IOPScience

Home

Search Collections Journals About Contactus My IOPscience

Inverse electromagnetic diffraction by biperiodic dielectric gratings

This content has been downloaded from IOPscience. Please scroll down to see the full text.

2017 Inverse Problems 33 085004
(http://iopscience.iop.org/0266-5611/33/8/085004)

View the table of contents for this issue, or go to the journal homepage for more

Download details:

IP Address: 131.95.5.215
This content was downloaded on 19/06/2017 at 12:02

Please note that terms and conditions apply.

iopscience.iop.org


http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0266-5611/33/8
http://iopscience.iop.org/0266-5611
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

I0OP Publishing

Inverse Problems

Inverse Problems 33 (2017) 085004 (29pp) https://doi.org/10.1088/1361-6420/aa76b9

Inverse electromagnetic diffraction
by biperiodic dielectric gratings

Xue Jiang' and Peijun Li*?

! School of Science, Beijing University of Posts and Telecommunications Beijing
100876, People’s Republic of China

2 Department of Mathematics, Purdue University, West Lafayette, IN 47907,
United States of America

E-mail: jxue@lsec.cc.ac.cn and lipeijun @math.purdue.edu

Received 12 December 2016, revised 10 May 2017
Accepted for publication 2 June 2017 @
Published 19 June 2017

CrossMark
Abstract
Consider the incidence of a time-harmonic electromagnetic plane wave onto
a biperiodic dielectric grating, where the surface is assumed to be a small and
smooth perturbation of a plane. The diffraction is modeled as a transmission
problem for Maxwell’s equations in three dimensions. This paper concerns the
inverse diffraction problem which is to reconstruct the grating surface from
either the diffracted field or the transmitted field. A novel approach is developed
to solve the challenging nonlinear and ill-posed inverse problem. The method
requires only a single incident field and is realized via the fast Fourier transform.
Numerical results show that it is simple, fast, and stable to reconstruct biperiodic
dielectric grating surfaces with super-resolved resolution.

Keywords: Maxwell’s equations, inverse diffraction, near-field imaging,
biperiodic gratings

(Some figures may appear in colour only in the online journal)

1. Introduction

Consider the diffraction of a time-harmonic electromagnetic plane incident wave by a bipe-
riodic structure, which is called a crossed or two-dimensional grating in optical community.
Given the structure and the incident field, the direct problem is to determine the diffracted
field. The inverse problem is to reconstruct the grating surface from measured field. This
paper concerns the latter. Diffractive gratings have been widely used in micro-optics including
the design and fabrication of optical elements such as corrective lenses, anti-reflective inter-
faces, beam splitters, and sensors. Driven by the industrial applications, the diffraction grating
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problems have received ever-lasting attention in the engineering and applied mathematical
communities [14, 48]. An introduction to this topic can be found in the monograph [50]. We
refer to [12] for a comprehensive review on the mathematical modeling and computational
methods for these problems.

The inverse diffraction problems have been studied extensively for one-dimensional grat-
ings, where the structures are invariant in one direction and the model of Maxwell’s equa-
tions can be simplified into the Helmholtz equation. Mathematical results, such as uniqueness
and stability, are established by many researchers [10, 15, 25, 39, 43]. Computationally, a
number of methods are developed [9, 21, 22, 26, 36, 38, 42]. Numerical solutions can be found
in [8, 31, 34, 44] for solving general inverse surface scattering problems. There are also many
work done for two-dimensional gratings, where Maxwell’s equations must be considered.
We refer to [3, 11, 20, 35, 45] for the existence, uniqueness, and numerical approximations
of solutions for the direct problems. Mathematical studies on uniqueness can be found in
[2, 23,24, 40, 41, 52] for the inverse problems. Numerical results are very rare for the inverse
problems due to the nonlinearity, ill-posedness, and large scale computation [46]. Despite a
great number of work done for the inverse diffraction problems, they addressed the classical
inverse scattering problems. The reconstructed resolution was limited by Rayleigh’s criterion,
approximately half of the incident wavelength, also known as the diffraction limit [32].

When a light beam illuminates a sample characterized by a fine structure (with details
smaller than one half the wavelength), it will be converted into propagating components,
which are able to propagate towards the remote (far-field) detector, and evanescent comp-
onents, which are confined on the surface. The first ones are associated to the low spatial fre-
quencies of the object whereas the second ones are connected to their high frequencies, which
do not obey the Rayleigh criterion and contribute to the subwavelength (a small fraction of
the wavelength) resolution. Near-field imaging deals with phenomena involving evanescent
waves which become significant when the sizes of the samples are of the order of the wave-
length or smaller. By bringing a scanner into the near-field (subwavelength) of the sample, the
high frequency evanescent field can be measured and thus images with subwavelength (super-
resolved) resolution may be obtained [33, 37].

Recently, a novel approach has been developed to solve inverse surface scattering problems
in various near-field imaging modalities [16—18, 30] including the inverse electromagnetic dif-
fraction by a perfectly electrically conducting grating [13]. The work in [13] presents the first
quantitative method for solving the inverse diffraction problem of Maxwell’s equations with
super-resolved resolution. As is known, the perfect electric conductor is an idealized material
exhibiting infinite electrical conductivity and may not exist in nature. In this paper, we con-
sider a realistic dielectric grating and the result is closer to practical applications. The more
elaborate techniques differ from the existing work because a complicated transmission prob-
lem of Maxwell’s equations needs to be studied. Related work on near-field imaging can be
found in [19, 28, 29, 46]. We refer to [4, 5] for a related interface reconstruction problem and
its stability and resolution estimates. As is known, it is impossible to achieve super-resolved
imaging in the far field unless resonant or high contrast structures are used. The mathematical
theory of super-resolution can be found in [6, 7] on these aspects.

Specifically, we consider the incidence of an electromagnetic plane wave on a dielectric
crossed grating, where the surface is assumed to be a small and smooth deformation of a
plane. The diffraction is modeled as a transmission problem for Maxwell’s equations in
three dimensions. The method begins with the transformed field expansion and reduces the
boundary value problem into a successive sequence of two-point boundary value problems.
Dropping higher order terms in the expansion, we linearize the nonlinear inverse problem and
obtain explicit reconstruction formulas for both the reflection and transmission configurations.
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A spectral cut-off regularization is adopted to suppress the exponential growth of the noise in
the evanescent wave components, which carry high spatial frequency of the surface and con-
tribute to the super resolution. The method requires only a single illumination with one polari-
zation, one frequency, and one incident direction, and is realized via the fast Fourier transform.
The numerical results are computed by using synthetic scattering data provided by an adaptive
edge element method with a perfectly matched absorbing layer [20]. Three numerical exam-
ples, one smooth surface and two non-smooth surfaces, are presented to demonstrate the effec-
tiveness of the proposed method. Careful numerical studies are carried for the influence of all
the parameters on the reconstructions. The results show that the method is simple, fast, and
stable to reconstruct dielectric crossed grating surfaces with subwavelength resolution.

The paper is organized as follows. In section 2, the model problem is introduced. Section 3
presents the transformed field expansion to obtain the analytic solution of the direct problem.
Explicit reconstruction formulas are derived for the inverse problem in section 4. Numerical
examples are reported in section 5. The paper is concluded with some general remarks and
direction for future work in section 6.

2. Model problem

In this section, we define some notation and introduce a boundary value problem for the dif-
fraction by a biperiodic dielectric grating.

2.1. Maxwell’s equations

Let us first specify the problem geometry. Denote (p,z) € R?, where p = (x,y) € R°
As seen in figure 1, the problem may be restricted to a single period of A = (A, A;)
in p due to the periodicity of the structure. Let the surface in one period be described by
S={(p,z) ER*:2=0(p), 0 <x < A1,0 <y <Ay}, where ¢ € C*(R?) is a biperiodic
grating surface function. We assume that

o(p) = 3¢ (p), 2.1

where § > 0 is a small surface deformation parameter, ¢ € C?(IR?) s also a biperiodic func-
tion and describes the shape of the grating surface.
We let S be embedded in the rectangular slab:

Q={(p2) eR} 1z <z<z4} =R*x (z_, z¢),

wherez,. > Oandz_ < Oaretwoconstants. Hencethe domain 2isbounded by two plane surfaces
Iy ={(p7) €R*:z =2z} Let Q5 = {(p.2) : 2> é(p)} and Q5 = {(p.2) : 2 < ¢(p)} be
filled with homogeneous materials which are characterized by the electric permittivity €4 and
€_, respectively.

Let (E™, HI™) be the incoming electromagnetc plane waves, where

1/2
Eine _ pei“-%—(a'P*ﬁz), Hire — (@-) qeiK,_F(OC'p*ﬁZ). (2.2)
I
Here k. = w(puey)'/? is the wavenumber in Qbf, w > 0 is the angular frequency, p is the
magnetic permeability and is assumed to be a positive constant everywhere, o = (v, az),
o = sin b cos b, ap = sin 6 sin by, and B = cos 0y, where ) and 6, are the latitudinal and
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F+ ? nr, QF+

Figure 1. The problem geometry of a biperiodic dielectric grating.

longitudinal incident angles, respectively, which satisfy 0 < 0; < 7/2,0 < 6, < 27. Denote
by d = (a;, s, —f) the unit propagation direction vector. The unit polarization vectors
P = (p1.p2,p3) and @ = (41,42, 3) satisfy

p-d=0, gq=dxp,
which gives explicitly that

q1 = oap3 + Pp2, g = —(Oélpz + ﬂpl), q3 = a1p2 — Q2py.
For normal incident, i.e. 8; = 0, we have

a;=0, aw=0, =1, q=p, ¢@=-p1, q3=0.
Hence we get from |p| = |q| = 1 that

pi+p=1 py=0.

For simplicity, we focus on the normal incidence from now on since our method requires only
a single incidence. In fact, this is the most convenient way to illuminate the grating structure.
The method also works for non-normal incidence with obvious modifications.

Let E™ = (Ei, Eirc| Einc) and H™ = (Hi™, H*, H™). Under the normal incidence, the
incoming plane waves (2.2) reduce to

172
B = e, H = (ij) gje™" @3

which satisfy the time-harmonic Maxwell equation:
V x E™ —jwpH™ =0, VxH™+iwe,E™ =0 inQyJ.
The time-harmonic electromagnetic waves satisfy Maxwell’s equations:
VXE—iwpH=0, VxH+iweE=0 inR> (2.4)
where (E, H) are the total electric and magnetic fields, and the dielectric permittivity

E4 in QEL,
= . >
e_ in Q.
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Motivated by uniqueness, we are interested in periodic solutions of (E, H) in p with period
A, ie. (E, H) satisfy

E(p+A.z) =E(p,2), H(p+A,z) =H(p,2).
The total fields can be decomposed into

(E H) 7 (Einc’ Hinc) + (Ed, Hd) in Q;,r,
B (Et, HY) in Qg

where (EY, HY) are the diffracted fields and (E', H') are the transmitted fields. They are
required to satisfy the bounded outgoing wave condition.

2.2. Transparent boundary condition

In this section, we introduce transparent boundary conditions on I'y. which are equivalent to
the bounded outgoing wave condition. The detailed derivation can be found in [21].

Let n= (n;,ny) €Z*> and denote «, = (a,, a2,), where oy, =27n;/A; and
apy, = 27y /A,. For any vector field u = (u1, ua, u3), denote its tangential components on
I'y by

ur, =nr, x (uxnr,) = (u(p,z+), u2(p. z+), 0),
and its tangential traces on I' . by

uxnr, = (u(p,z4), —ui(p,z4), 0),

uxnr_ = (—up,z—), ui(p,z—), 0),

where np, = (0, 0, 1) are the unit normal vectors on T",.
For any tangential vector u(p,z4) = (u1(p, 2+ ), u2(p,z+), 0) on I'y, where u; are biperi-
odic functions in p with period A, we define the capacity operator 7', :

Tiu= (vi(p,z4), va(p,24), 0), (2.5)

where v; are also biperiodic functions in p with the same period A. Here u; and v; have the fol-
lowing Fourier series expansions

i ze) = > tn(z)e™ P, vilpze) = Y vinlzg)e?,
nez? nez?

and the Fourier coefficients u;, and v;, satisfy

vin(zy4) = ﬁ [("&- - O‘%n)uln(z+) =+ aan‘ZnMZn(Z+)] >

van(z4) = ﬁ [(’{1 - a%n)’@n(@r) + alnaZn"‘ln(ZJr)] >

where
(B)? = K4 = |ow|* withIm B, > 0. (2.6)

We exclude possible resonance by assuming that 3; # 0 for all n € Z2.
Using the capacity operator (2.5), we impose a transparent boundary condition on I';:

T.(Er, — EfY) = (H-H™) xnr,,
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which maps the tangential component of the scattered electric field to the tangential trace of
the scattered magnetic field. Equivalently, the above boundary condition can be written as

(VxE)xnr, =iwulEr, +f, 2.7

where
f = iwu(H™ x nr, — T, EFS) = (fi, /o, f).

Recalling the incident fields (2.3) and using the boundary operator (2.5), we have explicitly
that

fi = —2ik pjeT i+,
Similarly, for any given tangential vector u(p,z—) = (u1(p,z-), u2(p,z—), 0) on 1,
where u;(p, z_ ) is a biperiodic function in p with period A, we define the capacity operator 7_:
T_u= (vi(p,z-), v2(p.z-), 0), (2.8)

where v; is also a biperiodic function in p with the same period A. Here u; and v; have the fol-
lowing Fourier series expansions

w(pz-) = > wn(z-)e™ s vi(pozo) = Y vinlz-)e”,
n€’zZ? nez?

and the Fourier coefficients u;, and v;, satisfy

V]n(Z,) = wﬂlﬁ; [(Hz— - a%n)uln(zf) + aanQnuZn(Zf)] s
van(z-) = wu# (K% — o, uzn(z—) + ipooauin(z—)]
where _ = w(pe_)!/? is the wavenumber in Q and

(B7) = k% — |ay> withIm 8 > 0. (2.9)

Here we also assume that ;" # O for all n € Z2.
Based on (2.8), a transparent boundary condition may be proposed on " _:

T_-Er =H xnr_,
which is equivalent to

(VXE)Xxnr_ =iwul_Er_. (2.10)

2.3. Transmission problem

Taking curl on both sides of (2.4), we may eliminate the magnetic field and obtain a decoupled
equation for the electric field:

Vx(VxE)-xkE=0 inQ, 2.11)
where the wavenumber
: +
o Tn QS_,
K_ in Q.

Denote  Q, =QfNQ={(p,2):9(p) <z<z+} and Q_=0Q5NQ2={(p,2):
7- <z< ¢(p)}. Let ET and E~ be the restriction of E in Q4 and () , respectively, i.e.

6
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E* = E|q. . Itis useful to have an equivalent scalar form of (2.11) when applying the trans-
formed field expansion. Denote ET = (Eft, Ezi, E3i) We may reformulate (2.11) into the
Helmbholtz equation:

AE* + kLEF =0 inQy. (2.12)

The transparent boundary conditions (2.7) and (2.10) can be written as

O.E — OES =iwuH! + i, 2.13)
O.ES — OEF = iwuHy + p, :
and
O.E7 — O.E; = —iwuH,",
ol 3 Rt (2.14)
0.E; — O,Ey = —iwpH, ,

where the Fourier coefficients of the periodic functions H li and H2jE are given by

Hi(z4) = FL]BH (k% — 0d,)ET (24) + aun0aaEsy (1))

Hy(2x) = o= (53 — 0f, B3, (24) + a1n02aE7, ()]

Here Ei (z4) and E: (z4) are the Fourier coefficients of the periodic electric field E(p, z4)

and E5 (p, z+ ), respectively.

The continuity conditions are needed to reformulate the boundary value problem into a
transmission problem. It is known that the tangential traces of the electric and magnetic fields
are continuous across the grating surface, i.e.

E+XIIS:E7X115, HJFXDS:HiXIls, Z:gf)(p),

where ng = (¢, ¢y, —1) is the normal vector on S pointing from Q? to Qg . Explicitly, we

have the continuity conditions
{E? + 0B = Ey + $\E; 2.15)
E! + ¢.Ef = E[ + ¢.E7, '

and

(O — OEY) + by (OcEy — O,E)
= (3zEf - 6XE;) + ¢y(8xE; - 8),Ef),

(@E;r - azE;) + ¢« (aXE;r - 8yE1+)
= (,Ey — O.Ey ) + & (O:Ey — O\ET ). (2.16)
The transparent boundary conditions (2.13) and (2.14) and the continuity conditions (2.15)

and (2.16) are not enough to determine the fields Eji. Additional information can be obtained
from the divergence free conditions

QEE +OEf +0.Ef =0 inQq. (2.17)

Given the grating surface function ¢(p), the direct problem is to determine the fields
E]i This work is focused on the inverse problem, which is to reconstruct the grating sur-

face function ¢(p) from the tangential traces of the total field measured at either I'y, i.e.
E(p,z4+) x np, = (E1(p.z4), E2(p,24), 0) called the reflection configuration, or T, i.e.

7
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E(p,z—) x np_ = (—Ei(p,z-), E2(p,z—), 0) called the transmission configuration. In par-
ticular, we are interested in the inverse problem in near-field regime where the measurement
distance |z4|is much smaller than the wavelength A = 27 /x4 of the incident field.

3. Transformed field expansion

In this section, we introduce the transformed field expansion to analytically derive the solution
for the direct problem. We refer to [27, 47, 49] for solving the direct and inverse surface scat-
tering problems by using the transformed field expansion and related boundary perturbation
method.

3.1. Change of variables

Consider the change of variables:

~ ~ ~ Z—
i=x, y=y, z=z+< ¢>, ¢ <z<24,
4 — ¢
and
~ ~ ~ Z—
x=x, y=y, zz_< d)), - <z< ¢,
- —¢

which maps the domain £+ and () into rectangular slabs Dy = {(5,z) € R*: 0 <7 < 7.}
and D_ = {(p,z) € R3: z_ < z < 0}, respectively.

We seek to restate the diffractive grating problem in the new coordinate. Introduce a new
function BT = (Ef, Ef, EY) and let Ej.i (X, 7,7 = EjjE (x, v, z) under the transformation.
After tedious but straightforward calculations, it can be verified from (2.12) that the total
electric field, upon dropping the tilde, satisfies the equation

2t 2t 2t 2t
=05 +C:ﬁ:6Ej Jrcian _TE
b ox2 L 0y? 2 922 3 Ox0z
PEF OE*
+ J + 77 2+t :
- By — 5 oz +ricTES =0 inDy, 3.1

where
CT = (z4 — ¢)2,
& = (0 + )z — 2 + 4,
F =2¢x(zx —2)(zx — @),
; =20y(zx — 2)(zx — )
= (22 — D) [(Gur + byy) (22 — &) +2(¢7 + ¢7)].

The transparent boundary conditions (2.13) and (2.14) reduce to

(zft¢> O:E — O:Ey =iwuH\ +fi,

( 2 ) O.Ef — O,Ef = iwuHy +f. (3.2)

4
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and

(ﬁ) O.E; — OE5 = —iwpH|,
(3.3)

(£=) 0-B5 — 0,F; = iyt
The continuity conditions (2.15) and (2.16) are changed to
{E? + OBy = Ey + 65, 3.4)
Ef + By = Ey + $.E; '

and

(:355) [00:E — 0.0,0.EF + (1+ 62)0.E |

- (axE;_ — O OES + @@E?’)

= (5=5) [6:0E — 60,085 + (1 + $D)oET |
— (0:E5 — ¢yOE; + $yO,ET ),

~

3.5)

(255) [0 + (1 + D0.ES - 00,0,k |

— (B,Ef + ¢:0ES — ¢,0,ET)

= (£55) [00:Es + (1 + )0y — 610,0.E; |
— (OyE5 + ¢xOcE; — $O,ET )

The divergence free condition (2.17) becomes

Il

OEF +0,EF — [ =%
1 y=2 Zj:—¢

+ ( o ) O.Ef =0 inDsy. (3.6)
+ — ¢

) (6:D.E* + 6,0.EE)

3.2. Power series

Recalling ¢ = dv in (2.1), we use a classical boundary perturbation argument and consider a
formal expansion of EJ.jE in a power series of d:

- +
Ef(p.z:6) = Y BV (p.2) 6" 3.7
k=0

Substituting ¢ = §1) and the power series expansion (3.7) into cji and (3.1), we may derive

. . +(k
a recursion equation for E] ( )Z

AEE® 4 2 0 pEO (8

where the nonhomogeneous term
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+(k—1) +(k—1) +(k—1)
0 _2Y O’E; 2) O’E; L Az =2 OE;
J 7y Ox? 7+ Oy? & 0x07z
(k-1 (k-1
2(z+ — 7)1y 62Ej = (2 = 2) (Y + wyy) an e 2/@11/1 +(k—1)
+ + L
Zt Oyoz Z+ 0z 7+
- wfzazE]}L(k—ﬂ - ﬁazEf(k—z) - (24 _Z)z(w;% +¢y2) aZEji(k—z)
A ox? A 0 bt 072
+(k—2 (k-2
(e — ) PETY gy (e — ) BT
bt Ox0z Fa dydz
+(k—2
(e —2) (2008 +09) — e+ 9)] O W30 ey
+ z 9z & '
i =t

Here ¢ = Ox1p(x,y) and 1, = dy1)(x, y) are the partial derivatives.
Substituting (3.7) into the transparent boundary conditions (3.2) and (3.3), we obtain

52Ef'(k) _ 3XE;_(]() _ iw‘uHIf—(k) 7f1+(k), "
@E;_(k) _ 3yE;-(k) _ iwuH;_(k) B 2+(k)’ .
and
0.5, W — 0By Y = —iwpnH; W — 7, 3.10
0.E;® _ g E-® — _jouq W g ® (3.10)
=2 s 1w, 2 f2 ,
where
FO = 70 = %@ET(O), +0) Zi (0B 47" +icoprr V),
+ +
FO = 0= Lo, g - 2 (0B 4 ot 41,
4 I
and
O =0, 70 = Zi@ZE]*(O)’f]*(k) _ Zg (0, it 1)

—(0 —Q Vo —(0) —(k P —(k=1) . (k=1
FO =050 = Lar® 50 = L (a5 ).

Here the Fourier coefficients of H li(k) (p,z4) and H;E ) (p,z4) are

HED ) = S [ — 03B ) + anpeni 2 (1)

wi P
+ + +
HEO(cs) = Sl (6 — 0B 20) + anyon R (1)

Here Eﬁ(k) (z+)and Ezin(k) (z4) are the Fourier coefficients of Eli(k)(p, z4) and Eli(k) (pr2+),
respectively.

10
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Plugging (3.7) into the jump conditions (3.4) and (3.5) yields

{E;(k) +Ey T = By By Y, G.11)

EFO g 60 = O gy g 60,

and
<3ZErr(k) + o D.EF 6D 4 2a.ET 6D - %%@E;(k—z))
! (aZEIi-(k—l) _’_wxazE;-(k—D +wgazE;r(k—3) _ %%@E;(k_s))d)
_ (@E;(k) 0BT wyaxE;r(kfl)>
+ (7' +22") (axEj =D | 9,EFED g, Ej("‘”) "
(22! (axE;r(k72) 0 EFEY - wyaxE;r(k73)> 0
= (0B + 00, 0 9208 4D — 0B, 4V
—2 (0. 0B P 0B Y - w0 Y ) g
(0B + o ) — o )
+(i' +22h (8XE3_("_1) b0, E; %Y~ 7lfy3xE2_(k_2)) "

_(Z+Z7)71 (GXE;U‘_Z) + ¢yayE1_(k_3) _ w}yasz—(k—?a)) ,(/}2

(3.12)
<(92E;_(k) + wyazE;_(k_l) + /(/))%BZE;_U(_Z) _ wxwyazE?—(k_Z))

! <8ZE;r(k71) + wyazE;r(ku) + wiazE;r(kJ) _ wxiﬁyazEfr(k%)) "
V)

+(z3 + 22 (@E;’(k_l) + wxaxE;U‘—z) _ wxayE;r(k—Z)) "
—(z42-)7! (8yE;r("*2> + 0B Y - wxayEf(k%)) W

= (5ZE2—(/<) + Z/}yazE;(k—l) + ¢§3ZE2_(k_2) . %%azEl—(k—z))

_erl (aZE;(kfl) i wyazE;(k*Z) + wfazE;(k’” _ 1/Jx¢y5zEf(k73)) "
— (08 + g0y Y — B V)

+(z3' + 22 (8yE3_("_‘) + 0By P 1/Jx3yE1_(k_2)) "
e e (N o T K

Substituting (3.7) into the divergence free condition (3.6) yields
axEli(k) + aij:(k) + 8ZE§E(") _ gi(k) inD.. (3.13)

where

prEB — Y (0B + o850 )
it

i+

1
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3.3. Zeroth order
Recalling the recurrence relation (3.8) and letting k = 0, we have
AETY 4+ AET P =0 Dy
The transparent boundary conditions (3.9) and (3.10) becomes
0 0 . 0
{@ET( N(p22) = 0BTV (p2) = iwpH (p.20) +£i ),
0.E5 " (p,24) — 0,EF V(p, 21) = iwpty (0, 24) + A (p),
and
{@Ef“” (p.2-) — Oy V(p.zo) = —iwpt; V(p.2),
0.E; " (p,z-) = By (p,z) = —iwpHy @ (p,20).
The jump conditions (3.11) and (3.12) reduce to
ES(0,0) = B, V(p,0), B (p,0) = £, (p,0),
and
{@E#m (,0) — 05 (p,0) = 0.E; ) (p,0) — 0:E5 ) (p, 0),
0.E5 9 (p,0) — 0,EFV (p,0) = 0.E; V(. 0) — 8,E; V(. 0).
The divergence free condition (3.13) reduces to

OES + 0O 4 05D =0 inD..

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

Since E ji(o) (p,z) and f; are periodic functions of p with period A, they have the following

Fourier expansion

:|:(0) Z :|:(()) ll)é,,'p’ fj‘(p) — Zﬁneian-p,

nezZ? nez?
where

£ = —2ikypje i+ for n=0,
mne 0 for n#0.
Plugging (3.20) into (3.14)—(3.19), we obtain an ordinary differential equation

dZEi(O)
dzz() (ﬁni ) i(o)(z) 0,

together with the boundary conditions at z =z, :

/ .

E;(O) i E+(O) ﬂl-*— |:("€i - Ot%n)E;( ) + alna2n 2,, i| +f1m
/ .

E;;,(O) - iaZrLE;(O) = j [(H%’_ - a%n)E;,;( ) + alna2n :| +f2na

E;;(O) + iy E+( )+ iozzHE;;l(o) =0.

and the boundary conditions at z = z_:

12
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/ .
E;l(o) — ioan;(O) = —? [(/ﬁ — a%n)Efn(O) + alnaan;n(O)} ,

E O —ianE;© = —L [(n’i —a?)E; O+ al,,az,,E;fO)} . (323)
E O tianE @ +ianE© =0,

In

and the jump conditions at z = 0:
A T (3.24)
and

- “ln

I I
E3 —iagEf O = B —ian,E; Y.

N VA -0 _ i, g=©
{Eln( - lalnEg,n( ) = E O _ lal”E3n( ’ (3.25)

3n 2n

It can be verified that the general solutions of the homogeneous second order equa-
tions (3.21) are

E;(O) (z) = A;:eiﬁ"iz + B.];i:lefiﬁniz’ (3.26)

where Ajjn:,B;f € C are to be determined. Substituting (3.26) into the boundary conditions
(3.22) and (3.23), and the jump conditions (3.24) and (3.25), we may deduce that

+(0 +(0 =0 =(0)
Ajo ) = Dj> Bj()( ) =D AjO( = 0, BjO( = 1pjs
and Ajjrf = Bj.ﬂ,f = Ajﬁ,f = Bfrf = 0 for n # 0, where

Ky — K 2K
r=-t " and t=-—"F_
Ky + K- Ky + K
are known as the reflection coefficient and the transmission coefficient, respectively. Hence
we find the analytic expressions for the zeroth order terms:

E O (p,2) = pylemn o reins),
. A 3.27)
Ejf( )(p, 2) = pite~in—=,

Clearly, the zeroth order terms consist of the incident wave, the reflected wave, and the trans-
mitted wave, which come from the diffraction of an electromagnetic plane wave by a planar
surface.

3.4. First order

In this section, we derive analytic expressions of the first order terms, and particularly a con-

nection between their Fourier coefficients and the Fourier coefficient of the grating profile.
Taking k = 1 in (3.8) yields

_ @)

=5

AEJ.i(l) + x2EFD) inD,, (3.28)

J

13
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where
+(0 +(0 +(0 +(0
Fi(]) :% aZE‘j ( ) %aZEj ( ) + Z(Zi _Z)d)x 62EJ ( ) + Z(Zj: _Z)'l,/}y 82E‘j ( )
J 7y Ox? 74+ Oy? 4 0x0z Z+ Oyoz
+(0)
i (Zi - Z) ('(/Jxx + wyy> 6E] + 2’%in#(0).
4 0z 2+ !

It follows from the explicit expression of the zeroth order term (3.27) that we have
2k% p; . .
+(1) _ +Pj —ik ik
Fj (p, Z) —T (e 2t re +z) w
- HEE ) (e ) ()

24

and

_ 26t p; . ik_pi(z_ — )
B0 = e sy - P D ey ),
The transparent boundary conditions (3.9) and (3.10) become
0BV (p.2) — 0y V(p.zy) = iwpky V(p.ze) — 17V (),
(3.29)
0BV (p.ze) — 0By V(p.zy) = iwphy V(p.ze) — £V (p),

and

0.8,V (p.22) — 0By "V (p.zo) = —iwpty "V (p.22) — £ (p),
(3.30)

0.8, W (p,z-) — 0,E; V(pzo) = —iwuHy V(p,z) — £ Vo),

where we have from (3.27) that

f+(1)(p) ¢ 6ZE‘J+(0) (p7 Z-‘,—) — _1K’+pj (e—i.‘-ﬂ+z+ _ rei}{+z+) w’

! - Z 4
— 'l)b - iﬁ;*p' —ik
Ji (])(P) = ?aZEj (0)(/7’2—) = *ije i,

The jump conditions (3.11) and (3.12) reduce to

EFO 4B O = 7O 4oy ),
EFD 4Bt O — g0 4y ),

and
0.6/ — Lol — 0T = 0BTV — LoE O - 0.8 Y,
0.67" — Lo — TV = 0.8, - Lo.E O — 0BT,

which gives after substitution of (3.27) that
E2+(1) _ E;(l), El+(1) _ Ef(l), (3.31)

14
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and

0.V — 0, BT 4+ (1 — pyp = 0.8 — 0By U 4 ey,

i ) (3.32)
0. — 0BTV + (1 — )y = 0.5,V — oy D 4 2y,
The divergence free condition (3.13) reduces to
OETY + 0, E5" + 0.5V = ¢*V inDy, (3.33)
where
¢V (p,2) = zﬂ (afo(o) JrayE;t(0)> + <iz> (%0 EFO 1y, aEi(O))
+ +

Using (3.27), we get
ik Zy+ — 2 —ik 1/{
£ 0(pz) =~ e ) (o)

and

g V(p,2) = _m_(i%_z)te_m‘z(m% + paiby).

Since ¥ (p), Eji(l) (p,2), and Fji(l) (p, z) are periodic functions of p with period A, they have
the following Fourier expansions

P) = Z Z/}neia".p’

Iy

:I:(l) Z i(l) gl p

neZ?

Z F:t(l lan'P

nez?

where

j (efifi+z + rein+Z)

1R i\Z4+ — 2% _j i
+pj( + ) ( %n %n) (e ikKyz reln+z):|¢n
and

ik_pj(z— —2)
Z— -

(a3, + oz%,,)te_i"'”*z} Y.

Plugging the above Fourier expansions into (3.28) and using (3.29)—(3.33), we derive an
ordinary differential equation

din(l)( )
dz?

together with the boundary conditions at z = z;:

(Bi) i(l)(z) :I;vj;:(l)(z)’ (3.34)

15
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/ .
ESW _iayEf 0 = [(“i —a2)EHD JraanQnE;(l)] — i,

6/;"
BV —ian B = 2 [ — od JERY + annan, ]| - £ (3.35)

!
ETW tia, B +iag, B =0,

and the boundary conditions at z = z_:

li .
B =itV = = (2 = 03B + anonEr | - 1,

n

n

! .
B, —iank,V = =L (2 — 3B,V + ananty, | - 1,0 (3.36)

!
E,"Y ok, +iasE, " =0,

where ]j-ni(l) are the Fourier coefficients of fji(l) (p). Explicitly, we have
f+(l) _ _iK/+pj (efin+z+ _ reil{+z+) wn,
J o

a1 iK_pj i .
Jj’n():_ Jte mzwn.

Using the identity x4 (1 — r) = k_#, we may reduce the jump conditions (3.31) and (3.32)
to
EfV =50, BV =B, (3.37)

and

/ —(1 . _ . _ _
{E;(l) _ialnE;;l(l) — Eln(l) _1a1nE3n(l) +1K_1Ip; (Z+1 _Z_l) Un, (3.38)

’ _ / . _ . _ —_
Eztl(l) — iaan;n(l) = EZn(l) — 1042,1E3n(1) a7 (z+1 -z ]) Uy.

Based on the same identity x4 (1 — r) = k_t, we may obtain two more conditions at z =0
from (3.33):

i
{E;(l) + ial,,Ef;(l) + iaan;Z(l) = k_t(ap1 + @2up2)Uns (3.39)

!
E3_,1(1) + iamEﬁ,(]) + iaanz_n(l) = K_t(onp1 + Q2up2) V.

It follows from (3.34) that the general solutions of Ejj,f(l) consist of the general solution for

the corresponding homogeneous equation and a particular solution for the non-homogeneous
equation:

EW(2) = ALt 4 Bre it - %(u —2) (e — relnet) (3.40)
+
and
_ o a— 1K_p; .
E‘jn(l)(z) = Aj;elﬁn z _|_ BJ;e_lﬂ” z __ J(Z— _ Z)te—lfifz,(/}n. (341)

Z—
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Plugging (3.40) and (3.41) into (335) and (3.36), and using the identity
K% = (BF)? + o}, + a3,, we obtain

oAl + 2(85) + ol Je 28w B + anua0,AT,

—2iBFzy pt + —2iBtz pt
+a,0,e 8, Z+an = *alnﬁjAM - alnﬂje 1B, Z+B3n7
2 4+ +)2 2 1a—2iB 2+ pt+ +
CVZnAZn + [Z(Bn ) + C“2n]e g +BZn + alﬂaznAln (3 42)
—2iB,f —2iB 24 pt :
o008 i, Z+Bi~;l = *OlZnﬂnA;;l - aZnﬂ;,Fe 6, Z+B3n7

+ —2iB 2 pt+ + —2iBFzy pt
alnAln + apue 2, Z+Bln + aZnAZn + e i, ZJrBZn
_ _ptat +a—2iB8 24 pt+
- ﬂnA3n+ﬂne JrB?m

and

2(87)7 + af,JA;, + af,e 0 = B + anpand,
+ay,q,e 46 “B,, = ab, A, + alnﬂn’efz‘ﬁ" B3,

2(8,) + a3,]A5, + 3,650 =By + aa0A7,

Cowe B o 3.43)
+041n042n6721ﬁ" ZiBln — aZnﬂ;Agn + Oéznﬂ,fefhﬁ” ZfB3n’ (

Ay, + ape” 3P =Bl 4 anuAs, + o B

= —Br A5, + Bre 2By
Multiplying individually o, and ay, on both sides of the third equation in (3.42) and (3.43),
and subtracting them from the first and second equation, respectively, we get

(&3 Qop + — Alp — Qop
64‘ - B-{- B3n’ Aln = FA3n’ AZn = IBTA&:' (344)

Substituting (3.44) into the third equations in (3.42) and (3.43) yields

+
Blnii

+ +
B3n’ BZn*

2
+ + _ F% L -2iBfay gt +
aAl + anAS = e 8B — BFA
n

8 PR (3.45)
By, + auB,, = B, By, — 5=e Ay
Substituting (3.44), (3.40), and (3.41) into (3.39), we get
2
anA, + auAd, = SEBY, — B AL,
" 2 (3.46)
OélnB; =+ Oéanz_n ES ,8;33_" — ﬂT:A;n
Combining (3.44)—(3.46) gives
Bl =B =B] =0 and A, =A,, =A; =0. (3.47)
Plugging (3.47), (3.40), and (3.41) into (3.37) and (3.38), we obtain
Al — B =0,
at o aepe tn - An . (3.48)
B Al + By By, = ain(A3, — B3,) — 2ik4 (K — =) pitn,

17
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and
Af —B; =0,
At S + _ . (3.49)
B A, + B, By, = aan(A3, — By,) — 2iky (kg — K—) pathn.
Upon solving (3.48) and (3.49), we have
Af, =B, = (BF+8,) 7" [aw(AT, — By,) — 2iky (kg — k=) pitha] »
(3.50)

A3, =By, = (BT +8,) 7" [ean(AT, — B3,) — 2iky (kg — k) pathn] .

Substituting (3.50) into (3.46) and noting (3.47), we may derive after tedious calculations that

+ _ Ziﬁ,f'w(mr*'ﬂ—)(P1a1n+P2042n)w
ns

3 (B 48 ) (ad,+ad, 4B )
(3.51)
B — _Ziﬂf'w('w*'i—)(Plamﬂ’zoéz’z)1/)
3n B +B)(3,+a3,+B8 ) T
Plugging (3.51) into (3.50) yields
Ait, = B;q = Cin¥n, A;_n = Bz_n = CyYn, (3.52)
where
_ 2ikg (hp—k-) | an(pramtpros,)
e [(amagnwm;) p 1} ’
_ 2ikg (ke —k) | con(pramtpran)
Con = (B +B8:) [(a%ﬁai,ﬁﬂﬁﬁﬂ P 2} '

Substituting (3.47) and (3.52) into (3.40) and (3.41), and evaluating at z, and z_, respectively,
we obtain

E}V(zy) = Cue® e, E,V(z) = Cue g, (3.53)

4. Reconstruction formula

In this section, we present an explicit reconstruction formula for the inverse grating surface
problem by using the scattering data.
Assume that the noisy data takes the form

E (p,22) = Ef (p,2+) + O(7),

where EjjE (p,z+), j = 1,2 are the exact data and + is the noise level.
Evaluating the power series (3.7) at z = z4 and replacing E].i(p, z+) with the noisy data
Eji'y(p, z+), we have

B (p2x) = B0 (p.22) + 05 (p,22) + O(8%) + O(). @1
Rearranging (4.1), and dropping O(6%) and O(7) yield
0B (p,2x) = B (pzx) — B (p, 2) 4.2)

which is the linearization of the nonlinear inverse problem and enables us to find an explicit
reconstruction formula for the linearized inverse problem.

18
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Noting ¢ = 1 and thus ¢,, = d1),, where ¢, is the Fourier coefficient of ¢. Plugging (3.53)
into (4.2), we may deduce that

bn = i | (z2) — Ej, ) (24) | €T3, (4.3)

where Ejﬂn:'y (z+) is the Fourier coefficient of the noisy data Eji”( p,z+) and Ejjn:(o) (z4) is the

(0) (

Fourier coefficient of E]i 0,7+ ) given as

E;(O) (z4) = pj(e " +%+ 4 re™+3+)8y, and Ej;(o) (z—) = pjte "=~ 8y (4.4)

Here 6y, the Kronecker’s delta function.

It follows from (4.3) and the definitions of ﬂj: in (2.6) and (2.9) that it is well-posed to
reconstruct those Fourier coefficients ¢, with |ay,| < k4, since the small variations of the
measured data will not be amplified and lead to large errors in the reconstruction, but the reso-
lution of the reconstructed function f is restricted by the given wavenumber k.. In contrast,
it is severely ill-posed to reconstruct those Fourier coefficients ¢, with || > k4, since the
small variations in the data will be exponentially enlarged and lead to huge errors in the recon-
struction, but they contribute to the super resolution of the reconstructed function ¢.

To obtain a stable and super-resolved reconstruction, we adopt a regularization to suppress
the exponential growth of the reconstruction errors. Besides, we may use as small |z4 | as pos-
sible, i.e. measure the data at the distance which is as close as possible to the grating surface
which is exactly the idea of near-field optics.

We consider the spectral cut-off regularization. Define the signal-to-noise ratio (SNR) by

SNR = min{5~%, 7~ '}.
For fixed z, the cut-off frequency w is chosen in such a way that

el l(@i )" — gNR,
which implies that the spatial frequency will be cut-off for those below the noise level. More
explicitly, we have

2
we _ |y, (log SNR)
K K|zt
which indicates w4 > k4 as long as SNR > 0. The cut-off frequency w.. determines the high-
est Fourier mode which can be recovered from the reconstruction. As is shown in (4.5), the
cut-off frequency w. is an increasing function of SNR and a decreasing function of the mea-
surement distance |z4 |; larger SNR or smaller |74 | may help to achieve better resolution of the
reconstruction.
Taking into account the frequency cut-off, we may have a regularized reconstruction form-
ulation for (4.3):

1/2
, 4.5)

—1 + +(0 igE +
Pn = Cjn [Ejnry(zi) - Ejn( )(Zi)} e Xn >
where the characteristic function

4 1 for |a,| < wg,
0 for |a,| > ws.

Once ¢, are computed, the grating surface function can be approximated by
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iay- - + (o pTBE
Y e = 3 G B () ijn<0>(Zi)} eilen P FB2)

nez || Swi
Z C 1Ei7 )ei(awpiﬁf&) _ Z C, 1E )ei(a""’jF’B"izi). (4.6)
|t | <wo Jo | Sw+

Substituting (4.4) into (4.6), we obtain an reconstructed grating surface function

~ Y Gl e i(onpFhzs) _ Co' (r+e %) p;

Jo | Sw+

from the reflection configuration or

. + _
Z C lEi’Y Z:i:) i(on pFB; z+) _Cjoltpj

o | Sw

from the transmission configuration.
Hence, only two fast Fourier transforms are needed to reconstruct the grating surface func-

tion: one is done for the data to obtain E va (z4) and another is done to obtain the approxi-
mated function ¢.

5. Numerical experiment

In this section, we discuss the algorithmic implementation for the direct and inverse problems
and present three numerical examples to illustrate the effectiveness of the proposed method.
As is shown in figure 2, three types of grating profiles are considered. The first one is a smooth
function with finitely many Fourier modes; the second one is a continuous but non-differen-
tiable function; the third one is a discontinuous function with infinitely many Fourier modes.
We comment that the proposed method is applicable to non-smooth functions numerically,
although it requires smooth profiles ¢ € C?(IR?) theoretically.

The second-order Nédélec edge element is adopted to solve the direct problem and obtain
the synthetic scattering data. Uniaxial perfect matched layer (PML) boundary condition is
imposed on the z direction to truncated the domain. An adaptive mesh refinement technique
[20] is used to achieve the solution with a specified accuracy in an optimal fashion. Our imple-
mentation is based on parallel hierarchical grid (PHG) [51], which is a toolbox for develop-
ing parallel adaptive finite element programs on unstructured tetrahedral meshes. To have a
tetrahedral mesh with biperiodic boundary points, we generate an uniform hexahedral mesh
and then divide each hexahedron into six tetrahedrons. The linear system resulted from finite
element discretization is solve by the multifrontal massively parallel sparse direct solver [1].

In the following three examples, the incident wave is taken as E"™ = (1,0,0)e 7%+ je.
p1=1and p, = p; = 0, and only the first component of the electric field, E; (p, h), needs
to be measured. The wavenumber in ()5 is k_ = 1.6m. The wavenumber in Q;* is Ky =T,
which corresponds to the wavelength \ = 2. Define by R the unit rectangular domain, i.e.
R =0,0.5\] x [0,0.5\]. The computational domain is R x [—0.3A,0.3\] with the PML
region (R X [—0.3X, —0.15A]) U (R x [0.15X,0.3)]). The scattering data E; (p, h) is obtained
by interpolation into the uniform 256 x 256 grid points on the measurement plane z = A. In all
the figures, the plots are rescaled with respect to the wavelength A to clearly show the relative
size. The results are plotted on 64 x 64 grid points instead of 256 x 256 grid points in order
to reduce the display sizes. To test the stability of the method, a random noise is added to the
scattering data, i.e. the scattering data takes the form
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Figure 2. The exact grating profile v). (a) Example 1: a smooth grating profile with
finitely many Fourier modes; (b) example 2: a continuous but non-differentiable grating
profile; (c) example 3: a discontinuous grating profile.

E(p,h) = E{ (p,h)(1 + yrand),

where rand stands for uniformly distributed random numbers in [—1,1] and -y is the noise level
parameter. The relative L*(R) error is defined by

_ 16— $uallos
Tolox

where ¢ is the exact surface function and ¢., 5 is the reconstructed surface function.

Example 1. This example illustrates the reconstruction results of a smooth grating profile
with finitely many Fourier modes, as seen in figure 2(a). The exact grating surface function is
given by ¢(p) = ¢ (p), where the grating profile function

Y(x,y) = 0.5sin(37x)(cos(2my) — cos(4my)).

First, consider the surface deviation parameter §. The measurement is taken at 4 = 0.1\
and no additional random noise is added to the scattering data, i.e. v = 0. This test is to inves-
tigate the influence of surface deformation parameter on the reconstructions. In (4.2), higher
order terms of § are dropped in the power series to linearize the inverse problem and to obtain
the explicit reconstruction formulas. As expected, the smaller the surface deformation § is, the
more accurate is the approximation of the linearized model to the original nonlinear model
problem. Table 1 shows the relative L*(R) error of the reconstructions with three different
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Table 1. Example 1: relative error of the reconstructions by using different § with
h=0.1)\and v = 0.0.

4] 0.05X 0.025X 0.0125X
e 4.53 x 107! 2.49 x 107! 1.56 x 107!

Table 2. Example 1: relative error of the reconstructions by using different & with

5 =0.0125\and v = 1%.
h 0.1 0.075A 0.05) 0.025A
e 567x 107" 295x10~" 208 x10~"  1.67 x 10~

Table 3. Example 1: relative error of the reconstructions by using different & with

5 = 0.0125\ and v = 5%.
h 0.1 0.075A 0.05) 0.025)
e 838 x 10~1  8.06x 10~!  556x 10~ 2.95x 10~

surface deformation parameters § = 0.05,0.025), 0.0125\ for a fixed measurement distance
h = 0.1X. It is clear to note that the error decreases from 45.3% to 15.6% as § decreases from
0.05X to 0.0125.

Next is to consider the noise level v and the measurement distance 4. In practice, the scat-
tering data always contains a certain amount of noise. To test the stability and super resolving
capability of the method, we add 1% and 5% random noises to the scattering data. Tables 2 and
3 report the relative L2(R) error of the reconstructions with four different measurement dis-
tances 4 = 0.1X,0.075),0.05X,0.025X for a fixed § = 0.0125). Comparing the results for the
same § = 0.0125) and 4 = 0.1\ in tables 1 and 3, we can see that the relative error increases
dramatically from 15.6% by using noise free data to 83.8% by using 5% noise data. The rea-
son is that a smaller cut-off should be chosen to suppress the exponentially increasing noise in
the data and thus the Fourier modes of the exact grating surface function can not be recovered
for those higher than the cut-off frequency, which leads to a large error and poor resolution
in the reconstruction. A smaller measurement distance is desirable in order to have a large
cut-off frequency, which enhances the resolution and reduces the error. As can be seen in
table 2, the reconstruction error decreases from 56.7% by using & = 0.1 to as low as 16.7%
by using h = 0.025\ for 1% noise data. Similarly, in table 3, the reconstruction error decreases
from 83.8% by using & = 0.1\ to as low as 29.5% by using i = 0.025\ even for 5% noise
data. Figure 3 plots the reconstructed surfaces by using i = 0.1X,0.075X,0.05,0.025.
Comparing the exact surface profile in figure 2(a) and the reconstructed surface in figure 3(d),
we can see that the reconstruction is almost perfect and the difference is little by carefully
checking the contour plots.

Example 2. This example illustrates the reconstruction results of a continuous but non-

differentiable grating profile with infinitely many Fourier modes, as seen in figure 2(b). The

exact grating surface function is given by ¢(p) = dv(p), where the grating profile function
P(x,y) = | cos(2mx) cos(2my)| — | sin(mx) sin(27y)].

First is to consider the influence of § by using noise-free data. The measurement is taken at
h = 0.1)\. Table 4 presents the relative L*(R) error of the reconstructions with three different
surface deformation parameters 6 = 0.05), 0.025, 0.0125\. The error decreases from 35.8%
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Figure 3. Example 1: reconstructed grating surfaces by using different 7 with
d =0.0125X and v = 1%. (@) h = 0.1X; (b) h = 0.075X; (¢) h = 0.05X; (d) h = 0.025\.

to 16.0% as § decreases from 0.05\ to 0.0125\. Based on these results, the following observa-
tion can be made: a smaller deformation parameter § yields a better reconstruction.

Nextis to consider the influence of the noise level v and the measurement distance 4. We add
1% and 5% random noises to the scattering data. Tables 5 and 6 report the relative L?(R) error of
the reconstructions with four different measurement distances 4 = 0.1, 0.075X, 0.05X, 0.025X
for a fixed § = 0.0125). Comparing the results for the same § = 0.0125\ and 4 = 0.1 in
tables 4 and 6, we can see that the relative error is more than doubled from 16.0% by using
noise-free data to 34.3% by using 5% noise data. Again, the reason is that a smaller cut-off
is chosen to suppress the exponentially increasing noise in the data and thus higher Fourier
modes of the exact grating surface function can not be recovered. A smaller measurement
distance helps to enhance the resolution and reduce the error. In table 5, the reconstruction
error decreases from 27.3% by using & = 0.1 to as low as 17.3% by using & = 0.025\ for
1% noise data. In table 6, the reconstruction error decreases from 34.3% by using 7 = 0.1\
to as low as 24.4% by using h = 0.025X for 5% noise data. Figure 4 shows the reconstructed
surfaces by using 2 = 0.1),0.075),0.05),0.025)\. Comparing the exact surface profile in
figure 2(b) and the reconstructed surface in figure 4(d), we can see that a good reconstruction
can still be obtained when using a small measurement distance.

Example 3. This example illustrates the reconstruction results of a discontinuous grating
profile of infinitely many Fourier modes with slower decay rate, as seen in figure 2(c). The
exact grating surface function is given by ¢(p) = d1(p), where the grating profile function
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Table 4. Example 2: relative error of the reconstructions by using different § with

h=0.1xand v = 0.0.

5 0.05\ 0.025\ 0.0125)
e 3.58 x 107! 2.72 x 107! 1.60 x 107!

Table 5. Example 2: relative error of the reconstructions by using different & with

5 =0.0125) and v = 1%.
h 0.1X 0.075\ 0.05\ 0.025X
e 273 x 1071 244 x 107" 1.8 x 107" 1.73 x 107!

Table 6. Example 2: relative error of the reconstructions by using different & with

d =0.0125\ and v = 5%.
h 0.1 0.075\ 0.05)\ 0.025A
e 3.43 x 107! 299 x 1071 281 x 107" 244 x 107!
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Figure 4. Example 2: reconstructed grating surfaces by using different 4 with
0 =0.0125 and v = 1%. (a) h = 0.1X; (b) h = 0.075X; (¢) h = 0.05X; (d) h = 0.025).
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Table 7. Example 3: relative error of the reconstructions by using different § with

h=0.1xand v = 0.0.

4] 0.05X 0.025X\ 0.0125X
e 9.52 10! 7.80 x 107! 5.97 x 107!

Table 8. Example 3: relative error of the reconstructions by using different 4 with

5 =0.0125) and v = 1%.

h 0.1x 0.075\ 0.05\ 0.025)
e 757 x 107" 725x 107" 657 x 107" 594 x 107!

Table 9. Example 3: relative error of the reconstructions by using different 4 with

d =0.0125\ and v = 5%.

h 0.1A 0.075\ 0.05A 0.025X
e 851 x 107!  820x 1071 790x 107! 7.22x 107!
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Figure 5. Example 3: reconstructed grating surfaces by using different 4 with
0 =0.0125 andy = 1%. (@) h = 0.1X; (b) h = 0.075X; (c) h = 0.05A;(d) h = 0.025).
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() (d)

Figure 6. Example 3: reconstructed grating surfaces by using different 4 with
0 =0.0125 and v = 5%. (a) h = 0.1X; (b) h = 0.075X; (¢) h = 0.05X; (d) h = 0.025).

Y(x,y) = X[0.2,0.4]x[0.6,0.8] T X[0.6.0.8] x[0.2.0.4]

Here Yy is the characteristic function. This example reports the results for the binary grating.

First is to consider the influence of § by using noise-free data. The measurement is taken at
h = 0.1)\. Table 7 presents the relative L*(R) error of the reconstructions with three different
surface deformation parameters 6 = 0.05), 0.025, 0.0125\. The error decreases from 95.2%
to 59.7% as § decreases from 0.05\ to 0.0125\. clearly, it shows that a smaller deformation
parameter § can yield a better reconstruction.

Next is to consider the influence of the noise level + and the measurement distance /4 in
order to investigate the stability and resolution. Again, we add 1% and 5% random noises to the
scattering data. Tables 8 and 9 report the relative L*(R) error of the reconstructions with four
different measurement distances 2 = 0.1X,0.075X,0.05), 0.025X for a fixed § = 0.0125\.
Comparing the results for the same 6 = 0.0125) and 2 = 0.1 in tables 7 and 9, we can see
that the relative error is increased from 59.7% by using noise-free data to 85.1% by using 5%
noise data. Again, the reason is that a smaller cut-off is chosen to suppress the exponentially
increasing noise in the data and thus higher Fourier modes of the exact grating surface func-
tion can not be recovered. A smaller measurement distance helps to enhance the resolution and
reduce the error. In table 8, the reconstruction error decreases from 75.7% by using h = 0.1\
to as low as 59.4% by using h = 0.025\ for 1% noise data. In table 9, the reconstruction error
decreases from 85.1% by using 7 = 0.1 to as low as 72.2% by using & = 0.025) for 5% noise
data. Figure 5 shows the reconstructed surfaces by using & = 0.1X,0.075X,0.05,0.025\.
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Comparing the exact surface profile in figure 2(c) and the reconstructed surface in figure 5(d),
we can see that a good reconstruction can still be obtained when using a small measurement
distance even for such a binary grating.

6. Conclusion

We have presented an effective computational method to reconstruct surfaces of biperiodic
dielectric gratings. Subwavelength resolution is achieved stably. Based on the transformed
field expansion, an analytic solution is deduced for the direct problem. The nonlinear inverse
problem is linearized by dropping higher order terms in power series. Explicit reconstruction
formulas are obtained and are implemented by using the FFT. Three representative numerical
examples are considered: one smooth function with finitely many Fourier modes and two
non-smooth functions with infinitely many Fourier modes. We have carefully investigated the
influence of the parameters on the reconstructions. The results show that super resolution may
be achieved by using small measurement distance. There are many interesting and challenging
mathematical problems, such as uniqueness, stability, resolution, and error estimates, which
are remaining and left for future work. We will report the results elsewhere.
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