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The goal of this work is to study the electromagnetic scattering problem of time-domain
Maxwell’s equations in an unbounded structure. An exact transparent boundary condi-
tion is developed to reformulate the scattering problem into an initial-boundary value
problem in an infinite rectangular slab. The well-posedness and stability are established
for the reduced problem. Our proof is based on the method of energy, the Lax—Milgram
lemma, and the inversion theorem of the Laplace transform. Moreover, a priori esti-
mates with explicit dependence on the time are achieved for the electric field by directly
studying the time-domain Maxwell equations.
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1. Introduction

Consider the propagation of an electromagnetic wave which is excited by electric
current density and is scattered by infinite rough surfaces. An infinite rough surface
is a non-local perturbation of an infinite plane surface such that the whole surface
lies within a finite distance of the original plane. The goal of this paper is to examine
the electromagnetic scattering problem of time-domain Maxwell’s equation in such
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an unbounded structure. The problem studied in this work falls into the class of
rough surface scattering problems, which arise from various applications such as
modeling acoustic and electromagnetic wave propagation over outdoor ground and
sea surfaces, optical scattering from the surface of materials in near-field optics
or nano-optics, detection of underwater mines, especially those buried in soft sed-
iments. These problems are widely studied in the literature and various methods
have been investigated 2224275010/

The infinite rough surfaces scattering problems are quite challenging due to
unbounded domains. The usual Sommerfeld (for acoustic waves) or Silver—Miiller
(for electromagnetic waves) radiation condition is not valid anymore 3 The Fred-
holm alternative theorem is not applicable due to the lack of compactness result.
We refer to Refs. [4, [5] [6, and for some mathematical studies on the two-
dimensional Helmholtz equation. The rigorous mathematical analysis is very rare
for the three-dimensional Maxwell equations. In Ref. 20, the electromagnetic scat-
tering by unbounded rough surfaces was considered by assuming that the medium
was lossy in the entire space. The well-posedness was established by a direct appli-
cation of the Lax—Milgram theorem after showing that the sesquilinear form was
coercive. In Ref. [14] the authors considered the electromagnetic scattering by an
unbounded dielectric medium which was deposited on a perfectly electrically con-
ducting plate. Based on the limiting absorption principle, the problem was shown to
have a unique weak solution from a prior estimates. The magnetic permeability was
assumed to be a constant and the electric current was assumed to be divergence-
free. The assumption was also restrictive for the dielectric permittivity. In Ref. 211
the generalized Lax—Milgram theorem was adopted to establish the well-posedness
for the same problem as that in Ref.[T4. Although all the assumptions were relaxed,
such as the magnetic permeability was allowed to be a variable function and the
divergence-free condition was removed for the electric current, the assumption was
still quite restrictive for the dielectric permittivity. Despite the tremendous effort
made so far, it is still unclear what the least restrictive conditions are for the dielec-
tric permittivity and the magnetic permeability to assure the well-posedness of the
time-harmonic Maxwell equations in unbounded structures. Ultimately, one wishes
to answer the following question: Is the scattering problem in unbounded structures
well-posed for the real and dielectric permittivity and magnetic permeability?

In this work, an initial attempt is made to study the time-domain electromag-
netic scattering by infinite rough surfaces for the most difficult case of the time-
harmonic counterpart: the dielectric permittivity and the magnetic permeability are
assumed to be real and bounded measurable functions. An exact time-domain trans-
parent boundary condition (TBC) is developed to reduce the scattering problem
into an initial-boundary value problem in an infinite rectangular slab. To show
the well-posedness, we split the reduced problem into two sub-problems: one has
homogeneous initial conditions and another has a homogeneous boundary condi-
tion. Hence two auxiliary scattering problems need to be considered: one is the
time-harmonic Maxwell equations with a complex wavenumber and another is
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the time-domain Maxwell equations with perfectly electrically conducting (PEC)
boundary condition. Based on the stability results for the auxiliary problems, the
reduced problem is shown to have a unique solution. Our proofs rely on the Laplace
transform, the Lax—Milgram theorem, and the Parseval identity between the fre-
quency domain and the time-domain. Moreover, a priori estimates, featuring an
explicit dependence on the time and a minimum regularity requirement of the ini-
tial conditions and the source term, are established for the electric field by studying
directly the time-domain Maxwell equations.

The time-domain scattering problems have recently attracted considerable
attention due to their capability of capturing wide-band signals and modeling more
general material and nonlinearity @723 which motivates us to tune our focus
from seeking the best possible conditions for those physical parameters to the time-
domain problem. Comparing with the time-harmonic problems, the time-domain
problems are less studied due to the additional challenge of the temporal depen-
dence. The analysis can be found in Refs. 28 and 8 for the time-domain acoustic and
electromagnetic obstacle scattering problems. We refer to Ref. for the analysis
of the time-dependent electromagnetic scattering from a three-dimensional open
cavity. Numerical solutions can be found in Refs. [IZ2 and [26] for the time-dependent
wave scattering by periodic structures.

The paper is organized as follows. In Sec.[2], the model problem is introduced and
reduced equivalently into an initial-boundary value problem by using a TBC. Some
regularity properties of the trace operator are presented. In Sec. Bl two auxiliary
problems of Maxwell’s equations are discussed to pave the way for the analysis of
the main result in Sec.[d Section Hlis devoted to the well-posedness and stability of
the reduced time-domain Maxwell equations and a priori estimates of the solution.
The paper is concluded with some general remarks in Sec.

2. Problem Formulation

In this section, we introduce the model problem and present an exact time-domain
transparent boundary condition to reduce the scattering problem into an initial-
boundary value problem in an infinite rectangular slab.

2.1. A model problem

Let us first introduce the problem geometry which is shown in Fig.[Il Let S;, j = 1,2
be Lipschitz-continuous surfaces which are embedded in the infinite rectangular
slab

Q={x=(2,9,2) €R®:hy <2< h},

where h; are constants. Denote by I'; = {x : z = h;} the two plane surfaces which
enclose Q. Let Q1 = {x:2z > h1} and Qs = {x: 2 < ho}. The medium is assumed
to be homogeneous in €25, but it is allowed to be inhomogeneous in €.
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Fig. 1. Problem geometry of the electromagnetic scattering by an unbounded structure.

The electromagnetic field is governed by the time-domain Maxwell equations in
R3 for ¢t > 0:

V x E(x,t) + po:H(x,t) =0, V xH(x,t) —eoE(x,t) =J(x,t), (2.1)

where E is the electric field, H is the magnetic field, J is the electric current density
which is assumed to be compactly supported in €2, the material parameters ¢ and
v are the dielectric permittivity and the magnetic permeability, respectively. We
assume that e € L>°(R3) and pu € L*(R3) satisfy

0 <émin €€ < €max <00, 0 < fmin < f < fhmax < 00,
where €min, Emax; fmin, Mmax are constants. Since the medium is homogeneous in
€2, there exist constants €; and pu; such that
e(x) =¢j, p(x)=p; inQ;
The system is constrained by the initial conditions:
E|.—o =E¢, H|;—o=H, inR3, (2.2)

where Eqg and Hy are also assumed to be compactly supported in 2. Due to the
unbounded structure of the medium, it is no longer valid to impose the usual
Silver—Miiller radiation condition. We employ the following radiation condition:
the electromagnetic fields (E, H) consist of bounded outgoing waves in €2;.

2.2. Functional spaces

We introduce some Sobolev space notation. For u € L? (T'j), we denote by u the
Fourier transform of u, i.e.

1

i€.ty) = 5= [ ulp.hy)e " 4ap.

where € = (£1,&)" € R? and p = (2,y)" € R% Denote by C5° the linear space of
infinitely differentiable functions with compact support with respect to the variable
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p on Q. Let L?(Q) be the space of complex square integrable functions on €. It
follows from the Parseval identity that we have

h1 hl
el ) = / / lu(p, =) 2dpdz = / / (€, 2)Pdédz.
ho JR2 ho JRZ2

Introduce the functional spaces:
H(curl, Q) = {u € L?(Q),V x u € L*(Q)},
Hy(curl, ) = {u € H(curl,Q),u xn; =0 on I';},

which are Sobolev spaces with the norm

1/
[ullez(eur,o) = <Hu||i2(9) + IV x uH?ﬁ(Q)) :

Given u = (u1(p, 2), ua(p, 2), uz(p,2))" € H(curl,Q), it has the inverse Fourier
transform:
1

u(pa Z) = %

/R2 (ﬂl(faZ),ﬁz(ﬁ,z),a3(§’z))Teip<€d€.

The norm in H(curl, ) can be defined via Fourier coefficients:
h1
by = [ [ (€2 +1aa(€. )7 + lia(é, o
2

+[i€2tis(€, 2) — ap(€, )| + @1 (€, 2) — i&rts (€, 2)

+ |§1ﬂ2(€v Z) - 52111(5’ Z)|2] dst,
where 4}(&, z) = 0.1,(&, 2).

Lemma 2.1. C3°(Q)* is dense in H(curl, Q).

Proof. Noting that C§°(R?)? is dense in H(curl, R?), we have C§°(R?)?|q, is dense
in H(curl, R?)|q. From the Sobolev extension theorem, H(curl, R?)|q = H(curl, Q).
Therefore, C3°(Q2)% 2 C3°(R?)?|q is dense in H(curl, Q). |

This density lemma is useful to deal with the infinite domain 2. We may prove
the results only on C;C(Q)?’ and then extend them by limiting argument to more
general functions such as those in H(curl, 2). Consequently, the boundary integrals
only on I'; need to be considered when formulating the variational problems in 2.

For any vector field u = (uy,us2,u3) ", denote by

ur, =n; x (wxn;) = (ui(z,y, hy), uz(x,y, h;),0)",

the tangential component on I';, where n; = (0,0,1)" and ny = (0,0,—1)" are
the unit outward normal vectors on I'y and I'e, respectively. For any smooth vector
u = (u1,u2,u3)" defined onI'j, let divr,u = dyus +0yus and curlp, u = dyus —dyuy
be the surface divergence and surface scalar curl of the field u. For a smooth scalar
function u, denote by Vp,u = (0,u,dyu,0)" the surface gradient on I';.
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Let H~Y/%(T;) be the completion of L?(T';) in the norm

1/2
-y = ([ 1+ ey apag)
Introduce two tangential functional spaces:
H Y (cwrl,T;) = {ue H*T;)3 1 uz = 0, curlp,u € HV2(T;)},
H Y2(div,T;) = {ue H3(1;)% 1 uz = 0, divp,u € H /3(T;)},

which are equipped with the norms:

1/2
lullg-1/2(cun,r,) = (/}1&2(1 + [€7) [|a1* + |ao|* + [£1112 — §2ﬁl|2]d€> :

1/2
ullg-1/2(aiv,r,) = (/2(1 + &P [|a1]? + |az]? + |&ran + §2ﬂ2|2]d§> :
R

The following two lemmas are concerned with the duality between the spaces
H~1/2(div,T;) and H'/2(curl, T';) and the trace regularity in H(curl, Q). The proofs
can be found in Lemmas 2.3 and 2.4 of Ref. [20.

Lemma 2.2. The spaces H™/?(div,T;) and HY?(curl,T;) are mutually adjoint
with respect to the scalar product in L*(T;)* defined by

(u,v}Fj = /F‘u -vdy; = /Rg(fu{h +ﬁ21§2)d£. (2.3)

Lemma 2.3. Let C = max{y/1+ (h; — ha)~1, \/5} We have the estimate
[ullg-1/2(cun,r,) < CllullaEuno), Yu € H(curl, Q).

Next we introduce some properties of the Laplace transform. Let s = s1 + iso
with s1 > 0, s € R. Define by u(s) the Laplace transform of u(¢), i.e.

i(s) = Z(u)(s) = /0 e stu(t)dt,

Using the integration by parts yields

t
[ utrar =271 ), (2.4)
0

where .Z~! is the inverse Laplace transform. It is also easy to verify that
u(t) =71 (e®" L (u)(s1 + s2)), (2.5)
where .Z ! denotes the inverse Fourier transform with respect to sy. Recall the
Plancherel or the Parseval identity for the Laplace transform (cf. (2.46) of Ref. [9)):
1 o0
27 ) _ o

U(s)v(s)dse = /Oooe_Qsltu(t)v(t)dt, Vs1 > A, (2.6)

where 1 = Z(u), v = Z(v) and X is abscissa of convergence for the Laplace
transform of u and v.
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The following lemma (Theorem 43.1 from Ref. is an analogue of the Paley—
Wiener—Schwarz theorem for the Fourier transform of distributions with compact
support in the case of the Laplace transform.

Lemma 2.4. Let ﬁ(s) be a holomorphic function in the half-plane s1 > o9 and be
valued in the Banach space E. The following two statements are equivalent:

(1) There is a distribution h € D', (E) whose Laplace transform is equal to h(s);
(2) There is a real o1 with o9 < o1 < 0o and an integer m > 0 such that for all
complex numbers s with Re s = s1 > o1, it holds that ||h(s)||g < (1 + |s])™,

where D', (E) is the space of distributions on the real line which vanishes identically
in the open negative half-line.

2.3. Transparent boundary condition

We introduce an exact time-domain TBC to formulate the scattering problem into
the following initial-boundary value problem:

VXE+uotH=0, VxH—-c0;E=J inQ, t>0,
E|t:0 = Eo, H|t:0 = HO iIl Q, (27)
%[Epj]:Han on Fj, t>0,
where Er; is the tangential component of E on I'; and .7} is the time-domain
electric-to-magnetic capacity operator.

In what follows, we shall derive the formulation of the operators .7; and show
some of their properties. Since the derivation of 73 and 2 is analogous, we will
only show the details for .77 and state the corresponding result on 75 without
derivation.

Notice that J is supported in Q and € = 1, u = p1 in 1, the system of Maxwell
equations (2:I) reduce to

VxE+u18tH:O, VXH—€1atE=O in Ql, t > 0. (28)

Let E(x,s) and H(x, s) be the Laplace transform of E(x,t) and H(x,t). Recall
that

Z(O,E) = sE—Ey, Z(9,H)=sH—H,.

Taking the Laplace transform of (28], and noting that Ey and Hy are supported
in 2, we obtain the Maxwell equations in the s-domain:

VxE4+musH=0, VxH-egsE=0 inQ, s1>0, s €R. (2.9)

Let E = (El,EQ,Eg)T and FI = (Erl,ﬁg,ﬁg)T. Denote by Epl = (El(p,hl),
25(p, h1),0)T the tangential component of the electric field on I'y. Let H x n; =
(Hy(p,h1),—Hi(p,h1),0)" be the tangential trace of the magnetic field on T'y. It
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follows from (2.9) that:

y 1 5 y
Hy(p,h1) = E[azES(p,hl) —0.F1(p, h)],

o 1 o o
—Hi(p, 1) = E[ayES(pahl) — 0:E2(p, hi)].
Taking the Fourier transform of the above equations with respect to p gives:

Am@ﬂﬂ=iﬂ@ﬁﬁﬁn—@i@ﬁﬂ, (2.108)

i1 (6.) = —— [i6aFalg. ) - 0. Falé. ). (2.10b)

Observe that the medium is homogeneous in €2y, which gives V - E=0in Q.
Eliminating the magnetic field from (Z9]) and using the divergence-free condition
in 1, we obtain the Helmholtz equation for the components of the electric field:

{AEJ([),Z) _61/14132-5‘]’([),2) =0 in 917

Ej(paz) :Ej(pahl) on Fl.

Taking the Fourier transform with respect to p of the above equations yields
PE; — (e1s® + |€E)E; =0 2> hy,
Ej :Ej(£7h1) z = hq.

Solving the above equations and using the bounded outgoing condition, we obtain
the solution:

Bi(€,2) = B;(€, hy)e P OG5 py (2.11)
where
B1(€) = (erpas® + €)Y/, Refpi(€) >0

Taking the derivative of (ZIT) with respect to z and evaluating it at z = hq,
we get

0:Ej(&, ) = —P1(E)E; (& ).
Noting that V- B = 9,E; + 9,F + 0.E3 = 0 in Q; and (1(€) # 0 for all £, we

deduce that
2 —1 ¥
E3(&,h1) = ﬂl—(@az&(f’hl) =

Therefore, we have from (Z10) that:

ﬁ {512771(5%1) +§2ﬁ72(€7h1)}~

~—

ﬁI2(£7h1) uls [ﬁ 2) (§1E1(§ h1)+§252($ h1)) +ﬂ1(£)§1(§»h1)]»

—ﬁfl(&hﬂ uls [ﬁ fg) (§1E1(§ h1)+§252($ h1)) +ﬂl(§)§2(§»h1)],
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or equivalently,

ﬁ2(§7h1) = 51#182]%1(5,%) + &2 <§2él(£7h1) - 5152(57%))},

1
psB(€) [

—ﬁfl(§7 hy) = {Elulszéz(f, hi) + &1 (51]%2(57 hy) — 52]%1(5, hl))}'

-
p18B1(§)

For any tangential vector u = (u1,us,0)" on I'j, define the capacity operator

%1:
t%l[u] = (vlav270)T7

where
0 = ﬁ [_%(61’&1 + 627:62) + 51’&1] R (2.12&)
V9 = L [_5—2(61’&1 + 627:62) + 51’&2] (2.12b)
pis | fr ’
or equivalently,
U] = Hliﬁl [El,ulszfu + fz(fgfbl — §1’&2)]7 (2.13&)
Uy = Mliﬁl [81#152112 + & (§rdn — 52111)]. (2.13b)

Similarly, for any tangential vector u = (uq,u2,0) on I'y, define the capacity oper-
ator Hy:

@Q[U] = (vlav270)T7

where
0 = L [ﬂml - f_1(51111 + 52112)} (2.14a)
H2$ B2 ’
’lA)2 = L |:ﬂ27l2 — 5—2(51’&1 + éé’ljl,z):| (214b)
H2S B2 ’
or equivalently,
0 = H2i52 [€2M232ﬂ1 + & (&2t — §1’&2)]7 (2.15a)
Uy = M2i62 [52,“252@2 +& (flﬂg — 521]1)]’ (215b)

where

B2(€) = (e2p125° + [€[*)'/?, RefBa(§) > 0.

For any vector field E € H(curl, Q), it follows from LemmaP3that its tangential
component Er, € H™Y/2(curl,T;). Using the capacity operators, we may propose
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the following TBC in the s-domain:
@j [Er‘j] = ﬁ X1n; on Fj7 (216)

where the capacity operator %; maps the tangential component of the electric field
to the tangential trace of the magnetic field. Taking the inverse Laplace transform
of [2I6) yields the TBC in the time-domain:

‘Z’[EFJ‘] =H xn;,

where .7; = £~ 0 B; 0 . Equivalently, we may eliminate the magnetic field and
obtain an alternative TBC for the electric field in the s-domain:

u;ls_l(v x E) x nj + @j[Epj] =0 onTj. (2.17)

Correspondingly, by taking the inverse Laplace transform of (ZIT), we may
derive an alternative TBC for the electric field in the time-domain:

p;'(V X E) xnj +%[Er,] =0 onTy, (2.18)
where ¢ = £ 1osPBjo L.
Lemma 2.5. The capacity operator %; : H-/?(curl, ;) — Hfl/z(diV,I‘j) is

continuous.

Proof. For any u = (u1,u2,0)", w = (wy,w2,0)T € H-Y/2(curl, Q), let Biu =
(v1,v2,0) 7. Tt follows from the definitions 23)), [ZT3) and I5) that

(%ju7w>pj = / (@1&)14—@2&)2)(215
R2

= /R —,uiﬂ [53'/%52(111’&11 + Ugtdg) + (E10n — Exiiy ) (Exbe — 52[[)1)](15
2 Ko

_ / A+
Rz H5S0;
+ (61112 - 52111)(51{@2 — 52’[211)] df

To prove the lemma, it is required to estimate

(1+ ) ~/2 [ej8% (G111 + Tigtho)

(1+]€*)'?
16;
Let
é‘jujSQ = a; + ib;,
where
aj = ejuj(st —s3), bj = 2e;11;5152.
Denote

03 = ejuys” + €7 = ¢ + by,
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where
¢; = Re(ejp;s”) + &> = a; + €7

A simple calculation gives

1/4
(a+1eP? [0+ —a2] "
1851 ¢F + b7
Let
, - (1—|—t—aj)2
Fj(t) - t2 +b§ ’

which gives

, 2(1+t—aj)(b?—t(1—aj))
) = 2+ 022

J

‘We consider three cases:

(i) 1 —a; > 0. It can be verified that the function Fj(t) increases for a; < ¢ <
Kj =b7/(1 — a;) and decreases for t > K;. Hence Fj(t) reaches its maximum

att:Kj, i.e.
(14 ¢; — a;)? (1—a;)?+0b?
W = Fj(¢;) < F;(K;) = TJ
(ii) 1 —a; = 0. It is easy to verify
2
F(l)= —=<1
i®) 2407
which yields that
1—a;)*+b2
Fi(¢;) <1< @

b2

j

(iii) 1 —a; < 0. It follows from K; < a; that Fj(t) increases for t < K; and
decreases for K; < t. Since ¢; = a; + |£€|* > a;, we have

1 B (1 — aj)2 + b?

< Fi(Kj) =
2 g2 =i\ 2
aj—i-bj bj

Fj(¢;) < Fj(aj) =

Combining the above estimates yields

|<‘@ju7 W>F_7’| < Cj ||uHH_1/2(curl,Fj) ||W||H_1/2(curl,1"j)a
where
1/4

C; = xmax{(a?—kbf)lﬂ,l}.

=
HjS1

1 [(1 —a;)? + b2
b2
J
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Following from Lemma 22, we have

|<=@-u, W>F . |
[2;allg-1/2iv,r,) < C sup J i

< CCjllullg-1/2(curr,
weH—1/2(curl,I';) ||W||H*1/2(curl,1"j) ! (curl T5)>

which completes the proof. O

Lemma 2.6. We have
Re(Zju,u)r, >0, VYuec HY2(curl, T).

Proof. By definitions 2:3), (212) and (214)), we obtain

B, = o 80 ) - S+ Gl
1 X X $8; . . A
= o L+ al®) = Sl + o

Let 8; = mj + in; with m; > 0. Taking the real part of the above equation gives

1 A X
Re(%ju,u)r, = —2/ (mys1 +nys2)(Jaa* + |a2l)
1182 Jr2

m;is; —n;s . .
-S4 a2 e
m; + nj
Recalling (37 = ;5% + [€]*, we have:
mj —nj = ejpi(si — 53) + €)%, (2.19)
min; = €;1;5152. (220)

Using [220), we get

S 2 2 S1q 2 2
msy+ngsy = —=[mj+ejuys],  mys1—nysy = = [mj —ejpysy]-
J J

If m3 — €555 < 0, we obtain

1
Re(#ju,u)r, = —— o

(m5 + e;p;83) ([t |* + |az|?)
1j]s[? Jgamy |0 IR

(m3 —eju;s3) )
— L ey + Eaiiaf? | dE > 0.
m; +nj

If m% — e;p;53 > 0, we have from the Cauchy-Schwarz inequality that

(m] — ejp;53)
2 2
m; + nj

(m3 — ejp553)

2015 (2 L2
2 p) €17 ([ | + |a2]7),
m; +nj

€1 + Eatin|? <
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which gives

1 s1 (m? —e;p;83)
Re(Bju,w)r, > —— [ = |(m? +ejpjs2) — 2120 )¢|
! 13182 Sz mj g m3 +n3
x (| |? + |ag)*)dE. (2.21)
Substituting (219) into (221 yields
1 S1
Re(%ju,u)r, > (m? + gjp;55)(n? + £511,52)
J : Mj|3|2 Rzm]‘(m?-ﬁ-n?)[ J 322 J JH3°2

+(m? — ;53 (02 + u583)] (Jan* + |a2]?)de > 0,

which completes the proof. |

In the forthcoming sections, we shall use the method of energy to prove the well-
posedness and stability of the reduced problem (Z7). We point out that the method
has also been adopted in Ref. for solving the time-dependent electromagnetic
scattering problem from an open cavity.

3. Two Auxiliary Problems

In this section, we present the energy estimates for two auxiliary problems, one is
the time-harmonic Maxwell equations with a complex wavenumber and another is
the time-domain Maxwell equations with a perfectly electrically conducting (PEC)
boundary condition. These estimates will be used for the proof of the main results
for the time-domain Maxwell equations (2.).

3.1. Time-harmonic Mazxwell’s equations with a
complex wavenumber

We shall study the variational formulation for a time-harmonic Maxwell equations
with a complex wavenumber, which is a frequency version of the initial-boundary
value problem of the Maxwell equations under the Laplace transform.

Consider the auxiliary boundary value problem:
V x ((sp)™'V x u) + seu = j in Q, 3.1)
u;ls_l(qu) xn; + Zjur;] =0 only, '

where s = s1 +1isy with s; > 0,59 € R and j is assumed to be compactly supported
in .

Multiplying the complex conjugate of a test function v € H(curl, 2), integrating
over {2, and using integration by parts, we arrive at the variational formulation
of (BI): find u € H(curl, Q) such that

aru(u,v) = / j-vdx, Vv eH(curl,Q), (3.2)
Q



1856 Y. Gao & P. Li

where the sesquilinear form

atu(u,v) = /Q(su)*l(v xu) - (V x v)dx —|—/ seu - vdx + Z(%’j[quLvFj)rj.

Q =

(3.3)

Theorem 3.1. The variational problem B2) has a unique solution u € H(curl, §2)
which satisfies

IV x ullzo) + Isullez(e) S s1'llsillezco)-

Proof. It suffices to show the coercivity of the sesquilinear form of ary since
the continuity follows directly from the Cauchy—-Schwarz inequality, Lemmas
and 23

Letting v = u, we have from (B3) that

2
arn(u,u) = / (s10) 7}V % uf2dx + / seluldx + > (%;[ur, ] ur,)r,. (3.4)
Q Q j=1

Taking the real part of (3:4) and using Lemma [2:6] we get
s1
R’eaTH(uvu) 2 |S|2 (”v X uHiz(Q) + HsuHiz(Q)) (35)

It follows from the Lax—Milgram lemma that the variational problem (32)) has
a unique solution u € H(curl, Q). Moreover, we have from (32)) that

larn (w,u)| < |s| 7 jllL2@ sulle @) (3.6)
Combining (33)-(30) leads to
|V x u||%2(9) + ||3u||%2(9) S 31_1||3j||L2(Q)||3u||L2(Q)7

which completes the proof after applying the Cauchy—Schwarz inequality. O

3.2. Time-domain Maxwell’s equations with PEC condition

Consider the initial-boundary value problem for the time-domain Maxwell equations
with the PEC boundary condition:

VxU+puoV=0 VXxV-e0,U=0 inQ, t>0,
Uxn; =0 onT;, t>0, (3.7)
Ul;—o = Eo, V= =Hp in €,

where Eq, Hy are assumed to be compactly supported in (2.
Let U = Z2(U) and V = Z(V). Taking the Laplace transform of (B7) and

climinating V, we obtain the boundary value problem:
{V x ((sp) ™1V x ﬁ) +sU=j inQ,

§ (3.8)
U x n; = 0 on Fj,
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where j = eEg + s 1V x Hy. The variational formulation for &) is to find U
Hy(curl, Q) such that

arp(U,v) = / j-vdx, Vv e Hg(curl,Q), (3.9)
Q

where the sesquilinear form is

arp(U,v) = /

(sp) NV x U) - (V x ¥)dx —|—/S€IUJ - vdx.
Q

Q
Following the same proof as that in Theorem Bl we may obtain the well-
posedness of the variation problem (3] and its stability estimate.

Lemma 3.1. The variational problem (3.8) has a unique solution Ue Hy(curl, Q)
which satisfies

IV x Ulleze) + 1sUllee) S 51t lsBollrzo) + 51 IV x HollLz (@)

Theorem 3.2. The auxiliary problem ([B) has a unique solution (U, V), which
satisfies the stability estimates:

[UllL2@) + 1 VilLe@) S [1EollLzo) + [IHollL2(o),
[0:UllL2 @) + [0t VLe(@) S IV X EollLz@) + IV x HollL2(0),
107U |2 ) + 107 VL) S IV X (V X Eo)|lL2) + IV x (V x Ho)[L2(q)-

Proof. Let U = .2(U) and V = (V). Taking the Laplace transform of (Z7) and
using the initial condition lead to

VxU+suV=pHy, VxV—sU=—-¢cE; inQ,
ﬁxnj:O ODFJ'.

It follows from Lemma [3.1] that

(3.10)

IV x ﬁHLz(Q) + HSﬁHLz(Q) < SIIHSEOHLQ(Q) + 8;1||V X H0||L2(Q)~
Combining the above inequality and (BI0) gives
|=suV + pHollL2 () + 671V x V + Eo
< 51t IsEollLz) + 51 IV X HollL2 (o),
which shows that
IV x Vg2 + 1sVez @) S (1+ 1 [sDIEollLz(o) + [Hollrz (o
+sf1HV X H0||L2(Q).

It follows from Lemma 44.1 of Ref. 25 that U and V are holomorphic functions
of s on the half-plane s; > 4 > 0, where 7 is any positive constant. Hence we have
from Lemma 24 that the inverse Laplace transform of U and V exist and they are
supported in [0, 00).
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Next we prove the stability by the energy function method. Define the energy
function

ex(t) = €U )20 + 142V D120

Using ([B7) and integration by parts, we obtain
t
e1(t) —e1(0) = / ey (r)dr = 2Re// (e0,U - U 4 pdyV - V)dxdr

_2Re//V><V —(V x U) - Vdxdr

—2Re// [(VxV) - U—(VxV)- Uldxdr

—2Re/ZanJ, )r,dr

Hence we have
12U 2 + 162V ()12 ) = e Eollge + [l *Hollf2 o)
which implies
1U|Lz(0) + VL2 S [Eollz2(o) + [[HollLz(o)-
Taking the first and second partial derivatives of ([BX) with respect to t yields

V x 9,U + pd2V =0, V x8,V —ed2U =0 inQ, t>0,
atUanZO onl“j,t>07
8tU|t:0 = a‘l(V X Ho), 6tV|t:0 = —u_lv x Eg in Q

and

VX 2U 4 pdPV =0, VxBZV-eU=0 inQ, t>0,

02U xn; =0 only, t>0,
97 Uli=o0 = —(ep) 1 (V x (V x Ep)), in ©,
02V ]i—o = —(ep) "1 (V x (V x Hp)) in Q.

Consider the energy functions

ex(t) = (€200, ) T2 () + 1120V (-, )12 o)

and

es(t) = [l 207U ()12 + 6207V (. 1)IIZ2 0
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for the above two problems, respectively. Using the same steps for the first inequa-
lity, we can derive the other two inequalities. The details are omitted. O

4. The Reduced Problem

In this section, we present the main results of this work, which include the well-
posedness, stability, and a priori estimates for the scattering problem (B1).

4.1. Well-posedness

Let e = E—~U and h = H— V. Noting U x n; = 0, we have Up, = 0 and
J;[Ur,] = 0. It follows from (ZT)) and (B1) that e and h satisfy the following
initial-boundary value problem:

Vxe+udh=0 Vxh-cde=J inQ, t>0,
e|t:0 = O, h|t:0 =0 in Q, (41)
Jjler;] =h xn; +V x n; onT;, t>0.

Let & = Z(e) and h = Z(h). Taking the Laplace transform of ([@I)) and eliminating

-

h, we obtain

V x ((1s) "1V x 8) + es8 = —J in Q,
{ ((us) ) (42)

(/J/]‘S)il(v X é) X n; + %j[ér] = ‘7 X n; on Fj.

J
Our strategy is to show the well-posedness and stability of (£2)) in the s-domain.
The well-posedness of (£J)) follows from Lemma 24 and the inverse Laplace trans-
form.

Lemma 4.1. The problem [@2)) has a unique weak solution & € H(curl, Q) which
satisfies
2

IV x 8llr2(0) + 158ll2i) S sit | lsdllLa) + Y15V % 05llm-1/2aiv,r))
j=1

+I[s]*V x ;|| g-1/2(aiv,r;)) | - (4.3)

Proof. By Theorem B, it is easy to show the well-posedness of the solution é €
H(curl, ©2). Moreover, we have from the definition of (B3] that

atu(é,8) = /Q(su)_l(v x 8) - (V x &)dx —|—/

2
scé - gdx + Z<<@J [épj], épj>pj
Q ;

j=1

2
_/j.adx+z<v x 1,80, )r,.
Q

j=1



1860 Y. Gao & P. Li

It follows from the coercivity of ary in ([B:5) and the trace theorem in Lemma 23]
that

S1 o v
W(HV X 8|72 + 158[I72(0))

2
S s T ez lIs8llz2 @) + DIV X 0y lle-1/2(aiv,r) 180, 172 cun )
j=1
2

S s T leeoy 198l L2 @) + D IV X 0y lli-1/2(aiv,r) 18l eurto)
j=1

2
S s M lea@lls8llzz @) + Y IV X 0jlli-1/2di,r,) IV X 8l
j=1
2

+ Z |57V x ny lE-12(aiv.r,) | 5€llL2 ().
j=1

which give the estimate ([3) after applying the Cauchy—Schwarz inequality. O

To show the well-posedness of the reduced problem (2.71), we assume that
Eo, Hy € H(curl,Q), Je HY0,T;L*(Q)), J|i=0 =0. (4.4)
Theorem 4.1. The problem () has a unique solution (E,H), which satisfies:

E € L*(0,7; H(curl, Q)) N H'(0, T; L3(Q)),
H c L2(0, T; H(curl, Q)) N H' (0, T; L*(Q)),

and

T 2
/ /( (V%) — O - §)dx — 3 (TiEr,, b
o |Ja o

T
:/ /J-ggdxdt7 V¢ € H(curl, Q2), (4.5)
0 Jo

T
/ /(v x E) - + poH -apdxdt =0, Vp € L*(Q). (4.6)
0 Ja
Moreover, (E,H) satisfy the stability estimate
max (10:EllL2(@) + IV % EllL2(@) + [0:H|L2(@) + [V x Hl|L2(0))

S ol e e,y + [Hollaeurt,0) + 1T ller 0,702 (0)) - (4.7)
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Proof. Let E = U + e and H = V + h, where (U, V) satisfy (8.7) and (e, h)
satisfy (E]). Noting

T
/0 (JIV x eHiz(Q)z + HateH%%Q))dt

T

< [ DT el + el
0

T
= it [ (19 x el + 100elain)
0

sé 2 (|17 X e Zaays + |0re]Zaey )t

we need to estimate

|9 el + lorel ey

Taking the Laplace transform of ({.1]) yields

Vx&+push=0 Vxh—es8=J inQ, “8)
@j[épj]ZBan—vanj OHFJ'. '
We have from Lemma .1l that
2
IV x &2y + Is8llLaie) S svt | IsT Lz + DIV x njlla-1/2gaiv,r;)
j=1
1PV 5 0yl s-1/2 i) | (4.9)
which gives after using (L8] that
IV % hllre() + [[shlreq)
2
Ssit 1T llee) + sTllee@) + DSV X 1jlli-1/2aiv,r))
j=1
+1IsI*V % 0l e-1/2aivry) |- (4.10)

It follows from Lemma 44.1 of Ref.[2H that & and h are holomorphic functions of s
on the half-plane s; > 4 > 0, where ¥ is any positive constant. Hence we have from
Lemma 24 that the inverse Laplace transform of & and h exist and are supported
in [0, oo].
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Let e = 271(8) and h = £~ !(h). One may verify from the inverse Laplace
transform and (Z.5) that & = £ (e) = Z (e~ *ite), where .Z is the Fourier transform
with respect to ss. It follows from the Parseval identity (Z.0]) and (£9)) that we have

/o eIV x ellizqpe + |9relEe))dt

1 [ o o
— o | (19 X Bl + 58]0y ds:

[e'e} o 2
S 31_2/ [sJ]|L2(0)ds2 + 31_2/ Z(HSV X njH?—I—l/Q(div,Fj)
o0 —00 j=1

+ sV x 05 [F-12 g ) ds.

By the assumption (EZ)), we have J|;—o = 01in Q, V x nj|;—o = 0¢(V xn;)[4=0 =0
on T';, which give that .£(9;J) = sJ in Q and .Z(9;(V x n;)) = sV x n; on T;.
Noting

sV x nj = (251 — 5)sV x nj = 25.2(3(V x n;)) — Z(3?(V x nj)) onT},

we have

/0 6*23175(||V % e||%2(9)2 + ||(9teH%2(Q))dt

S5 [ 120D aedse

fo%e) 2
b2 / ST ILEV % 0) Bz a2

—o0 =
o 2
H 15D [ S ILOUY ) By s
—o0
Using the Parseval identity (2.0]) again gives
| 9 < el + vl

o0
< s / 20,2
0

oo 2
o2 / 2SOV X 1) B s o
0

j=1

50 2
) [ ST 10V ),

Jj=1
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which shows that

e € L?(0,T; H(curl, Q)) N H' (0, T; L*(2)).
Similarly, we can show from (£I0) that

h € L?(0, T; H(curl, Q)) N H' (0, T; L*(Q)).

Multiplying the test functions ¥ € L2(Q) and ¢ € H(curl, ) to the first and
second equalities in (27)), respectively, using the boundary capacity operators 7;
and integration by parts, we can get ([H)—(HH]).

Next we show the stability estimate (£7). Let E be the extension of E with
respect to ¢ in R such that E = 0 outside the interval [0,¢]. By the Parseval iden-

tity (Z0]) and Lemma [ZT] we get

t oo _
Re//leizslt‘% [EFj] : El—‘gd'y]dt = Re/F/ eizslt‘%[El—‘j] . EFJdW]dt

1 ©0 < X
= _77/ Re(%j[Erj],Erj>pjd82 > O7
which yields after taking s; — 0 that
t
Re// %[Epj] . Epjd’)/jdt > 0. (4.11)
0JT;

For any 0 < ¢t < T, consider the energy function
e(t) = "B t)lIR2 () + 10"/ *Hl[E2(q)-

It is easy to note that

t
/0 ¢(r)dr = (V2B 1) + 6 2HE D)

~ (I"*EolZ2(q) + 1 Hollfa(a))-
On the other hand, it follows from (27)), ({I]), and the integration by parts that

t t
/e/(T)dT:2Re//(53tE'E+,u3tH-I:I)dxdT
0
t —
—2Re// VxH)-E—(VxE)- H)dxdT—2Re//J-dedT
0JQ
ZQRe//((VXE)-H—(VXE)-f{)dxdT

—2Re2/ y [Er,] EFJdW]dT—QRe//J Edxdr

< —2Re//J-EdXdT < 2 max HE||L2(Q)||JHL1(07T;L2(Q)). (4.12)
0JQ t€[0,T]
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Taking the derivative of (2.7) with respect to t, we know that (0;E, 9;H) satisfy the
same set of equations with the source J replaced by 9;J, and the initial conditions
replaced by 9;E|;—g = ¢ 7'V x Hyg, 9;H|;—0 = —u~ 'V x Eq. Hence we may follow
the same steps as above to obtain (£12)) for (6;E, 9,H), which completes the proof
of @) after combining the above estimates. O

4.2. A priori estimates

Now we intend to derive a priori stability estimates for the electric field. Eliminating
the magnetic field in (ZI)-@22) and using the TBC in [ZIf)), we consider the
following initial-boundary value problem:

EPE=-Vx (i 'VxE)-F inQ, t>0,
Eli=o = Eo, 0iE[;=0 = E; in Q, (4.13)
1 (V X E) x n; + €[Er,] =0 onl;, t>0,

where
F=0J, Ei=¢'(VxHy—-Jy), € =L""0s80%.

The variational problem ([LI3) is to find E € H(curl, Q) for all ¢ > 0 such that

/58t2E-v_vdx: —/u_l(v x E) - (V x w)dx
Q Q

2
—/F -wdx — Z(‘@-[Ep].],ij}pj, Vw e H(curl, Q). (4.14)
Q

j=1

Lemma 4.2. Given & >0 and E € L*(0,¢, H™Y/2(curl, T)), we have

Re /OE/D (/Ot%j[Epj](r)dT) B, (H)dydt > 0,

Proof. Let E be the extension of E with respect to ¢ in R such that E = 0 outside
the interval [0, £]. It follows from the Parseval identity -6), Lemma 24 Lemmal26]

and (24) that

Re /F ]. /0 ot ( /0 t %[Epj](r)df) B ()didy,
— Re /Fj/oocezsﬂ(/ot%[ﬁrj](T)dT) -lflrj (t)dtdy;

[e’e] t =
— Re/ / e 251t (/ ZL 1o sA; o .,?Ep]. (T)dT) - Er, dtdy;
r;Jo 0



Time-domain Mazwell’s equation in an unbounded structure 1865
1 o ~ I~
= Q—Re/ / Bjo LEr,(s)  L(E)(s)dyjdss
s —ooJ T

:—/ Re >Fd82>0

The proof is complete by taking s; — 0 in the above inequality. O

Theorem 4.2. Let E € H(curl,Q) be the solution of EI4). If Eo,E; € L%(Q)
and F € LY0,T;L%(Q)), then E € L>=(0,T;L23(Q)). Moreover, we have for any
T > 0 that

IEl|Le<©0rL2@) S [BollL2() + TIE1llL2) + T|F|lLio,rL2()),  (4.15)
and
IE|L20,rz2@) S T2 (IBollLe) + TIE|lLe@) + TIFlwiorza@)).  (4.16)
Proof. Let 0 < £ < T and consider the function
§
P(x,t) = / E(x,7)dr, x€Q, 0<t<E¢. (4.17)
t

It is easy to verify that

P(x,8) =0, Onp(x,t) = —E(x,1), (4.18)
and
3 _
/0¢(x (%, / </¢x7' ) E(x,t)dt,
Vo(x,t) € L2(0,&L2(Q)). (4.19)

We show the last identity below. Using integration by parts and (I8) give

/¢xt Bl )t = /0£<¢<x,t>~ /fE(xm)dr)dt
[ o o
:/EXTdT/gbxgdqﬁ /(/d)xgdg) B(x, 1)t
[ (o
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Taking the test function w = 1) in (@14) leads to

/QEGEE-Jde——/ "NV X E)-(V x)dx

/ pex — < J[Br ], ) (4.20)
It follows from (EIR) and the initial conditions in (@I3) that

§ _ 13 _ _
Re/ /8t2E cpdxdt = Re// (8t(8tE <)+ OE - E) dtdx
0Ja aJo

= Re/ (@n@ng + %|E|2|§>dx
Q
1 2 1 2 T
= §||E('7§)HL2(Q) - §||Eo||Lz(Q> —Re QEl(X) “1p(x,0)dx

Thus, integrating (£:20)) from ¢ = 0 to ¢t = ¢ and taking the real parts yield

2

€
€ 9 5 9 1 1
§HE('7£)”L2(Q) - §HE0HL2(Q) + 5/@# /0 V x E(x,t)dt| dx

13
“ReY /0 (% [Er, ], v, dt, (4.21)

where we have used the fact that

Re// LV x E) (VmZ;)dxdt:%/Qu—

Next we estimate the three terms on the right-hand side of ([@ZI]) separately.
We derive from (M) and Cauchy—Schwarz inequality that

Re/QEl(x) “p(x,0)dx = Re/QEl(x) . (/0E E(x,t)dt) dx
—Re//E1 xtdxdt

£
< Bl / IEC, £) ey dt. (4.22)
0

¢ 2
! /(VxE)dt dx.

0
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Similarly, for 0 < ¢t < & < T, we have from ({19) that

¢ - § t )
Re/o /QF’Q,bdth = RG/Q/O (/0 F(X7T)d7'> 'E(X,t)dtdx
& pt
= Re /0 /0 /Q F(x,7) - B(x, t)dxdrdt

13 t

S /0 (/0 F(-,T)”Lz(g)dT) ”E(’t)HL?(Q)dt
3 3

g/o (/0 IIF(.,T)Lz(Q)dT> 1B, ) 2(oydt

13 13
< ( / F(-,tm(mdt) ( / ||E<-,t>Lz<g>dt>.

Using Lemma [I2] and (ZI9), we obtain

¢ 3 t _
ke [ (@lEn L a=ke [ [ ([ gm0 Br, @iy >0
0 0Jr; \Jo
(4.23)
Substituting (E22)-E23) into E2I), we have for any & € [0, 7] that

2

€ 1 _ ¢
SIEC Ol o) + §/u ! / V x E(x, t)dt| dx
Q 0

3 3
g
< S BollZ2(a) <6||E1||Lz<g> + F(-,tm(mdt) ( / ||E<-,t>Lz<g>dt>.

(4.24)

Taking the L>°-norm with respect to £ on both sides of [@24) yields
IElf o 0,012 S IEollf2q) + TUIFllLi 0,2 @) + 1BallLz @) I EllLe 0,712 )

Therefore, the estimate (ZI0) follows directly from the Young inequality.
Integrating (£24)) with respect to ¢ over (0,T) and using the Cauchy—Schwarz
inequality, we obtain

HE”%,Q(O,T;L?(Q)) S T||E0Hi2(9) + T3/2(HFHL1(0,T;L2(Q))
+ [ EllLz @) IEl|L20,7:12(0)-
Using Young’s inequality again, we derive the L?-estimate ({.16), which completes
the proof. 0O
In Theorem B3] it is required that Eg, E; € L2(Q), and F € L'(0,T;L3(Q)),
which can be satisfied if the data satisfy:
Eo € L?(Q), Hy € H(cur,Q), JecH'Y(0,T;L*(Q)).
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5. Conclusion

The scattering problems by unbounded structures have attracted much attention
due to their wide applications and ample mathematical interests. Although exten-
sive study have been done for the time-harmonic problems, it is still not clear what
the best conditions are for those material parameters such as the dielectric permit-
tivity and magnetic permeability to assure the well-posedness of the problems. In
particular, it remains an open problem whether it is well-posed for the real dielectric
permittivity and magnetic permeability.

In this paper, we have studied the time-domain scattering problem in an
unbounded structure for the real dielectric permittivity and magnetic permeabi-
lity. The scattering problem is reduced to an initial-boundary value problem by
using an exact time-domain TBC. The reduced problem is shown to have a unique
solution by using the energy method. The main ingredients of the proofs are the
Laplace transform, the Lax—Milgram lemma, and the Parseval identity. Moreover,
by directly considering the variational problem of the time-domain wave equation,
we obtain a priori estimates with explicit dependence on time.

Recently, the time-domain scattering by one-dimensional periodic structures
was studied in Ref. The authors considered the transverse magnetic and electric
polarizations, where the time-domain Maxwell equations were reduced to the two-
dimensional acoustic wave equation. The work was left undone for the time-domain
scattering by two-dimensional periodic structures, where the time-domain Maxwell
equations must be considered. We will extend the current approach to deal with
the biperiodic structures and even more complicated chiral structures™

Acknowledgments

The research of Y.G. was supported in part by NSFC Grant 11571065 and Jilin
Science and Technology Development Project. The research of P.L. was supported
in part by the NSF Grant DMS-1151308.

References

1. H. Ammari and G. Bao, Maxwell’s equations in periodic chiral structures, Math.
Nach. 251 (2003) 3-18.

2. H. Ammari and J.-C. Nédélec, Time-harmonic electromagnetic fields in chiral media,
in Modern Mathematical Methods in Diffraction Theory and Its Applications in Engi-
neering, ed. E. Meister, Methoden und Verfahren der Mathematischen Physik, Vol. 42
(Peter Lang, 1997), pp. 174-202.

3. T. Arens and T. Hohage, On radiation conditions for rough surface scattering prob-
lems, IMA J. Appl. Math. 70 (2005) 839-847.

4. S. N. Chandler-Wilde, E. Heinemeyer and R. Potthast, Acoustic scattering by mildly
rough unbounded surfaces in three dimensions, SIAM J. Appl. Math. 66 (2006) 1002—
1026.

5. S. N. Chandler-Wilde and P. Monk, Existence, uniqueness, and variational methods
for scattering by unbounded rough surfaces, STAM J. Math. Anal. 37 (2005) 598-618.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Time-domain Mazwell’s equation in an unbounded structure 1869

S. N. Chandler-Wilde and B. Zhang, Scattering of electromagnetic waves by rough
interfaces and inhomogeneous layers, SIAM J. Math. Anal. 30 (1999) 559-583.

Q. Chen and P. Monk, Discretization of the time domain CFIE for acoustic scatter-
ing problems using convolution quadrature, SIAM J. Math. Anal. 46 (2014) 3107—
3130.

Z. Chen and J.-C. Nédélec, On Maxwell equations with the transparent boundary
condition, J. Comput. Math. 26 (2008) 284-296.

A. M. Cohen, Numerical Methods for Laplace Transform Inversion, Numerical Meth-
ods and Algorithms, Vol. 5 (Springer, 2007).

J. DeSanto, Scattering by rough surfaces, in Scattering: Scattering and Inverse Scat-
tering in Pure and Applied Science, eds. R. Pike and P. Sabatier (Academic Press,
2002).

T. M. Elfouhaily and C.-A. Guérin, A critical survey of approximate scattering wave
theories from random rough surfaces, Waves Random Media 14 (2004) R1-R40.

L. Fan and P. Monk, Time dependent scattering from a grating, J. Comput. Phys.
302 (2015) 97-113.

Y. Gao and P. Li, Analysis of time-domain scattering by periodic structures, J. Dif-
ferential Equations 261 (2016) 5094-5118.

H. Haddar and A. Lechleiter, Electromagnetic wave scattering from rough penetrable
layers, STAM J. Math. Anal. 43 (2011) 2418-2443.

J-M. Jin and D. J. Riley, Finite Element Analysis of Antennas and Arrays (Wiley,
2009).

A. Lechleiter and S. Ritterbusch, A variational method for wave scattering from pen-
etrable rough layers, IMA J. Appl. Math. 75 (2010) 366-391.

J. Li and Y. Huang, Time-Domain Finite Element Methods for Mazwell’s Equations
in Metamaterials, Springer Series in Computational Mathematics, Vol. 43 (Springer,
2013).

P. Li and J. Shen, Analysis of the scattering by an unbounded rough surface, Math.
Methods Appl. Sci. 35 (2012) 2166-2184.

P. Li, L.-L. Wang and A. Wood, Analysis of transient electromagnetic scattering from
a three-dimensional open cavity, STAM J. Appl. Math. 75 (2015) 1675-1699.

P. Li, H. Wu and W. Zheng, Electromagnetic scattering by unbounded rough surfaces,
SIAM J. Math. Anal. 43 (2011) 1205-1231.

P. Li, G. Zheng and W. Zheng, Maxwell’s equations in an unbounded structure, Math.
Methods Appl. Sci. 40 (2017) 573-588.

J. A. Ogilvy, Theory of Wave Scattering from Random Rough Surfaces (Adam Hilger,
1991).

D. J. Riley and J.-M. Jin, Finite-element time-domain analysis of electrically and
magnetically dispersive periodic structures, IEEE Trans. Antennas Propag. 56 (2008)
3501-3509.

M. Saillard and A. Sentenac, Rigorous solutions for electromagnetic scattering from
rough surfaces, Waves Rand. Media 11 (2001) R103-R137.

F. Treves, Basic Linear Partial Differential Equations, Pure and Applied Mathem-
atics, Vol. 62 (Academic Press, 1975).

M. Veysoglu, R. Shin and J. A. Kong, A finite-difference time-domain analysis of wave
scattering from periodic surfaces: Oblique incidence case, J. Electromagn. Waves Appl.
7 (1993) 1595-1607.

A. G. Voronovich, Wave Scattering from Rough Surfaces, Springer Series on Wave
Phenomena, Vol. 17 (Springer-Verlag, 1994).



1870 Y. Gao & P. Li

28. B. Wang and L.-L. Wang, On Lz—stability analysis of time-domain acoustic scattering
problems with exact nonreflecting boundary conditions, J. Math. Study 47 (2014)
65—84.

29. L.-L. Wang, B. Wang and X. Zhao, Fast and accurate computation of time-domain
acoustic scattering problems with exact nonreflecting boundary conditions, STAM J.
Appl. Math. 72 (2012) 1869-1898.

30. K. F. Warnick and W. C. Chew, Numerical simulation methods for rough surface
scattering, Waves Random Media 11 (2001) R1-R30.

31. B. Zhang and S. N. Chandler-Wilde, Acoustic scattering by an inhomogeneous layer
on a rigid plate, STAM J. Appl. Math. 58 (1998) 1931-1950.



