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This paper is concerned with the mathematical analysis of the electromagnetic wave scattering by an unbounded dielec-
tric medium, which is mounted on a perfectly conducting infinite plane. By introducing a transparent boundary condition
on a plane surface confining the medium, the scattering problem is modeled as a boundary value problem of Maxwell’s
equations. Based on a variational formulation, the problem is shown to have a unique weak solution for a wide class of
dielectric permittivity and magnetic permeability by using the generalized Lax-Milgram theorem. Copyright © 2016 John
Wiley & Sons, Ltd.

Keywords: Maxwell's equations; generalized Lax-Milgram theorem; unbounded rough surface
_____________________________________________________________________________________________________

1. Introduction

Consider the electromagnetic wave scattering by an unbounded dielectric medium, which is mounted on a perfectly conducting infi-
nite plane. The free space above the medium is filled with a homogeneous material; while the medium itself may be inhomogeneous
with variable dielectric permittivity and magnetic permeability. The interface, which separates the free space and the inhomogeneous
medium, may be represented by an infinite rough surface. It is referred to as a surface which is a nonlocal perturbation of an infinite
plane surface such that the whole surface lies within a finite distance of the original plane. By introducing a transparent boundary
condition on a planar surface confining the medium, the scattering problem is formulated as a boundary value problem of Maxwell’s
equations. This paper is concerned with the mathematical analysis of the solution for its variational problem. The main theorem
indicates that there is a unique weak solution in a suitable functional space for a wide class of dielectric permittivity and magnetic
permeability. The proof is based on a Hodge decomposition and the generalized Lax—Milgram theorem. A crucial step is to establish a
priori estimate of the solution.

The scattering by unbounded structures has significant applications such as modeling acoustic and electromagnetic wave propaga-
tion over outdoor ground and sea surfaces or, at a very different scale, optical scattering from the surface of materials in near-field optics
or nano-optics, detection of underwater mines, especially those buried in soft sediments. These problems are extensively studied and
a considerable amount of information is available concerning their solutions [1-9].

These scattering problems are quite challenging because of the unbounded nature of the domains. The usual Silver-Mdiler radiation
condition is no longer valid, and the Fredholm alternative argument does not apply either because of the lack of compactness result.
In particular, rigorous mathematical analysis for the three-dimensional Maxwell equations is very rare. In [10], the electromagnetic
scattering by unbounded rough surfaces was considered under the assumption that the medium was lossy in the entire space. The
well posedness of the solution was established by a direct application of the Lax-Milgram theorem after showing that the sesquilinear
form was coercive. In [11], the authors considered the electromagnetic wave scattering from rough penetrable layers. The problem
was shown to have a unique weak solution from a priori estimates and the limiting absorption principle. As mentioned in the paper,
the source term was assumed to be divergence free, and the magnetic permeability was assumed to be a constant. Moreover, the
assumptions were quite restrictive for the dielectric permittivity and might be hard to be satisfied in practice.

In this work, we adopt the generalized Lax-Milgram theorem to establish the well-posedness of the solution for the electromagnetic
scattering problem. Our method is optimal in the sense that the generalized Lax—Milgram theorem gives the sufficient and necessary
condition on the existence and uniqueness of the solution. The divergence free condition is removed for the source term and the
magnetic permeability can be a variable function. A larger class of dielectric permittivity is allowed because the assumptions are much
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less restrictive. Related work can be found in [12-14] for the electromagnetic scattering problems by open cavities and diffractive
gratings. We refer to [15] for the electromagnetic scattering in unbounded domains and [16-18] for an account of electromagnetic
wave scattering problem in bounded domains.

The outline of this paper is as follows. In Section 2, the model problem and some functional spaces are introduced. A Hodge decom-
position is discussed in Section 3. Section 4 is devoted to the study of the variational formulation of the scattering problem. In Section 5,
an a priori estimate is derived for the solution, and the well-posedness of the problem is established. The paper is concluded with some
general remarks and directions for future research in Section 6.

2. A model problem

In this section, we introduce a mathematical model and define some notation for the electromagnetic scattering by an unbounded
structure. Let us first specify the problem geometry, which is shown in Figure 1. Let S be a Lipschitz continuous surface embedded in
the strip

Q={(n2) eR3:0<z<h} =R2x(0,h),
where p = (x,y) € R? and h > 0 is a constant. The free space is filled with some homogeneous material above S; while the medium
may be inhomogeneous in the region below S. The unbounded medium is assumed to be deposited on a perfectly conducting infinite
(x,y)-plane. Define two boundaries Ty = {(0,z2) e R®:z=0}and I = {(p,2) e R3:z = h}.
Specifically, we assume that the space Ri_ = {(p,2) € R3 : z > 0}is filled with a material with the dielectric permittivity ¢ and

the magnetic permeability 1. The electromagnetic wave propagation is governed by the time-harmonic Maxwell equations with time
dependence e7'?t:

VxE—iopH=0, VxH+iwcE=J inR?, (2.1)

where E and H denote the electric field and the magnetic field, w is the angular frequency, and J is the electric current density. We
assume thate € W">°(R? ) and . € W>*°(R? ) and they satisfy

O0<e<Ree<e, Ime>0, 0<pu; <pu=puo

where g, £1, [Lo, ;41 are constants, and &g, (Lo are known as the dielectric permittivity and the magnetic permeability in the free space,
respectively. The regularity of ¢ and u will be used in the a prior estimate for the electric field.
Eliminating H from (2.1), we obtain a decoupled equation for E:

Vx (W 'VXE) —w*E=f inQ, 2.2)

where ¥ = w(gp)"/2 with Imk > 0 is the wavenumber and f = iwJ. Because the unbounded medium is mounted on the perfectly
electrical conducting plane Ty, the electric field E satisfies

Exn=0 onTy, (2.3)

wheren = (0,0,1) 7.
To describe the boundary value problem and derive its variational formulation, we introduce some Sobolev spaces. For u € L?(R?),
we denote U the Fourier transform of u by

N 1 -
) = -~ /R u(p)e~"*%dp,

I'o p=(x,y)

Figure 1. Problem geometry.
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where £ = (£, &) € R2. Denote by L2(Q2) the space of complex square integrable functions on £ with the norm

b 1/2 b 1/2
||u||Lz(m=[/o A 2|u(p,z>|2dpdz} =[/ /. 2|a(s.z>|2dsdz} .

We define the Sobolev space as follows: H*(Q2) = {D%u € [2(Q) for all |a| < s}, which is a Banach space for the norm:

1/2

(/R (1+ 187" |D;"a(s,z)|2ds) dz|

h
lullscsy = / »
0

n+m<s

where n,m € N and D] is the m-th derivative with respect to z. These norms, given in the spatial-frequency domain, are equivalent to
the usual Sobolev norms in the entire spatial domain because of the Parseval identity.
Introduce the following space:

H(curl, Q) = {u € [*(Q)%, V xu € *(Q)*},
which is a Hilbert space for the norm:
2 2 V/
Il 2) = (Il gy + 19 x ulZgy) -
For any vector field u = (u;,uz, u3) T, denote the tangential component on T by
ur = —nx (nx u) = (uy(p, h), u2(p, h),0) .

For any smooth vector u = (uq,uy, us) T defined on T, denote by divru = dyu; + dyu, and curlru = U, — dyuy, the surface
divergence and the surface scalar curl of the field u, respectively. For a smooth function u, denote by Vru = (dxu, d,u, 0) " the surface
gradient. The subscript T denotes the first two components of a vector.

To describe the Calderdn operator and the transparent boundary condition in formulation of the boundary value problem, we

introduce some trace functional spaces. Denote by H*(I') the standard Sobolev space, the completion of L?(R?) in the norm
characterized by

1/2
latbecry = | [0+ 168 e |

Let .7 (R?) and .%,(IR?) be the Schwartz space and the weighted Schwartz space, that is,

5181
ZR?) =dueC®®R?: sup |(1 + |pl%) 25 u(p)| < coforalla € No, B € NZ
peR? 8,0

and

Fu®) = {ue F®): |G — 670 € S @),

where kg = w(gopo)'/? > 0is the wavenumber in the free space. Denote by % (R?) the dual space of .#,(IR?). Define

2 /2
H, (R?) = ;u e Fr®Y): (1+EP)"? 713(%’:'?'2 e ’(R?
and
H;, (curl;T) = {u € H*(R?)* : curlru € H, (R?), divru € Hj, | (R?)}.
In this paper, we only need to choose « = s = —1/2. Denote W = H:%;(curl; T') and its norm is characterized by

2y G+E3" .
ME =/Rz (1+1ep) " (|u1|2+|U2|2)dg+/R2Wl&uz—ézwlzdé

1 =t R
‘*'/];Q2 |§<2t||§$||2)|1/2|§1u1 + &0,[7dé.
0

Define a subspace of H(curl, 2):
X={ueH(url,Q):uxn=0o0nTy ur € W}.

Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 573-588
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The norm is given by
2 2 2 172
lullx = (Il + 1V x uliZ gy + lur )

To reduce the problem into the bounded domain €2, we introduce a transparent boundary condition by using a Calerén operator,
which maps the value of the tangential component of the electric field to the value of the tangential trace of the magnetic field.
For any tangential vector u = (u;,u5,0) T on T, define the boundary operator

Tu = (v;,v5,0) ", (2.4)

nwi_ 1 K=& & Uy
12 CUMO("(% —|£2)1/2 1) Kg _512 o |

It follows from [10] that the following transparent boundary condition can be imposed:

where

(VXE)xn=iouTEr onT.
Itis shown in [15, Lemma 5.4.7] that T is a bounded linear operator, i.e., there exists a positive constant C such that
[(Tu,v)| < Cllu|lw|v]lw foranyu,ve W. (2.5)

We mention that C and G are positive constants throughout the paper, whose precise values are not required and may change line
by line but should be always clear from the context.

3. Hodge decomposition

We present a version of Hodge decomposition, which is important in the proof of our theorems on the existence and uniqueness of
the scattering problem.
Introduce a subspace of H'(Q):

HL(Q) ={ueH'(Q):u=00nTy, Vrue W},
which is a Hilbert space for the norm
1/2
ol ) = (1003 g + 19ruly)

Lemma 3.1
Given f € [2(R) and g € H~'/2(I"), the boundary value problem

V-(eVu)=f in Q,

u=0 on Iy,

£00,u = iw 'divpTVru+g onT,
has a unique solution in H} ().

Proof
We examine the variational formulation of the problem: find u € H}- () such that

b(u,v) =/ g\'/—/ fv forallv € H-(Q),
r Q
where the sesquilinear form

b(u,v):/ aVu~v\7+iw—‘/ TVru-Vrv.
Q r

It follows directly from the Cauchy-Schwarz inequality that b is a continuous on H} (€2) x H]-(£2). Hence, it suffices to show that b is
coercive on HL ().
Taking the real and imaginary parts of b yields

Reb(u,u):[ Re(s)|Vu|2—ar‘|m/ TVru- Vri,
Q r

Imb(u,u):/ |m(s)|Vu|2+w—1Re/ TVru- Vri.
Q r

. ______________________________________________________________________________________________________|
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Let Vru = w = (w;, w,,0) 7. Noting curl (Vru) = 0, we have &W; — & W, = 0. It follows from |£]2|W|2 = |& Wy — W, | + |&1W; +
£,W,|? that we have

_ 1 1 n ~ n
[ e i = o [ W 61— b P
r Who JR2 (kg — |£]2)

1 21var|2 21y |2
_ / K W] de_i[ Ko W] s .
ko | Jigl<wg (kg —|£12) lEP>k3 (|€]2 — «3)

0

Simple calculation gives
W
17258
P> (612 —3)
W

<2 (K02—|§|2)1/2 ,

Reb(u,u) = /Q Re(e)|Vul® + o /|s

Imb(u, u) = fglm(g)|w|2+80/|S

which yield
2|b(u, u)| > Reb(u,u) + Imb(u, u)

W/ 3.1)
> [ |vup +eo/ S | N—T
/sz r2 |2 —K3|1/?

Using the fact that £&;w; — & W, = 0 again, we have

W[ |E1n + £;W, )
Vrul3 =/ - d +/ d
IVruli R2 (14 [£]2)"/? : r2 (1+ [§]2) [ — §2'/2 g

3 W2 W2

[

/Rz s e 2 e e e ®
W

<C ————d§,

= /Rznsv—xéwz J

where C depends only on kq. Because u = 0 on Ty, it follows from the Poincaré inequality and (3.1)-(3.2) that we obtain

bl = € (Il gy + IVrully) = Cllully (g

The lemma is proved by a direct application of the Lax-Milgram theorem. O

Define two subspaces of X:
Y={ueX:V-(cu) =0inQ, ou-n =iw 'divrTur on T},

and

YL = {u:u=VuyueH-Q).

Lemma 3.2
The spaces Y and Y- are closed subspaces of X, which is the direct sum of Y and Y-, i.e,,

X=Yovl

Proof
Take u, = Vu, € Y+, and it follows from u,, — u in X that

2 2 2 2
lun =l = lun = Ul s + 1V x un =V X 0l + lun = uly

2 2 2
= [|[Vun —ull gy + IV X ullzq)s + lup —ully, — 0

as n — oo, which shows that ||V x u||;2()s = 0 and then YL is closed.
Equivalently, the subspace Y can be represented as

Y:%ueX:/ su~V\7—iw_1/divrTurV:OforaIIveH}(Q) .
Q r

Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 573-588
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For fixed v € H} (R2), define a linear functional on Y:
I(u) = / gu-Vv—io™! / divr Turv
Q r

:/ eu-V\7—|—iw_1/TuF~Vp\7 forallue .
Q r

Applying the Cauchy-Schwarz inequality and (2.5), we get
W] = C (VI @ lullzys + lulwlVeviiw)
< (It + IVrviiw) lullx = CV)ullx.
Letu, € Yand u, — uin X. We have
(W] = [I(u—up) + I(up)| = |I(u—up)| = CV)up —uflx >0

as n — oo, which implies that u € Y and thus the closedness of the space Y.
Forany u € X, defineu € H1r (2) by the solution to the variational problem

a(Vu,Vv) = a(u, Vv) forallv € H-(Q),
which has an equivalent differential form:
V- (eVu) = V- (eu) in 2,

u=20 on I,
£00,u = iw 'divpTVru+g onT,

where g = gou - n —iw~'divy Tur. It follows from Lemma 3.1 that there exists a unique solution u in H} ().
Denotev = u— Vu.Thena(v,Vv) = O0forallv € H} (), that is,

/ V- (ev)V —/ (20v-n —iw ™ 'divrvr) v = 0 forallv € HI-(),
Q r

which shows thatv € Y.
Finally, we show that Y N Y= consists of the trivial function only. In fact, if u = Vu € Y N YL, then

V-(eVu) =0 inQ,
u=20 on Iy,
£00,u = iw~'divrTVru onT,

which implies thatu = Vu = 0 from Lemma 3.1. O
4. Reduced variational problem

Multiplying the complex conjugate of a test function ¥y € X on (2.2), integrating over €2, and using the integration by parts, we arrive
at the variational form for the scattering problem: Find E € X such that

a(E,y) = (fv) forally €X, 4.1)
where the sesquilinear form
a(E,l/f)zfu—‘VxE-ny}—wZ/ sz/_/—ia)/ Tur -y, 4.2)
Q Q r
and the linear functional
€= [ £0.
Q

Using the Hodge decomposition in Lemma 3.2, we take E = u + Vuand ¥ = v+ Vv forany v € Y and v € H.(£2). Observing that
foru € Yand v € H.(2), we have

a(u, Vv) :—wZ/ eu~V\7—ia)/ Tur - Vrv
Q r
= wZ/ VV-(eu)—wzeo/ v(u-n) + iw/ vdivp Tur (4.3)
Q r r

=w2/ \7V-(su)—a)2/ V(sou-n —iw~'divpTur) = 0.
Q r

. ______________________________________________________________________________________________________|
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By Lemma 3.1, there exists a unique solution u € H} (R2) to the problem
a(Vu,Vv) = (f, Vv) foranyv € H-(R). (4.4)

It follows from (4.3) to (4.4) that the variational problem (4.1) can be equivalently reformulated into the following problem: findu € Y
such that
a(u,v) = (f,v) —a(Vu,v) forallvey. (4.5)

Notice that u is determined by f from (4.4). Hence, there exists a functional F € Y*, the dual space of Y, such that
F(v) = (f,v)—a(Vu,v) forallveY.
The variational problem (4.5) can be further reduced to the problem: find u € Y such that
a(u,v) = F(v) foranyveY. (4.6)

In the rest of the paper, we shall apply the generalized Lax-Milgram theorem to prove that the variational problem (4.6) has a unique
solution.
First, we show that Y has an equivalent norm defined by

lully = lullbcungy foranyuey.
The following two trace regularity results in H~'/2(I") and W are useful in subsequent analysis. The first lemma is proved in [10] (cf.
Lemma 2.5).
Lemma 4.1
For any n > 0, there exists a positive constant C(n) depending on 1 and h such that

lur “IZ-/*‘/Z(I‘) <V x u||fZ(Q)3 + C(’/)”u”zz(gp forany u € H(curl, ).

Lemma 4.2
We have the estimate
lurllw < Cllullyu,y foranyu e,

where C depends on ¢, ko, and h.

Proof
Forany u € Y, we have V - (eu) = 0, which gives
\Y%
V-u:—(—a)m. (4.7)
)
Denote u = (uq,Us, U3) | . Because gou - n = iw~'divr Tur on I, we take the Fourier transform with respect to p and obtain
s = ——divrTar = ——[& 521[ }
(OFN)
s s R R (4.8)
=1 K=& &b U —&-ur
= > o 21/2[5152] SE KZ—EZ b} = 5 n1/2°
K3 (k3 — 1€12) 152 %o 2 (kg — 1812)
Using (4.8) and Lemma 4.1, we have
A2 2 1g1211/2
u > :/ |UF| d +/ |K0 |E| | a _ a Zd
lurlly R (1 Ep)2 £ e 1T [E1u2 — &2un |[*dE
u U, ]2
+/ |&1 21 +2§2 2 . 1/2d§'
r2 (1+ [E]?) |ig — €]
. & -ar |
< e By + [, (168 161 2ar P+ d
H=1/2(T") o [0 |2 K2 — |E121/2 — [E]2]1/2 (4.9)

= lur -z +[Rz (13 = 1P /210r 2 + 3 — |£121"/210 ) dé
< Cluli+ [ |1~ 5P 2P
RZ
1/2 ~
< Clulf + maxtt, o} [ (1+16P)"" e,

Forany u € H'(Q), we have ,
agg, m? < |a, 21> + 2/0 (¢, 2)0' (§,2)|dz, z € (0,h).

. ______________________________________________________________________________________________________|
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Multiplying (1 + |§|2)1/2 on both sides of the aforementioned inequality and integrating with z on (0, h), we obtain

1/2 ~

12 [h
b1+ I67) o h < (1-+167)? [ late, 2oz
h i 1/2
+an [ (14 160) " oG 216 6 2z

h h
<(1+1R)" /0 136, 2)Pdz + h [O (1 + €P) la(,2)[2dz

h
+ h/ |0/ (£,2)|%dz,
0
which yields
1/2 4 1+h h N
L ien)ac meds < [ [0+ 16P) ace o Pdsdz
R? Rr2 Jo
\ (4.10)
+/ / |t/ (€,2)|*d&dz.
Rr2 Jo
Using (4.10) and
EP10G 2P + |0/ (5,27 = |60, — &0 + ligr 03 — 07
+ig203 — US> + |05 + i(5101 + E)[%,
we have
h
/ (1+ 161 * 1aPdg < C [/ Juf? +/ / (E216G,2)F + 18/ ¢, 2)P) dgdz:|
R? Q Rr2 Jo
(4.11)
([ [ v sup s [ 19-u) < Clule
Q Q Q
where (4.7) is used in the last inequality. The proof is completed by combining (4.9) and (4.11). O

The following corollary is a direct consequence of Lemma 4.2.

Corollary 4.3
In the subspace Y of X, the norm || - ||x is equivalent to the norm || - ||y.

Therefore, for the sake of simplicity, we will use || - ||y instead of || - ||x to equip the function space Y.
Next, we examine the conditions in the generalized Lax-Milgram theorem. It follows from Lemma 4.2 and the Cauchy-Schwarz
inequality that

la(u,v)| < C1/ [Vxu-Vxvy| +C2/ [u-v| +C3/ |Tur - vr|
Q Q r
<GV xullz@slV x Vi@ + Gllullz@eliviiee: + Glulwliviiw

< Cllullylivlly,
which shows that the sesquilinear form a is bounded. It is easy to show that
a(v,u) =a(u,v) foralluvey. (4.12)
In order to apply the generalized Lax-Milgram theorem, we need to show the inf-sup condition:

S ja(u,v)

22 S0 (4.13)
0£uey gzevey [[ullyllvily

and the “transposed" inf-sup condition, which follows from (4.12) if (4.13) holds.

Lemma 4.4
If (4.13) holds, then the variational problem (4.6) has exactly one solution u € Y for 7 € Y*. Furthermore, it satisfies

lully <y~ I Flly=. (4.14)

In order to get (4.13), we need to establish an a priori estimate for any solution to (4.6), from which the inf-sup condition will be
satisfied by the following lemma.

. ______________________________________________________________________________________________________|
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Lemma 4.5
If there exists a C such that

flully < ClIlFlly+ (4.15)

forallu € Y, F € Y* satisfying (4.6), then (4.13) holds with C > y~'.

Proof
Fixu € Y and define F(v) = a(u,v) forallv € Y, then F € Y* and u is the solution to (4.6). We have

F(v a(u,v
lully < ClFlve = C sup ZWI ¢ gp 19

ovey VIl ozvey  [IVIly
Hence, we have
L O R
07£uey gzyey [lully V]l
which completes the proof. O
Lemma 4.6
If there exists a constant C; such that
llully < Glifll2o)s (4.16)

forallu € Y, f € [2(Q) that satisfies

a(u,v) = (fv) forallvey, (4.17)

then forallu € Y, F € Y* that satisfies (4.6), there exists a constant C, such that
lully < G|l F|ly=.

Proof
Suppose u € Y is a solution to the problem
a(u,v) = F(v) forallveY. (4.18)

Letag : Y x Y — C be defined by
ao(u,v):/ u_1qu-VX\7+Mw2/ su-\_l—ia)/ Tur -vr,
Q Q T

where M > 0 is a constant which will be determined later to ensure that aq is coercive in Y. It is easy to show that g, is a bounded
sesquilinear form. Foranyu € Y,

Reag(u, u) =/ WV x uf? +Ma)2/ Re(e)|ul?
Q Q

_ 12 4 & -ar |
+/«Lo1/ (HS) |ur|2—71/2 dé
12> K2 (1612 —«2)
— . Uy — E5041% — K2 ar 2
B,u01/|qu|2+Mw280/|u|2+uo1/ 16102 — &0 1/2| |d$
Q Q |ER=K3+T (1&12 = «3)

/ e anp (4.19)
_ 1/2 |~ -ur
+uo1[ (1§17 =) " far = —>— 5 | d
Kg<|El<wi+t (|‘§|2—K3)

> ! 2 2 2 2, =1 |ﬁr|2
> ug" [ 1V xuP 4 Moes | (ul? - k2ug %

o Q leP=id+r (&2 - k2)

e / _lg-arf?
; .

<igr<ii+e (|g2 —x2)'?

where 7 > 0is a constant, and we have used |£|?|ar |2 = |& Uy — &0¢ |2 + |E - Gr |2
Because u € Y, it follows from (4.8), (4.10), and (4.11) that we have

|- Gr|?

/K§<\E|2<K§+r (|§-‘|2 — Kg)l/z [<§<IS|2<K§+I
<o @aPdg <2 [ (14 1)
Ki<|El2<ki+t R2

Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 573-588
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We choose 7 to be small enough such that

i “T'm dé < . (@.20)

[c§<|£|2<K§+t (|g|2 )

Fix such a t > 0, we have from Lemma 4.1 that

NI 2 1/2 NP
a +1 u
Ké/ |ar| __de <k max (I&] )1/2/ || _dg
lgP=id+ (|&]2 — &3) P>+ (|62 — k)~ J1gr>r3+7 (1 +[§]?)

1/2 2
<Ko (1+1+K0) / |ur| 1/2d£:
T R2 (1 + [¢]?) (4.21)

1 1/2
$K§(1+ +K0) (n/ |qu|2+C(n)/ |u|2)
T Q Q
1
w5 L1 xur e [ e,
0Ja Q

if we choose 1 > 0 to be small enough such that

Combining (4.19), (4.20) and (4.21), we obtain that

4 —1 —1
Redo(u, u) > M—O/ |V xu]? + | Mo?eo — Bo_ ¢, / lu?
5 Q 10 Q
4ut 4"
= (f vxuP+ [ P = o,
5 5 Y
Q Q

if we choose M > 0 to be large enough such that

g

Mw?ey — G > .
W&o 1= 10

This implies that ag is coercive by Corollary 4.3. Thus, the problem of finding ug € Y such that
ao(ug,v) = F(v) forallvey (4.22)

has a unique solution ug that satisfies

4ug!

luolly < [IF[ly=. (4.23)

Now, defining w = u — ug and using (4.18) and (4.22), we have

a(w,v) = a(u,v) —a(uo, v) = F(v) — (F(v) + a(uo, v) — do(uo, v))
= (M + 1)w?suy, ).

Therefore, w satisfies (4.17) with f = (M + 1)w?euy € L2(Q)3. By the assumption, we have

Iwlly < G (M + 1)o?[lellioe ) [Iuolli22)2
< GM+ D [e]leo ) uolly

5,“0
“=GM + Dol ) | Flly=,
where we have used (4.23) in the last inequality. Finally,
Sl‘LO 2
ully < wlly + lluolly < e [1+GM+ Do?[elloo )] 1 Fllvs = GIFllys,

which proves the Lemma. O

Combining Lemma 4.4, Lemma 4.5, and Lemma 4.6, we obtain the main theorem in this section.
|
Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 573-588



P.LI, G. ZHENG AND W. ZHENG
I ——

Theorem 4.7
If it holds (4.16) for allu € Y, f € [2(Q)?3 satisfying (4.17), then the variational problem (4.1) has a unique solution in X.

5. A priori estimate

In the section, we show that the assumption of Theorem 4.7 is valid for a certain class of dielectric permittivity ¢ and magnetic per-
meability, and thus the existence and uniqueness of our original scattering problem. We shall show (4.16) holds for the solution u of
problem (4.17) for some f € [2(2)3. Because in Y, we have V - (eu) = 0, it follows from the equation satisfied by the solution u to (4.17)
that V - f = 0. First, we give some assumptions on ¢ and u.

Let 0 < 6 < h/2 be small. We denote a “tubular domain of thickness §" of Q2 any open domain

8 1
Ds = (p,z)eQ:r(p)—§<z<r(p)+E

where r : R? — R is a piecewise Lipschitz continuous function that satisfies § < r(p) < h —§.
We assume

(@) e € W1'°°(Q),O < gy <Re(e) < ¢e1,Ime > 0;
(b) e W*®(Q),0 < <p <o dp>0;
(c) There exist @ > 0and Dg C Q2 of thickness of § > 0 such that
Ds C {(p,2) € 2 :lme > 0}; (5.1)

(d) Forsome

su2 2 1\ (572
( Fo | +10+—2) ) Ho) 2 4+ w22m—1! > o,

81/2
= === | Xxmin
" 8h3/2 w1gd  Hogo Jr; 4h3/2

there exists a constant C(1) > 0 depending only on 5 such that for all (p, 2) €  satisfying Ime(p,z) < C(n), we have

[Ve(p,2)| + IV, 2)| + V7o (p, 2)| < 1.

Remark 5.1
The assumption (d) implies that on the set {(x,y,z) € @ : Ime < C(n)},

10u3 | _io 2 _ _
b(e, ) :=le°‘8 1V&" +2M0’V(M 1)“5 1Va|
1
— 2 —
+ 2013 [V (e ™|" 4 240 | Vrdz ()| + @ oh| Vel
10u2 2
< —FO|Ve2 + —=|Vpu|| Ve + 20|V
1€0 Ho€o

1 1

+ 20| 90l + 1 Tl | + o7 ahl Ve

Ho Ho
op2 2 2 2

5( 2“§+ +20+—2)n2+(—+w2uoh)n
Mi€&g MHo€o Mo Mo
§

< —.

= 16h3

This inequality plays an important role in the energy estimates.

Remark 5.2
There exists nontrivial examples for the dielectric permittivity ¢ and the magnetic permeability u. For instance, let

z<14, uo[1—(g_z):],0§zs
PR 2(%)
2 Ito, z>1,

’

NI

L Jeoti(b-2’, 0=
zZ>

then they satisfy all the assumptions earlier.

To obtain an a priori estimate for the solutions to problem (4.17), we need the technique that was adopted in [11] to derive Rellich
identity. General speaking, we choose zd,u and u as the test functions in (4.17) and use the integration by parts, we can obtain some
identities, which are called Rellich type identity.
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Lemma 5.3
Let u € Y be a solution to (4.17). We have

/ (20,u + 0 oz(3,Ree)|ul?) + LoA(u) + / Im (2 — [£2)'? Jad
Q R2

(5.3)
< wo (2h[10;ulli2(y> + ullz)?) llgllizc0)s
where g = f 4+ w?Im(g)uand
A(u) =2Re/ £ (Ve -u)d 03 + 2Re/ 3,(u~ (e Ve u+ d,u3)is
Q Q
~2Re [ (ur- Vrd, (e i~ 2Re [ (Vru7) - undge
Moreover, we have
/;2 wzlm(£)|u|2 < ||f||L2(Q)3||u”L2(Q)3~ (5.4)
Proof
The proof consists of six steps.
Step 1. We seek a distributional solution u € H'(Q2)? to the following problem in L2()3:
Vx(u'Vxu)—w?eu=f ingQ,
(Vxu)xn=iou,Tur onT, (5.5)
uxn=20 on Iy,
where the boundary condition (V x u) x n = iwpeTur holds in H~/2(T")3. Notice that in [11]
p—— ; PO i£(& - a)
T W) =il —[E1)'"%0, N = R
A simple calculation yields
T W)+ NG
. ~ &(éﬁ) 2 2\1/24 Ez(Eﬁ) T
=i (g —ED)"%0 + 5= (G — )P+ s
( « C g g e (% — £
i N N N N N AT
= W ((Ki — €y + 512111 + &i&2uy, (Ké — €[y + E:&01 + §22U2)
i N N N AT
= @ —Ep) (kG — &) + E1620n, (kG — ED2 + E1607) .
In our setting,
. = i KZ—EZ 51%'2 )(01)
Tur = ———— ("0 2 .
I P EYE ( b6 -8 )i
i N . . AT
= W ((Kg —E)n + E160y, (kG — EDI + é5152'41) .
Taking ¢ = 0 gives
TH ) + N (u) = iopoTur.
0 0
It follows from [11, Lemma 3.2], [11, Lemma 3.5], and (4.11) that we have u € H'(Q)3.
Step 2. The following identity holds
2Re/ 20,u- (Vx (u7'V x ) = wZ/ d,(zRe(e))|ul® + kZhuy ! / lu?
Q Q r (5.6)

+2Re/ zd,u - g.
Q
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Indeed, because u satisfies Maxwell's Eq. 5.5 in the L% -sense, we can show (5.6) by multiplying the conjugate of (5.5) with z3,u and
then integrating by parts.
Step 3. The following identity holds

[ ) IV w2 [ ol 2Re [ o7V wiy
Q Q Q
+ 2Re / 0,(w ") (e Ve - u+ d,u3)u3 — 2Re [ (ur- V3o (u™h) bs
Q Q
—2Re/ (Vr(u™") - ur) 0,03 —2Re/ U ' 0,usls +huo_1/ |V x u? —2hu0_1/ |0, Vrus|? (5.7)
«Q r r r
+2h,u0_1Re/ dur - Vris +/ ?3,(zRe(¢))|u? —2h/c§/ lur|?
r Q r

= 2Re/ zd,u-g.
Q

In fact, using [11, Lemma 4.4] and
diviu = ¢ 'div(eu) — e (Ve - u) — d,us,

we can obtain the following two identities by integrating by parts:

2Re/ z0u- (Vx (u~'Vxu) = —/ (" + 0™ )) IV xul + 2Re/ 1w (e3 x dyu) - (V x 1)
Q Q Q

+ 2hpg! Re/r dur - (nx (V x @) + huy'! /F ¥ x uf? (5.8)
and
ZRQ/;ZM_1(33 x 3,u) - (V x )
= 2Re [ 7 osul + 2Re [ 67 (Ve wids + 2Re [ 0,076 Ve u e dun)ly 59)

— 2Re/ (I.IT . VTBZ(M_I)) L_l3 — ZRE/ (VT(/,L_1) . uT) 8203 — 2/,L0_1 Re/ 82u3[13.
Q Q T

It follows from (5.8), (5.9), and (5.6) that we obtain (5.7).
Step 4. Substituting v = u into (4.17), we obtain

/ (L7'V x ul* — w’Re(e)|u|?) —Re (iw/ Tur - ur) = Re[ g-u (5.10)
Q r Q

2 2 . T — T
/S;w Im(e)|u| Im (lw/llTur ur) Im/ﬂf u. (5.11)

Step 5. It is easy to verify the following three identities:

and

Im (ia)/ Tur .ar) = %—1/ Re(k2 — |£[%)'/2]G|2dg, (5.12)
r R2
—Reliw | Tur-ur ) —2u5"Re | usis = ug' [ Im@2 — |£]2)/?]0]2dE, (5.13)
0 0 0
r r R2
/ (IV x u> = 2|d,ur |> — «3|ul?> — 2Re (d,ur - Vris)) = —/ (k2 — |&]>)|a]*dE. (5.14)
r I£1<Ko

Step 6. Now, we are ready to show (5.3) and (5.4). Using (5.7), (5.10), (5.13), (5.14), and the assumption 3,(+~') < 0, we have
/ (27 "0,u]? + w?2(3,Ree)|ul?) + A(u)
Q
_ 172 4 _ _
g [ m (1) e + b [ 6P aPds (515

|El<Ko
§2Re[ zazu-§+Re/ f-u
Q Q

. ______________________________________________________________________________________________________|
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Using (5.11) and (5.12) yields
2
[ m@ " [ Ret 1621 < [l lullas.

Therefore, we obtain

huy” / (2 — [€P)a12dE < kohyig” / (2 — 6P)"/af2de
|El<Ko

[E1<Ko
— oy [ Re(cd — lgi) /2P

< kohpg ' fll i)z lull 22

Using the Holder inequality and (5.15)-(5.17), we obtain (5.3). The estimate (5.4) follows immediately from (5.16).

Using this lemma, we can obtain the following theorem.

Theorem 5.4
Let u € Y be a solution to (4.17). If assumptions (a)-(d) hold, then there exists a positive constant C such that

lully < Cliflli2 (g3

Proof
Applying Young’s inequality to each term in A(u) and the second term in (5.3), we obtain

1
oo | =5 [ o+ [ bl
Q 2 Ja Q
It follows from (5.3) and (5.18) that

/ 19,02 + / Im(eZ — £/ de

< (2hlculos + 1+ 2V20h) [ullacay ) Igllacay + [ b6 lul.

[oA(uw)| +

By assumption (d), for any n > 0, there exists a C() > 0 such that |b(e, n)| <
we have

16h3

/ b(e, w)uf* = (/ +/ )b(e,ﬂ)lulz
Q {ime<C(n)} {Ime=C(n)}

: /
< lul? +C lu?
16h3 {ime<C(n)} {ime=C(n)}

C
< P+ —— w?ulm(e)|ul?
16h3 / ® mC(n) {ime=C(n)}

o ol e,

where (5.4) is used in the last inequality. Applying Lemma 6.4 in [11], we obtain

//\

5”“”52(9)3 < 4h||u||fZ(DE)3 + 8h3||azu||52(gz)3~

It follows from assumption (c) that we have

SllulZ ey < 4h/ Ul + 85 0,2 e

Ime>6}

[ o pimelul? + 8h*[,ull% o

<
CU M 0

4h
3 2
< Wllfllu(szp lulli2 )z + 8h7[|02ull}2 ()5

Combining (5.20) with (5.21), we obtain

1
/b(e,m|u|2sf/ 1902 +
Q 2 /a

L () s
wtuy \65 T Cp ) TEETIEE”

(5.16)

(5.17)

(5.18)

(5.19)

for all (p,z) € Q satisfying Ime(p,z) < C(n).So,

(5.20)

(5.21)

. ______________________________________________________________________________________________________|
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Choosing small enough 7, we derive from (5.4)-(5.19) and the aforementioned inequality that

[t [ m (G = ) e
< (2h||azu||L2(Q)3 + 0+ ZﬁKoh)HUHLZ(Q)S) lgllizc): (5.22)
+ Cliflizp Ul
< C (0wl + lullay) [Ifle@e + (Flzeylulagy) ]

Using (5.21) and (5.22), we also obtain

/Q P < C(1ulla + lulee:)

1/2
x [||f||L2(sz)3 + (Iflli2s2)2 llulliz2)2) ]

(5.23)

Adding (5.22) and (5.23), we obtain

1/2
1/2  ~
ol + oo + ( [ m (63 - 162)" e
1/2
< [l + (Iflz@ylulee) ]

Applying Young's inequality again, we have

1/2
Iocullas + Wl + ([ 1m0 = 16221 ) < Clflacay. (529

Because u € Y is a solution to (4.17), taking v = uin (4.17), we have

_ _ ) a2
/u 1|qu|2—/ a)zRea|u|2+p,01/ (|§|2—/<§)”2|ur|2—'57”1/2 dg
Q 112>} (1612 — Q)

«Q
= e/ f-u.
Q
By (4.8), we have
1/2 A
/ IV xul? < G [ P + G f (6P = k3)"% 18P + Gl Null e
Q Q |E12>k2
1/2 A
= [ G [ m (6 —)" Pl + Gl e

1/2 ~
< Gllulf gy + G /RZ Im (512 —x5) ** 1a2dg + GIIflI% (g

It follows from (5.24) that we obtain

[ 19 xul? < Il g (525)
Q

Finally, combining (5.24) and (5.25), we derive that
[ully < Clifll2 ()3
which completes the proof. O

The conclusion still holds if ¢ satisfies the assumptions in [11]. Here, we give different assumptions on ¢, which are valid for a larger
class of functions.
Our main result in this paper is the following theorem.

Theorem 5.5
If assumptions (a)-(d) hold, then the variational problem (4.1) has a unique solution in X.

Proof
The proof follows directly by combining Theorem 5.4 with Theorem 4.7. O
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6. Conclusions

In this paper, we studied the solution for the electromagnetic wave scattering by an unbounded structure, which was mounted on
a perfectly conducting infinite plane. A variational formulation was introduced by using a transparent boundary condition. Based on
a Hodge decomposition and an a priori estimate, the problem was shown to have a unique weak solution for a wide class of the
dielectric permittivity by using the generalized Lax-Milgram theorem. An open question is what the best condition is for the dielectric
permittivity to assure the well-posedness of the problem, which remains the topic of a future work.
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