MARTINGALES AND SHARP BOUNDS FOR FOURIER MULTIPLIERS

RODRIGO BANUELOS AND ADAM OSEKOWSKI

ABSTRACT. Using the argument of Geiss, Montgomery-Smith and Saksman [14], and a new martingale inequality,
the LP—norms of certain Fourier multipliers in RY, d > 2, are identified. These include, among others, the second
order Riesz transforms R?., 7 =1,2,...,d, and some of the Lévy multipliers studied in [2], [3].

1. INTRODUCTION

Martingale inequalities have played a fundamental role for many years in obtaining bounds for the L”-norms
of many important singular integrals and Fourier multipliers, both in the real setting and in the Banach space
setting. At the root of these results are the fundamental inequalities of Burkholder on martingale transforms.
There is now a huge literature on this subject which would be impossible to review here. For an overview of this
literature, see [ 1] and [5]. The purpose of this paper is to show that there are several instances where some of the
upper bounds, and especially those obtained in recent years, are also lower bounds, hereby enlarging the class of
Fourier multipliers where one can compute the norms exactly. These results are motivated by the paper of Geiss,
Montgomery-Smith and Saksman [14], which has its roots in the work of Bourgain [7]. The Bourgain result itself
is also rooted in the inequalities of Burkholder. While our proof of Theorem 1.4 is a small modification of the
Geiss, Montgomery-Smith, Saksman argument, we believe our results here will further stimulate interest on these
problems and their connections to the (still open) celebrated conjecture of Iwaniec [16] concerning the norm of
the Beurling-Ahlfors operator. See [1] for some of the history and recent results related to this conjecture.

Let f = {fn,n > 0} be a martingale on a probability space (2, F,IP) with respect to the sequence of
o-fields F,, C F,41, n > 0, contained in F. The sequence df = {dfx,k > 0}, where df, = fx — fx—1
for k > 1 and dfy = fo, is called the martingale difference sequence of f. Thus f, = >.;_, dfy for all
n > 0. Given a sequence of random variables {vg, k& > 0} uniformly bounded by 1 for all k£ and with each vy,
measurable with respect to J (3, _1)vo (such sequence is said to be predictable), the martingale difference sequence
{vrdfr, k > 0} generates a new martingale called the “martingale transform” of f and denoted by v * f. Thus
(v f)n = > p_o Vkdf for all n > 0. The maximal function of a martingale is denoted by f* = sup,,~q | fnl-
We also set || fl, = sup,~q ||fnll, for 0 < p < oc. Burkholder’s 1966 result in [8] asserts that the operator
f = vx f = gisbounded on L? forall 1 < p < oco. In his 1984 seminal paper [0] Burkholder determined
the norm of this operator. For 1 < p < oo we let p* denote the maximum of p and ¢, where % + % = 1. Thus
p* = max{p, p%} and

1
(1.1) po1={p1 L1<pPs2
p—1, 2<p<oo.

Theorem 1.1. Let f = {f,,n > 0} be a martingale with difference sequence df = {dfy,k > 0}. Let g = v * f
be the martingale transform of f by the real predictable sequence v = {vi,k > 0} uniformly bounded in
absolute value by 1. Then

(1.2) lglly < @™ = DIfll,,  1<p<oo,
and the constant p* — 1 is best possible.
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2 RODRIGO BANUELOS AND ADAM OSEKOWSKI
By considering dyadic martingales, inequality (1.2) contains the classical inequality of Marcinkiewicz [17]
and Paley [20] for Paley-Walsh martingales with the optimal constant.

Corollary 1.1. Let {hy, k > 0} be the Haar system in the Lebesgue unit interval [0, 1). That is, hg = [0,1), hy =
[0,1/2) = [1/2, 1), hg = [0, 1/4) — [1/4, 1/2),hy = [1/2, 3/4) — (3/4, 1), ..., where the same notation is
used for an interval as for its indicator function. Then for any sequence {ay, k > 0} of real numbers and any
sequence {cy, k > 0} of signs,

(1.3) H 3 erarhu
k=0

The constant p* — 1 is best possible.

, 1 <p<oo.
P

<@ - 1)H > arhy,
P k=0

In [12], K.P. Choi used the techniques of Burkholder to identify the best constant in the martingale transforms
where the predictable sequence v takes values in [0, 1] instead of [—1, 1]. While Choi’s constant is not as explicit
as the p* — 1 constant of Burkholder, one does have a lot of information about it.

Theorem 1.2. Let f = {f,,n > 0} be a real-valued martingale with difference sequence df = {dfy,k > 0}.
Let g = v * f be the martingale transform of f by a predictable sequence v = {vi, k > 0} with values in [0, 1].
Then

(1.4) lgllp < cpllfllps 1 <p <o,

with the best constant c,, satisfying

p

where

as = |lo Le” 2+110 1+e -2 i ’

LA A 2%\ 7 Tte2) -
As observed by Choi,

p 1 14e2

1.5 ~=4 -1
(1.5) Cp 2+20g( 5 ),

with this approximation becoming better for large p. It also follows trivially from Burkholder’s inequalities that
(even without knowing explicitly the best constant c;,)

* 1 *
(1.6) max (171) 7 ) Scpg%.
As in the case of Burkholder, Choi’s result gives

Corollary 1.2. Ler {hy,k > 0} be the Haar system as above. Then for any sequence {ay,k > 0} of real
numbers and any sequence {cy, k > 0} of numbers in {0, 1},

0o
D> arhi
k=0

where c,, is the constant in (1.4). The inequality is sharp.

, 1<p<oo,
p

(1.7 H Zskakth <c¢p
k=0 P

Motivated by Theorems 1.1 and 1.2 we introduce a new constant.

Definition 1.3. Let —oo < b < B < coand 1 < p < oo be given and fixed. We define C,, , g as the least positive
number C' such that for any real-valued martingale f and for any transform g = v x f of f by a predictable
sequence v = {vg, k > 0} with values in [b, B], we have

(1.8) lglly < CIIfI]p-
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Thus, for example, C, o o = a(p* — 1) by Burkholder’s Theorem 1.1 and Cp 9., = ac, by Choi’s The-
orem 1.2. It is also the case that for any b, B as above, C}; 5 < max{B, |b|}(p* — 1) and in fact a simple
transformation gives that

(1.9) max { (sz> (p* — 1), max{|B]|, Ibl}} <Cppp < (

We also point out that by a result of Maurey [18], and independently of Burkholder [9], the constant C),
in this definition remains the same if we consider Paley-Walsh martingales only. Furthermore, the reasoning
presented in the Appendix of [ 1] shows that if the transforming sequence is deterministic and takes values in
{b, B}, then the constant in (1.8) does not change either.

A bounded, complex valued function 7 on R? \ {0}, d > 1, is called a Fourier multiplier. We define the
operator T}, : L?(R?) — L2?(R?) associated to m by

(1.10) Tof = F ' (mF),

where F is a Fourier transform

B-b)
2

p* + [b|.

FFE) = F(6) = /R e fa)a

The multiplier m is said to be homogeneous of order 0 if m(A\) = m(€) forall ¢ € R%\ {0} and A > 0, and it
is said to be even if m (&) = m(—¢) forall ¢ € R\ {0}. We will be particularly interested in those m for which
the corresponding T}, is bounded on LP(R9), 1 < p < oo (more formally, has a bounded extension to L?(R%)).
To shorten the notation, we will usually denote the operator norm ||, : LP(R?) — LP(R?)]| just by [T ps
when no danger of confusion exists.

As an application of the above martingale inequalities to Fourier multipliers, we have the following theorem.

Theorem 1.4. Let d > 2 be a given integer. Let m be a real and even multiplier which is homogeneous of order
0 on R%. Denote by b and B the minimal and the maximal term of the sequence

(m(1,0,0,...,0),m(0,1,0,...,0),...,m(0,0,...,0,1)),
respectively. Then for 1 < p < oo and Cy,, g as in Definition 1.3, we have
(1.11) [Tnllp = Cpp,B-
Furthermore, since ||T,, ||, is preserved under rotations and reflections of the multiplier, we have
(1.12) 1Tl = sup Cp.b(e),B(e)s 1<p<oo,

where the supremum runs over all orthonormal bases e = (ej)?:l of R? and b(e), B(e) stand for the minimal
and the maximal term of the sequence m(e1), m(ez), ..., m(eq), respectively.

Recall that the Riesz transforms R, Rs, ..., Rqin IRfl, d > 2, are the Fourier multipliers given by

R1() =—z-|%7¢>, CeRIV{0),  j=12 . .d

These multipliers do not satisfy the assumptions of the above theorem: they are neither real nor even. However,
they give rise to the second order Riesz transforms,

Rizif(o:"gf’“ﬂf), EeRIN{0}, jk=12 ...4d

which have the desired properties. It was proved by Nazarov and Volberg [19] and Bafiuelos and Méndez-
Hernéandez [4] that
(1.13) IR} = Rillp = [[2R1 Rellp < Cp11 <p" — 1.

Geiss, Montgomery-Smith and Saksman [ 4] showed that the inequality in the reverse direction is also true and
hence

(1.14) 18} = R3llp = |l2R1 Rellp = Cp 10 =p" — 1.
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We shall establish the following extension of this result.

Theorem 1.5. Let d > 2 and assume that A = (aij)z j=1 is a d X d symmetric matrix with real entries and

eigenvalues \1 < Ao < ... < Ag. Consider the operator Sy = Zd a;; R;R; with the multiplier m(§) =

i,j=1
(%’f). Then for 1 < p < oo,
(1.15) [Sallp = Cpasra-
Corollary 1.3. Ifd > 2and J C {1,2, ...,d}, then
(1.16) 1Y Rl =Cpon=cp 1<p<o0,
jed

where c,, is the Choi constant in (1.4).

The lower bound in (1.15) follows from (1.12) applied to the basis of eigenvectors (e, es, ..., eq) corre-

sponding to A\; < Ay < ... < Ag4. The upper bound follows from the stochastic integral representation for these
operators first introduced in Bafiuelos and Méndez-Hernandez [4] and the Burkholder—type inequality (1.19) be-
low for continuous time martingales under a more general (not necessarily symmetric) subordination condition.
This result is of independent interest and can be applied to the Lévy multipliers studied in [2] and [3], as we shall
see momentarily.

To introduce the necessary notions in the continuous-time setting, suppose that (£, 7, P) is a complete prob-
ability space, filtered by (F;)¢>0, a nondecreasing and right-continuous family of sub-o-fields of F. Assume, as
usual, that F( contains all the events of probability 0. Let X, Y be adapted, real valued martingales which have
right-continuous paths with left-limits (r.c.1.l.). Denote by [X, X] the quadratic variation process of X: we refer
the reader to Dellacherie and Meyer [ 3] for details. Following Bafiuelos and Wang [6] and Wang [22], we say
that Y is differentially subordinate to X if the process ([X, X]; — [Y,Y];):>0 is nondecreasing and nonnegative
as a function of t. We have the following extension of Theorem 1.1, proved by Bafiuelos and Wang [6] for
continuous-path martingales and by Wang [22] in the general case. Namely, if Y is differentially subordinate to
X, then

(1.17) Yy < @™ = DX, 1<p<oo,

and the inequality is sharp. Here || X||,, the p-th moment of X, is defined analogously as in the discrete time:
X[, = sup;>q || X¢ll, 0 < p < oo. The following theorem extends this result and can be regarded as a
continuous-time version of the inequality for non-symmetric martingale transforms.

Theorem 1.6. Let —co < b < B < oo and suppose that X, Y are real valued martingales satisfying the
non—symmetric subordination condition

b+ B b+ B B-b. B—b
(1.18) dly -2 Pxy PPyl 4|20 20|
2 2 ], 2 2 ],
forallt > 0. Then
(1.19) IY]lp < CppBl1X|lp, 1<p<oo,

and the inequality is sharp.

Let us clarify that for ¢ = 0, the condition (1.18) means that

2 2
(Yo - B;_on) < (B;I’Xo) ,

or (Yo — bXo)(Yy — BX,) < 0.
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Theorem 1.6 combined with the techniques from [2] and [3] yields new results for multipliers arising from
Lévy processes. Consider a measure v > 0 on IR satisfying v({0}) = 0 and

(1.20) / Ll dr(z) < o0
’ re L+ [zf? '

A measure with these properties is called a Lévy measure. For any finite Borel measure x4 > 0 on the unit sphere
S ¢ IR and any functions ¢ : IR — C, 1) : S — C with [|¢||oc < 1 and ||)]|sc < 1, we consider the multiplier

e (1= cos(g ) ) (@) dv(a) + § s 46, O (6) da(6)
S (1= cos(e. @) )du(a@) + & [ 1€, 0)2du(o)
It is proved in [2] and [3] that (1.17) implies

(1.22) [T fllp < " = DIIfllp, 1 <p<oo

This inequality is sharp as these multipliers include B3 — R? and 2R; Ry. Using Theorem 1.6 we obtain the
following related result.

(1.21) m(€)

Theorem 1.7. Let v, i be as above and suppose that o, i take values in [b, B] for some —oco < b < B < 0.
Then the operator T,,, with the symbol (1.21) satisfies

(1.23) 1T s < Consllfllp 1 <p< ool

Putting = = 0 and using the Lévy measure v of a non-zero symmetric a-stable Lévy process in R?, with
a € (0,2) (see [2] and [3]), one obtains the multiplier with the symbol

ARG
129 "= LT A o)

where the so-called spectral measure o is finite and non-zero on S. By the appropriate choice of ¢ and the use of
Theorems 1.4 and 1.7, we get the following for Marcinkiewicz-type multipliers (see [2 1, pp. 109-110]).

Corollary 1.4. Let 0 < o < 2, d > 2 and recall that c,, is the Choi constant in (1.4).
(i) Forany J C {1,2,...,d}, set

(1.25) mya(§) = ZZGJA
Zj:l ‘§j|a

Then for 1 < p < oo,

(1.26) T sollp = Cpoa = cp-

(it) Suppose that d is even: d = 2n, and set

€+ &3+ ... 4 E2|°/2

(1.27) m(€) = :
()Iﬁ+$+m+ﬁwﬂﬂﬁﬂ+ﬁw+m+$$m

Then for 1 < p < o0,
(1.28) | Tmllp = Cpoa = cp-
Theorem 1.4 also gives the lower bound for the norms of the Marcinkiewicz multipliers
§1|]Ea]*2 .. €]
m(e) = 16176l el
€]
where o, ao, ..., ag are positive numbers and a = a; + as + ... + g, treated in [2 1, pp. 109-110]. Namely,

we have ||, ||, > Cp0,1 = ¢p, for 1 < p < co. On the other hand, we have not been able to obtain the reverse
bound.
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It is also interesting to note here that if J C {1,2,...,d} and

Y jesn(l+&77)

(1.29) m'I(€) = L,
S In(1+&7?)

then

(130) ||Tml]czq”p S Cp7071 = Cp.

Unfortunately these “logarithmic” multipliers, which arise naturally from the so called tempered stable Lévy
processes (see [2]), are not homogeneous of order 0 and hence the opposite inequality, while still could hold,
does not follow from Theorem 1.4.

We organize the rest of the paper as follows. In §2 we give the proof of the lower LP bound for multipliers,
Theorem 1.4. This proof is a modification of the arguments used by Geiss, Montgomery-Smith and Saksman in
[14]. §3 is devoted to the proof of Theorem 1.6: we show there how to deduce (1.19) from the discrete martingale
inequality (1.8). Finally, in §4 we sketch the proof of the upper bound of Theorem 1.5 using the now well known
arguments from [4].

2. PROOF OF THEOREM 1.4

With no loss of generality, we may assume that we have m(1,0,0,...,0) = b and m(0,1,0,...,0) = B,
rotating and reflecting the multiplier if the equalities do not hold. For the sake of convenience and clarity, we
split the proof into several steps.

Step 1. The passage from R? to the torus T¢ = (—m, w]%. Given a smooth and homogeneous multiplier m on
R?\ {0}, denote by 7 the corresponding multiplier acting on functions given on T¢. That is, let

2.1) Tanf(0) =Y f(R)e* O m(k), 6T,

kezd

where, as usual, f(k) = (27) ¢ Jpa e~ k0 £(9)dd and m(0) = w; ', Jga—1 m(z)dz is the average over the unit
sphere in R,

A remarkable fact is that for 1 < p < oo, the LP norms of the multipliers m and m coincide. We have the
following result due to de Leeuw [15].

Theorem 2.1. For any m as above and any 1 < p < oo,
2.2) T : LP(RY) — LP(RY)|| = || T, : LP(T?) — LP(TY)].
Thus it suffices to establish the appropriate lower bound for the norm on the right.

Step 2. Picking a dyadic martingale and its transform. Let f = (f,))_, be a finite, real-valued Paley-Walsh
martingale. That is, forn =1, 2, ..., N, we have

dfn = Endn(€1>€2a st 7571—1)7
where ¢1, €2, ..., £y is a sequence of independent Rademacher random variables, d,, : {—1, 1}’“1 — R are
fixed functions, n = 2, 3, ..., N, and d; is a constant. Suppose that v = (av,)7_; is a deterministic sequence

with each term taking values in {b, B} and let g = (g,,))\_; be the transform of f by a.

Step 3. Representing f and g as functions on (T%)N. Consider two functions a~, a* on T¢, defined by
a~(0) =sgn6; and at(0) = sgn . It is not difficult to see that Ty,a~ = ba~ and Tjat = Ba™. Indeed, we
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easily check that c;:(k) = 0if k&; = 0 or k; # 0 for some j > 1. Consequently, by (2.1),

Tra~ ()= Y a ((k1,0,0,...,0))e* % m((ky,0,0,...,0))

k1€Z\{0}
=m(1,0,0,...) > a ((k,0,0,...,0))e*%
leZ\{O}
= bZa = ba" (0).
kez

The equality T,,a™ = Ba™ is proved in the same manner. Now, introduce the sequence 1) = (5)n_, of

functions on T¢ by
a” ifa, =0,
Y = { o

a” ifap =B,
so that
2.3) Toibe = axthy,  fork=1,2,..., N.
We have that (¢1(01),%2(62),...,9n(0")) has the same distribution (as a function of (6,62,...,6V) €
(T4)N with normalized measure) as (1, €2, . . . , £ ). Therefore,

N
(Z% )i (1 (6 )7¢2(92)7~~-,¢k—1(9k1)))

has the same distribution as the initial martingale f. Furthermore, the transform g can be represented in the form

B N
(Z[Tm%](@k)dk (¥1(0Y),12(6%), . .. 77/)k1(9k_1))> ,

k=1

in virtue of (2.3).

Step 4. Applying the result of Geiss, Montgomery-Smith and Saksman. We shall need the following fact. A
stronger, Banach-space-valued version appears as Lemma 3.3 in [14].

Theorem 2.2. Let 1 < p < oo and assume that the multiplier m is real and even. For k > 1, let E}, be the
closure in LP((T)*) of the finite real trigonometric polynomials

Z Z ol VAN
(I)k( 7"'5 ( >C€1,..4,€k7
Lezd tkezd

such that cpr gv = 0, whenever 0k = 0 (so that de (01, ...,0%)d0% = 0). Let T% be an operator on Ej,
defined on the above polynomials by

.ok pk
TEBE ... 09 = 3 oo 3 ml)et ey

ezl Lkezd

forall 0%, ... 6% € T Then one has

ZT (0, ...,0")

Lr((T4)N)

< T : LP(TY) — LP(T7)]

N
> (0", 0")
k=1

Lr ((T4)N)
forall P, € By, ..., PNy € En.
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Let us apply this result to the representations of f and g, setting

Dp(0',.. ., 0%) = (0 )di (V1 (01), 12(67), - . b1 (6"71))

forallk =1,2,..., Nandall 9',62, ...,0" € T Then &, € E, for all k: the equality de @) do* = 0is
guaranteed by the martingale property. We obtain

llgnllp < T = LP(T9) — LP(TO| || v -
Since N, f and the transforming sequence o were arbitrary, we get, by (2.2),
[Ty, : LP(RY) — LP(RY)|| = || T, : LP(T?) — LP(TY)|| > Cpp..

This completes the proof.

3. PROOF OF THEOREM 1.6

First let us first check that the non-symmetric version (1.18) of differential subordination generalizes the
martingale transforms by a predictable sequences taking values in [b, B]. To do this, let f be a discrete-time
martingale and assume that g is its transform by an appropriate sequence v = (vy,)n>0. Let us treat f, g as
continuous-time martingales X, Y via the identification X; = f|;; and Y; = g|;|, ¢ > 0. Then both sides of
(1.18) are zero for non-integer ¢, and

aly bEByy bEB] ([Bob B-by
2 2 | 2 2
b+ B)? B —b)?
— dg? — (b-+ B)dfudg, + CEE gpz - (BPE e

= (v, — B)(v, — b)df?

n?

which is nonpositive when v,, € [b, B]. Thus (1.18) is satisfied and, in particular, the sharpness in (1.19) follows
immediately from the passage to discrete-time martingale transforms.

To prove (1.19), fix 1 < p < oo and note that we may restrict ourselves to X € LP, since otherwise there
is nothing to prove. Then, by Burkholder’s inequality (1.2), we also have Y € L”, because Y is differentially
subordinate to (|o| + |B])X. Let V : R x R — R be the function given by

Viz,y) = |y’ - C£7b,B|x|p'

For any z, y € R, let M (x,y) denote the class of all simple martingale pairs (f,g) starting from (x,y) such
that dg,, = vndfn, n > 1, for some deterministic sequence v with terms in {b, B}. Introduce the function
U:RxR— Rby

U((E, y) = Sup{EV(fna gn)}»

where the supremum is taken over all n and all (f,g) € M(x,y). Of course, V' < U, since the constant pair
(f,9) = (x,y) belongs to M (x,y). Furthermore,

(3.1 if y = wa for some w € [b, B], then U(z,y) < 0.

This follows from the definition of U and the fact that for such z, y, the condition (f,g) € M(x,y) implies
that g is the transform of f by a predictable sequence with values in [b, B]. Next, using the splicing argument of
Burkholder (see e.g. [11]) we see that

3.2) U is concave along all lines of slope b or B.
Furthermore, as we shall prove now,

(3.3) for any fixed x, the function U (z, ) is convex.
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To show this, take any A € (0,1), y~, y™ € Randlety = Ay~ + (1 — \)y™. Pick any pair (f,g) € M(z,y)
and observe that (f, g+ (y~ —y)) € M(x,y™), (f,g+ (yT —y)) € M(x,y™). Consequently,
Ev(fnvgn) = ]E[‘gn‘p - Cg,b,B‘fTL'p]
=E[[Mgn + (¥~ =) + (1= N(gn + (v = )P = CF, 1 fal?]
< AE[lgn + (™ = 9)IP = CFy plfal?] + (1 = NE[lgn + (y* = 9P = C}, lful”]
SAU(z,y7) + (1= NU(z,y7)

and it suffices to take supremum over n and ( f, g) to get the convexity of U(z, -). Define now U, V : R2 — R

by
_ 2 B+b

and
_ 2 B+b
V(x,y)—V(B_bm,B_bx—i-y).

We easily check that (3.2) means that U is concave along all lines of slope +1 and that (3.3) carries over to U.
Let ¢ : R x R — [0,00) be a C°° function, supported on the unit ball of R?, satisfying fRQ 1 = 1. For any
6 > 0, define U 5, Vi.R2 5 R by the convolutions

U‘;(ac, y) = /R? Uz + dr,y + 6s)y(r, s)drds

and

V(x,y) = . V(z + 6r,y + 8s)i(r, s)drds.

Since V < U, we have V < U and hence also V? < U?. Furthermore, the function U? is of class C* and
inherits the concavity and the convexity properties of U. Therefore, we have that
(3.4) U, £2U%,+U), <0 and UJ, >0  on R
These estimates imply that for all z, y, h, k € R we have
s s
U.L.L (33, y) - Uyy (l‘, y)
2

) ) )
U, (@, y)h® + 22U (x, y)hk + U, (z, y)k* < (h* — k?).

To see this, we transform the inequality into

h? + k?

and this bound follows easily from (3.4) and the trivial estimate 2|hk| < h? + k2. Pick two real martingales
X', Y’ bounded in L? such that Y” is differentially subordinate to X’. Then there is a nondecreasing sequence
(Tn)n>0 of stopping times, which converges to +oco almost surely and 7,, depends only on X', Y’ and n, such
that

EU° (X7, e Y7, nt) < BU® (X0, Y).
We refer the reader to Wang [22] for details. Since V° < U?, we get

EVO (XL, p0 Vi) < EUP(X},13).
Let § — 0 and use Lebesgue’s dominated convergence theorem to obtain

EV (X7, > Y7, ne) < BU(XG,Y5)

(we note here that the required majorants are of the form ¢[(X’)* + (Y')*]? and their integrability is guaranteed
by Doob’s maximal inequality.) Apply this bound to the pair

B-b B+b

X'=25-X  and Y=Y X,
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and observe that the differential subordination of Y’ to X" is equivalent to (1.18). As the result, we get
EV (X Aty Yo, at) < EU(Xo, Y0).
However, U (X, Yy) < 0: use (3.1) and the remark below Theorem 1.6. Therefore,
EY, adfP < C£1b73E|Xr,LAt|p

and it suffices to first let n — oo and then ¢t — oo to obtain the desired bound.

4. THE UPPER BOUND IN THEOREM 1.5

The upper bound in Theorem 1.5 follows immediately from Theorem 1.6 and the stochastic representation
for the Riesz transforms as presented in [4]. We also refer the reader to [1], §3.4, for a detailed extension of
this argument to a wider collection of operators. Here we only explain how the subordination condition (1.18)
of Theorem 1.6 enters into the picture. Let (W, ) be the space-time Brownian motion in R? x [0, 0o). For any
sufficiently regular f on R, we represent it as the stochastic integral

T
fNX:/ va(Wé’T—S)dWS,
0

where Uy stands for the heat extension of f to the half-space R? x [0, 00) and T is a large positive number. For
a detailed description of what we mean here by the symbol “ ~ 7, see [4] or [1]. Then Sa can be represented as
the conditional expectation of the martingale transform of X by A. That is,

Suf(z) ~E[Y|Wp = (z,0)],
where
T
Y = / AVU;(W,, T — s) - dWs.
0

Now, if we set { = VU (W,, T — t), then

d Y—MX,Y—MX —d HX,HX
2 2 7, 2 2 7,

b+B |° |B-b |
= | |AE — - dt
(] S LF L )
= (JAE]® = (b+ B)(AE, ) + bBIE[?) dt
= <(A — BI)(A - bl)E, §>dt,
where [ stands for the identity matrix of dimension d. However, A — BI is nonpositive-definite, A — bl is

nonnegative-definite and the two matrices commute. Hence their product is nonpositive-definite and hence (1.18)
is satisfied. Consequently, by (1.19),

§

Yy < Cop,BlIXIlp,
which, by the “transference method,” as explained in [4] and [ 1], yields

HSApr < Cp,b,BHpr
and hence [|Sy : LP(R?) — LP(RY)|| < Cp .-

Remark 4.1. It is worth observing here that, as the proof of the upper bound of Theorem 1.5 shows, if we take
a real variable coefficient d x d symmetric matrix A(z,t), * € R, t > 0, with the property that for all ¢ € R?,
blE[* < (Alx, 1), €) < BIEJ,

Sor all (z,t), and define the operator
Saf(x) ~E[Y|Wr = (2,0)],
where this time

T
Y = / AW, T — s)VU(W,,T — s) - dW,,
0
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we get

ISafllp < Cpp.Bllfllp, 1 <p<oo.
For more on these variable coefficient “projections of martingale transforms,” see [1] and especially Remark
3.4.2 there.
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