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ABSTRACT. We address a conjecture of D. Applebaum on small time trace asymptotics for subordinate
Brownian motion on compact manifolds.

In [1], heat trace asymptotics are computed for the semigroup of the square root of the Laplacian (the
generator of the Cauchy process) on the n-dimensional torus, SU(2) and SO(3), and a conjecture is
made [1, pp. 2493-2494] that such asymptotics should hold for all α-stable processes, 0 < α < 2, on
an arbitrary compact Lie group. The purpose of this note is to point out that this is indeed the case and
that such results hold for a wide class of subordinations of the Laplacian on compact manifolds. In fact,
as we shall see, such asymptotics follow from Weyl’s law (3). We first record some definitions and set
some notations.

Let M be a compact Riemannian manifold of dimension n and denote its Riemannian measure by µ.
We denote the Laplace-Beltrami operator on M by −∆ and denote its eigenvalues by 0 = λ0 < λ1 ≤
λ2 ≤ · · · → ∞. As is well known, −∆ generates a heat semigroup {Pt} on L2

µ(M,R) which possesses
a heat kernel denoted here by p(t, x, y). Thus

Ptf(x) = e−t∆f(x) =

∫
M
p(t, x, y)f(y)dy,

for all f ∈ L2
µ(M,R). Moreover, there exists a complete orthonormal basis {ϕk}k∈N of L2

µ(M,R)
consisting of eigenfunctions ϕk having the eigenvalue λk such that, for t > 0, x, y ∈M,

(1) p(t, x, y) =
∞∑
k=0

e−λktϕk(x)ϕk(y),

with convergence absolute and uniform for each t > 0. The operator Pt is a trace-class on L2(M, µ) and
for all t > 0, Tr(Pt) =

∑∞
k=0 e

−λkt. Let us also denote here the spectral counting function (the number
of eigenvalues not exceeding the fixed positive number λ) of −∆ by N(λ) = Card{λi, λi ≤ λ}. The
asymptotic of Tr(Pt), as t → 0, and of N(λ), as λ → ∞, have been extensively studied by many. In
particular, denoting the volume µ(M) of M by V ol(M), we have

(2) Tr(Pt) ∼
V ol(M)

(4π)n/2
t−n/2, t→ 0,

and

(3) N(λ) ∼ V ol(M)

Γ
(
n
2 + 1

)
(4π)n/2

λn/2, λ→∞.

Since the trace is the Laplace transform of the spectral counting function, (3) immediately implies (2).
On the other hand, from the Karamata tauberian theorem, (3) follows from (2), see [7, p. 109].

The canonical Brownian motion on the manifold M with generator ∆ will be denoted by Bt. Let St
be a subordinator on [0,∞) independent of Bt. That is, St is an increasing Lévy process taking values
in [0,∞) with S0 = 0 whose law is determined by its Laplace transform which has the form

(4) E
(
e−λSt

)
= e−tψ(λ), λ > 0.
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ψ : (0,∞)→ (0,∞) is called the Laplace exponent of St. It is given by the Bernstein function

(5) ψ(λ) = bλ+

∫ ∞
0

(1− e−λs)ν(ds), λ > 0,

b ≥ 0 and with ν a positive measure on (0,∞) (the Lévy measure of the process) with∫ ∞
0

(s ∧ 1) ν(ds) <∞.

For each t ≥ 0, we let ηt be the distribution of St. This gives a family of measures which form a
convolution semigroup and we can write (4) as the Laplace transform of the measure ηt. That is,

(6)
∫ ∞

0
e−λsηt(ds) = e−tψ(λ), λ > 0.

We refer the reader to [2, Chap. III] for these and other properties of subordinators.
By the Bochner subordination principle the process {BSt} generates a heat semigroup which we

denote here by Qt with heat kernel given by

(7) q(t, x, y) =

∫ ∞
0

p(s, x, y)ηt(ds).

By (1) and (6) we have that

q(t, x, y) =
∞∑
k=0

e−ψ(λk)tϕk(x)ϕk(y).

This is the heat kernel for the operator ψ(−∆) defined via the spectral theorem. Since M is compact,∫
M

∫
M
q(t, x, y)2dµ(x)dµ(y) <∞.

Thus Qt : L2
µ(M,R)→ L2

µ(M,R) and it is a Hilbert-Schmidt operator. In particular, it is compact and
since Qt = Qt/2Qt/2, Qt is a product of two Hilbert-Schmidt operators. It is therefore class trace and

Tr(Qt) =

∫
M

∫
M
q(t/2, x, y)q(t/2, y, x)dµ(x)dµ(y) =

∫
M
q(t, x, x)dµ(x)

=

∞∑
k=0

e−Ψ(λk)t

∫
M
φk(x)2dµ(x) =

∞∑
k=0

e−Ψ(λn)t.

Examples of subordinators are provided in [2] and [6], among multiple other sources. In particular,
for any 0 < α < 2, set ψ(λ) = λα/2. We can write

λα/2 =
α/2

Γ(1− α/2)

∫ ∞
0

(1− e−λs)s−1−α/2ds.

This gives the α-stable subordinators with Lévy measures ν(ds) = α/2
Γ(1−α/2)s

−1−α/2ds and the α-stable

processes on the manifold M with generator (−∆)α/2 is the Brownian motion subordinated by these
processes. What is computed in [1] is the asymptotics for Tr(Qt), as t ↓ 0, for the case ψ(λ) =

√
λ

when the manifold is the n-dimensional torus, SU(2) and SO(3), and conjectured there also that these
asymptotic behavior should hold for any 0 < α < 2 for these manifolds. If we denote by Nψ(λ)
the spectral counting function of the operator Qt associated with ψ(−∆) as constructed above, we see
that if ψ is increasing with a well defined increasing inverse denoted by φ both unbounded, we have
Nψ(λ) = N(φ(λ)). Since the small time asymptotic behavior of Tr(Qt) can be obtained from the
large time behavior of Nψ(λ), we see that the behavior found in [1] for the Cauchy process (α = 1) in
SU(2) and SO(3) can be extended to a wide class of subordinators. Indeed, if ψ(λ) = λα/2,

Nψ(λ) ∼ V ol(M)

Γ
(
n
2 + 1

)
(4π)n/2

λn/α, λ→∞
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and

Tr(Qt) =
V ol(M)Γ

(
n
α + 1

)
Γ
(
n
2 + 1

)
(4π)n/2

t−n/α, t→ 0.

From [2], it follows that if b > 0 or ν(0,∞) = ∞ where b and ν are as in (5), then ψ is increasing
with lim+∞ ψ = +∞. Thus ψ has an increasing inverse denoted by φ and this guarantees thatNψ(λ) =
N(φ(λ)) and

(8) Nψ(λ) ∼ V ol(M)

Γ
(
n
2 + 1

)
(4π)n/2

φ(λ)n/2, λ→∞.

We recall next that a function L : (0,∞) → (0,∞) is said to be regularly varying at infinity if for
all a > 0, limλ→∞

L(aλ)
L(λ) = ar, for some r ≥ 0. ( If r = 0, the function is said to be slowly varying at

infinity. Thus regularly varying for r ≥ 0 means that L(x) = xrl(x) where l is slowly varying.) We also
recall that by the tauberian theorem (see [3, Theorem 1.7.1]) if ρ is a non-decreasing, right-continuous
function on [0,∞) and L(ρ)(t) =

∫∞
0 e−stdρ(s) denotes its Laplace transform, then

ρ(t) ∼ γ

Γ(1 + r)
tr l(t), t→∞ iff Lρ(t) ∼ γt−r l(1/t), t→ 0,

whenever l is slowly varying at infinity, γ ≥ 0, and r ≥ 0. We also observe (see [3] Proposition 1.3.6
and Theorem 1.5.12) that with ψ strictly increasing and regularly varying with index r > 0, its inverse
ϕ is regularly varying with index 1

r . In addition, if ψ is regularly varying of index r > 0, then ϕn/2 is
regularly varying of index n

2r . From these observations we immediately see that (8) imply the asymptotic
results for Tr(Qt) for a wideer class of subordinations which include, for example, relativistic Brownian
motion and the more general relativistic stable processes. (The preceding reasoning and calculations are
the same as those carried out in [4] and [5] for the Dirichlet problem in Euclidian domains of IRd. ) The
following summarizes the above discussions for the more general subordinations.

Theorem. Suppose the Laplace transform of the subordinator ψ is increasing, regularly varying at
infinity with r > 0 and let ϕ be its inverse. Let Qt be the heat semigroup for ψ(−∆). Then

(9) Tr(Qt) ∼
V ol(M)Γ

(
n
2r + 1

)
Γ
(
n
2 + 1

)
(4π)n/2

ϕ

(
1

t

)n/2
, t→ 0.

If r = 0, the same holds replacing Γ
(
n
2r + 1

)
with 1.

Observe also that on a compact Lie group, with normalized Haar measure, the above trace asymptotics
(9) implies as a byproduct the on diagonal asymptotics of the heat kernel

qt(x, x) ∼
Γ
(
n
2r + 1

)
Γ
(
n
2 + 1

)
(4π)n/2

ϕ

(
1

t

)n/2
, t→ 0.
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