HEAT TRACE OF NON-LOCAL OPERATORS

RODRIGO BANUELOS AND SELMA YILDIRIM YOLCU

ABSTRACT. This paper extends results of M. van den Berg on two-term asymptotics for the trace of
Schodinger operators when the Laplacian is replaced by non-local (integral) operators corresponding to
rotationally symmetric stable processes and other closely related Lévy processes.
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1. INTRODUCTION

There is an extensive literature of trace formula for heat kernels of the Laplacian and its Schrodinger
perturbations in spectral and scattering theory. For instance, van den Berg [7] and later Bafiuelos
and Sa Barreto [6], explicitly compute several coefficients in the asymptotic expansion of the trace
of the heat kernel of the Schrodinger operator —A + V as ¢ | 0 for potentials V € S(R?), the
class of rapidly decaying functions at infinity. In particular, in [6] a general formula is obtained for
these coefficients by using elementary Fourier transform methods. For applications of these results
to problems in scattering theory, see [6] and the references therein. The results in [6] were extended
by Donnelly [19] to certain compact Riemannian manifolds. Heat asymptotic results have also been
widely used in statistical mechanics, for details we refer the reader to the article [25] of E. H. Lieb on
the second virial coefficient of a hard-sphere gas at low temperatures, and to the article [27] of M. D.
Penrose, O. Penrose and G. Stell on the sticky spheres in quantum mechanics. We also refer the reader
to Datchev and Hezari’s overview article [23] for various other related spectral asymptotic results and
applications. For a historical account, see also Arndt, Nittka, Peter and Steiner’s article “Weyl’s Law:
Spectral properties of the Laplacian in mathematics and physics,” [1, pp 1-71].

By a non-local operator in this paper we shall mean an operator which arises as the generator of a
pure jump Lévy process whose action on a function is obtained as a principle value singular integral in
the form of (2.8) and (5.1). For such operators many questions concerning spectral asymptotics are wide
open at this point. These include, for example, the Weyl two-term asymptotics for the spectral counting
function of the fractional Laplacian with Dirichlet boundary conditions and the McKean-Singer [26]
result involving the Euler characteristic of the domain in the third-term asymptotics of the trace of the
heat semigroup. On the other hand, a two-term trace asymptotics involving the volume of the domain
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and the surface area of the boundary is proved in Bafiuelos and Kulczycki [4] (for C'*! domains) and
in Bafiuelos, Kulczycki and Siudeja [5] (for Lipschitz domains) for the fractional Laplacian associated
with symmetric stable processes. These results are in parallel to the results of van den Berg [8] and
Brown [9] for the Laplacian. For further recent work on the Dirichlet case in domains of Euclidean
space, see Frank and Geisinger, [21] and [22]. For other results related to the spectral theory of these
operators, see [2], [3] and references therein. The purpose of this paper is to obtain analogues of the van
den Berg result in [7] for the fractional Laplacian A%/? associated with symmetric a-stable processes,
0 < a < 2, in R? and for other closely related non-local operators corresponding to sums of stable
processes and the relativistic Brownian motion. These are all Lévy processes which are obtained by
subordination of Brownian motion.

2. STABLE PROCESSES, STATEMENT OF RESULTS

Before we state our results precisely, we recall the basic definitions and elementary notions related
to stable processes. Let X; be the d-dimensional symmetric a—stable process of order a € (0, 2]

in R%. The process X; has stationary independent increments and its transition density pﬁa) (x,y) =

pga) (x—y), t>0, z,y € R?, is determined by its Fourier transform (characteristic function)

2.1 et = E(ei%t) = / 6i§~yp§04) (y)dy, t>0, ¢eRL
R4

Denoting by P* and E” the probability and expectation, respectively, of this process starting at x we
have that for any Borel set B C R,z eR ¢t >0,

P*(Xy € B) = /Bpia) (z —y)dy,

where
(@) _ 1 —iz-€ ,—tle]*
2.2 = dE€.
( ) pt ($) (27T)d /I\Qde € 6
Here we can also write
& 1 —l=1% 4/2
(2.3) pﬁo‘)(x)z/o We oy 2 (s) ds,

where 7" /2 (s) is the density for the a/2-stable subordinator. While explicit formulae for the transition
density of symmetric a-stable processes are only available for o = 1 (the Cauchy process) and o = 2
(the Brownian motion), these processes share many of the basic properties of Brownian motion. It also
follows trivially from (2.3) that pga) (x) is radial, symmetric and decreasing in x. Thus exactly as in the
Brownian motion case we have

2.4) P\ (@) < tp{(0).

In fact, if we denote by wy the surface area of the unit sphere in R? we can compute pga) (0) more

explicitly.

(@) gy — 1 e ge — _d /°° s g(2-1)
0) = d¢ = a d
0 = o [ = e ) e

wql'(d/ )

2.5 ——

(2.5) (2m)da

Throughout this paper we will deal with radial transition functions and use the notation

P!z, y) = P (z — y).
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In particular, pia) (x,z) = p§“> (0). Of importance for us in this paper is the scaling property of these

processes. More precisely, by a simple change of variables in (2.2), we see that these processes are
self-similar with scaling

2:6) P (,y) =t opl? (¢ o, ).

The transition densities p( )( ) satisfy the following well-known (see for example [30]) two sided
inequality valid for all z € R and ¢ > 0,

t t
1 (4=d/a (o) ~d/a
2.7) Cou (t A \g:|d+a> <p; () <Cad (t A |$,d+a) ;

where the constant C,, 4 only depends on « and d. Here and throughout the paper we use the notation
a A'b=min{a,b} and a V b = max{a, b} for any a,b € R.

For rapidly decaying functions f € S(R?), we have the semigroup of the stable processes defined
via the the Fourier inversion formula by

T.f(x) = E°[f(Xy)] = E°[f(X; + )]

= /Rd f(z +y)pe(dy) = pt + f(x)

- (2717)(1 /Rd eiz.éeitmaﬂf)df-

By differentiating this at ¢ = 0 we see that its infinitesimal generator is A2 in the sense that

AY2f(€) = —|¢ ]0‘]?(5 ). This is a non-local operator such that for suitable test functions, including all
functions in f € C§°(IRY), we can define it as the principle value integral

flx+y)— f(x)
(2.8) A2 f Ag_o lim dy,
D= A B g i
where
2"T( )
Ade = SR ()]

We will denote by Hj the fractional Laplacian operator A2 o e (0,2] and by H its Schrodinger

perturbation H = A2 + V, where V€ L®°(R%). We let e ! and e "0 be the associated heat

semigroups and let pff and pga) denote their corresponding transition densities (heat kernels). In fact,

§ ) s just as in (2.1) and the Feynman-Kac formula gives

(29) pf(x’ y) = plga) <x7 y)EétEvy (6_ fo V(XS)dS> )
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where E;y is the expectation with respect to the stable process (bridge) starting at  conditioned to be
at y at time t. The main object of study in this paper is the trace difference

Tr(e tH — 7tHoy = / (pt (z, ) —pga)(x,x))dfﬂ
Rd
(2.10) = p(0) / EL, (e‘ Jo V(Xa)ds _ 1) dx
Rd
t‘d/“pga)(o)/ By, (e‘ Jy V(Xs)ds _ 1) dz,
R

where pga) (0) is the dimensional constant given by the right hand side of (2.5).

Before we go further let us observe that this quantity is well defined for all ¢ > 0, provided V' &
L>®(RY) N L' (R%). Indeed, the elementary inequality |e* — 1| < |z|e/*| immediately gives that

. t
/ Eix (e_fo V(Xs)ds _ 1) dz| < et||V||<x>/ Egtg;(; (/ ‘V(Xs)fd8> dz.
Rd Rd 0
However,

t
.11) E., </ |V(Xs)|ds> = / X)|ds
0

) e
N / /des (a) s)(y’ )lV(y)Idyds.

The Chapman—Kolmogorov equations and the fact that pga) (x,z) = pga) (0,0) give that

and hence

t
(2.12) / EL, (/ \V(Xs)lds> dx = t|V|.
R 0

It follows then that
(2.13) }Tr(e_tH — e_tHO)‘ < t_d/aﬂpga)(O)HVHletHVH"O,

valid for all ¢ > 0 and all potentials V € L>°(R%) N L*(RY).
The previous argument also shows that for all potentials V' € L>(R?) N L' (R%),

k

ey (@) oy = (=D : !
(2.14) Tr (e e o) = p;™(0)) X E!, V(X,)ds) dz,
. R4 0

k=1

where the sum is absolutely convergent for all ¢ > 0.

We have the following two Theorems which parallel the results in van den Berg [7] for the Laplacian.
Note however, that here (ii) in Theorem 2.1 (as well as Theorem 2.2) is more general as we do not
assume that the potential is nonnegative.

Theorem 2.1. (i) Let V : R? — (—00,0], V € L>®(R%) N LY(R?). Then for all t > 0

a _ — a 1
@19 SOV Tr(e ™ =) <7 0) (V] + GV Ve ).
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In particular
Tr(e™™ — 70y = p{(0) (H|V 1 + O())
(2.16) = = Yepl(0) (¢|V 1 + Ot?),

ast ] 0.
(ii) If we only assume that V € L>°(R%) N LY(RY), then for all t > 0,

2.17) Tr(e — ¢~ 15 (0)¢ [ V(@)da| <l O)CEIV 1|V [Jowe!IV =,
Rd
for some universal constant C. From this we conclude that

(2.18) Tr(e 1 — ¢=tHo)y — pga)(()) (—t/
R

ast ] 0.

d

V(z)dz + O(t2)> ,

Theorem 2.2. Suppose V- € L>®(R?) N L' (R?) and that it is also uniformly Holder continuous of
order ~y (there exists a constant M € (0,00) such that |V (z) — V (y)| < M|z — y|?, forall z,y € R?)
with) < v < a A1, whenever 0 < o < 1, and with 0 < v < 1, whenever 1 < o < 2. Then for all
t >0,

—t ~tHo (o) (@) () L
(Tr(e H _ o=t )) +p; (0)t /Rd V(z)dz —p; (0)§t2 /Rd \V(m)|2da§

(2.19) < ConallVI1ip(® 0) (IV |V 4 p/o+2)

where the constant C,, ~ q depends only on «, vy and d. In particular,

(2200 Tr(e” —e ) = p?(0) (‘f/ Viadr + 5 / V()2 + o<tv/a+2>) ,
R4 Rd
ast | 0.

Theorems 2.1 and 2.2 are proved in §3. In §5, we provide extensions to other non-local operators.

3. PROOF OF THEOREMS 2.1 AND 2.2

Proof of Theorem 2.1. Setting
o= /Ot V(XJ)ds, and b= t|V]w,
we observe that —b < a < 0. We then use the following elementary inequality from [7]
3.1) —a<e®—1<-a (1 + ;beb>
to conclude that

t . t
—/ V(Xs)ds < (6#0 V(Xs)ds _ 1) < {—/ V(Xs)ds] <1+ 1t\|vHooet”V“oo> .
0 0 2

Taking expectations of both sides of this inequality with respect to E;x and then integrating on R¢
with respect to z, it follows exactly as in the derivation of the general bound (2.13), that (2.15) holds.
This concludes the proof of (i) in Theorem 2.1.
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For (ii), we observe that by (2.14) we have (again using (2.12))

3.2) (Tr(e*“f — ety 4 () (o)t / V(x)dm‘

Rd
@) s o= 1
<HOY 5 [ B
k=2 /R

(@) oy o= PV '
< p, (O)ZT RdExyx i \V(X,)|ds | dx

k=2

t k
/ V(Xs)ds) dx
0

() — VA (@) 2 Vs
= p; (O)tHV||1ZTSCpt OV IV lloce :

k=2
for some absolute constant C'. This proves (ii) and concludes the proof of the theorem. (|
Remark 3.1. We observe that the above holds for any operator which arises from subordination of a
Brownian motion. For such operators the transition probabilities p, are symmetric radial and decreas-

ing, hence py(x,x) = pi(0). In section 5 below we give examples of other non-local operators for
which Theorem 2.2 also holds.

Proof of Theorem 2.2. We begin by observing that (exactly as in the proof of inequality (3.2)) we have

t ¢ t
e Jo VXads _ 4 / v<Xs>ds—§ { / V<Xs>ds]
0 0

2

t
(3.3) < OV )V / V(X,)ds,
0

for some constant C. By taking expectation of both sides of (3.3) with respect to Efm, and then inte-
grating with respect to x, we obtain
) dx

t
< ClV el [ B, ( / |v<Xs>ds) da
Rd 0
OV )2V ItV 1,

t t ?
o~ Jo V(Xs)ds _ +/ V(Xs)ds — % {/ V(Xs)ds]
0 0

where we use again (2.12).
Returning to the definition of the trace differences in (2.10) we see that this leads to

t 2
%(Tr(efﬂ{ —e oyt | V(x)dx — 1/ Et, [/ V(Xs)ds} dx
pi" (0) = 2 e\ Lo
(3.4) < C(HV]|oo)?e W]V

It remains to estimate the term Eix([}Q) Since V' is uniformly Holder with exponent -y and constant
M, we have

(3.5) V(X, +2)— V(z)| < M|X,|".
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{/V } {/V }

(3.6) = E6’0< [/Ot(V(Xs +x) — V(ﬂc))ds} :

t
[/ V(X +2) + V(x))ds] > .
0
By employing (3.5), we obtain

E ([/OtV(Xs)ds} 2) — *V?(z)| < ME{, ([/Ot\XSPds} [/Ot(|V(Xs+x)| + \V(x)|)dsD .

Integrating both sides of this inequality with respect to x and using Fubini’s theorem, we have that the
value of the second integral becomes 2¢||V'||;. Thus we arrive at

/Rd P (M V(XS)‘ZS} 2) d —¢* /IR |V (z)|dz

t
< 2AM|V|,E}, </ |XS]"*ds> .
0

Now, it remains to estimate the expectation on the right side of (3.7). Asin (2.11) we have

t t
(8) sho ([ pras) - / an(rxs\wds
0

(a)
S ’0
R4 )

(
b
_ /t/2/ (a)(o y pt S(y70) |y|’ydyd8
R? t 7 )

(04)
0
+ / / a)pt 40 )|y]"’dyds
t/2 JRd pt (0,0)

_ /t/2/ Oy E (Y, )|y|7dyds.
R )(0,0)

by

Hence,

B, [ /0 t V(Xs)ds] _ 2V

3.7

To estimate the right hand side we observe that for all 0 < s < /2 and all y € R,

(3.9) P (y,0) < pi2(0,0) < p{$(0,0).

By scaling (Equation (2.6))
Py7(0,0)

_ 2d/o¢
i (0,0)
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and therefore the right hand side of (3.8) is bounded above by

E} t\X Nds) < 2d/et! " @0 Vdyd
0,0 s < ps™(0,y)|y|" dyds
0 0 Rd

t/2
_ zd/aﬂ/o EO(|X,[")ds

t/2
Sy A AT
0

9d/a+1

= S E0n0)

/et
v/a+1’

where we used the scaling property of the stable process coming from (2.6). We now recall that
E°(]X1]") is finite under our assumption that v < . (This fact follows trivially from (2.7).) Thus
we see that

t
(3.10) E, < / |Xs|7ds> < Coryat?o
0

where the constant C, ,, 4 depends only on c, v and d. We conclude that

P (U()t V(XSMS] 2) do =t | V(@) do

3.11)

Returning to (3.4) we find that

t
f£2MﬂWME%</L&W%)
0

M|V ||1Caypat? 2.

IN

1 1
— (Tr(e tH — ¢~tHo —|—t/ dea:—tQ/ V(z)|?dz
S (e D+t Va5t [ Vi)
(3.12) < OBV |2 MW=V [y + M V[[1 oy 7/

< CappallV Il (IVIZENY I 4 1/2).

Rewriting this in the form stated in Theorem 2.2 we arrive at the announced bound

—t —tHy o (@) 1
‘(Tr(e M) ) [ Vs -0 0F5 [ Vil

(3.13) < CamallVInp{® (0) (V|12 TVIt? 4 07/042)
valid for all ¢ > 0. ]

Remark 3.2. We remark that the estimate in (2.6) also works in the case of Brownian motion, o« = 2.
However; in this case one may use the fact (as done in [7]) that

p 0,97 (4,0) )
(2) = Psis) 0,9)
o (07 0) ‘

to explicitly compute the quantity in (3.8). It is also interesting to observe her that in the case of
Brownian motion one can compute the quantity on the right hand side of (2.6) without the explicit
estimate that comes from (3.14). Indeed, by observing that in law the Brownian bridge started at 0 and

(3.14)
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conditioned to return to 0 in time t is the same as Bs — th, where Bg is standard Brownian motion, a
simple computation gives

t t
Eg;o(/ Bsnds) = /EO\BS—SBMS
’ 0 0 t
t
o, [ 7+ (3) 1) o
0

cEB [ (7 (2) 00 as

— C/‘/dt“//2+17

(3.15)

IN

where C., g depends only on 7y and d.

Unfortunately, the simple path construction Xy — 3 Xy only leads to the stable bridge when o = 2
and we are not able to repeat (3.15) in the case 0 < o < 2, hence our use of (3.9). However, it may
be that the construction by Chaumont in [11] (or perhaps some of the estimates of Fitzsimmons and
Getoor in [20]) can be used to compute the expression in (2.6) explicitly.

4. ALTERNATIVE PROOFS OF THEOREMS 2.1 AND 2.2

In this section we present an alternative method for computing the first two coefficients in the ex-
pansion of the trace difference based on the expansion of powers of the Feynman-Kac functional in
terms of multiple symmetric integrals. While this method does not give any new results, we believe the
idea may lead the computation of more terms in the asymptotics. In addition, the argument is short and
simple. We begin by observing that from formula (2.14) we have

k

© 1)k t
4.1) Tr (e_tH - e_tHO) = pl(ta)(()) Z ( kl') /Rd E;x (/0 V(Xs)d3> de,

k=1

where as mentioned there the sum is absolutely convergent for all potentials V' € L>®(R%) N L' (R)
and all £ > 0. We note also that in fact, for every N > 1,

k

42)  Tr (e — e tHo) = pi®)(0) (i (_kll)k /R Bl ( /0 tV(Xs)ds>

dx + (’)(tN“)> ,
k=1

as t | 0. This follows from the fact that

— (=" ¢ ' ’ o Ly
(4.3) ‘ > /RdEM </O V(Xs)ds> d:r) < D VKTV

k=N+1 k=N-+1
tN+1\|VHJoVoHV||1et||V||OO
N

A

Next observe that
k

(/Ot V(Xs)ds> = klJ

Jp = / V(Xs1)d51V(X82)d82 e V(Xsk)dsk'
0<s1<82< <5<t

where
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Recalling that the finite dimensional distributions of the stable bridge are given by

k
1
PLAXy, € dy1, Xoy €y, Xy, € dyp} = —— )Hpﬁjﬁl_sj(ym ),
p T,z 7=0

where yo = yr+1 = x, so = 0, Sp+1 = ¢, we can write

oo
(4.4) Tr (e_tH — e_tHo) = Z(—l)k / fk(sl, 52,... ,3k)d31d52 s dsk,
k=1 0<51<59< <Sk<t

where
k
Ii(s1,82,. ., 5k) Z/(Rd)k+1 pg]ll o Wi =) [ [ Vwy)dypdys. - dyrda.
i=0 7j=1

Here (as several times before) we used the fact that pga) (x,z) = pga) (0). By Fubini’s theorem we may

integrate with respect to x first and use the fact that

/ pg?) (yl — ;p)p(a) (ykz — :E)dﬂS' = pi )(Sk_81)(yk - yl)

to arrive at
o0

4.5) Tr (e_tH — e_tHo) = Z(—l)k / I(s1,82,...,8k)ds1dss - - - dsg,
k=1 0<s51<52<--- <5<t

where

_ (a) _ .
Ik(81,82,...,8k) - /(Rd)k (ptf(skfsﬂ(yk yl)V(yl))

H pg?—?—l—s]' (Yj+1 — ;) V(yj+1) | dyrdyz - - - dyg.
j=1

We can then also re-write the right hand side of (4.2) as

N k

a -1

(4.6) pg )(0) E ((a) ) / Ik(Sl, 82,4y Sk)dsldSQ ce dSk + O(tNJrl) .
k=1 pt (O) 0<51<52<-- <5 <t

From these formulas we can also compute coefficients in the asymptotic expansion of the trace as
t | 0 fairly directly and in particular give alternative proofs of Theorems 2.1 and 2.2.
If Kk = 1, we see that

PEC—Y)(Sk—sg(yk —y1) = (0)
and

his) =27 0) [ Vi,

which immediately leads to (2.18) in Theorem 2.1.
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If £ = 2, we write
@7 Ix(s1,52) / / C(sa—sny) W2 = y1)P ESQ) sy (W2 = y)V (1) V (y2)dy1dyz
R4 JR4
= P e —y)p ™ (=) (V) = V(ya) + V() V(y2)dyrdys
rd Jga t—(s2751) (s2—51)
_ (o) . () . 2
= /Rd /det_ so—sn) (W2 = Y1)Do oy (W2 — y1)V 7 (y2)dyrdys

a0 = By 2 = ) (V) = V() V)i
Rd JR4

Integrating first with respect to y; we conclude that

/]Rd /det (s2— 31)(y2—y1) gsg 31)(y2—y1)v (y2)dy1dys = pt / [V (y)|?dy.

On the other hand, |V (y1) — V(y2)| < M|y1 — y2|” an hence

438) Lo P o = 0B 02— ) (V1) = V02) V ()
R4 JR4
< 0 [ [ = 0 (v = w0)lon — eIV ()l
Rd JR4
= M R (/deif)(@_sl)(w—yl)pgsﬁ 31)(y2—y1)|3/2—y1|7dy1> |V (y2) |dy2
_ () () y
= M ([ % 00y @bdy) ([ 1veay)
Thus
/ IQ(Sl,SQ)dSldSQ _pga)(O)tQ/ ]V(y)|2dy+Rt
0<s1<s2<t R4
where
R, < M|VIh / / P ey @D W)ly| dydsdss
0<51<82<t

=i [ 7 % . E?;m)w)lylwwad@

— MVIy / / / P (4 () ly " dydsdsy

< MV / / / ()0l () [y dydsdss
= M|Vt / / P, (9)p () ly " dyds

t/2
= M|Vt / / P, )P () ly | dyds

ChaaBO(1X0 ) ™ (0) 772,

IN

using the argument of (3.9). As in (3.12), this gives another proof of (2.20) in Theorem 2.2.
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5. EXTENSION TO OTHER NON-LOCAL OPERATORS

Taking 0 < 8 < a < 2 and a > 0, we consider the process Z = X; + aY;, where X; and Y}
are independent «-stable and [3-stable processes, respectively. This process is called the independent
sum of the symmetric a-stable process X and the symmetric [3-stable process Y with weight a. The
infinitesimal generator of Z7 is A%/2 4 af AP/2_ This again is a non-local operator. Acting on functions
f € C5°(R?) we have

5.1) (a2 + 0P A7) f(a) =

e—0F

. 1 aP
Ad-a 10 {lyl>€} (Iy\d“" " Iy\d+ﬂ> e +9) = fe)ldy,

where A _, is as in (2.8).

Properties of the heat kernel (transition probabilities) for this operator have been studied by sev-
eral people in recent years. See for example Chen and Kumagai [18], Chen, Kim and Song [16] or
Jakubowski and Szczypkowski [24], and references given there. If we denote the heat kernel of this
operator by p¢(z), we have that

1 —ix-§ ,— “+a

(5.2) piz) = W/Rde £t +alel?) g
>© 1 =2

(5.3) = ; We I 7, (3) dS,

where 7¢(s) is be the density function of the sum of the «/2-stable subordinator and a2-times the 3/2-
stable subordinator. Again, this density is radial, symmetric, and decreasing in |x|. It is proved in [ 18]
and [16] that there is a constant C,, g 4 depending only on the parameters indicated such that for all
r€R%andt >0,

(5.4) ok o8 (@) < pi(2) < Capafi(a)

where

8
aroN — ((B—d/B A 1—d]a t a’t
Fox) = ((a £)= Y8 At ) A <|x|d+a + \wl‘”ﬁ) .

We note that for ¢ = 0 this is just the estimate in (2.7). For any v > 0 with 0 < v < 8 < « we have
for any ¢ > 0,

t t t
| Bzimas < o ( | X +a | EO(!YSWS)
0 0 0

v/a+1 v/B+1

o Y/t v/ B+1
+ .
vef\ya+1 T /B +1
With (5.5) both proofs above for Theorem 2.2 can be repeated to obtain the same result for the
operator A%/2 + aP AP/2_ replacing A®/2. More precisely we have

0 /et 0 v/ B+1
(5.3 = O | E(IX1) 7= +a"E°(IN]")

Theorem 5.1. Leta > 0,0 < f < o < 2 and let Hf = A2 4 aP NP2 Suppose V € L®(RY) N
LY(R%) and that it is also uniformly Holder continuous of order vy, with 0 < ~y < 3 A 1, whenever
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0< B8 <1, andwith0 < v <1, whenever 1 < 8 < 2. Let H* = A2 4 gPAPI2 4V, Then for all
t>0,

—tH% _ _—tHg a aro L
(Tr(e " — ¢t ))+pt(0)t/Rd V(x)d:c—pt(O)QtQ/RdV(x)|2dm

(56) < Cosnpnall VI (0) (VIR VI 4 g1/e2 1 p/842)

where the constant Cg g ~.4 depends only on a, o, 3, v and d. In particular,

57 Tr(e™" —e7M6) =}(0) (‘t/ V(z)dz + %tQ / |V (@)Pdz + om/a”)) :
Rd R4

ast | 0.

We next consider another stochastic process associated with a non-local operator that has been of
considerable interest to many people in recent years, the so called relativistic Brownian motion and its
more general versions, the a-stable relativistic process. This is again a Lévy process denote by X"
with characteristic function

o Q/Q—m i m i m,a
(5.8) ¢t (P em?/e)™ om) _ piexpy /Rd eSp™ ) (y)dy,

forany m > 0 and 0 < o < 2. The case a = 1 is the relativistic Brownian motion and m = 0 yields
back the stable processes of order . Henceforth we assume that m > 0. As in the case of stable
processes, X/" is a subordination of Brownian motion and in fact

m,o 1 ize—t((|e24m2/e) 2 m
(5.9) pg )(x): = W/Rde e t<( + ) )dg

> 1 =l o
o gt T

where 7] (s) is the density of the subordinator with Bernstein function ®(\) = (A 4+ m?/®)®/2 —m,

As before we see that pgm’a)(x) is radial, symmetric, and decreasing in |z|. By a simple change of

variables it is easy to see that the transition densities have the scaling property

(5.10) pgm,a) (ZL‘) — md/apgif) (ml/ax)‘
These properties can all be found in Ryznar [29] where it is also proved that

, < 1 22 /ey a2
o ) = [ e S e

where 7;" / 2(s) is the density for the «v/2-stable subordinator. By scaling
i (s) = e P (s,

Hence changing variables in (5.11) leads to

. —m a (m,a o 1 «a a
(5.12) 11‘%16 tyd/ pg )(0):/ /2(5) ds = p7(0)

o (dms)a2™
where the last equality follows from (2.5).
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The infinitesimal generator of X/" is given by m — (mz/ a— A)a/ 2. The case @ = 1 gives the
generator m — v/ —A + m? which is the free relativistic Hamiltonian. For more on these notions we
refer the reader to Carmona, Masters and Simon [10].

Estimates for the global transition probabilities p§m’“) (z) and their Dirichlet counterparts for various
domains have been studied by many authors. We refer the reader to [12], [13], [14], [15], [17], [18],
[28], [29]. In particular, it follows from Chen, Kim and Song [14, Theorem 2.1] that there exists a
constant C,, ,, ¢ depending on «, m and d such that for all z € R%and all t € (0,1],

0 (ma|z|)
—~ I
|w’d+a -

0 (ma|z|)

b _d
pgma)(ff) < Cam,dt /%A |z|dte

(5.13) Cotoat A

where

“1 o0
U(r) = 9~ (d+a)p (d —g a) / s L8/ s g
0

which is a decreasing function of 72 with ¥(0) = 1, ¥(r) < 1 and with

)

Cl—lefrr(dJrafl)/Z < \I/(T) < Clefrr(d+afl)/2

for all » > 1. (See also Chen and Song,[17, p. 277].) Thus the relativistic transition probabilities
behave similarly to those of stable processes. We note in particular that pgm’a) (z,y) = pl(tm’a) (r—vy)

and that pgm’a) (x,0) is radial (a function of |z|), decreasing with its maximum at 0 and that pgm’a) (0,0)
is decreasing as a function of £.

Next, we need to compute bounds for the v moments of X". More precisely we want to understand
the behavior of fg E%\X™[Ydr, as t | 0. Let us denote the standard Brownian motion in R¢ by B, and
recall that E°| Bos|" = 27/257/2E°| By|" and 2/2E°| By |7 = C, 4, where the latter is an explicit and
computable constant whose exact value is not relevant for our calculations here. Using this, (5.10) and
(5.11) we have

t dry t dy mt
/Eoyx,mws = m/ E0|X;wndr:m<a—1>/ E°| X! dr
0

mt
(5.14) = mED / / |2 "p () dzdr

Rd

= m(@D / </ EO| Bag e~ n/2 (s )ds)d
mt 00

= C'«Ydm(dnY 1)/ e” </ 57/26_5177?‘/2(5)d8> dr,
0 0
mt 00

= C’de(dnY 1)/ e” </ 57/26_57“_2/0‘77?/2(T_2/as)ds> dr
0 0
mt o0

— Cvdm(dﬂ/ 1)/ r/eer (/ 8“//26—31“2/“77?/2(8)d5> dr,
0 0

where we used the scaling property of the stable subordinator for the second to the last line and a
change variables for the last line. But

/ V2= /2 () s < / 7202 (s)ds = CLE| X4 | < oo,
0 0
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whenever v < . (Here, X is the stable process of order « at time 1.) Thus,
t
/ E°|X"Ydr < Coqm,d gr/etiemt
0

and this is valid for all ¢ > 0.
With this inequality we follow the reasoning in (3.9) to conduced that

t t/2
(5.15) Eb, ( / yX;"st) = Comud / / P (0, y) y[ dyds
0 0 R4
t/2

= Comd EO(|X™)ds
0

+1
< Ca,'y,m,d t’Y/a ;

forall ¢ > 0.
With (5.15), the proof of Theorem 2.2 can be repeated to obtain a similar result for the operator
associated with the relativistic stable processes. More precisely we have

Theorem 5.2. Let H* = m — (m%® — A)Q/Q. Suppose V- € L>®(R%) N LY(R?) and that it is
also uniformly Holder continuous of order v, with 0 < v < a A 1, whenever 0 < o < 1, and with
0 <~y <1, whenever 1 < a < 2. Let H™ = m — (m?** — A)Q/Q + V. Then forall t > 0,

(Tr(e™™ =) 2 0)t | Viahdo = )58 [ 1V(0)Pda

(5.16) < Capmall V1™ 0) (I [ZeIV I 4 17242}

where the constant Cy, ~ . q depends only on v, v, m and d.
In particular,

(517 Tr(e™™" — ) = p™ ) (0) (‘t/ Viaydr + 5 / |V () Pdx + om/a”)) ,
R4 R4

ast ] 0.
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