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Abstract

We prove the boundedness on LP, 1 < p < oo, of operators on manifolds which arise
by taking conditional expectation of transformations of stochastic integrals. These operators
include various classical operators such as second order Riesz transforms and operators of
Laplace transform-type.
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1 Introduction

The classical martingale inequalities of Burkholder and Gundy [8] play a fundamental role in
many areas of probability and its applications. These inequalities have their roots in the cele-
brated 1966 martingale transforms inequality of Burkholder [6]. In 1984 [7], Burkholder obtained
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the sharp constants in his 1966 martingale inequalities. In recent years, these sharp inequalities
have had many applications to the study of basic singular integrals and Fourier multipliers on
Euclidean space IR? with the Lebesgue measure (the ordinary Laplacian case) and with Gaussian
measure (the Ornstein—Uhlenbeck case). For an account of some of this literature we refer the
reader to the overview article [2]. The purpose of this paper is to show that these martingale
transform techniques apply to wide range of operators on manifolds, including multipliers arising
from Schrodinger operators and Riesz transforms on Lie groups. For the Laplacian, and other
self-adjoint diffusions without a zero order term, Burkholder’s sharp inequalities can be applied
and our LP bounds are exactly as those on IR?. However, in the case of Schrodinger operators the
sharp Burkholder inequalities do not apply in any direct way and in this case we obtain our results
by proving a version of the Burkholder-Gundy inequalities with an exponential weight which does
not produce best constants. Our results in this paper (see Remark 2.1 below) also correct a gap
contained in [21], [22] and [23]. (See also [20] for details on the correct formulation of some of
the results in those papers.)

To introduce our operators and state our results, let M be a smooth manifold endowed with a
smooth measure u. Let X1, --- , X4 be locally Lipschitz vector fields defined on M. We consider

the Schrodinger operator,
d

L= —% dXIXi+V,
i=1
where X" denotes the formal adjoint of X; with respect to ;» and where V' : M — R is a non-
positive smooth function, often referred to it in this paper as a potential. We assume that L is
essentially self-adjoint with respect to ;. on the space C3° (M) of smooth and compactly supported
functions and that the solution of the Stratonovitch stochastic differential equation associated with
L is non-eplosive. We denote by (P;):>0o the heat semigroup with generator L. We can write
L= % Zle X2 + X¢ + V, for some locally Lipschitz vector field Xo.
Let A;j : [0,+00) x M — R, 1 <4, j < d be bounded and smooth real valued functions and
let A(t,z) = (A;j;) be the d x d matrix with A;; entries. Set

[A[l = [ITAE, 2)| Lo (j0,4-00) x1a)
where | A(t, z)| is the usual quadratic norm of the d x d matrix A(t,z). That is,
|A(t, )| = sup{|A(t, 2)¢]: € € R, [¢] = 1}.
Our goal in this paper is to study the continuity on L% (M) for 1 < p < oo of the operator
d oo
(1.1) Saf=Y_ /0 P X} Aij(t)X; P fdt
i,j=1

and to obtain precise information on the size of their norms. The following two remarks shed some
light on the structure of these operators in two important special cases.



Remark 1.1. If L = —% 2?21 X! X; +V is subelliptic, then the semigroup P; admits a smooth
symmetric kernel p(t, x,y) (see [5], [17] ) and in that case, it is easily seen that

Saf() = [ K(e.2)f()inz),
with J
+00
K(z,2) =m21 /0 /M Ayt 9) XDt > 2) XVp(E, , 2)da(y)dt.

Remark 1.2. Let (M, g) be a complete Riemannian manifold. In this framework the Laplace-
Beltrami operator A is essentially self-adjoint on C5°(M). We may then consider the Schrodinger
operator

1
L=—3A+V

where, as above, V' is a non-positive smooth potential. In this case, the operator S 4 can be written
as

For 1 < p < oo let p* denote the maximum of p and ¢, where % + % = 1. Thus p* =
max{p, ;%5 } and

1
(12) po1={rm l<P=2
p—1, 2<p<oo.

The following is the main result of this paper.

Theorem 1.1. For any 1 < p < oo there is a constant C, depending only on p such that for every
€ L (M),

(1.3) ISafll < Coll AL lp-

If the potential V = 0, then
(1.4) 1Saflly < (" = DIAINSp,

and this bound is sharp.

As we shall see below, these operators include the multipliers of Laplace transform-type and
second order Riesz transforms on Lie groups of compact type. The fact that the bound in (1.4)
is best possible follows from the fact that the best constant in the L? inequality for second order
Riesz transforms R; R, on R is p* —1; see §4.2 below and [13] and [3].

The paper is organized as follows. In §2, we recall various versions of Burkholder’s sharp
inequalities and prove a version of the Burkholder-Gundy inequality needed for (1.3). The proof
of Theorem 1.1 is given in §3 where we also give an explicit bound for the constant in (1.3). In §4,
we give some concrete examples of our operators.



2 Martingale inequalities

In this section we recall the sharp martingale inequalities of Burkholder and prove a version of the
Burkholder-Gundy inequalities used in the proof of (1.3) in Theorem 1.1.

Let f = {fn,n > 0} be a martingale with different sequence df = {dfy,k > 0}, where
dfi = fr — frx—1 for k > 1 and dfy = fy. Given a predictable sequence of random variables
{vk,k > 0} uniformly bounded for all k£ the martingale difference sequence {vidfi,k > 0}
generates a new martingale called the martingale transform of f and denoted by v x f. We set
| fllp = sup,>o || frullp for 0 < p < oo. Burkholder’s 1966 result [0] asserts that the operator
f — vx f = gisbounded on L? forall 1 < p < co. In his 1984 seminal paper [7] Burkholder
determined the norm of this operator by proving the following result.

Theorem 2.1. Let f = {f,,n > 0} be a martingale and let g = v * f be its martingale transform
by the predictable sequence v = {vg, k > 0} with vy, taking values in [—1, 1] for all k. Then

(2.1) gl < @" = DIlfllp, 1 <p<oo,

and the constant p* — 1 is best possible.

In [9], K.P. Choi used the techniques of Burkholder to identify the best constant in the martin-
gale transforms where the predictable sequence v takes values in [0, 1] instead of [—1, 1]. While
Choi’s constant is not as explicit as the p* — 1 constant of Burkholder, one does have a lot of
information on it.

Theorem 2.2. Let f = {f,,n > 0} be a real-valued martingale and let g = v f be its martingale
by a predictable sequence v = {vy, k > 0} with values in [0, 1] for all k. Then

(2.2) lgllp < cpll fllp, 1<p<oo,

with the best constant c,, satisfying

1 1+e2 o
cp:§+2log< 5 )—i—;—#—‘--

1+e2\1* 1 1+e? e 2 \?

Motivated by Theorems 2.1 and 2.2 the following definition was introduced in [3].

where

Definition 2.1. Let —0o < b < B < oo and 1 < p < oo be given and fixed. We define Cp}, p
as the least positive number C' such that for any real-valued martingale f and for any transform
g =vx f of f by a predictable sequence v = {vg, k > 0} with values in b, B], we have

(2.3) llglly < ClIf[lp-



Thus, for example, C), _, = a(p* — 1) by Burkholder’s Theorem 2.1 and C), o, = ac, by
Choi’s Theorem 2.2. It is also the case that for any b, B as above,

B —
2o ma(F50) 0 0, maBL b1 | < G < max(B, B 1)

For the applications to the above operators we will need versions of these inequalities for
continuous-time martingales. Suppose that (2, F,P) is a complete probability space, filtered by
(Ft)t>0, a nondecreasing and right-continuous family of sub-o-fields of F. Assume, as usual, that
JFo contains all the events of probability 0. Let X, Y be adapted, real valued martingales which
have right-continuous paths with left-limits (r.c.l.l.). Denote by [X, X] the quadratic variation
process of X: we refer the reader to Dellacherie and Meyer [10] for details. Following [4] and
[27], we say that Y is differentially subordinate to X if the process if |Yy| < |Xo| and ([ X, X]; —
[Y,Y]:)t>0 is nondecreasing and nonnegative as a function of . We have the following extension
of the Burkholder inequalities proved in [4] for continuous-path martingales and in [27] in the
general case. Set || X ||, = sup;>¢ [| X[, 0 < p < oc.

Theorem 2.3. If'Y is differentially subordinate to X, then
(2.5) Yy < @ =DIX]p,  1<p<oo,
and the inequality is sharp.

The case of non-symmetric multipliers is covered by the following result proved in [3].

Theorem 2.4. Suppose —oco < b < B < oo and Xy, Y; are two real valued martingales with which have
right-continuous paths with left-limits with |Yy| < |Xo| and which satisfy

(2.6) ?X,? L—[Y—b—;BX,Y—b—;BXt>O
and nondecreasing for all t > 0 (differential subordination). Then
I¥lp < Cpp.lIXIlp, 1 <p<oo,
and the inequality is sharp.
Note that when B = a > 0 and b = —a, we have the case of Theorem 2.3. As we shall see,

(2.5) will give the bound in (1.4) and (2.6) will give some extensions.

For the general case when V' £ 0 (for the inequality (1.3)) none of the above results apply and
we shall need a variation of the Burkholder-Gundy inequalities. While this bound is not sharp, it
applies to a wide class of processes and can even be used to study operators on manifolds acting on
forms. We shall comment more on this a little later. We start by recalling the following domination
inequality due to Lenglart [ 18] (See also Revuz-Yor [25], p.162-163).

Proposition 2.1. (Lenglart) Let (N¢):>0 be a positive adapted right-continuous process and (A )¢>0
be an increasing process. Assume that for every bounded stopping time T,

E(N,) < E(A,).



Then, for every k € (0, 1),

k
2—-k
E{ sup V) | <2°"E (A{;) .
0<t<T 1-k
We shall use this lemma to prove the following

Theorem 2.5. Let T' > 0 and (M;)o<t<T be a continuous local martingale. Consider the process
t ,
Zy = eli Veds / e I Vadugg
0

where (Vi)o<t<T is a non positive adapted and continuous process. For every 0 < p < oo, there
is a universal constant C, independent of T, (My)o<i<7 and (Vy)o<i<T such that

# () ) e (00)

Proof. By stopping it is enough to prove the result for bounded M. Let ¢ > 2. From It6’s formula

we have
dZy = Z;Vidt + dM;

and
1
d|Z,| = q|Z|" tsgn(Z;)dZ; + 5q(q —1)|Z,|77%d < M >,
1
= q|Z|9Vdt + qsgn(Zt)|Zt|q_1th + §q(q - 1)|Zt|q_2d <M >;.

Since V; < 0, as a consequence of the Doob’s optional sampling theorem, we get that for every
bounded stopping time T,

1 T
B2, < gata - VE ([ |z 20 <M >1)
0

From the Lenglart’s domination inequality, we deduce then that for every k € (0, 1),

N ek /1 F T F
B( (sw 1zr) | <225 (Gea-n) 2 ([ 1zra<ars) ).
0<t<T 1—-k\2 0

We now bound

T k k(q—2) T
IE((/ |Zt|q‘2d<M>t> ) <E < sup |Zt|> (/ d<M>t>
0 0<t<T 0

1—2
q

kq - %
<E (sup |Zt\> E<<M>73> .
0<t<T

k



As a consequence, we obtain

2
1 7 9

k k kq 2
2—-k (1 ka\
E sup |Z|? <——(=zq¢(¢g—1)) E sup |Zi| E{<M>z | .
0<t<T 1—k\2 0<t<T

Letting p = gk yields the claimed result. O

We should note here that in the above proof the fixed time 7" can be replaced by a stopping
time. More interesting and useful for applications is the fact that this result admits the following
multidimensional generalization whose proof identical to the above proof and which we leave to
the interested reader.

Theorem 2.6. Let T > 0 and (My)o<i<1 be an R% valued continuous local martingale. Consider
the solution of the matrix equation

M, = ViM,dt, M, = 1d,

where (V¢)o<i<T is an adapted and continuous process taking values in the set of symmetric and
non positive d X d matrices. Consider the process

t
Zy = /\/lt/ MM,
0

For every 0 < p < o0, there is a universal constant C, that is independent from d, T', (M)o<t<T
and (V)o<t<T such that

p
@) E (( sup Hztn) ) < GE (M)
0<t<T

Remark 2.1. Theorem 2.6 may be used to correct a gap contained in the papers [21], [22], [23]
of X. D. Li. In these papers the author considers quantities like M, f(f M M but writes them
as fg /\/lt/\/ls_ldM s to give LP estimates using the classical Burkholder-Gundy inequality or even
explicit expressions for the constants using the Burkholder bounds of Theorem 2.3. This, however,
is not possible due to the non-adaptedness of the process My M3 ! which prevents us from bringing
the M inside the integral. Therefore, in those papers, several of the explicit constants given there
involving (p* — 1) need to be replaced with less precise constants C,, depending only on p. The
necessary changes and correct formulations for Li’s results are contained in [20].

3 Proof of Theorem 1.1 and some refinements

Consider the Schrodinger operator L = % Zle X2+ Xo+V. The diffusion (Y;)¢>0 with genera-
tor % Z?Zl X2+ X can then be constructed via the Stratonovitch stochastic differential equation

d
dY; = Xo(Ya)dt + Y | Xi(Y;) o dBj,
=1



which we assume non—explosive. In the sequel we shall denote by (Y;):>0 the solution of this
equation started with an initial distribution . We will use E,, to denote the expectation associated
with the process Y starting at x and E to denote the expectation of the process starting with p. (See
[2] for some literature related to the possible intricacies associated to the process starting with the
possibly infinite measure f.)

Let us recall that by the Feynman-Kac formula, the semigroup P; acting on f € C5°(M) can
be written as

Pf() = By (b VOO (1)) .

Let us fix T' > 0 in what follows. We first consider the relevant martingales associated to our
operators. We have

Lemma 3.1. Let f € Cg°(M). The process (efot V(YS)dS(PT,tf)(Yt))O< o is a martingale and
<t<

we have
T d T
e VORI () = (Ppf)(Yo) + 3 / el VO (X, Pr_, f) (Vi) d B}
i=1 70

The proof of the lemma is clear. For 0 < ¢ < T, set
Z}h= el VOO 72 = (P f)(V))

and apply the 1t6 formula.
The next expression provides the probabilistic connection to our operators. For f € C5°(M),
0<T < oo,set

d T
Shf(@)=E | el VO 37 / e o VORI 4 (T — 4, Y,) (X Pr—o f)(Y1)dBY | Yo =«
i,j=170

If ¢ is another function in C5°(M), the It6 isometry and the lemma give

d T
T .
/ (Shf)gdp = E [elo VO 3™ / e~ o Vs 4 (T — 4 V) (X;Pr_of)(V1)dBig(Yr)
M = 0
i,5=1

d T
T t .
— Z E <efo V(Yo)ds o x7) / e Jo VY)ds 4 (T — V) (X Pr_y f)()g)dB;)

ij=1 0

T
= Y5 ([ AT P e )

1,j=1

d T
- Z/O /MAij(t)(XiPtg)(Xthf)dudt.

i,j=1



Therefore, we have
d T

(3.1) Shr= Z/ (PXFA;;(t) X, P f)dt.
i,j=1"0

Lemma 3.2. Forany 1 < p < oo, there is a constant C, depending only on p such that for every
f e L),

(3.2) ISALN < Coll Al f1lp-
If the potential V = 0, then
(3.3) 1S5S < " = DIAIN -
In particular these constants do not depend on T
Proof. We first observe that if V' = 0 then the martingale
d t
Z /0 A (T = t,Y3)(X;Pr_o f)(Y2)dB;
i,j=1

is differentially subordinate to || A||Pr—;f(Y%). It Follows from the contraction of the conditional
expectation on LP, 1 < p < oo, and Theorem 2.3, that

ISASI < (" = DA s

which is the estimate in (3.3).
We now deal with the case of V' # 0. We first prove an LP estimates for

T d
| Sregpa
=1

which is the quadratic variation of the martingale appearing in Lemma 3.1. Using It6’s formula
with 0 < t < T for (Pr_.f)(Y;)?, we obtain

s = Pes )+ [ LS x2 i xo+ 2 (o
0 0 2i:1 i 0 ot T—t t

d T
Y / Xi(Prof)2(Yy)dBi.
i=170
Therefore

T d
E (/0 <; > X7+ Xo+ i) (PT_tf)Q(Yt)dt> < IIf1I3

i=1



We now compute

d
( ZX2—|—X0 88>(PT tf) —Q(PT_tf <;ZX2+X0> PT tf+z XPT tf

=1 =1

d
—2(Pr_.f) (; Z X2+ Xo+ V) Pr_.f

i=1

(XiPr_if)* — 2V (Pr_.f)?

Il
'M&EM&

s
I
—

(XiPr_.f)*.

This implies that

(X;P Yd<ET1dX2X6P 2(vdt | < || f12
/Z v Pt ) < [ GRE X0+ ) (ras Pt ) < 1113

Combining this with Theorem 2.5 and again with the fact that the conditional expectation is a
contraction on L2, we obtain

ST Fll2 < IANNf]l2,

which proves the result for p = 2.

Assume now that 2 < p < oco. The above computations show that (Pr_;f)?(Y;) is a sub-
martingale. From the Lenglart-Lépingle-Pratelli estimate and Doob’s maximal inequality, we de-
duce that

T 0
(] (555050 2) o)

[SIS]

IN

pp/2E< sup ((PT—tf)Q(Y;f))pﬂ)
0<t<T

IN

w2 (25) Esoar)

p/2
i (S25) s

IN

We conclude

[NIiS]

r
2

(X;P Y;)2d < E TldX2X8P 2(v,)d
/Z r—f)(Ye)“dt < /0 2; i + 0+a (Pr—if)"(Ye)dt
p/2
< we(S2)

Combining this with Theorem 2.5, proves the result in the range 2 < p < oco. Finally, the adjoint
of 8% acting on L¥,(M) is S%. acting on L},(M), where Il) + é = 1. The result is then obtained by
duality. O

10



Proof of Theorem 1.1. It remains to show that we can let 7' — oo in Lemma 3.2. To see this
observe that by applying the lemma with the matrix

(XiPf)(2)(X, Prg) (@)
1/2
(L @) " (L (P2 @)

Aij(t,x) = 12
we obtain the uniform bound

d

1/2 1/2
(3.4) / / ( (X:Pf) <>> (Z(xiptgwx)) dpudt < a||f 19

i=1

with ]% + % = 1, where a, = C,, in the case of V' # 0 and otherwise it is p* — 1. Since

| (S1gdn - > / | AP Pufdt,

t,j=1

we deduce that

T—o0

+o0
lim (SAf gdu = Z / / ij (1) (X Peg) (X; Py f ) dpdt

i,7=1
—/(SAf)gdu
M

and moreover that

'/M(SAf)gdu‘ < apll Al f1Ipllgllq-

This shows that the same bounds in Lemma 3.2 hold with S£ replaced by S 4. This completes the
proof of Theorem 1.1. O

The following corollary of the above proof generalizes to manifolds the key estimate of Nazarov
and Volberg [24] and Dragicevi¢ and Volberg [11], [12], for the Laplacian in R see [2, Corollary
3.9.1].

Corollary 3.1. Forall f,g € C5°(M), 1 < p < oo,

d

1/2 1/2
(3.5) / / ( (X:P.f) ()) (Z(Xiptgm)) dpdt < ay|| 1l

i=1
with%—l—%: 1, where ap, = Cp as in (3.2), if V. # 0 and a, = p* — 1, if V. = 0.

‘We now state a result that follows from Theorem 2.4 when we have some additional informa-
tion on the matrix A = (Aij). Again, this is exactly as on R see [3].

11



Theorem 3.1. Suppose V = 0. Let A = (A;;) be symmetric and suppose that there are universal
constants —oo < b < B < oo such that for all (t,x) € [0,00) x M,

d
BIE® < D Aij(t, 2)&i&; < B,

ij=1
forall ¢ € IRE. Then forall 1 < p < 0o we have

(3.6) HSApr < Cp,b,BHf”p,

where C), p is the constant in Theorem 2.4.

Proof. As above, this result will follow if we can prove the same result for the operator

st =k (3 [ A5 = YOG P 000 | Y = 0

i,7=1

Consider the two martingales

oy / ST = VDX P f)B, X = 3 / (X;Pr_of)(Y)dB}.

3,j=1 3,j=1

It is simple to verify (see [3]) that under our assumptions on the matrix A, these martingales satisfy
the hypothesis of Theorem 2.4. From this and the contraction of the conditional expectation on LP
we obtain (3.6) for the operators Si. O

3.1 An estimate of the constant in (1.3)

The above approach based on Theorem 2.5 to prove (1.3) is general but does not lead to explicit
constants with useful information. We present below an alternative argument which provides ex-
plicit constants with some additional information. We use the notations introduced in the previous
section.

Proposition 3.1. Suppose that V # 0 and that 1 < p < oo. Then

92~

dB!|| < 'y
)dB|| < pjllfllp
p

Proof. From Itd’s formula applied to (Pr_.f)(Y;), we find

t o 1 d d T )
(Pref) () = Pr (o) [ (8 LEPIREE Xo) (Pro iy [ (XProaf)(i)aB,
i=1 1=1

12



But,
d
(aa P X0> (Pr_of)(¥) = ~V(V2) (Pr_)(Y)

and therefore
(Pr—if)(Ys) = Prf(Yo) / V() (Pr_af)(Y, dt+z / Xi(Prof)(Vs)dBL.

Assume now f > 0. In that case, the above computation shows that (Pr_;f)(X}) is a non neg-
ative submartingale. Thus from Lenglart-Lépingle-Pratelli (see Theorem 3.2 in [19]) and Doob’s
maximal inequality, we have

T
]PTf<Yo>— | v <p) s (Prop)| <
0 » 0<t<T »
We conclude
d T .
> /0 (P 06)05|

For a general f, we can write
f=1r=rf
and we see that

d p

d ¢ t
| XiPrag B - 3 [ Xi(Prouf ) (V)
=1 0 0

=1

d t A p
/0 Xi(Pr_of)(Ya)dB!
= p

p

IN

d .t
2Pty / Xi(Pr_of)(Y,)dB:
=1 /0

+ or7! Z/X (Pr_sf ™) (Ys)dB:

IN

or1 (;p ) AFIE+ 1£712)

1 27
2 (22 g1

From this we obtained the following explicit bound in (1.3).

IN
=

Corollary 3.2. Let 1 < p < oo. Forany V >0, f € Li,(M),

4

el

13



Proof. We first note that the martingale

Z/ Z] X PT tf)(Y;f)dBl

3,j=1

is differentially subordinate to

d T )
141y / (X, Pr_f)(Y;)dB.
i=1 70

From Theorem 2.3 and the above proposition we obtain

| (k0= > / | AP X, P

2,7=1

=K Z/ Aii (T — t)(X;Pr_o f)(Yy) dBtZ/ (XiPr_ig)(Y;)dB!

3,7=1
d T
<y / AT = OGP B |3 [ (XiPrig) (¥ dB]
ij=1 p =1 0 q
< JAIG" 1) / (X Pr_of)(Yy)dB] / (X, Pr_.g) (Y:)dBi
=170 0

1 1
22*;])2 22*§q2
< | A||(p* =1
<l416" - D= =E == gl
4

<8l4le" -1ty P 717 lslll:

which implies the corollary. Ul

4 Applications

4.1 Multipliers of Laplace transform-type for Schrodinger operators on manifolds

We work in the same setting as the previous Section. We consider the following multiplier for the
Schrédinger operator L = —5 ZZ 1 XX+ V. First, let a € L*[0, 00). Set

T.f = /O o a(t)LPy fdt.

We can observe that since L is essentially self-adjoint, from spectral theorem, there is a mea-
sure space (€2, v/), a unitary map U : L2(Q) — L7 (M) and a non negative measurable function on
2 such that

ULUf(z) = —\a)f(z), z €.

14



The operator T}, acts on these as multiplication operator on L2 () in the sense that
+o0
UM Uf(x) = —\(x) / a(t)e” @ dif(z), x e
0

Let us also observe that in several settings the operators 7; can be interpreted as multipliers
in the Fourier analysis sense. For instance, let G be a compact Lie group. Let U be a bounded
operator on L?(G') which commutes with left and right translations. Then there exists a bounded
function ®(m) on G, the space of equivalence classes of irreducible unitary representations of G,
such that

Uf = Z O (m)dmxm * f,
meG

where X, is the character and d,, the dimension of the representation. Conversely, for any
bounded ®, the above operator defines a bounded operator on L?(G) which commutes with left
and right translations. In this framework, if L is an essentially self-adjoint diffusion operator that
commutes with left and right translations (like the Laplace-Beltrami operator for a bi-invariant
metric), then we have

+o0
T.f = Z —/\(m)/o a(t)e*t)‘(m)dtdmxm * f

meq

where (—A(m)), . is the spectrum of L.

With the notations of the previous section, we see that

1 too
Taf = —§SAf + / CL(t)PtVPtfdt
0

where A(t) = a(t)Id. In the following we denote by @Q); the Markovian semigroup with generator
—5 Xim1 X7 X,

Proposition 4.1. Fix 1 < p < oc.

(i) For any nonnegative potential V' that satisfies V< —m for some m > 0, we have

4 +o00
@ 17l < (Ml =12+ [ a0l Qv ) 171,

. 1 1 _

(ii) Suppose V = 0. Let a be such that for all t € [0,00), —o0o < b < a(t) < B < cc. Then

1
4.2) 15afllp < 5Cpp.m

|f||p7

where the C,,;, g is the constant of Theorem 2.4.

15



Proof. Since

1 teo
Taf = —§SAf + / a(t)PtVPtfdt,
0

using the results of the previous section, we only need to bound in L? the operator f0+oo a(t)P,V P, fdt.
From Feynman-Kac formula, we have

PV P (@) =E (el VODRY (X0 P(XD))

where (X[);>0 is the diffusion with generator —% Zle X} X; started at x € M. Thus

@ 1/
PVEf(x)] < E (e VEDE v (xp)) R

(PP
< e QU I IALE (@el A1 (X))
< e QUVIL (QulF1P) ()P

As a consequence,
1PV Pfllp < e ™ Qi VI f lps

which yields the expected result. O
For instance, we immediately deduce from the previous proposition:
Corollary 4.1. Fix 1 < p < oc.

(i) For any non-negative potential V' that satisfying —M <V < —m, for some m, M > 0, we
have

* p4 e —2mt
Tty < (Alalol” =) E + 01 [ latole>at) 11,

(ii) Assume that the semigroup @y is ultracontractive. For any nonnegative potential V that
satisfies V € L},(M), we have

4

p oo
ITafllp < <4la\|oo(p* - 1)W + HVHq/O \a(t)IIIQtHoo,ldt> 11y,

. 1 1 _

Remark 4.1. Laplace transform-type operators have been extensively studied in many settings.
For some of this literature, see [26], [15], [16], [2], and references contained in those papers.
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4.2 Second order Riesz transforms on Lie groups of compact type

Let G be a Lie group of compact type with Lie algebra g. We endow G with a bi-invariant
Riemannian structure and consider an orthonormal basis Xi,--- , X4 of g. In this setting the
Laplace-Beltrami operator can be written as

1 d
_ 2
L_§§' 1in.
1=

It is essentially self-adjoint on the space of smooth and compactly supported functions and the
assumptions of the previous section are satisfied. It is remarkable here that X = —X; and the
vector fields X; do commute with the semigroup P, = e*’. In this case, if the matrix A only
depends on time, we get therefore

+o0
Saf ==Y /0 Ay (t)(X; X Poy f)dt.
2%

In particular, for a constant A, we obtain

d -1
Saf =) A (Z Xf) XiX;f.
i i=1

Defining the Riesz transforms on G by

we see that ;
Saf =Y AijR;R;f.
i,j=1
We have the following result which follows from Theorems 1.1 and 3.1. These inequality are
exactly as those proved in IR? for the classical Riesz transforms.

Theorem 4.1. Fix 1 < p < oo.

(i) For any constant coefficient matrix A,

d
1Y AiRiR; fllp < (0" = DA flp-

ij=1

(ii) Assume that A = (Aij)g,jzl is symmetric matrix with real entries and eigenvalues A1 <
A < ...< Ay Then

d
4.3) 1> AyRiR; fllp < Cponynallflly
ij=1
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and this inequality is sharp. In particular, if J C {1,2, ..., d}, then

(4.4) 1Y R fllp < Cooallfllp = coll

Jj€J
where c,, is the Choi constant in (2.2) and this inequality is also sharp.

The fact that the constants in this theorem are best possible follows from the fact that they
are already best possible on IR?. These results simply show that the construction in [3] for Riesz
transforms on IR? extend to Lie groups of compact type without change in their norms. We may
observe that, slightly more generally, a similar statement holds on Riemannian manifolds for which
the gradient V commutes with the heat semigroup P;. From the Bakry-Emery criterion (see [1]),
such a commutation implies that the Ricci curvature of M is non negative.

If G is a semisimple compact Lie group (see for instance the classical reference [14] for an
account about structure theory and harmonic analysis on semisimple compact Lie groups), we can
deduce from the above result an interesting class of multipliers.

Proposition 4.2. Let G be a compact semisimple Lie group. Let A* be the set of highest weights
and A be the set of all roots. For o, 3 € A, denote

a)(\, B)
a, f‘i d X *lﬂ
Uasf = 3 *mpHQ o2

AEAT

where p = % Y aca O X is the character of the highest weight representation and d its dimen-
sion. Then, for 1 < p < 0o, Uy, g is bounded in LP(G') and

1Uasfllp < (0" = Dllel[IBI1f1lp-

Proof. Let T be a maximal torus of G and let ty be its Lie algebra. Then, the sub-algebra t of
g generated by tg is a Cartan sub-algebra. Let t* denote the dual of t. If « € A, we denote by
H, the element of t such that for every H € t, (H, H,) = o(H) where (-, -) is induced from the
Killing form. With these notations, we see that

Unsp=C 'H,yHjg,

where C' is the Casimir operator which is also the Laplace-Beltrami operator. O
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