0 0



Idea of Proof: Orthogonality Inequalities

With Orthogonality we use “essentially” functions of Pichorides and Essén :

s

Viz,y) = \y\p—COtp<f> z[P, 1<p<2
P

— sinP ™! (%) RP? cos pf
COS (%)

x| = Rcosf, y= Rsinf, —n/2<60<m/2

=

B

=
|

(a) V(z,y) <U(z,y)

(b) Upo HI? + Uy |[K | < —C(w,y)(H? = |K[2),  Cla,y) = 0.

As above, apply Ito.



The k—form in R™, £k =1,2,...,n,

w(z) = Zw;dz{;[, dryr =dx; A...Ndz;,
I

is in LP(R™, A%) if

1/2
[ H (Z W)

I

< Q.
Lp

LP(R", A) = D LP(R", A¥)
k=0
Donaldson—Sullivan 1989: Define

Spw = (dd — 6d) o A7 w.

d = exterior derivative, § = its adjoint (Hodge operator),

Then
Sp : LP(R™, A\) — LP(R", A), 1 <p <o



Iwaniec—Martin 1993:
1Snllp < (n+1)||B|lp, < C(n+1)p°

C independent of n and p.

Via “method of rotations” in C": Q:C"” — C, s.t. V (), §) € C x §27~1,

A2
QAE) = |)\|2n(2’

71e) = [ Qe -wde =22 [ @B (o

< (257 [ 19601u(©) ) 151,

Conjecture: Ilwaniec—Martin 1993:

1Snlly = (2" = 1).



B-Lindeman (1997):

)
(n+2)(p"—1), 2<mn <14 and even

ISnllp £ S (n+1)(p"—1), 3 < n <13 andodd

3

4n * :
| (2 —2) (p* — 1), otherwise.

Using the heat martingale techniques of B-Mendez (2003) some improvements on these bounds
are possible but the following problem is of much more interest:

Problem (more modest than the Iwaniec—Martin conjecture): Prove that ||.S, ||, has a bound
independent of dimension.

QUESTION: Is there a Beurling—Ahlfors operator in “Truly” infinite dimensions? That is, a
Beurling—Ahlfors operator on Wiener space?



Quasiconvexity, Rank—one Convexity, Related Matters

I(f)zLF(Si(:C)) dr, f:QCR" = R™, feW"P(Q,R™).

Morrey (1952): “Quasi—convexity and lower semicontinuity of multiple
integrals.”

I is weakly lower semicontinuous <= F' quasiconvex

The Euler equations I'(f) = 0 are elliptic <= F is rank—one convex

Quasiconvexity: F': R™*" — R is for each A € R™*", each bounded D C R",
each compactly supported Lipschitz function f: D — R™,

o1, FA
|D | 8%

Rank one convexity: F': R™*" - R, A, B € R™*" rank B =1,

h(t) = F(A+tB) is convex



n =1 or m = 1, quasiconvex or rank one convex <= convex.
If n > 2 and m > 2, convexity = quasiconvexity = rank one convexity.
Morrey 1952: Conjectured that Rank one convexity #- quasiconvexity.

Sverak 1992: Conjecture correct if m > 3. Case m = 2, n > 2 open.

Enter Burkholder’s function: Vz, w, h, k € C,

k| < |h

h(t) = -U(z + th, w + tk) is convex.

Define
' R*>*2 . CxC

(¢ ) =cw,

z=(a+d)+i(c—=>b), w=(a—d)+i(c+0b)



FU:—UOP.

Fy is rank—one convex. (B—Lindeman 1997).

f:C — C, (aﬂ'):[ux uy], f=u+1w e C3°(C)

aSUj U Uy

Ofi =
F : - L]
7 (ax) U (0f, 0f)
Quasiconvexity of Fiy at 0 € R?*? «—

v (G 5)=

supp f

Question (raised in B. Wang 1995): Is F; quasiconvex?

If true: lwaniec’s conjecture true.

If false: Morrey’s conjecture true forn =2 =m

Either way, you find gold!



Test with “extremals:” (0 <6 < 1)

zlz|] 7P 2] < 1

z ! 2| > 1

//CU(% 8fy) dA = 0.

Least majorant of V' with “desired concavity properties is:"

for 2 < p < 00, and U and V interchange for 1 < p < 2. For U,

4/ U(Dfs, Ofg)dA = W[p(l - ;)pl —(p—1P <0



Conjecture of A. Baernstein and S. Montgomery—Smith, 1999

|f

Loy - W=l el 1yl <1
T2kl el > 1

Then
// L(Of, 0f)dA <0, feCF(T).
C

Relationship between L and U: For 1 < p < 2

/ sp—lL(f,g)ds = BU(x,)
0 s S

By = G p(p — 2)%) B



For 2 < p < o0,

M(z,y) = L(z,y)+ (lz]* = |y
= (1-2[z|) + (|zI” - y|*)
= —(lyl” = (2] = D) x{jz|+]y[>1}

YU (z,y)

:/ sp_lM(g,g)ds
0 s’'s

v = [(p—1)(p—2)oy) ™"

The Baernstein—Montgomery-Smith Conjecture — Inequality with
Burkholder’s function — lwaniec’s conjecture.

Verified for f: C — C of the form

f(z) = g(r)e®, g >0, g(0) = g(0+) = 0.

These all give = 0 for the above conjectures.



FELICIDADES, Albert Baernstein |l

May you live long and may we all live to see the resolution of the
Baernstein—Montgomery-Smith conjecture.
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