MARTINGALE TRANSFORM AND LEVY PROCESSES ON LIE GROUPS

DAVID APPLEBAUM AND RODRIGO BANUELOS

ABSTRACT. This paper constructs a class of martingale transforms based on Lévy processes on
Lie groups. From these, a natural class of bounded linear operators on the LP-spaces of the
group (with respect to Haar measure) for 1 < p < oo, are derived. On compact groups these
operators yield Fourier multipliers (in the Peter-Weyl sense) which include the second order Riesz
transforms, imaginary powers of the Laplacian, and new classes of multipliers obtained by taking
the Lévy process to have conjugate invariant laws. Multipliers associated to subordination of
the Brownian motion on the group are special cases of this last class. These results extend (and
the proofs simplify) those obtained in [10, 11] for the case of IR*. An important feature of this
work is the optimal nature of the L? bounds.
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1. INTRODUCTION

Martingale inequalities have played an important role in applications of probability to problems
in analysis. Many of these applications rest on the celebrated Burkholder-Davis-Gundy inequalities
(commonly referred to these days as the “BDG inequalities”) which compare the LP-norms of
martingales to the LP-norms of their quadratic variations. For a survey describing some of the
early applications of these inequalities to several longstanding problems in analysis, we refer the
reader to [12] and the many references therein. A predecessor to the BDG inequalities which also
has had a huge number of applications in analysis is Burkholder’s 1966 inequality which proves
the LP boundedness of martingale transforms [16]. In 1984 Burkholder extended the martingale
transform inequality in various directions (including to the setting of Banach spaces with the
unconditional martingale difference sequence property, the so called “UMD spaces”) and obtained
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the sharp constants [17]. In recent years the sharp martingale transform inequalities have been
widely applied to prove LP-boundedness of Fourier multipliers on IR, and in particular to the
study of multipliers arising from the Riesz transforms, the Beurling-Ahlfors operator, operators
of Laplace transform-type, and related singular integrals. We refer the reader to [3] for references
to this now very large literature and to some of the applications of these techniques to other
problems of interest. These include connections to a longstanding conjecture of T. Iwaniec on
the LP-norm of Beurling-Ahlfors operator and a celebrated open problem of Morrey concerning
rank-one convex and quasiconvex functions [8, §5]. In [10] and [I1] sharp martingale transform
inequalities were used to study a new class of Fourier multipliers which arise by certain natural
transformations of Lévy martingales associated to Lévy processes, i.e. the most general class of
stochastic processes enjoying stationary and independent increments (of which Brownian motion is
a special case.) A novel aspect of these new multipliers is that they are associated to processes whose
paths contain jump discontinuities and whose infinitesimal generators are non-local operators. A
distinctive feature of Fourier multiplier inequalities obtained from sharp martingale transform
inequalities is that in many instances the inequalities inherit the sharpness of the martingale
transform inequalities. This happens, for example, in the important case of second order Riesz

transforms and other multipliers with certain homogeneity properties [14], including some of the
classical Marcinkiewicz-type multipliers [37, p.110].
The purpose of this paper is to show that the construction of the operators in [10] and [11] can

be carried out in the general setting of Lie groups, leading to a new collection of linear operators
which are bounded on the LP-spaces of the group with bounds that are optimal with respect to
p and which generalize in a natural way the classical Riesz transforms and the imaginary powers
of the Laplacian. The results in [11] have recently seen applications to LP regularity for solutions
to non-local elliptic problems in Euclidean space; see [20, 21]. In the same way, we expect that
the results of this paper will be of interest to those working in the analysis of Lie groups and its
applications.

The paper is organized as follows. In §2.1, we recall the sharp Burkholder inequalities for
martingales under the assumption of subordination. While the discrete martingale versions serve
as motivation, the results in this paper rest on versions of Burkholder’s inequalities for continuous
time martingales. In §2.2, we review some of the basic facts about Lévy processes on Lie groups
and recall the fundamental theorem of Hunt which describes the structure of their infinitesimal
generators. In §3, we define the martingale transforms and prove that they are bounded operators
on LP for 1 < p < oo (Theorem 3.1). The martingale transforms lead naturally to operators
defined on the Lie group with LP bounds which are exactly the same as those for martingale
transforms (Corollary 3.2 and Theorem 3.3). In fact, the operators on the Lie group are limits of
conditional expectations of the martingale transforms and for this reasons it is natural to call them
“projections of martingale transforms”. (For the latter point of view, we refer the reader to [13] and
[3, §3.10] where this is done in the setting of IR".) In §4 we specialize our construction to compact
Lie groups where via the (non-commutative) Fourier transform we show that in various cases,
including second order Riesz transforms and operators of Laplace transform-type, our operators
are Fourier multipliers. We show that a large class of multipliers can be obtained from central Lévy
processes, i.e. those that have conjugate invariant laws. We obtain a new Lévy-Khintchine type
formula for such processes on compact, connected semi-simple Lie groups which was anticipated
in work of Liao [29, 30]. This formula plays an important role in the construction of multipliers
but may also be of independent interest. In §5 we revisit, as a special case of the results for
general Lie groups, the setting of IR and derive the results of these two papers, rather directly,
and without the technicalities of [11] and [10] concerning Lévy systems. But even more, our
construction yields a larger class of operators than those studied in [11] and [10] (Corollary 5.1).



3

When further specializing the transformations, these operators consequently yield a wider class of
Fourier multipliers (5.23) than those in [11] and [10]. Indeed the results of these papers are given
by the multipliers in (5.24) which are a sub-class of those presented in (5.23).

Notation. If G is a Lie group, B(G) is the Borel o-algebra of G, Cy(G) is the Banach space of
real-valued continuous functions on G that vanish at infinity (equipped with the usual supremum
norm), and C°(G) is the dense linear subspace of Cy(G) comprising infinitely differentiable func-
tions of compact support. In any metric space (M,d), the open ball of radius r > 0 centered on
p € M is denoted by B.(p). If a,b € R, we define a Vb := max{a,b} and a A b := min{a,b}. If
T >0and f:]0,7] — R has a left limit at 0 < s < T we write f(s—) := lim¢, f(u) and we define
the jump in f at s by Af(s) = f(s)— f(s—). Functions that are right continuous on [0, T") and have
left limits at every point in (0, 7] are said to be cadlag (from the French “continue & droite et limité
a gauche”.) For such functions the set {s € (0,7); Af(s) # 0} is at most countable. Consequently
we obtain identities such as fOT |f(s=)|Pds = fOT |f(s)[Pds (for 1 < p < 0o0) which we will use freely
within this paper. M, (IR) denotes the space of all n x n matrices with real entries while M,,(C)
denotes the space of all n x n matrices with complex entries. If (M, M, y) is a o-finite measure
space, the norm of f € L>(M, M, p; M,,(R)) is || f|| := ess.sup,¢ s sup{|f(z)v];v € IR, |v| < 1}
The norm in L (M, M, u; My, (C)) is defined similarly.

2. PRELIMINARIES

2.1. Sharp martingale inequalities. We begin by recalling the celebrated sharp martingale
transform inequalities of Burkholder. Let f = {f,,n > 0} be a martingale (defined on some
probability space) with difference sequence d = {dy,k > 0}, where dy = fr — fr—1 for k > 1
and do = fo. Given a predictable sequence of random variables {v, k > 0} with v, € [-1,1] a.s.
for all k, the martingale difference sequence {vidi,k > 0} generates a new martingale called the
martingale transform of f and denoted here by g. We set || f|l, = sup,,>¢ || fnllp- In [16] Burkholder
proved that for all 1 < p < 00, ||gl, < C,||f]|, for some constant C), depending only on p. In [17]
he sharpened this result by proving that under these assumptions

(2.1) lglle < (0" = DI £l

for all 1 < p < oo, where p* := max {p, p%l; l1<p< oo} and that the constant p* — 1 is best
possible. In the sequel the constant p* — 1 will appear often.

Martingale inequalities of these type have a long history both in analysis and probability and
we refer the reader to [8] for some of this literature and applications. By considering dyadic
martingales, inequality (2.1) contains the classical inequality of Marcinkiewicz [31] and Paley [32]
for Paley-Walsh martingales with the optimal constant. That is, let {hg,k > 0} be the Haar
system in the Lebesgue unit interval [0,1) so that hg = [0,1),h; = [0, 1/2) — [1/2, 1),h3 =
[0, 1/4)—[1/4,1/2),hy = [1/2, 3/4) —(3/4, 1), ..., where the same notation is used for an interval
as for its indicator function. Then for any sequence {ax,k > 0} of real numbers and any sequence
{ek, k > 0} of signs,

(2.2) H gakakthp <@ - 1)” gakhk‘

for 1 < p < co. The constant p* — 1 is best possible here as well.

An obvious question that arises from these sharp results is: what happens to the best constant
when the predictable sequence is non-symmetric in the sense that it takes values in [0, 1] rather
than in [—1,1]? In [18], K.P. Choi used the techniques of Burkholder to identify the best constant
in this case as well. While Choi’s constant is not as explicit (and simple) as the p* — 1 constant of

)

p
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Burkholder, one does have considerable information about it. More precisely, Choi’s result states
that if v = {vg, k > 0} with v € [0,1] a.s. for all k, then

(2.3) lglly < el fllp,
for all 1 < p < co with the best constant c, satisfying

1 1+e2 o
cp=]2)+2log< 5 )—l—pQ—F-”

1+e2\1% 1 14 e 2 e 2 2
az {Og( 2 )] +2Og( 2 1+e2

Motivated by the inequalities of Burkholder and Choi, the following definition was introduced
in [14].

where

Definition 1. Let —oco <b< B <00 and 1 < p < 0o be given and fixred. We define Cpp g as the
least positive number C such that for any real-valued martingale f and for any transform g of f
by a predictable sequence v = {vg, k > 0} with values almost surely in [b, B], we have

(2.4) lglly < ClIF1lp-

For any 0 < a < oo, we see that Cp ., = a(p* — 1) by Burkholder’s inequality (2.1) and
Cp0.a = acp by Chol’s inequality (2.3). An easy computation gives that for b, B as above,

(2.5) max { <B2b> (p* — 1), max{|B], |b|}} < Cpp,p <max{B,|b|}(p" —1).

However, the lack of any general “scaling” or “translation” properties of Cp, 3 g, outside the cases
[—a, a] and [0, a], makes it very difficult to compute the constant. For example, what is the value
of CP:LQ?

For the applications in this paper we require versions of the above inequalities for martingales
indexed by continuous time. Suppose that (2, F,P) is a complete probability space, equipped
with a right continuous filtration (F;);>o of sub-o-algebras of 7. We assume that Fy contains all
the events of probability 0. Let X = {X,,t > 0} and Y = {Y;,t > 0} be adapted real valued
martingales which have right-continuous paths with left-limits, i.e., cadlag martingales. We will
denote by [X, Y] the quadratic co-variation process of X and Y. When X =Y we will simply write
[X] for [X, X]. We refer the reader to Dellacherie and Meyer [19] for details on the construction
and properties of [X, Y] and [X]. Following [15] and [39], we say that Y is differentially subordinate
to X if |Yy| < |Xo| and ([X]¢ — [Y]¢)t>0 is nondecreasing and nonnegative as a function of t. We

have the following extension of the Burkholder inequalities proved in [15] for martingales with
continuous paths (the so called “Brownian martingales”) and in [39] in the general case. More
precisely, if Y is differentially subordinate to X, then

(2.6) Yzl < (0" = DXl

forall 1 <p < oo and all T > 0. The constant p* — 1 is best possible.

Remark 2.1. We note here that Theorem (2.6) holds in the exact same form if the martingales
take values in a real or complex Hilbert space; see [15, 39]. This is important for martingale
transforms of complex valued functions such as the multipliers of Laplace transform-type given
below. That is, while we define martingale transforms with functions A that take values in the set
of all n x n matrices with real entries, M, (R), we could replace them with functions with values in
M, (C). A similar statement applies to the functions ¥ which we assume take values in R. These
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changes to complex valued matrices A and functions ¥ would not affect the bound (p* — 1) given
in the results that we obtain in this paper.

We end this section by recalling a result for non-symmetric subordination proved in [14] which
is the replacement for continuous time martingales of Choi’s result. This will be used below as
well. Suppose —co < b < B < oo and Xy, Y; are two real valued martingales with right-continuous
paths and left-limits. Suppose further that |Yp| < |Xo| and that

B-b_, B-b b+ B b+ B
(2.7) S0 P20 v - + Py y - + TPxl >0
2 2 ‘ ‘
and is nondecreasing for all ¢ > 0. (We call this property “non-symmetric differential subordina-

tion”.) Then
(2.8) 1Y7llp < Cpp.al|XTllp, 1<p<oo,

for all T'> 0. The constant Cp,;, p is best possible.
Note that when B = a > 0 and b = —a, we have the case of (2.6).

2.2. Lévy processes on Lie groups. Let (2, F, P) be a probability space and let G be a Lie
group of dimension n with neutral element e and Lie algebra g. If ¢ := (¢(¢),¢ > 0) is a stochastic
process taking values in G then the right increment of ¢ between s and ¢ (where s < ¢) is the random
variable ¢(s)"1¢(t). We say that ¢ is a (left) Lévy process on G if ¢(0) = e (a.s.), ¢ has statlonary
and independent right increments and ¢ is stochastically continuous in that lim; ,o P(¢(t) € A) =

for all A € B(G) for which e ¢ A.

Let p(A) .= P(¢(t) € A) for A € B(G),t > 0 so that p; is the law of ¢(¢). Then (p;,t > 0)
is a weakly continuous convolution semigroup of probability measures on G for which py = Je.
Conversely given any such semigroup (p;,t > 0), we can always construct a Lévy process (¢, t > 0)
on the space of all paths from [0, 00) to G by using the celebrated Kolmogorov existence theorem.

For each t > 0,f € Co(G),0 € G, define P,f(c) = [, f(o7)pi(dr). Then (Pt > 0) is a
(positivity preserving) Cyp-contraction semigroup Wthh commutes with left translations. That is,
L,P, = PL, for all t > 0,0 € G, where L, f(1) = f(o717). In fact (P;,t > 0) is also a (almost
everywhere positivity preserving) Cy-contraction semigroup on LP(G) for all 1 < p < oo where G
is equipped with a right-invariant Haar measure (see e.g. [28, 3].)

We continue to work in Cp(G) and let £ denote the infinitesimal generator of (P, t > 0). So
L is a densely defined closed linear operator. We denote its domain by Dom(L). We next give a
precise description of £ that is due to Hunt [26] (see also §3.1 in [30].)

Let (X;,1 < j < n) be a fixed basis of g and define a dense linear manifold C*(G) in Cy(G)
by C*(G) = {f € Co(G); Xif € Co(Q) and X;X;f € Co(G) for all 1 < i,j < n}. There exist
functions z; € C°(G),1 < i <n so that z;(e) = 0,X;z;(e) = &;; and (z1,...,2,) are canonical
co-ordinates in a neighbourhood of e.

A measure v defined on B(G) is called a Lévy measure whenever v({e}) =0,

(2.9) /U (Z xi(7)2> v(dr) < oo and v(G —U) < 0o

for any Borel neighbourhood U of e.
For the rest of the paper we will use the Einstein summation convention whereby we sum over
repeated upper and lower indices.

Theorem 2.2 (Hunt). With the notation introduced above we have
(1) C*(G) C Dom(L).
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(2) For each o € G, f € C*(G),
Lf(o) = b'X;f(o)+a"X;X,[f(0)
(2.10) + [ (flom) = 1(0) - (0 Xs (o) war),
G

where b= (bt,...b") € R",a = (a¥) is a non-negative-definite, symmetric nxn real-valued
matriz and v is a Lévy measure on G.

Conversely, any linear operator with a representation as above is the restriction to C?(G) of the
generator corresponding to a unique convolution semigroup of probability measures.

We call (b, a,v) the characteristics of the Lévy process ¢. From now on we will equip F with
a filtration (F;,t > 0) of sub-o-algebras and we will always assume that a given Lévy process ¢
is adapted to this filtration. That is, ¢(t) is F;-measurable for each ¢ > 0. We say that a Lévy
process ¢ is cadlag if there exists Q € F with P(Q) = 1 such that the mappings t — ¢(t)(w) are
right continuous with left limits existing for all w € Q.

Clearly any cadlag Lévy process ¢ is a Markov process with respect to its own filtration and so

for each f € C3(G),t >0,
F(6(t)) — fle) - / L£F(6(s))ds

is a martingale which we denote by My(t) and which can be written as
(2.11) My (t) = M§(t) + M§(t)

where M}l(t) and MF(t) are the discontinuous and continuous parts, respectively, see [19]. In [0]
these martingales were found to be stochastic integrals against a Poisson random measure on G
and a Brownian motion in g, respectively so that ¢ is in fact the unique solution of the following
stochastic differential equation

fo) = fle)+ / X, f(¢(s—))dBi(s / CF((s—))ds +
t+
(2.12) / / — f(¢(s—))N(ds,do)

for each f € C3(G),t > 0. Here B, = (B,(t),t >
zero and covariance matrix given by Cov(B.(t)B
compensator defined for each t > 0, E € B(G) by

0) is an n-dimensional Brownian motion of mean
I(t)) = 2ta’ for t > 0,1 <i,j <n, and N is the

N(t,E) = N(t,E) — tv(E),
where N is a Poisson random measure on IR" x G with intensity measure Lebxv which is inde-
pendent of B. In fact,
N(t,A) = #{0 < s <t,A¢(s) € A}
for each t > 0, A € B(G) where Ag(s) = ¢(s—)"14(s) denotes the jump of the process at time

s> 0.
Fix T > 0 and let ' : G x G — R be continuous and £ € L®°(R* x G, Leb x v) be such that the

mapping s — £(s, 7) is left continuous for all 7 € G and assume that fo JoE(F(¢(s),7)|*)v(dr)ds <
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oo. We note that (see e.g. Lemma 4.2.2 in [2], p.221) It6’s isometry in the framework of Poisson
random measures yields,
[ [ B vans

€] 2 / / (IF(6(s), 7) 2w (dr)ds,

In the sequel we will find it convenient to work with the standard Brownian motion B =
(B(t),t > 0) in R™ with covariance Cov(B*(t)B’(t)) = t6*. To implement this we choose an n x n
matrix A such that AAT = 2a and define Y; € g by V; = AZXJ» for 1 < i < n. Then the integral
with respect to Brownian motion in (2.12) may be rewritten

2

E ( /O F(gb(s—),T)f(s,T)N(ds,dT))

(2.13)

IN

/Xf dBl() = /Yf dBl()
- / Vy £(6(s-)) - dB(s),
0
where Vy := (Y7,...,Y,,) and - is the usual inner product in R™.

So far we have always assumed that the Lévy process ¢ starts at e with probability one. In
the sequel we will want to change the starting point to arbitrary p € G and we can achieve this
by defining the cadlag Markov process ¢(P)(t) = pep(t) for each t > 0. Note that the process
P ;= (¢P)(t),t > 0) retains stationary and independent right increments. It follows easily from
(2.12) that (with probability one)

F6P@) = fp)+ / Ty (6 (s-) / LH (5—))ds +
t+ 5
(2.14) + / /G (F(6P) (s)) — F(6) (s—)) N (ds, do),

for each f € C2(G),t > 0.

3. MARTINGALE TRANSFORMS AND THEIR PROJECTIONS

In this section we will construct a family of operators which act on LP(G). These operators will
arise as “projections” of martingale transforms and will be bounded on LP(G) for all 1 < p < co.
To begin we fix T' > 0 and choose f € C°(G),0 € G. Then for all 0 < ¢ < T, we define

(3.1) M (0,1) = (Pr—of)(06(t)) = (Pr_of)(¢°(1))

Later on we will also require the notation MJ(CT) (o) := M}T) (0,T7) = fop(T)).
It follows from (2.14) that

M (0,0) = (Prf)o / Vy (Pr_af) (6 (s ) - dB(s)

t+ R
(3.2) n / /G (Pr_s f) (67 (s=)7) — (Pr—s £)(67) (s—))| N (ds, dr),
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and hence MJE:’;) = (M](CT)(U, t),0 < t < T) is an L%-martingale starting at (Prf)(c). We fix
a right-invariant Haar measure mpr on G and note that inside integrals we will always write
mr(dg) = dg.

Definition 2. Let A € L®(R* x G, Leb x mp; M,(R)) and ¢ € L®°(RT x G x G, Leb X mpg x v).
We assume that (A, ) are regular in that the mappings (s,p) — A(s,p) and (s,p) — (s, p,T)
(for all T € G) are continuous and that ||A|| V ||¢|] < 1. For each f € C°(G),0 € G,t > 0 we set

M}T;A’w)(a, t) = /0 A(T — 5,8 (s=))Vy (Pr_sf)(¢'") (s—)) - dB(s)

(3.3 o [ [P @06om - Prone o)
{01 = 5,6 (s),7) } N(ds, ar).

X

This gives the new martingale

T;A, T;A,
MTAY = (M4 (0,4),0 <t < T)
which we shall call the martingale transform of M;j;) by (A, ).

Computing the quadratic variations of both (M)(CT)(U, t) and its transform M}T;A’w)(a, t) (see
e.g. equation (4.16) in [2] p.257) we find that

(MD (o, )], = / Oy (Pro f)(6®(s—))ds

t+
(3.4) + / /G (Pr_u )6 (s=)7) = (P )67 (s—))]2N (ds, dr)

(0 = [ AT =606 Ty (Pro )6 (=) Pds

+ /Ot+ /G {[(Pr—o D)6 (5=)7) = (Pr—o )6 ()12}

(3.5) {[w(T — 5,0 (5-), T)]‘Z} N(ds, dr).

X

From these formulas, the fact that 0 = |M;T;A’w) (0,0)| < |MJ(¢T) (0,0)|, and our assumption that

[|A[|V]|¥]] < 1, it follows that M}:{;AW is differentially subordinate to MJE:’;) Now, for 1 < p < o0,
set

It = (. E<|X<a>|”>do>)’l’ |

for X € LP(Q2 x ). Applying Burkholder’s result in the form given by the inequality (2.6), we
obtain

T;A, * T
(3.6) M7, < o = DM,



But using Fubini’s theorem and the right invariance of the Haar measure we see that

M| = ||f oD

L [ isenirpnaniao
L1t = s,

(3.7)

We summarize the above calculations in the following

Theorem 3.1. Let A € L®(RT x G, Leb x mp; M,,(R)) and ¢ € L®(R* x G x G, Leb x mg X v)
with (A, ) regular and ||A]| V ||9|] < 1. For any 0 < T < oo, the map f — M}T;A’w) defines a
linear operator from LP(G) — LP(Q x G), 1 < p < 00, with

T;A, *
(38) 1254, < (0* = DIl
for 1 < p < oo. In particular, the bound is independent of T.

Now let ¢ = ﬁ and for given g € C°(G), we define a linear functional A;;A’w on C(G) by

the prescription

(3.9) ATAY(f) = /G E(M{" Y (o) M (o)) do

Using Hoélder’s inequality, inequality (3.6) and equality (3.7), we obtain

. T;A,
ATA ()] < (I,
* T
< (@ = DMLl
(3.10) < @ = DIflpllgllq-

Hence AgT;A’w extends to a bounded linear functional on LP(G) and by duality, there exists a
bounded linear operator S} , on LP(G) for which

AT (f) = /G ST 1 (0)9(0)do,

for all f € LP(G),g € LY(G) and with HSXpr < (p* —1). We summarize this in the following

Corollary 3.2. Let A € L>®(R' x G, Leb x mg; M,,(R)) and ¢ € L®(R* x G x G, Leb X mg x v)
with (A,v) regular and ||A||V ||¢]| < 1. For any 0 < T < oo, the map f — S};’wf defines a linear
operator from LP(G) — LP(G), 1 < p < 0o, with

(3.11) 1855 flp < (" = DI fllp:
for 1 < p < oo. In particular, the bound is independent of T.

Next we probe the structure of (3.9) using It6’s isometry for stochastic integrals driven by both
Brownian motion and a Poisson random measure (see (2.13) for the latter) with the aim of letting
T — oo in Sﬁ,w Again, using Fubini’s theorem and right invariance of Haar measure as in the
derivation of (3.7), we obtain
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T
ATV () = // E{A(T — 5,6 (s=))Vy (Pr_s f)(¢\7)(s—))
X Vy(Pro.g)(¢) (s—))}dsdo
+ / / / E{[(Pr_s )6 (s)7) — (Pr_o£)(¢7) (s—))]

X [(Pr—sg) (' (s=)7) = (Pr_sg)(¢') (s—))]
x (T —s,qb(")( =), 7)}dsv(dr)do

T
= / / A(T — 3,0)Vy (Pr—sf)(0) - Vy(Pr_sg)(o)dods

+ / / / (Pr_o)(07) = (Pr_o ) (@)[(Pr—s9)(07) — (Pr_.9)(0)]
X —s,0,7)v(dr)dods

- // (5,0)Vy (Pof)(0) - Vy (Pog)(0)dods

o [ ] [pien - Bn@lEaien - Pao)
(3.12) X (s,o,7)v(dr)dods
Choosing
VY(PSf)(U) @ VY(PSQ)(U)
IVy (Psf)(0)] [Vy (Psg) ()]’
for s > 0,0 € G and observing that ||A|| = 1, inequality (3.10) (with ¢ = 0) gives that

A(s,0) =

T
(3.13) /0 /G\Vy(Psf)(U)\ IVy (Psg)(o)|dods < (p* — D)[|fl[pllgllq-

Thus the first integral in (3.12) converges absolutely as T'— oo and

o
(3.14) | [ 9v®p@ 9y (Pa@lods < 67 = Dl
We now counsider the second integral in (3.12). This time we take A =0 and

U(s,0,7) =sign((Psf)(o7) — Ps f(0))((Psg)(o7) — Psg(0)))
and obtain that

T
/0 /G/G |(Pof)(o7) — Pof(o)||(Psg)(o7) — Pag(o))|v(dr)dods < (p* — 1)||£1lp]l9llq,

with the right hand side independent of T" and hence we can also let " — oo in the second integral
of (3.12).
We summarize the above result in the following

Theorem 3.3. Let A € L®°(RY x G, Leb x mpg; M,,(R)) and ¢ € L®(R* x G x G, Leb X mpg X v/)

with (A,v) reqular and ||A|| V ||¢|| < 1. There exists a bounded linear operator Sa., on LP(G),
1 < p < o0, for which
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/G Sayf(o)glo)do = / - / A(s,0)Vy (Psf)(0) - Vy (Psg)(o)dods

(3.15) w [T [ienen - en@lieaien - o)
X  (s,o,7)v(dr)dods,

for al f,g € C*(G). Furthermore, for all f € LP(G) and g € LY(G), % + % =1,
(3.16) | /G Sawl(@)9(0)do| < (" = 1) flly gl
and
(3.17) [Sawfllp < (0" = DIflp-

Suppose A € L (R x G, Leb x mpg; M, (R)) is symmetric with the property that for all £ € R",
(3.18) blE® < A(s, )¢ - € < Bl¢J?
for all (s,0) € RT x G, —00 < b < B < oo. Then by a simple computation (see [11], §4) the

martingale Y = M (T A 0) is subordinate to the martingale X = M (r ) in the sense of inequality
(2.7). From the constructlon of our operators Sy4 4 we have (in this case the assumption ||A]] <1
is no longer needed):

Theorem 3.4. Let A € L®(RY x G, Leb x mp; M, (R)) be continuous, symmetric and satisfying
(3.18). Then for all1 < p < oo and f € LP(QG),

(3.19) 154,0fllp < Cp,p,[1fllp:
where Cpp B is the constant in the inequality (2.8)

As we shall see below (see §5), the inequalities (3.17) and (3.19) are sharp as they include the
bounds for Riesz transforms in IR" and other homogeneous multipliers (see [11]).

4. COMPACT GROUPS: FOURIER MULTIPLIERS

In this action we are interested in cases of a compact Lie group where the operators S4 . are
Fourier multipliers. Thus from now on we will assume that GG is a compact Lie group. Then every
(left or right) Haar measure on G is bi-invariant and also finite. In the sequel we will always
assume that Haar measure is normalized to have total mass one. Let G be the unitary dual of G,
i.e. the set of all equivalence classes (modulo umtary equivalence) of irreducible representatlons
of G. In the sequel we will often identify a class in G with a representative element. The set G
is countable and each 7 € G is finite dimensional, so that that there exists a finite dimensional
complex Hilbert space V;, having dimension d, such that for each o € G, 7 (o) is a unitary matrix.
We define the co-ordinate functions m;;(c) = m(0);; for o € G,1 < ¢, j < dr. We have m;; € C*°(G)
and the celebrated Peter-Weyl theorem tells us that {/d,m;;;1 <i,j < dn,7 € é} is a complete
orthonormal basis for L?(G,C). For each f € L*(G,C), we define its non-commutative Fourier
transform to be the matrix f(w) defined by

)i = /G J(@)mis (0 )do,
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for each 1 <4, j < d,. We will have need of the following version of the Plancherel theorem (which
can be found in e.g. [23], Theorem 6.4.2, p.110)

(4.1) (éf@ﬁ@ﬁa=§:%wdﬁﬁWYL

Trea

for f,g € L?(G,C). In particular if T" is a bounded linear operator on L?(G,C) we have

(4.2) /G Tf(0)g@)do = 3 dete(TF(m)g(n)").
weé

We say that the operator T is a Fourier multiplier if for each 7 € G there exists a dp X dy
complex matrix mr(m) so that

(4.3) Tf(m) = me(m)f ().
We call the matrices (my(7), 7 € @) the symbol of the operator T.!
Given m € G we obtain the derived representation dm of the Lie algebra g from the identity

m(exp(X)) = e,

for each X € g. Then dn(X) is a skew-hermitian matrix acting in V;. We now equip g with
an Ad-invariant metric (which induces a bi-invariant Riemannian metric on G.) From now on
{Xy,...,X,} will be an orthonormal basis for g with respect to the given metric. We define the
Casimir operator Qr by Q := 3" dr(X;)?. Then it can be shown (see e.g. [23] Corollary 6.7.2,
p.122) that Q. = —k, I, where I is the identity matrix acting on V and k, > 0 (with k; =0
if and only if 7 is the trivial representation). The Laplace-Beltrami operator A = Y | X? is an
essentially self-adjoint operator in L?(G,C) with domain C(G,C) having discrete spectrum with

(4.4) Amij = —KzrTij,
for all 7 € G,1 < 4,j < d.

4.1. Brownian motion. Brownian motion (with twice the usual auto-covariance) on a Lie group

G is the Lévy process having characteristics (b, I,0). It is well known (see e.g. [22], §6) that it can
be obtained as the unique solution of the Stratonovich stochastic differential equation
(4.5) dg(t) = V2X'(4(t)) 0 dBy(t),

with initial condition ¢(0) = e (a.s.) In this case (P, ¢ > 0) is the heat semigroup with generator
L=A.

The following is well-known but we include a short proof for the reader’s convenience:
Proposition 4.1. For allt > 0,7 € G, f € L*(G,C)
Pf(rm) = et 1,.
Proof. Tt follows from (4.4) that for all 1 < 4,5 < d,,
Py = e_t“”ﬂ'ij.
1See [33] for a monograph treatment of pseudo differential operators and their symbols on compact Lie groups

and [34] for a study of Fourier multipliers from this perspective. For probabilistic developments in the spirit of the
present work, see [4, 5].
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But then
Pif(r)y = /GPtf(g)W(g_l)ijdg
= / P f(g)m(g)jidg
G

= /f(g)PtW(g)jidg

— —fK.,r/ f

= m"f ()i
as required. 0O

4.2. Second order Riesz transforms. The first order Riesz transform in the direction X € g
is the operator Rx = X(—A)~z. It is shown in [7] (using the martingale inequalities from [15])
that if G' is endowed with a bi-invariant Riemannian metric and \X | = 1 then Rx is a bounded

operator on LP(G) and ||Rx||, < By, for all 1 < p < 0o, where B, := cot ( p*) is the “Pichorides

constant” (i.e. the LP norm of the Hilbert transform on the real hne.) We write R; := Rx,, for
1 <j < mn,sothat R;R; = X;X;A~!. Let C be a n x n matrix with ||C]| < 1. We define the

second order Riesz transform (see also [24, 9]) R(CQ) to be

RY = i C;iRiR; = f: CiiXiX; A~

i,5=1 i,j=1

We will show that R(c2 ) is precisely an operator of the form S4 4 where ) = 0. First we show
that R(CQ) is a Fourier multiplier. Indeed this follows by using (4.2) and computing for C*°(G)

/G R f(o)g(o)de = 3 Cii 3. datr(RiR, f(m)5(m)")
4,j=1 re@
= =Y O Y de (X (X)) Fma(n)*)
t,j=1 el
= Zdﬂtr (Qe(m) (W)?J\(W)*)a
ﬂ‘Gé

where for all m € é,

Qo(n) == —— Cjid .
- _Z i (X;)dm(X;)
i,5=1
Hence we conclude that Rg) is a Fourier multiplier with symbol Q¢ (+).
We connect to the work of the previous section by taking 1 = 0 and ¢ to be a Brownian motion.
We write S4 = S4,0 and we take A to be a constant matrix. Using (3.15), (4.2) and Proposition
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4.1, we obtain, for f,g € C°(G),
[ saf@utric = 2 [" [ a49x(Pf)(0)- Tx(Pag)o)dods
G 0 G

= 2 Z Aij/o /GX{(Psf)(a)Xj(ng)(U)dods

ij=1

= 2 Z Aij /000 Z dﬂ-€72sn‘"tr(dﬂ'(Xi)]/c\(ﬂ')ﬁ(ﬂ')*(7d7T(Xj))dS

4,J=1 el
n 1 . R .
= =) Ay > dre—tr(dr(X;)dm(X;) f(m)g(m)")
wi=1  reqd

= Z thF(QA(W)J?(Tr)g(ﬂ')*)v

Treé

and so we deduce that Rg) =Sc.
The following is a corollary of the above discussion and Theorem 3.3, inequality (3.16).

Corollary 4.1. Consider the second order Riesz transform defined by
n n
(46) R(C?) = Z CjiRiRj = Z CjiXinAil
i,j=1 i,j=1
with symbol
1 n
(17) o)1= == 3 Cotr(Xi)in(X)

Then for 1 <p < oo, f € LP(G),

2 *
(48) IRE fllp < @7 = DIl
The next corollary follows from Theorem 3.4. We record it here in the form stated in [14] in the

case of R™ (see also [9] for compact Lie groups). Note that we here drop the condition ||C|| <1 as

in Theorem 3.4.

Corollary 4.2. Let C be an n x n symmetric matriz with eigenvalues A1 < Ao < ... < Ay

forl<p<oo, feLP(G),

(4.9) IR fllp < Cpoxunall fllps

where Cp A, 2, 15 the constant in (2.4). In particular, if J C {1,2, ...,n}, then
(4.10) DR <Cooalfly=cllfll, 1<p<oo,

jEJ
where ¢y, is the Choi constant in (2.3).

We remark that in the case of IR" both bounds above are sharp, see [14] and [24].

Then
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4.3. Multipliers of Laplace transform-type. We continue to work with Brownian motion (as
in the previous subsection) and this time we take A(s) := A(s,-) to be a time-dependent matrix-
valued function. Then (3.15), integration by parts and (4.2) yields for all f,g € C*(G),

/G Saf(@)g(o)ds = 2 / h / A(8)Vx(Pf)(0) - Vx (Pug)(0)dods,

_2/ / $)APss f(0)g(c)dords.

2 [0 X doee (i

re@

Hence for all 7 € G we have

(4.11) Saf(m) = < /O h 2/<;ﬂ625“"A(5)d5) Fr)

and Sy is an operator of Laplace transform-type (see [38] p.58, [3], §3.11). It is clearly a Fourier
multiplier in the sense of (4.3). A special case of particular interest is obtained by taking A(s) =

25) "
(25)” I, where v € R. In this case an easy computation shows that the symbol is mg, (7) =

L(1—iy)

ol and so Sa = (—A)" is an imaginary power of the Laplacian (see also [36]) and we have the
following corollary of Theorem 3.3, inequality (3.16). (Note that for this case we need to apply the
Burkholder inequality for complex valued martingales using the results in [15] or [39], as indicated

in Remark 2.1).
Corollary 4.3. For 1 <p < oo, f € LP(G), we have

(4.12) I(=2)7 fllp <

*

|F( )|
This bound was first proved in IR" in [25, Eq. (7.3)]. For further discussion on this result in IR"
and comparison to previous known bounds, see [3].

[1£1lp-

4.4. Subordinate Brownian motion. In this section we will consider an operator of the form
Sy := S0, which is built from the non-local part of the Lévy process. To this end, let (T'(¢),t > 0)
be a subordinator, i.e. an almost surely non-decreasing real-valued Lévy process (so T'(t) takes
values in Rt with probability one for all £ > 0) . Then we have (see e.g. [37]) that E(e= 7)) =
e (W for all u > 0,t > 0 where h : (0,00) — R is a Bernstein function for which lim,_, h(u) = 0.
Hence h must take the form

(4.13) h(u) = cu + /(0 )(1 — e "A(dy)

where ¢ > 0 and A is a Borel measure on (0,00) satisfying f(07oo)(1 A y)A(dy) < oo. We denote
the law of T'(t) by pt, for each ¢ > 0. It is well-known that (see e.g. [, 4]) that if ¢ is a Lévy
process in G and (T'(t),t > 0) is an independent subordinator with Bernstein function h then the
process ¢ = (Pr(t),t > 0) is again a Lévy process in G where ¢p(t) := ¢(T'(¢)) for all ¢ > 0.
Let (P;,t > 0) be the usual semigroup of convolution operators on C(G) that is associated to the
process ¢ and (Pt > 0) be the corresponding semigroup of convolution operators associated to
the process ¢r. Then it is well-known (and easily verified) that

(4.14) PP f(0) = /( Bl
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forallt >0, f € C(G),o € G. In the sequel we will always take ¢ to be Brownian motion on G as
given by (4.5). The following is implicit in [4] but we give a proof for completeness.

Proposition 4.2. If (P,,t > 0) is the heat semigroup on G then for all f € C(G),7 € G,t > 0,

Pl f(m) = =) fm).
Proof. Using Fubini’s theorem we have from (4.14) and Proposition 4.1

ph = o s7r071 o
Fif(r) = /G /Om)Psf( \or(ds)m(o1)d

/(0700) (/G Psf(a)w(a—l)dg> pu(ds)

- / &%= py(ds) F ()
(0,00)
et f(m). O

We now take A = 0 in (3.15) and take the Lévy process to be of the form ¢ as just described.
For simplicity we also assume that 1 only depends on the jumps of the process and so we write
(1) :=¢(-,-,7) for each 7 € G. As before, we assume that ¢ is regular and that [[¢]] < 1. In this
case we have

(4.15) | sur@ato / L [itpen) - @i

x  [(Plg)(o1) — (Plg)(o)l(r)v(dr)dods

Now using (4.2) and Proposition 4.2 we obtain

g o)jaoc = ~ 6728("{")1‘71'7— A7TA7T7TT*—
/GSM J9(0)d / /ngd "t (w(r) — L) ()G (m(7)" = L))

H(rwtdr)ds
1 *\ 7 ~
. Z eyt =) = s )t

X

and so Sy, is a Fourier multiplier with

1

(1.16) s, (%) = g [ (21 = 7(r) = w(r) p(rar),

for m € G. From Theorem 3.3 we obtain

Corollary 4.4. Let Sy, be the operator with Fourier multiplier given by (4.16).
(1) IflYll <1, then

(4.17) 1w fllp < (" = DIIlps

foralll < p< oo, f€LPG).
(2) If Y : G — [b, B], with —co < b < B < o0, then

(4.18) 1Sy fllp < Cp.Blfp,
for alll <p< oo, f e LP(G), where Cpp g is the constant in (2.4).
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To compare with results in [11] (see e.g. equation (32) therein), suppose that G is connected as
well as compact. Then exp : g — G is onto and so for every o € G,0 = exp(X) for some X € g.
Then 7(0) = (=¥7(X)) where we note that the matrix —idm(X) is hermitian. Then we can write
2I; — (o) —w(o)* = 2(I; — cos(idm(X)). Let U := voexp so U is a Borel measure on g and define
¥ : g — R by ¢ := 1) oexp. Then in this case we obtain

1 7 ~
o) /g(fw — cosh(dr(X)))(X)v(dX).

4.5. Multipliers associated to central Lévy processes. We say that a Lévy process (¢(t),t >
0) is central (or conjugate invariant) if its law p; is a central measure for all ¢ > 0, i.e. for all
AeB(G),ceqG

ms,, (m) =

pi(cAc™) = pi(A).
Such processes have been investigated in [29] and [41]. It follows that the Lévy measure v is also a
central measure (see [29] p.1567.) Recall that if 44 is a Borel probability measure on a compact Lie
group G then its Fourier transform (or characteristic function®) is defined by fi(r) := [, 7(0)u(do)
for all m € G. Moreover the matrices {fi(r), 7 € G} uniquely determine p (see e.g. Theorem 1 in
[27].) Returning to Lévy processes, it is easy to verify that for all t > 0,7 € @,1 <i,j <d; we
have

(4.19) pi(m)ij = Pimij(e).
Now suppose that the Lévy process (¢(t),t > 0) is central. By a slight generalization of the

argument of Proposition 2.1 in [1] we deduce that for all 7 € G, there exists o, € C with R(a;) <0
so that

(4.20) pi(m) = e I,
It follows easily from this that for all ¢t > 0,7 € @, fec(G)
(4.21) P, f(r) = et f()

We now apply (3.15). For simplicity we again consider the case where A is a constant matrix and
1 = (1) depends only on the jumps of the Lévy process. In this case we can apply Plancherel’s
theorem (4.2) using very similar arguments to those applied in sections 4.1 and 4.4 to deduce that
S,y is Fourier multiplier. Indeed for all f € C>(G), 7 € G we have

m(w) = may(m)f(m),

where
1 n
may(m) = Rlan) ijz'::l Ajidm(X;)dm(X;)
S (2l = 7(7) = 7())ulrwlar)
— = —7m(T)—7(T T)v(dr).
2%(0{71—) G
Two of our previously considered examples are in fact special cases of this formula. Indeed for
the second order Riesz transform we have ¢ = 0 and o, = —k, while for subordinated Brownian
motion, A =0 and a; = —h(kx).
Under further constraints, we can find an explicit general formula for «,. The following is
essentially contained in Theorem 4 (c) p.1567 in [29] under some stronger assumptions. It gives a

2Note that in this paper we adopt the analysts convention when defining the Fourier transform of a function and
the probabilists convention for that of a measure. We emphasize that no mathematical inconsistencies arise from
these choices.
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Lévy-Khintchine type formula for the Fourier transform of the law of a central Lévy process. We
will need the group character x.(-) := tr(m(-)) and the normalized character or(-) := 5-xx for

each T € G.

Theorem 4.5. Assume that (¢(t),t > 0) is a central Lévy process on a compact, connected semi-
simple Lie group G. Then for all m € G,

O = —CKy + /G(QW(T) — Dv(dr),

where ¢ > 0.

Proof. First assume that the Lévy measure v has a finite first moment, i.e. [, |z;(0)|v(do) < oo
for all 1 < i < n. It follows from Propositions 4.4 and 4.5 in [30] p.99 that for all f € C*(G),o € G,

Lf(o) = cAf(o) + / (F(om) — f(o)w(dr).

G
For each 7 € G, define the matrix L(m) by L(7)i; = (Lm;;)(e) for 1 < i,j < dr. Then

L(7) = —ckp Il + / (m(7) — Ip)v(dr),
G
and hence by (4.19), pi(r) = e*(™) for all t > 0. Comparing this identity with (4.20), we deduce
that

Oply = —chpl; + /G(TI'(T) — I;)v(dr),

and we obtain the required result on taking the trace (in V) of both sides of this last equation.
Now we turn to the general case and take (¢(t),t > 0) to be an arbitrary central Lévy process
with characteristics (b, a,v) and infinitesimal generator £. Again by Proposition 4.4 in [30], we
must have a = ¢l for some ¢ > 0 and b = 0 by the argument in [30], Proposition 4.5. So the
process has characteristics (0,cl,v). Let (U, m € N) be a sequence of Borel sets in G so that
Un T G as m — oo and fUm |z;(0)|v(do) < oo for all 1 < i < n. To see that such sets can
always be constructed, recall that G is equipped with a bi-invariant metric for which the mappings
7 — oro~ ! (where 7 € G) are isometries for all o € G. So we may take e.g. U,, = B (e)°.
Now define the central Lévy measure v, on G by v, (A) :== v(ANU,,) for all A € B(G),m € N.
For each m € N, let (¢,,(t),t > 0) be a central Lévy process with characteristics (0, ¢, v,,) and
infinitesimal generator £,,. Then it is easily verified that for all f € C?(G),

im Lof = Lf.
m—roo

If p,gm) is the law of ¢, (t) then for all m € G,

P () = exp {— SRCGE 1>u<d7>},

m

but from the construction in the first part of the proof, we have lim,, o pgm) (m) = pi(m) and the

result follows. O

5. IR", REVISITED

In this section we apply the results of §3 to Euclidean space IR® and compute the Fourier
multipliers for the operators Sa . explicitly under some assumptions on A and . When A is
constant and v is just a function of the jumps this was already done in [10] and [11]. Nevertheless,
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the formulas derived in §3 elucidate these results further and provide a more uniform approach to
these Lévy-Fourier multipliers.

We start by recalling various standard notations and facts about Fourier transforms and Lévy
processes in IR*. We use the following normalization for the Fourier transform f of f € S(R™)
where S(R™) is the usual Schwartz space of rapidly decreasing functions on R™. For all £ € R™,

(51) flo = [ emer s
and for all x € R™,
(62) fo) = [ e fgas

so that Plancherel’s identity takes the form

(5.3) f(2)g (@) = / ()3,

R R
for f,g € S(R™). With this normalization, if V = (8%1,...7%) = (01,...,0,) denotes the
standard gradient in IR", then
(5.4) 0;1(§) = (—2mi)¢;f(€) and V(€)= (-2mi)¢f ().
Recall that a Borel measure v on IR" with v({0}) = 0 and
(5.5) / WP ay) < oo
re 1+ [y?

is called a Lévy measure. (Note that the definition of the Lévy measure in IR" coincides with that
given by (2.9) in §2.2 for general Lie groups.) We denote a Lévy process in IR* by (X (¢),¢t > 0).
The celebrated Lévy-Khintchine formula [2] guarantees the existence of a triple (b, a,v) such that
the characteristic function of the process is given by E [e’f'X (t)] = e'?(®) | where

(56) pO =i —ag-et [ [ —1=ile ) a0 )] ).

Here, b = (b1,...,b,) € IR", a = (ay;) is a non-negative n x n symmetric matrix, I, o) is the
indicator function of the unit ball B;(0) C R" centered at the origin and v is a Lévy measure
on IR*. We remark that the Lévy-Khintchine formula may be deduced as a corollary of Hunt’s
theorem (Theorem 2.2) in the case where the group G is R™ (see [26], §6, pp.281-3.) We decompose
p into its real and imaginary parts so that

(5.7) plE) = Rp(€) +iSp(E),
where
(5.8) Rp(€) = —af - € + / [cos (€ - y) — 1] w(dy)
R™
and
(59) () =b-¢+ [ [sin(€) = (€ ) In o) vidy).

We note that the convergence of the integrals in (5.8) and (5.9) follows immediately from (5.5).
Also, observe that Rp(—&) = Rp(§) and that Rp(§) < 0.
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With this notation, the semigroup of the Lévy process (X(t),t > 0) acting on f € S(IR") is
given as a pseudo-differential operator by

Pif(x) =E[f(X(t) +2)] = E ( / emrmiR@Fe f(ﬁ)dé)

(5.10) _ / etP(—278) 6727”.17'5]?(5)d€-
R
Since S(R™) C Dom(L) we also obtain the pseudo-differential operator representation
(5.11) Liw) = [ pl-2ng)e ¢ Fieyie.
Thus
(5.12) Pf(g) = (7270 f(¢).

Also, using (5.4) we can write L as
[ [fa+0) = 1) = - V@), )] ().

A detailed account of these results may be found in [2] §3.2.2, pp.163-9.
With A such that AAT = 2a, we set, as in §3, Vy = AV. With this notation we have the
following corollary of Theorem 3.3.

Corollary 5.1. Suppose A € L®(RT x IR", Leb x mp; Mp,(R)) and ¢ € L°(RT x R* x IR*; R)
with (A, ) regular and ||A|| V ||¢|] < 1. There exists a bounded linear operator Sa., on LP(IR")
where 1 < p < oo for which

[ Saut@ais = [T AoV (RHE) - Tr(P)a)dads
(513) s [T ] rnE ) - @R ) - (Pa)a)
X (s, x,y)v(dy)dzds,
for al f,g € C*(G). Furthermore, for all f € LP(R") and g € L(IR), L+ 1 =1,
(5.14) [ Saut@ate)is| < @ = DIl ol
and
(5.15) 16715 < (0" = DIl

Let us now suppose that A = A(s) is only a function of s (time) and that (s,y) is only a
function of s (time) and y (jumps). Set

(5.16) I= /000 - A(s)Vy (Psf)(x) - Vy (Psg)(x)dzds

and

(5.17) 11— / [ [ (@ + 0@ p@IPag)o+9) ~ (Pag) )}bs,p)v(dy)dads,
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Applying Plancherel’s identity, (5.3), we find that

= T - s . 22T g L £(£)g
(5.18) 1= [ {e [Taene agemenoas) fegea
= [ m©feiea
-
where
(5.19) my(€) = 4n? / OO[A(S)Ag.Ag}e%m(%ﬁ)ds.
0

In the same way,

o= [ [T ey st ) FO©)d
n n Jo

5200 = [ o[ [ e o costene ) vl adsian } Fa6)e
- / ma(€) F(€)3(€)de,
.
where
(5.21) ma©) =2 [ [ B (1 cos(ome ) (s, ().

Thus under the assumption that A = A(s) and ¥ = (s, y) we conclude that the operator S4 4
is a Fourier multiplier with

~

(5.22) Sauf(€) =m(€)f (),

where

m© = 4 [ (A Ay

(5.23) + 2/n /000 e3P (2m8) (1 — cos(2m€ - y)) (s, y)dsv(dy)

Recalling from (5.8) that

—2Rp(27¢) = 8n%ak - € + 2/ (1 —cos (2 - y)) v(dy)

n

and using the fact that 2a - £ = AL - A¢, we see that under the assumption ||A|| V |[¢|] < 1,
m € L>(IR") and ||m||c < 1. Furthermore, if the matrix A has constant entries and the function
1 only depends on y, then a simple computation gives that

A2 ANE - A&+ 2 [, (1 — cos (27€ - y)) Y (y)v(dy)
S720E €+ 2 Jy. (1 cos (27 - ) v(dy)
Note that m(§) = m(27€), where

(€)= 3 (ATAN) €€+ [ (1= cos (€ y)) Y(y)v(dy)
af - &+ [ (1 —cos (& y)) v(dy)
From the Remark 2.1 we know that the above multipliers have the same bounds if the matrix

has complex entires and the function ¥ takes values in the complex plane. We summarize these
results in the following

(5.24) m(§) =
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Theorem 5.2. Let A € M, (C) and ¢ : R* — C be such that || Al V ||¢¥|| < 1. Suppose a € M, (IR)
is symmetric and non-negative definite. Let A € M, (IR) be such that AAT = 2a. Then the L™
function
5 (ATAN) €€+ [ (1 —cos (€ - y)) v(y)v(dy)

af - &+ [ (1 —cos (& y)) v(dy) ’

where v is a Lévy measure, defines an LP-multiplier operator S with

(5.26) [Saufllp < @ = DIflp,
forall f € LP(IR"), 1 < p < co. The inequality is sharp.

(5.25) m(§) =

This formula gives the multipliers studied in [10] and [11]. For several concrete examples of
classical multipliers that arise from this formula, see [8] and [10]. In particular, if we take v = 0,
a = I and we write A = (A,i), then

D e Aj&i&n

m(&) =
&= e
2 2
With the right choice of A, this gives the multiplier m(§) = 57‘\ g‘f k. This corresponds to the second
order Riesz transforms R} — R3 which by [21] (see also [11]) has norm (p* — 1). Hence the bound
is sharp.
REFERENCES

[1] S.Albeverio, M.Gordina, Lévy processes and their subordination in matrix Lie groups, Bull. Sci. Math. 131
738-760 (2007).

[2] D.Applebaum, Lévy Processes and Stochastic Calculus (second edition), Cambridge University Press (2009).

[3] D.Applebaum, Some L? properties of semigroups of measures on Lie groups, Semigroup Forum T9, 217-28
(2009)

[4] D. Applebaum, Infinitely divisible central probability measures on compact Lie groups - regularity, semigroups
and transition kernels, Ann. Probab. 39, 2474-96 (2011).

[5] D.Applebaum, Pseudo differential operators and Markov semigroups on compact Lie groups, J. Math. Anal.
Appl. 384, 331-48 (2011).

[6] D. Applebaum, H. Kunita, Lévy flows on manifolds and Lévy processes on Lie groups, J.Math Kyoto Univ 33,
1103-23 (1993).

[7] N.Arcozzi, Riesz transforms on compact Lie groups, spheres and Gauss space, Ark. Mat. 36 201-31 (1998).

[8] R.Baifiuelos, The foundational inequalities of D. L. Burkholder and some of their ramifications, to appear in
Ilinois Journal of Mathematics, Volume in honor of D.L. Burkholder.

[9] R.Baifiuelos, F.Baudoin, Martingale transforms and their projection operators on manifolds, arXiv:1109.5751v1
(2011).

[10] R.Baiiuelos, A.Bielaszewski, K.Bogdan, Fourier multipliers for non-symmetric Lévy processes, Marcinkiewcz
Centenary Volume, Banach Center Publications, Institute of Mathematics, Polish Academy of Sciences, 95,
9-25 (2012).

[11] R.Baifiuelos, K.Bogdan, Lévy processes and Fourier multipliers, J. Funct. Anal. 250, 197-213 (2007).

[12] R.Baiiuelos, B.Davis, Donald Burkholder’s work in martingales and analysis, Selected Works of Donald L.
Burkholder, Springer 2011 (B. Davis and R. Song, Editors).

[13] R.Baiiuelos, P.Méndez-Herndndez, Space-time Brownian motion and the Beurling-Ahlfors transform, Indiana
University Math J. 52, 981-990 (2003).

[14] R. Banuelos, A. Osgkowski, Martingales and sharp bounds for Fourier multipliers, Annales Academiae Scien-
tiarum Fennicae, 37, 251-263 (2012).

[15] R.Baiiuelos, G.Wang, Sharp inequalities for martingales with applications to the Beurling-Ahlfors and Riesz
transforms, it Duke Math. J. 80, no. 3, 575600 (1995).

[16] D.L. Burkholder, Martingale transforms, Ann. Math. Statist. 37, 1494-1504 (1966).

[17] D.L. Burkholder, Boundary value problems and sharp inequalities for martingale transforms, Ann. Probab. 12,
647-702 (1984).



23

(18] K. P. Choi, A sharp inequality for martingale transforms and the unconditional basis constant of a monotone
basis in LP(0,1), Trans. Amer. Math. Soc. 330, 509-521 (1992).

[19] C.Dellacherie, P. A.Meyer, Probabilities and Potential B: Theory of martingales, North Holland, Amsterdam,
(1982).

[20] H.Dong, D.Kim, Schauder estimates for a class of mnon-local elliptic equations, 2011 preprint,
(arXiv:1103.5069v2).

[21] H.Dong, D.Kim, On LP-estimates for a class of nonlocal elliptic equations, J. Funct. Anal. 262, 1166-1199
(2012).

[22] K.D.Elworthy, Geometric aspects of diffusions on manifolds in Ecole d’Eté de Probabilités de Saint-Flour X V-
XVII, 1985-87, 277-425, Lecture Notes in Math, 1362, Springer, Berlin (1988)

(23] J.Faraut, Analysis on Lie Groups, Cambridge University Press (2008)

[24] S.Geiss, S.Montgomery-Smith, E.Saksman, On singular integral and martingale transforms, Trans. Amer.
Math. Soc. 362, 553-75 (2010).

[25] T.P. Hytonen, On the norm of the Beurling-Ahlfors operator in several dimensions, Canad. Math. Bull. 54,
113-125 (2011).

[26] G.A.Hunt, Semigroups of measures on Lie groups, Trans. Amer. Math. Soc. 81, 264-93 (1956).

[27] Y.Kawada, K. Itd, On the probability distribution on a compact group I, Proc. Phys.-Mat. Soc. Japan 22,
977-98 (1940)

(28] H.Kunita, Analyticity and injectivity of convolution semigroups on Lie groups, J. Funct. Anal. 165, 80-100

(1999)

] M.Liao, Lévy processes and Fourier analysis on compact Lie groups, Ann. Prob. 32, 1553-73 (2004).

] M.Liao, Lévy Processes in Lie Groups, Cambridge University Press (2004).

1] J. Marcinkiewicz, Quelques theoremes sur les series orthogonales, Ann. Soc. Polon. Math. 16, 84-96 (1937).

] R. E. A. C. Paley, A remarkable series of orthogonal functions I, Proc. London Math. Soc. 34, 241-264 (1932).

] M.Ruzhansky, V.Turunen, Pseudo-differential Operators and Symmetries: Background Analysis and Advanced

Topics, Birkhauser, Basel (2010)

[34] M.Ruzhansky, J.Wirth, LP-multipliers on compact Lie groups, arXiv:1102.3988v1 (2011)

[35] R.L.Schilling, R.Song, Z,Vondracek, Bernstein Functions, Theory and Applications, Studies in Mathematics
37, De Gruyter (2010)

[36] A.Sikora, J.Wright, Imaginary powers of Laplace operators, Proc. Amer. Math. Soc. 129 1745-54 (2000)

[37] E.M.Stein, Singular Integrals and Differentiability Properties of Functions, Princeton University Press, Prince-
ton, New Jersey (1970).

[38] E.M.Stein, Topics in Harmonic Analysis Related to the Littlewood-Paley Theory, Princeton University Press
and the University of Tokyo Press, Princeton, New Jersey (1970)

[39] G.Wang, Differential subordination and strong differential subordination for continuous-time martingales and
related sharp inequalities, Ann. Probab. 23 no. 2, 522-551 (1995).

SCHOOL OF MATHEMATICS AND STATISTICS, UNIVERSITY OF SHEFFIELD, HICKS BUILDING, HOUNSFIELD ROAD,
SHEFFIELD, ENGLAND, S3 TRH
E-mail address: d.applebaum@sheffield.ac.uk

DEPARTMENT OF MATHEMATICS, PURDUE UNIVERSITY, WEST LAFAYETTE, IN 47907, USA
E-mail address: banuelos@math.purdue.edu



	1. Introduction
	2. Preliminaries
	2.1. Sharp martingale inequalities
	2.2. Lévy processes on Lie groups

	3. Martingale transforms and their projections
	4. Compact groups: Fourier multipliers
	4.1. Brownian motion
	4.2. Second order Riesz transforms
	4.3. Multipliers of Laplace transform-type
	4.4. Subordinate Brownian motion
	4.5. Multipliers associated to central Lévy processes

	5. I Rn, revisited
	References

