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Abstract

We investigate the inverse diffraction grating problem which is to reconstruct
the periodic surface from the diffracted field. The surface is assumed to
be a sufficiently smooth and small perturbation of the flat surface. A novel
computational method is developed to solve the inverse problem with super-
resolution by using phase or phaseless near-field data. The method utilizes
Rayleigh’s coefficients of the near field data and updates iteratively the
approximated surface function by solving a truncated linearized system.
Monotonicity of the error estimate is proved under the small perturbation
assumption of the surface. Numerical examples are shown to verify the
theoretical findings and illustrate the effectiveness of the proposed method.

Keywords: inverse diffraction grating problem, the Helmholtz equation,
near-field imaging

(Some figures may appear in colour only in the online journal)

1. Introduction

Scattering theory in periodic structures has many significant applications in micro-optics,
which includes the design and fabrication of optical elements such as corrective lenses, elec-
tronic displays, microsensors, optical storage systems, optical communication components,
and integrated opto-electronic semiconductor devices [4, 5, 7, 22, 24, 39-41]. Surface identi-
fication of periodic structures is one of the fundamental problems in diffractive optics and is
known as the inverse diffraction grating problem. The mathematical questions on uniqueness
and stability for the inverse problem have been studied by many researchers [1, 3, 8, 15-17,
28, 33, 35]. Various numerical methods have also been developed for the reconstruction of
3 Author to whom any correspondence should be addressed.
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periodic surfaces [2, 14, 18, 23, 27, 29, 30, 36, 38, 42, 43, 46]. These works were intended
to address the classical inverse scattering problems and the resolution of reconstructions was
limited by Rayleigh’s criterion, approximately half of the incident wavelength.

The resolution limit, referring to how fine the details can be captured, is an essential aspect to be
considered in imaging and inverse scattering. It imposes an upper bound for the smallest resolvable
features that can be seen for conventional far-field optics. To circumvent this difficulty, the near-
field optics provides an effective approach to improve the resolution. By bringing the scanning
device close to the samples, the non-radiative components, which does not propagate to the far-
field detector, are captured, and sub-wavelength features can be obtained by exploiting these eva-
nescent waves. This super-resolving capability makes near-field optics particularly attractive [19].

Recently, a novel approach has been developed to solve the inverse surface scattering prob-
lems in various near-field imaging modalities [6, 9-11, 13, 21, 31]. Under the small perturba-
tion assumption of the surfaces, the method combined the transformed field expansion and
Fourier analysis to find analytical solutions for the direct problems. Based on the analytical
solutions and spectral cut-off regularization, explicit reconstruction formulas were derived for
the linearized inverse problems. Subwavelength resolution was achieved stably by using the
near-field data. The method requires both the phase and amplitude information for the data.

In practice, it might be cumbersome, if not impossible, to get the phase information when
measuring the scattering data. It raises an interesting and challenging question on how to solve
the inverse scattering problems by using the phaseless data only. An attempt was made to
solve the inverse diffraction grating problem with phaseless data [12]. It has recently received
much attention to solve various inverse scattering problems by using the data without phase
information [20, 34, 37, 44, 45].

In this paper, we propose a novel computational method to solve the inverse diffraction
grating problem. The goal is to achieve stably the super-resolution with phase or phaseless
near-field data. According to Rayleigh’s expansion, the total field is a combination of propagat-
ing and evanescent wave components with different spatial frequencies. In the Rayleigh series,
each term is induced by different details or spatial frequencies of the scattering surface. More
precisely, the kth Fourier coefficient of the scattering surface is related to the kth Rayleigh
coefficient of the total field. Motivated by this observation, we use the Rayleigh expansion to
extract the surface information from the scattering data. We emphasize that the conversion of
the Rayleigh series is independent of each frequency, and higher order terms in Rayleigh series
are more sensitive to the noise than lower order terms. Given a fixed measurement height, we
may determine the highest cut-off index in the Rayleigh series such that the finest details of the
surface are fully recovered even when the data contains a certain amount of noise.

In near-field optics, many applications are related to the so-called subsurface imaging, where it
is reasonable to assume small amplitude of the surfaces. Our algorithm seeks to update the surface
with small amplitudes iteratively. Based on Green’s identity and eigenfunctions of the Helmholtz
equation, an efficient direct solver is presented to determine the Rayleigh series with respect to
the surface function. Our method also works for the phaseless data. Usually, it is impossible to
recover the surface by using phaseless data with a single measure since the uniqueness is not guar-
anteed. But the situation is different for the near-field optics due to the assumption that the surface
is a small perturbation of a flat plane. Based on this feature, we propose an energy assumption on
the Rayleigh series, where a unique solution of the Rayleigh expansion can be obtained by a sin-
gle phaseless measurement. In addition, we show the monotonicity of the error estimate between
the exact surface and the reconstructed surface. Numerical examples are presented for both phase
and phaseless data to illustrate the effectiveness of the proposed method.

The rest of the paper is organized as follows. In section 2, we introduce the model for the
diffraction grating problem. Section 3 is devoted to the inverse problem and the reconstruction
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Figure 1. A schematic of the problem geometry.

algorithm. The error estimate is presented in section 4. Numerical experiments are shown in
section 5. The paper is concluded with some general remarks in section 6.

2. Forward problem

In this section, we introduce the forward model for the underlying diffraction problem and
present a formula to compute the coefficients in Rayleigh’s expansion.

2.1. Problem formulation

Let us first introduce the problem geometry which is shown in figure 1. We assume that the
structure is invariant in the z direction and is periodic in the x direction with period A. Denote
the scattering surface in one period by

Iy ={(xy) e R?:y=f(x), x € [0,A]},

where f € C}([0,A]) is a periodic function with period A. Here C;([0,A]) is the space of
periodic functions with period A which are defined on the real axis and have second order
continuous derivatives. Without loss of generality, we may assume that

<0.
ﬁﬁf@

To specify a boundary condition on I'y, we assume that the surface is a perfect electric con-
ductor, i.e. a homogeneous Dirichlet boundary condition is imposed for the total wave field:

u=0 only. @)
Denote the open space above the scattering surface by
O ={(xy) €R*:y > f(x), x € [0,A]}.

The open space is filled with a homogeneous medium which may be characterized by a posi-
tive constant wavenumber k. The wavelength is defined by A = 27 /. Let

)= {(xy) €R*:y=h, x€[0,A]},

where i > 0 is a positive constant. In particular, I'y, is the line of measurement, where 7 > 0
is called the measurement height. Denote the bounded domain

Qe = {(xy) ER*: f(x) <y < h, x € [0,A]}.

3
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As an application in near-field optics, the scattering surface is assumed to be small compared
with the wavelength, i.e.

e [f(x)[/A = O(e),
where 0 < € < 1is called the surface deformation parameter.

Let a plane wave u™(x,y) =e!(®~%) be incident on T, from above, where
a=ksinb, 8 = kcosfand § € (—m/2,7/2)is the incident angle. Since our method requires
a single illumination, we take the most convenient experimental configuration and let the inci-
dence to be normal, i.e. # = 0. The incident wave reduces to u"® (x,y) = e~ imy,

In the transverse electric polarization, the total wave field u satisfies the two-dimensional
Helmbholtz equation:

Au+rku=0 inQy. (2.2)

The following radiation condition is imposed: the total field consists of the incident field and
bounded outgoing waves in {). It follows from the outgoing radiation condition that the total
field admits the Rayleigh expansion:

u(x, y) _ e—imy + ZAnei(anx-‘rﬁn)’)’ y > 0,

2 2.3)
where
27 (K* = a2, o] < &
A, € (C, n = X ] n = 9. " ) ’ 2.4
= ( A ) g {1<a5 — ), gl > . 24

Here, we assume that || # &, n € Z to exclude possible resonance. Physically, the Rayleigh
expansion (2.3) shows that the wave field is a superposition of plane waves which include
finitely many propagating wave modes and infinitely many evanescent wave modes. The eva-
nescent waves are also called the surface waves which propagate along the x-axis and decay
exponentially along the y-axis.

Taking the partial derivative of (2.3) with respect to y and evaluating at y = h, we may
obtain the transparent boundary condition:

Oyu = Tu — 2ike ' on Ty,
where the Dirichlet-to-Neumann (DtN) operator T is defined by
(Tu) (x’ h) _ Z ianu(n)eianx’ u(x’ ]’l) _ Z u(n)eianx.
n€”Z ne€Z

In summary, the diffractive grating model can be formulated into the following boundary
value problem:

Au+ru=0 in Qg
u=20 on I 2.5)
Oyu = Tu — 2ike ik onIY,.

It is known in [32] that the boundary value problem (2.5) admits a unique periodic solution
u € Ca(Qpn) N CH(Qps)if £ € C3([0, A]). Clearly, we have the following regularity for the
solution: u € H(Qpy).u € H3?(Ty),0,u € H'/?(T'y), where v is the unit outward normal
on I
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2.2. Rayleigh’s coefficients

Recall Green’s second identity for any two smooth functions # and v in a bounded Lipschitz
domain 2:

/ (Auv — Avu)dxdy = / (Opuv — d,vu)dy, (2.6)
Q a0

where v is the unit outward normal on J§2. Consider the following two test functions:
Gl (x,y) = e i(eur—pu) G, (x,y) = e ilantB)

where «,, 3, are defined in (2.4). It can be verified that the above two test functions satisfy the
Helmholtz equation (2.2). Substituting G;* and the solution « of the boundary value problem
(2.5) into (2.6) over the domain €[ yields

/ (&,MG,T - 51,G,jfu)d’y = 0.
Oz

As seen in figure 2, the boundary 9€(;; = I'r UL, U~ U~,. Since both GE(x,y) and
u(x,y) are periodic in x, it is easy to show that

(/ +/ ) (O, uGE — 0,GEu)dy = 0.
ot V2

Following from Rayleigh’s expansion (2.3), we have for all n € N that

/1“ (OuG} — 8,Gu)dx = —2ikAdon, 2.7
h

/F (OuGy — 9,Gy u)dx = 2i3,AA,, (2.8)

where &, is the Kronecker delta. Noting that 8, u € H'/? (T'y) is periodic in x with period A,
we can expand (1 + (f')?)'/20,u into the Fourier series:

(14 (f ()20, u(x.f(x)) = "%Bmeiamﬁ B, € C. 29

Substituting (2.9) into the integral along I';, we get for all n € N that

A
duGldy = 3B, / i) g 2.10)
Iy mez 0
A . -
OyuG, dy = Z Bm/ el(@n—nx=Baf () 4. 2.11)
Ty mez 0

Combining (2.7), (2.8) and (2.10), (2.11), and the boundary condition (2.1), we obtain a linear
system of equations for A, and B,

A
ZB’”/ el(@n—n 6 ) 4y = 2ik Ay, (2.12)
mez 0

A .
> B, / el on—n =AW dy = —2iB,AA,. (2.13)
mez 0
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Figure 2. Schematic of the integral contour.

As can be observed in (2.9), the surface function f(x) is implicitly represented in a form
of the Fourier coefficients B,,. Our goal is to retrieve the surface information from the Fourier
coefficients. The algorithm proposed in the next section is to linearize the above system (2.12)
and (2.13) and update iteratively the approximated surface function f(x).

3. Inverse problem

In this section, we discuss how to compute Rayleigh’s coefficients A, from either the phase
or phaseless data, and then present an iterative reconstruction algorithm to solve the inverse
problem.

3.1. Phase data

First we consider how to retrieve the Rayleigh coefficients from the phase data. Evaluating
(2.3) at y = h, we have

ZAnei(o‘"”ﬂ"h) = u(x, h) — e ",
ne7z

Using the orthogonality of the functions e!®* on [0, A], we may compute the coefficients A, by

e_‘ﬂﬂh A . .
A= / u(x, h)e 1 dy — e~ i(n B, (3.1
0

It follows from the definition of 8, in (2.4) and the conversion formula (3.1) that the measure-
ment noise will be amplified exponentially for |cy,| > . Therefore it is exponentially unstable
to recover high frequency coefficients of A,. Taking account of the stability, we take the mea-
surement height / and the highest frequency mode 7 to satisfy |e™/*"| = O(1).

3.2. Phaseless data

To retrieve the unique Rayleigh expansion coefficients from phaseless data, we impose the
following extra energy conditions:

|Ao| =1 and |A,|=[A_.l| (3.2)

The real and imaginary parts of the Rayleigh coefficient A, can be solved from the following
quadratic equation if we seek the solution around —1 for ReA such that
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(ReAg)* + (ImAg)* = 1, (3.3)
1A ) .
34 ), |u(x, h)|"dx — 1 = cos(2kh)ReAy — sin(2kh)ImA, 3.4)
and A,,, m # 0 via the pseudo-inverse method
ReA,, = cos(®,,)ReA_,, + sin(P,,)ImA_,,, (3.5)
ImA,, = —sin(®,,)ReA_,, + cos(P,,)ImA_,, (3.6)

where coefficients A_,, and A, satisfy

1 . ) . - L
KA lu(x, h)\ze'a”'xdx _ (el(m-‘rﬁm)h —i—Aoel(_’H—ﬁ”‘)h)A,m + (e—l(f@-‘rﬂm)h _i_AOel(m—ﬂm)h)Am

3.7
and ®,, are the angles and satisfy

ran (%) =m ( /0 s h>lze“'""dx> /Re ( /O "t h)|2eiamxdx> ,

In appendix A.1, we provide more details concerning the derivation of (3.3)—(3.7).

3.83. Reconstruction method

We present an iterative method to reconstruct the scattering surface. The main idea is to lin-

earize the system (2.12) and (2.13) and update the approximated surface function iteratively.
Let fy = 0 be the initial guess. Denote by f; the current approximated surface. We wish to

determine the next approximation f¢+1, or equivalently, to determine the perturbation

Jer1(x) — fo(x) = eg(x), (3.8)

where g(x) = O(\).
Since the deformation parameter € is small, we consider power series expansions:

o0
B, =) Be (3.9)
j=0
and

(o)
eTiBfet1 — oFibu(feteg) — oFibBufepFibues — oFifufe(x) Z (iiﬁng)j e, (3.10)
=0

J
where B,, are the Fourier coefficients of (1 + (f(x))?)"/20,u(x,f(x)) and BS is the jth
expansion coefficient of B,, with respect to e. Plugging (3.9) and (3.10) into (2.12) and (2.13)
and dropping high order O(€?) terms, we obtain a linearized system for (2.12) and (2.13):

A
Z / el(@n—nxt+Bufe(+)) (B,(,?) + B + iﬁnB,(,?)eg(x)) dx = 2ikAdgu, (3.11)
mez 0

A .
3 [ etens ) (59 + B — i, 80c)) s = 200 )
mez” 0

7
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where the Rayleigh coefficient A, can be obtained from the phase data u(x, h) through (3.1)
or the phaseless data |u(x, )| by (3.3)—(3.7). Coefficients B,g? ) is updated by fitting (2.12) with
the interface fy(x).

Since the exact surface f(x) is periodic, we assume that both f;(x) and eg(x) are periodic
too. More precisely, we can expand eg(x) into the Fourier series:

eg(x) = Y Cre'™. (3.13)
kEZ

Our goal is to recover the Fourier coefficients Cy. Substituting the Fourier series (3.13) into
(3.11) and (3.12) yields

A
> / el(am—nx+Bfe () (B,(,?) +eBl) +iB,BY Y ckew> dx = 2ikAdy, (3.14)
mez” 0 kez

A
> / it ufe ) (BEP +eBf) — BBV > Cw”“‘) dv=-2if,A4,,  (3.15)
0

mez kEZ

where eB,(nl) and Cy are unknown variables. Solving the linear system (3.14) and (3.15), we can
finally obtain the Fourier coefficients Cy of the increment eg(x) which is then added to f;(x)to
iteratively generated the approximate surface function fy(x).

We summarize the algorithm as below.

Algorithm 1. Surface identification algorithm.

Input: Measurement of phase data u(x, k) or phaseless data |u(x, k)|, truncated number N for
the Rayleigh expansion, max iterative number L.
Output: Updated surface function f,y(x).
1: Set fo(x) = 0;
2: Convert the measurement into the Rayleigh coefficients A, by (3.1) or (3.3)-(3.7),
n=0,£1,+2,...,£N;
3:For{=1,2,...,L
4:  Solve the direct problem (2.12) with fyy(x) as
N .
5o (fy eilemmt A ay) B = 2ikAdos, 1= 0,21, N (3.16)
m=—N
to obtain the coefficients B,(,?), m=0,%1,...,£N;
5:  Find the surface increment €8¢y (x) = Ziv:,N Cr414€'“ and the auxiliary variables B,
k=0,%1,...,£N by solving the linearized system (3.14) and (3.15):

Y (A ot Bt @) gy) BO 435 S [ SR A gilomsit Bufen () gO)
S (fo ei(u—n o dx) B +iB, > > [y ettt B B dx ) Coyy g
k

k=—N =—N \m=—N
(A (0)
= 2inAdyy — Y (fy eilemrtaday) B, (3.17)
=—N
N M S ©
Z (fO el(ak—nx*ﬂnfew(x))dx> Bk _ iﬁn Z ( E fO el(a/nJrk—nX*ﬂquN(x))Bm dx> Ck+l,k
k=—N k=—N \m=—N
([N (0)
= 2iB,AA, — 3 (fo el(amfnxfﬁnfé,N(X))dx) By (3.18)
m=—N
6:  Update the scattering surface fryn(x) = fon(x) + egon(x);

7: End
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4. Error estimate

In this section, we estimate the error between the updated surface function fyy(x) and the
exact one f. The notation f < g for two functions stands for f < Cg where C > 0 is a generic
constant.

4.1. Auxiliary lemmas

Let the initial guess fy(x) = 0. Our algorithm produces fy1n(x) at (¢ 4 1)th step via the
formula

Jerin(x) = fon(x Z Coy10€" ", 4.1

n=—N

where Cy4 1, is updated from (¢ + 1)th iteration of Algorithm 1. On the other hand, the exact
interface can also be expressed in term of f;

Fx) = fon(x Z Cpe'™. 42)

n—=—0oo

We truncate 2N + 1 terms of the Fourier series of the exact surface f(x) and denote it by

A =fin() + 3 G

n=—N

Subtracting (4.2) from (4.1), we may easily verify that
| ferrn —Flleony S Wferin = fvllmzony + I1f = vl o)

N 1/2
5 ( Z n4|CZ+1,n - Cn|2> + Hf _fN||H2(0,A)~ 4.3)

n=—N

The truncated error || f — fy|[m2(0,4) is fixed for our algorithm, so we mainly focus on the
error bound for the computed part |Cpy1, — Cp| with |n| <N, ie. the error bound of

| fer1.n — Inlleeo,n)
First, we introduce the following lemma, which allows a well-defined expansion formula
(3.9). The proof is given in appendix A.2.

Lemma 4.1. Assume that the surface functions fj € C5([0,A]) satisfy || fillmon) S €
fi<0and

Ifi = Lllezony ST 4.4)

Let
Q= {(ny) R0 <x <A filx) <y < 1}
Then, the solutions u; of (2.5) in §Y; satisfy

|+ DD 200 = (0 + (B PO S

H'/2(0,A)

where v; are the unit outward normal vectors on I'y.
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The above lemma suggests that a small perturbation of the scattering surface gives a small
change of the normal derivative on I'x. This lemma allows to quantify the difference between
the exact surface f and the updated surface f,4 5. Meanwhile, the following lemma is needed
to quantify the error of the mth Fourier mode B,y of (14 (f;y)?) 120, ug(x,fon) and BY of
the power series (3.16). The proof is presented in appendix A.2.

Lemma 4.2. Let N be the cut-off parameter in (3.16). Suppose fon(x) € Cg([O, A])
satisfying

€
204) < '
| fenv ez o) max{v/A, 1/v/A}

Let u be the solution of (2.5) and O,u be the normal derivative of u at Iy, with

(14 (Fn)) 20 =Y Buye™.

me7Z

If the deformation parameter € is sufficiently small such that

,, in{A,1}/6m%, n=0,%1,...,%N,
€, nax 1By <min{A,1}/67%, n (4.5)

then the difference between B,, y and B,(,? ) satisfies

|Buny —BW| < ENTY2 max B,
n€[—N,N]

4.2. Monotonicity of the error estimate
In the error analysis, one of the key steps is to estimate
|Coy1p— Cul, n=0,%£1...,£N.

Since the goal of this work is to address the super-resolution, we may assume that x < 27 /A,
which gives |5, ~ n. Now we present the monotonicity of the error estimate for £ + 1 step in
algorithm 1.

Theorem 4.3. Let f(x) and fin(x) be the exact surface and the approximated surface at ¢
th step, respectively. If f(x) and fon(x) satisfy

Il S Nfenllmon Se  Nfenv —fllzoa) S 7

and

eN>=0(1), 75e (4.6)
then

Covin = Cal S (€ + 77+ el f = fullmron)(1+In)) 2
and

I ferrv = fllzony S (€ + 7N+ |1 f = fvllmzo.n)-

10
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Proof. Forn=0,=+1,...,+N, we reformulate the forward problem (2.12) and (2.13) as
follows

N A N A

Z (/ el(anZ,N+(szxx)dx> (Bk _ B]({O)) + 15}1 Z / B’(’?) (fN _fe’N)el(ﬂnfé.N"l‘am—nx)dx
k=—N 0 m=—nN "0

N A
= ZiHA(;On — Z (/ ei(anl,N“FOémnx)dx) B’('?) + b’(ll)
m=—N 0

and

N A N A )

Z (/ el(ﬂnfz,NJraan)dx) (Bx — B,((O)) —iB, Z / Br(nO) (fw _f'Z,N)el(fﬁnfé.N‘f’amfnx)dx
k=—nN \’0 m=—N"0

N A
= *Zi/BnAAn _ Z </ ei(—ﬁ/fz,N+C¥m—nX)dx) Br(r?) +b512)’

0

m=—N

where fy is the truncated Fourier series of f and b,(,i), i = 1,21is defined as

0

(o] A . .
.S ( / (07 Bt nwr) (DA 1 (<1Y B, (f —fow)) dx) B,

0

A
_ Z (/ ei(<71)1_lﬁan.NJrOém—,,X) (1 + (_l)i—li/gn (f _fZ,N)) dx) B,,
|m|>N

A
/ ei((71)'71ﬁnf£,N+(1m—nX) (f _fl,N) d-x> (Br(r?) - Bm)

0

ESTDY (

m=—N
N A -
—(=D)"ig, Y / B0 (f — fiy)el (-0 Pufeatan=s) gy %)
m=—N 0

The estimates of b,(,i) are given in lemma B.3.
Subtracting (3.17) and (3.18) from above equalities and noticing that

N
fo—fin = Ce™*,

k=—N

we get a linear system for Cy — Cpy14, k=0,+£1,...,£N:

N N
> al) (B —BY — BV )+ > al)(Cr — Coprg) = bV, (4.8)
k=—N k=—N

N N
> al) (B — B — BV )+ > al(Cr — Copiy) = b2, (4.9)
k=—N k=—N

where a,(,j), j=1,...,4 are defined as

1



Inverse Problems 33 (2017) 115004 J Zheng et al

A
a;(qlk) :/O el(anZ,N"I‘ak—nx)dx’

A
o) = / (= Bufantai—n) gy
0

1(13]() —iB, Z / i(Bufentomti—n) pO) gy

m=—N

Y — _ig, Z / i~ Aufia-tonnin) O gy

m=—N

The factor i3, in a(3) and a(4) can affect the sharpness of our method used in lemma 4.2. To

circumvent this dlfﬁculty, we scale Cy — Cyq1 with |k| + 1 such that linear system (4.8) and
(4.9) is transformed into

N N
S alB-BY - BY )+ > @ (k4 1)(Ce— Copap) = b, (4.10)
k=—N k=—Nk#0

N N
~(2 0 1 ~(4

Z ar(z,k)( ( ) Bg+)1k) + Z afl,k)(\k| + 1)(Cx — Coqrx) = b, @11
k=—Nk#0 k=—Nk#0
with

~(1 1 ~(2 2 ~(3 3 ~(4 4
al)=dl), a%=dl. ) =al/(k+ 1), al) =al /(K +1).

Their estimates can be found in lemmas B.1 and B.2.

Let xV = (Br — B — Bgljlk) and x% = (k| + 1)(Ck — Ce414). The linear system
(4.10) and (4.11) can be written into the matrix form:

A ABN /xD ()
<A<2> A<4>> <x<2>>: p® |

where x0 = (x9N Ty = Y o) T and
A(J) A(J) (J)
A_N—N G-N-_N+1 -+ G_NN
ad o) a9
A — AZN-N G4-N_Ny1 --- GINN
al’ Ay e o aly

Let A = diagA®) + 6A"), where diagA() is the diagonal matrix of A® and 6A( is its off-
diagonal matrix. Then, we decompose A into a block diagonal matrix with small perturbation
as A = diagA + A, where

12
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diagA() diagA(3)> _<5A<1> 5A<3>>

diagA = (diagA(z) diagA® 6A® AW

Define
T = (diagd™) =" + (diagA")~'diagA D T® diaga® (diaga V) ~!,
T® = 7™ diagA® (diagaV)~!,
T®) = —(diagA")~'diagd® T
T® = (diagA® — diagd® (diagd")~'diagd®) ™.

(1) ,(2) ,(3) (4

Denote t,,;, thn » thn » tnn b€ their corresponding diagonal entries. A direct calculation yields

7 T0G)
a1
diagd ™" = (T<2> T(4>)'

The invertibility of diagA is guaranteed by the lower bound in lemma B.2 when /A is not
an integer.

Noting that the assumption (4.5) can be obtained by the assumption (4.6), we derive from
lemma B.2 that there exists a positive constant C independent on €, & and N such that

1 n 4
= |&i(14n) - &Sﬁzan?n /&r(l,ln‘ > |6|1) <3HA2 - C€|6ﬂ|>

It follows from (4.6) that

1
gﬁAz > Ce|Byl,

which gives that
(| + 1)

PRI R A TS St 4.12)

It is easy to verify the following fundamental estimates:

N 1 N
E fg/ x_ldx+1§1nN,
k 1
k=1
N

|n]—1 00
> —ms) +f S
(k] + 1)[n — k| 0 a1 (x+ D)(|n| = x)

k=—N.ksn
N

N

S I
2 CEDCEE 2 (k+ 1)(|n| = k)2

k=—N.k#n k=0,k#n

|n]—1 00 |n‘
< +/ M _ge<l
/o 41 (x+ 1) (|n] — x)?

13
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Using (4.12), we get

N

udiagA-léAnoo@ax{ ST 1ED1al + 1@ + 1112+ 1al),
" k=—N.k#n
N
S 110D + @D + 149106 + la <4>|)}
k=—N.k#n
N
< maxc ([6)] + 1]+ 1)+ 1601) D (1aS0] + 1% + 18| + 1a9)
k=—N k#n
al e|n| In| In| 1
smx 3 (Gt (o Gl )
< €N,

which, according to the assumption (4.6), yields that

[|diagAd ~'6A || < 1.

Meanwhile, it follows from (4.12) that
[diaga="|| <1
Combining the above estimates, we obtain
A" — diagA oo < S [|diagA 154" [|diagA "] S eN.
k=1
Hence we derive that
|A™! — diagA™!|| _ |IB]loo + [(T@B) + TWHA)),|

(In] + D|Cs = Cepra| < |
S(E+7+elf - fNHHZ(OA))(l‘*‘\”DI/Z-

The error estimate of || fo1. 1.5 — f|l#2(0,4) is @ consequence of (4.3). O

4.3. Discussion on noisy phase data

In this section, we discuss the estimates when the data is contaminated by some noise. Let
u® (x, h) be the noise data such that

||’46(x’ h) — u(x, h)”L‘X’(O,A) <9, (4.13)

where § > 0 is the noise level. Notice that the reconstruction result highly depends on the
accuracy of the Rayleigh coefficients in Algorithm 1. We consider the influence of the noise
data on Rayleigh’s coefficients via formula (3.1). It follows from the assumption £ < 27/A
that the noise Rayleigh coefficients A? satisfy

1A% — A,| < eltlh/Ag, (4.14)

14
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If we assume that the cut-off index N satisfies

Nh = O(4), (4.15)
then the difference |AS — A,| between the exact Rayleigh’s coefficient and the noise one in the
highest frequency mode N is of the order O(9).

Theorem 4.4. Let the assumptions of theorem 4.3 hold true and the noise data obey (4.13).
Then

1
Coiin = Cal S (€477 el f —fiullioa) (1 + |n]) /2 + WCN”/’W 4 olln/ag,

Additionally, if the measure height h and the cut-off index N satisfy (4.15), then
[R7p" —fllaron) S (T2 +E+ N>+ |If — fvllwzoa)-

Proof. Due to the noise data u’(x, 1), an additional term —2i3,A (A% — A,) appears in the
right hand side of (3.18). The linear system (4.10) and (4.11) is written as

N N
Q1 0 I NE
Z afuk)(Bk -8 - ngl,k) + Z afl,k)(‘k| +1)(Ch = Cyy) = bV,
k=N k=Nk#0
N N

~(2 0 1 ~(4 .
S allBe-BY —BY )+ S (k1) Clyp) = b~ 2iB,A(A] - A,).
k=—Nkz0 k=—Nk50

Let BV =b", 5P =b® —2i8,AA8 —4,), bD = (69,69, ,,....b{)T, and

B = (59,59, .. ... B) . From the definition, it follows

. N
5] < 19] + 18,1725, (B oo S 1B loe + 3 18l A5 S [IB)]]og + NN,

n=—N

We may use the estimate of theorem 4.3 to obtain

- ~(1 ~(2
(Il + D|Cy — €| < a7 — diaga™ || _ (Bl + (T 4 7957,
S|JAT" = diagA™ | [1Bllo + [B57] + B | + eN?M/AG + (|n| + 1)el"h/ A5
S(E+ 77+ el f = fulleay) (1+ [m])V2 + /26 4 (Jn] + el 6.

The estimate of ||fe6+1,1v — fllz2(0,a) is followed from (4.3). O
We point out that the cut-off index N in theorem 4.4 is chosen such that
N =min {Ny,N, : eN} = O(1), Nah = O(A)}.

The index N is chosen to guarantee the convergence of Algorithm 1. The index N is used
to stabilize the measurement error and is usually smaller than N;. The error between the final
approximated surface and the exact surface contains following components:

If = fnllmeon) < (€ + N>+ |If — vl on)-

15
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If we choose a small cut-off index N, the truncation error || f — fiv |2 (0,a) may dominate the
total error. On the other hand, if we choose a large cut-off index N, then the condition (4.15)
may not be satisfied and the approximated surface may blow up because the noise is expo-
nentially amplified in (4.14). The convergence rate of our proposed Algorithm 1 depends on
several aspects, such as the decaying properties of the truncation error || f — fiv || (0,4), Where
an assumption of higher regularity of f is required, and the balance errors in theorems 4.3
and 4.4.

5. Numerical experiments

In this section, we present some numerical experiments to illustrate our proposed algorithm for
both phase and phaseless data. In all experiments, we take the wavenumber x = /A, which
yields A = 2A, i.e. the wavelength of incident wave is twice of the surface period. The con-
ventional far-field optics cannot capture the details of the surface by using this incident field
due to the diffraction limit. As is shown below, our proposed algorithm can break the diffrac-
tion limit and obtain subwavelength resolution. Theoretically, the assumptions || f{| 20,4y < €
and eN? = O(1) are needed in the proof of theorem 4.3. In practice, the assumption can be
released to

nrlax\f(x)|N3/2 <A (5.1
X
for noise free data and
. { . 3/2
N =min { N, N> : max | f(x)|N;"" < A, Nah < A} (5.2)
X

for the noise data with phase information.

The results in theorems 4.3 and 4.4 show that any initial guess || fol|z2(0,a) < € yields the
convergence, which is verified by our numerical experience. Moreover, the smaller 7 (satisfy-
ing|| fo — f]] < 7) is, the less iteration is needed. Noting that the exact surface is a small per-
turbation from the flat surface, we simply choose the initial guess in all examples as fy = 0.

5.1. Reconstruction with phase data

First we consider noise free phase data. In this case, the error depends only on the deformation
constant € and the cut-off index N, whereas the measure height /2 has no impact. We illustrate
this conclusion in the following examples.

Example 5.1. The exact surface function is
f(x) = M(cos(x) + cos(5x) + cos(10x) — 3),

where we consider different parameters:

(1) M = 0.05, the cut-off index N = 10, the measure height 7 = 0.1;
(i) M = 0.2, the cut-off index N = 10, the measure height 2 = 0.01;
(iii) M = 0.05, the cut-off index N = 10, the measure height 2 = 0.01};
(iv) M = 0.05, the cut-off index N = 9, the measure height # = 0.01\.

It can be verified that the condition (5.1) is satisfied in each case. The numerical results are
shown in figure 3. The following observations can be made:

16
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Figure 3. Example 5.1 (noise free data). Reconstructed surfaces are plotted against the
exact surface. From top to bottom: (a) case (i); (b) case (ii); (c) case (iii); (d) case (iv).
The number of iterations L = 3.
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Figure 4. Example 5.2 (noise data). Reconstructed surfaces are plotted against the
exact one. From top to bottom: (a) case (i) N =3, h = 0.67\, L = 3; (b) case (ii)
N=5h=02\L=3;(c)case(iii)y N=5h=\L=1

(1) Comparison of (i) and (iii): in both cases, the difference is the measure height 4 which, as
we have discussed above, has no impact on the error estimate if (5.1) is satisfied. Although
the case (iii) has a ten times smaller measure height than the case (i), the reconstructions
are of the same accuracy.

(2) Comparison of (ii) and (iii): the difference between case (ii) and (iii) is the deformation
parameter €. By taking the same cut-off index N = 10, figure 3(c) shows a better recon-
struction than figure 3(b) does.
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Figure 5. Example 5.3 (noise phaseless data). Reconstructed surfaces are plotted
against the exact one. (a) case (i) & = 0.15A\, N =2, L = 3; (b) case (ii) 1 = 0.0625\,
N =2, L=3;(c)case (iii) h = 0.031\, N =2, L = 3.

(3) Comparison of (iii) and (iv): the cases of (iii) and (iv) have different cut-off parameters
N. We note that the chosen N in the case (iv) does not cover all the frequency modes in
the surface function. Hence the reconstruction loses small fine structures, whereas the
reconstruction in the case (iii) has fully recovered the surface function.

Example 5.2. In this example, we consider noise data. The exact surface function is
(5.3)

flx)=02 (‘% —71" —7r).
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The surface (5.3) is a nonsmooth function and it has infinitely many Fourier modes. We con-
sider three different cases:

(i) the cut-off index N = 3 and the measurement height 2z = 0.67\;
(ii) the cut-off index N = 5 and the measurement height 7 = 0.2;
(iii) the cut-off index N = 5 and the measurement height # = .

The results are shown in figure 4. We observe that: the case (iii) does not satisfy the require-
ment (5.2) which is important to obtain a stable recovery; The reconstructed surfaces are quite
accurate if the cut-off index N satisfies (5.2); As long as the truncation error dominates the
overall error, the larger the cut-off N is, the finer the recovered surface function is; if (5.2) is
not satisfied, the reconstructed surface blows up immediately after the first iteration.

5.2. Reconstructions with phaseless data

Now we consider phaseless noise data. As shown in (4.15), the following heuristic condition
is used to determine the measure height:

Nh < —. 5.4

4 (5.4
We focus on the consequence of changing the measure height 4 if the above condition is not
satisfied.

Example 5.3. The exact surface is
f(x) = 0.4(sin(x) 4 cos(2x) — 1.124997 781483 376).

We also consider three cases:

(i) the cut-off index N = 2 and the measurement height 7 = 0.15);
(ii) the cut-off index N = 2 and the measurement height 7 = 0.0625X;
(iii) the cut-off index N = 2 and the measurement height 2 = 0.031,

where case (i) the parameters do not satisfy the condition (5.4).

Figure 5 shows the reconstructed surfaces by using different 7 and N given above.
Figure 5(a) verifies the importance of the condition (5.4), where some of the main information
is lost because of the noise. At the same time, both the height 2 = 0.0625\ and & = 0.031\
provide reasonable reconstructions but the latter is more accurate due to the smaller dropping
terms in (3.3)—(3.7) when we recover Rayleigh’s coefficients for the phaseless data.

6. Conclusion

We have presented a novel computational method for the inverse diffraction grating problem.
The surface is assumed to be a sufficiently smooth and small perturbation from the flat surface.
Subwavelength resolution is achieved by using the phase or phaseless data. Monotonicity
is proved for the error estimate between the exact surface and the reconstructed surface.
Numerical results show that the method is effective to reconstruct the grating surfaces with
super-resolved resolution. By calibrating the Rayleigh expansion carefully, our proposed
approach also works for the sound-hard and impedance surfaces. We are currently extending
the method to the biperiodic structures, where the three-dimensional Maxwell equations need
to be considered. The results will be reported elsewhere.
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Appendix A. Useful formulas and proof of lemmas

We present derivation of several useful formulas below which are referred in the context.

A.1. Derivation of the formula (3.3)—(3.7)
Multiplying (2.3) by its complex conjugate, we obtain

u(x, )P =1+ (At vt 4 4, e=ilont(x500)
nez

+ Z AnAmei(an—mx“r(ﬁn_Bm)h). (A1)

nme”Z

Comparing the Fourier coefficients on both sides of (A.1) and noticing 3,, = S_,,, we can
obtain

1 /A . 4 s
K/ |u(x, h)|261amxdx — Som :A_mel(n+ﬁm)h _|_Ame—1(;-c+/8m)h
0

+ Z AnAn+mei(ﬁn_Iém+n)h' (A,Z)
nez

Recalling that fis a small perturbation of the flat surface, we have that
|Ag] = O(1), A, = O(e), n #0.
Dropping O(€?) terms in (A.2), we obtain approximated nonlinear equations:

1A o
T / lu(x, h)[Pdx — 1 = Age®"™" + Age %" 4 |Aq|? (A.3)
0

and
1 /A . . o
5[ e (e gl
0
+ (e—i(n+5m)h +A0ei(”_5m)h)21m. (A4

Then, with the additional condition (3.2), we obtain (3.3) and (3.4) by combining |A¢| = 1
with (A.3) and letting Ag = ReAy + ilmA:

(ReAg)* + (ImAy)? = 1,

1 A
ﬂ/ lu(x, h)[*dx — 1 = cos(2kh)ReAy — sin(2xh)ImA,,
0
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which has a unique solution if we seek the solution around —1 for ReAq. After retrieving Ay,
we use the fact that|A,,| = |A_,,| and let

O

A, = rpe'" = r,sinb,, + ir,, cos 8,,,

A_, = 1€ = ry, sin p,, + ir, cos oy,.

Plugging the above expressions into (A.4), we obtain after a straightforward calculation that

2r,, cos (0'"_?%) (Im(Cm) cos (M?%) + Re(Cyy) sin (MT%"D

= Re(% /OA |u(x, h)|zeia”’xdx>

and

27, sin (%_T%") (Im(Cm) cos (MT%") + Re(C,,) sin (M))

2
_ Im(% /0 * e Py,

where
Cm — e_i(ﬁ+6_m)h +Aoei("'€_6_m>h'

Consequently, the phase difference 8,, — ¢, := ®(m) satisfies

— A . A '
tan (e'"T‘P’") =Im </ Ju(x, h)2elamxdx> /Re (/ lu(cx, h)|zelamxdx> ,
0 0

which provides the relationship between A,, and A_,, as in (3.5) and (3.6).

A.2. Proof of lemmas

Proof of lemma 4.1. Noting that
Oy = (14 (f))P) 72 (ff s (x.£5) — Dy (x. ) »
we have
(14 (D) 20 = (1+ ()1 P00l g120)

<A1 (x, /1) — ua(x./2)) — (fa = f) Ot (. f2) — Oy (ur (%, 1) — w2 (x./2)) Iz /2 (0.0
Sl (e fi) — wa (o)l oy + 7

It requires to estimate ||u1 (x,f1) — u2(x,f2)[|3/2(0,a) in order to prove the error estimate.
Recall that ; satisfies the boundary value problem:
Auj + mzuj = 0 in Qj,
ujp =0 on Ty,
3},uj = Tlxlj —2ike™* on I.
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Consider the transformation

1 —
i=x 5= (120 )+ (B22). selalyelnw. (*5)

which transforms the sub-domain 2, into €2;.
Let w be the transformed function of u; under (A.5). Dropping the tilde for simplicity of
notation, we derive

Oxxw + ¢10pyw + 20w + c30yw + K2w=0 in Q,
w=0 onl,
Ow = (Tw = 2ike ™)1+ (fi —f)/(1 = fi)) onTy,

where
= ((1=APA=£P+A =y ((L=F)f -5 +AA —fz))z)/(l -5
o= Q20 =y) (=) =) +(H =£) /1 =5)

)
3= (1= QB —H) + =L (A -A)SA )
I =5+ 26 —)/ (1 =£)).

Let p = u; — w. It is easy to note that

Ap+rp=g inQy,
p=0 onl,
op=Tp+¢ only,

where

g=1-c1)0yw — 20qw — 30w, ¢ = (Tw— ZiKe_i“)(fl —£)/0=f).

It follows from the regularity of surface functions f; and the condition f; < O that

L=fF1S L A =B sy SN =5 o

— | <1,
=i

Combining the above inequalities with (4.4), we have from the Holder inequality that
11 = cillze )
_a=pre-fn-ph-f) - 0= - =K +AH —£)
(1-p)
SN@ =fi =) =M@y + 11 =RH =) +A (=) =@
Sl = fillweany + 1A = £+ (A=A + (H =) i = A=) ST

Lo ()

and

leallzee iy S N =F) (A =)l F 1A =)l ST
leslley S 1A =flls) + 1A =B @y FIA =Allee) ST
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It follows from the well-posedness of the boundary value problem for w that

||w||H2(Q.) S L

Applying the Sobolev imbedding theorem yields that

Igllzon) < (11— ctllze @) + lleallze @) + lleslls@n) | il S 7 (A.6)

On the other hand, since the operator T is a bounded operator, it implies that

lellgire,) ST (A7)

Using (A.6) and (A.7) and the classical result of elliptic equations (see [25]), we obtain

Pl S llgllz@) + ellmaa) S 7

Following the trace theorem it yields

a1 (x.f1) — w2 (e, f2) |2 0,0y = Nlur (i) — Wl f)llmsrzony S Pl S 7

which completes the proof. O

Proof of lemma 4.2. Recall that the coefficients B,y satisfies

oo

A
Z ( / ei<am~x+5nfev~<”>dx> By = 2ikAby,, n=0,%1,...,+N.
0

m=—00

Using (3.16), we obtain form = 0,+1, ..., £N that

N A
Z (/ ei(alnnx+B»LfZ.N(x))dx) (Buy — Br(r?))
m=—N 0
A .
- / el tBSex)dy | By, n=0,£1,...,+N. (A.8)
lm[>N \*0
Denote
A
Ay = / ei(amﬂxerﬁnfz,N(X))dx, Xm = By — B’S?)’ Vo = — Z Ay mBmn.
0

|m| >N

The linear system (A.8) can be reformulated into the matrix form:

Ax =y, (A9)
h = Ty= T, and
where X = (X_N, XN 1s- -5 XN) Y = (VoNsY—N+1s---»YN) »an
a_N,—N a_N,—N+1 ce a_NnN
a_N+1,-N O4—-N+1,—-N+1 -+ d-N+IN
A =
aN,—N AaAN,—N+1 ce anN.N
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It is required to estimate B,y — B,(,?) =Xp= (A7), m=0,%1,...,£N.
Let A =A; +A,, where

a N 0 ces 0 0 A_N,—N+1 -~ a_N.N

—N,—
0 A_N+1,—N+1 - 0 A_N+1,—N 0 oo A_N4IN
Al = . ) . ], A=

0 0 ... ANN aN,—N AN, —N+1 e 0

It is easy to verify that the matrix A is strongly diagonally dominant. Using lemma B.1 and the
assumption (4.5), we have

N
||A1_]A2||oo = mmax Z |G/ @nnl
" m=—N,m#n
Al 18¢|5,| 67
< my?x Z /X(mi—nn)z < TEm]?X|ﬁn| < 1,
m=—N,m#n
which yields
(T+AT' )™ =) (AT 'A)"
k=0
Hence we have
I~ a7 < DT (AT Ao, ATl S emax]| B, .
k=1

Next, we estimate y, in (A.9). It is easy to note that

vl < Z (BN _Bﬁ)) + Z an,me:?
|m| >N |m| >N

with fy(x) = 0and
Opu(x, fo(x)) = ZB,{;’eia’"x, Bh ¢ C.

meZ
Noting that fyx(x) and fy(x) = O satisfy the assumptions of lemma 4.1 with 7 = €, we obtain

1 \2\1/2 _
H(l + (fZN) ) 8”fe.zvu ayf(‘uoHHl/z(O’A) =

Choosing fy(x) = 0,weobtainug(x,y) = e~ — e andd,, ug = —2ix.IfF(x) € H'/2(0, ),
it follows from the decay rate of Fourier coefficients in [26] that the Fourier coefficient F(n)
satisfies

[F(n)] < Inl™"2|[Fllra)  forn#0.
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In particular, the Fourier coefficient of 8% ug satisfies

(m) = 0 form #£ 0,
w0 = oikA form = 0,

—

0

which yields

{|Bm,N| S elm|72 form # 0, (A.10)

|Bun + 2ikA| S e form=0.

It follows from the above discussion that

€|Bal < €15l
|y”|~ Z |m|1/2 —n)2 S N1/2°

|m|>N

Combining the above estimates, we obtain

B — B | < (AT 9)m| + A7 = AT I5lloo
< €2|ﬁm|N_1/2—|—€3N_1/2man<|,8,,|2

< ENY2max | B,],
n

which complete the proof. O

Appendix B. Technical lemmas

In this section, we provide detailed estimates used in proof of theorem 4.3.

Lemma B.1. Let fyn be a surface function satisfying

€
20.4) < '
||f€,N||H (0.A) max{\/K, 1/\/K}

If the deformation parameter € is small enough such that

emax |8,] < 1.
n

Then the variables a(j ) defined by

m

A
ar(Lj :/ ei(o"”—"x+(*1)/+lﬁ"fe"")dx, j=1,2
0

admit the following error estimates:

6|Bn|
(n—m)?

1 .
lali)| < for n # m, gA<\a,(,{”)1|<3Af0rn:m

Proof. For simplicity’s sake, we only show the estimate for a( ) since the proof for a,(,z,,)1 is
similar. Using the classical results of Fourier analysis in [26] and noting

|ei/3nfz.1v(x)} < el Bufen(¥)] < elhnl <e<3,
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we have
ol = [0 (1= )] € o )y
ff nl 11 i)+ B0 o

where we have used the smallness assumption of || fz ||z (0,4) and max, €|3,| < 1.

It follows from (2.4) that 3, is a positive real number if n < A/X. We can decompose
ePfen(x) = cos(Bufen(x)) + isin(Bufen(x)).
Noting that 0 > B.fon(x) = —€|B8,| > —7/2, we get

1

(
an,n

= /OA cos (Bufen(x)) + isin (Bafon(x)) dx‘
<|/Acos(ﬂnf€N dx| +|/ sin (Bufen(x)) dx| )

’/ cos (—¢|Bu]) ‘ A cos(—e€|B4])-

1/2

On the other hand, e?/¢¥() is a positive real number if n > A/\. A straightforward calcul-
ation yields

1
n

> A min eiﬁnfe,N(X) > Ae*f\5n|_

(
“n x€[0,A]

Since ¢* < cos(x) when —1 < x < 0, we combine both lower bounds and have

aj,]

1
> Ae~<lAl > gA forn =0,=%1,...,%N.

The upper bound is easily shown as follows

|a )| < Amax [PV | < 3A,

Lemma B.2. Ler f;n be a surface function satisfying

€ .
) < . (14 (ADO)Y20,u= " B,
Il fenv ez o.n) (VA 1A (14 (fon)) Z

mezZ

Let B,(,O) be the coefficient computed in (3.16). If the deformation parameter ¢ is small enough
such that

emax |3,| < 1,
n

then the variables a a deﬁned as
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N

A
2 _pyitty_D B(O)/ i(intnt (=1 Bfen) gy, = 3.4
an,k ( ) 1|k| + l m;N m 0 € s J )

admit the following error estimates:

|&r(:jk)| S \1‘(?_7_‘16 (5|ﬂn| + (,E"k‘)z + W) forn # k,

N0 18al
RS T[+1

forn = k.

Moreover,

. (2)5(3) /5 Bul (4
af) — a2 /e > s (Gent - i),

where the constant C is independent on €, h, n.

Proof. We present the proof for &,(,3,3 and omit the discussion on 21,(14,2. First task is to evaluate
0 . ¢ ’
B}S ) NOtlng ||f‘€,N||H2(O,A) < m and (AlO), we have

IB,| S eln|~'/2 forn #0,
|By 4 2ikA| S e forn=0.

It follows from lemma 4.2 that
1B, — B0 | < N2 max |8,] < n~ /> max |5,].
Combining the above two bounds and assuming max, €|5,| < 1lead to
1B + 2ikAdo,| < |By + 2ikAdo| + |B, — BY).

More precisely, we have

(B.1)

B < eln|"/2 for0 < |n| <N,
\B,(lo) +2ikA| Se forn=0.

Using (B.1), we find the upper bound for 5’1(1,313’ n#k:

2 N 2
o< 1 | sl 6 <5
la, ;| < 1| i—np? + n— k|1/2 + %: 7”éo(n—k—lﬂ)2|m|l/2
m= —iN,m
m#n—k

|Bal |8l 1
<
~ ‘k|+1€ (n—k)2+ |}’L—k|1/2 +€|Bn|

and the upper bound for 21,(,?,2 :
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N
A 1 (A5 |8
(3) < n < n
ann ~Y n + ~ *
] n| + 1 161 m:_zN;m#O m3/2 n| + 1

Next, we consider the lower bound for a,(,n) — af,zn) afﬁn / an n, which admits
ol — a3 - | (a2 /at) — 1))

jag) —alag) fag)| >

l’ll’l nn n

Since € = "2, 2 /k!,Vz € C, we have

1 — e 20 = — N (=218, fyn ) /KL
k=1
It follows from lemma B.1 that
a@ /adl 71‘: L@ _ 40
n.n n.n ~(1 n.n n.n
|G |
3| A
<3 / &0 (1 — g~ 2Ben) dy
Ao
S (—2iBufen)! /K] S €|Bal- (B.2)
k=1
Meanwhile,
jat) — al)| = |n||ﬂ—’i1—l B (a2 + Z B© / (fen 4 g IBufen jgiom
m=N,m#0
|Bn‘ 9 A(A(z +A(l )+(B(0)+2i A)(A(Z)_’_A(l))
|I’l| +1 K an.ﬂ an.n 0 K. an,n an,n
N A
+ Z B,(,?)/ (eiﬁnfz,lv Jre*iﬁnfz,zv)eiamxdx
m=—N,m#0 0
|Bn‘ . N ~ 0 . N N
P (e )] - ) e )
— Z BW?)/ (elﬂnfl,N_Fe*lﬁnfé.N) ela”’xdx|).
m=—N,m#0 0

By definition, we obtain

4l 1 a0 2fo cos(| Bu| fon)dx when n <
nn nn f elﬁn\fm +e~ |[3n|f4Ndx when 7>

> y\>

Noting

A
2/ cos(|Bn| fon)dx = 2A cos(—e|5y|) =
0
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and

A A
/ elBulfen + e~ |Balfen qx > 2/ elBulfen > 2 Ae—€lBil > %A,
0 0

we obtain

;,—\
3\_/
Q>

4
—al)| > 6l (3/-;A2—c€). (B.3)

Combining (B.2) and (B.3), we have the lower bound:

a2 — a2/t > |alh) — )| - | (a2/alty —1) a2
|Bn| 4 2
> kA" — Ce|f] |,
which completes the proof. O

Lemma B.3. Ler conditions in theorem 4.3 hold true. Then, the variables b,(,i),

i=1,2,n=0,%1,...,%N defined in (4.7) admit the following error estimates
b9 < (€ + 7 + el f = fullmony) (1 + [n])' /2.

Proof. We show the estimate for b,(,l). Recall the definition of b,(ql) in (4.7), it is required to
estimate

€550 1 =iy (F = foad) ooy, [ (@487 )| 1B = Bl
Noting & = >, Z*/k! in the complex plane, we obtain
iBu(f—fen H 2 2
U IN) — 1 —iB,(f — fun) on = Z iBu(f = fen))" /! S 7B
k= 12(0,A)
I 1B fo|| o S TIPS~ el
< N Bu(f = fon)) K| S 7218l
k=1
[0 1887 = )|, S VL BT = o) 0
|12 B f = o)) K| S 7218l
k=1

where we have used the estimates 7|5,| < €|, < 1.
A straightforward calculation yields
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H(eimw(l +i8.(f —fw)))” 2(0,A)

<[[(Buf i (1 +iBa(f — fon)llzzon) + | ABufon) 2P (1 4+ 1B, (f — fon)) |2 (0.0)
+ 201 B fine™ e (f = fraN l20a) + 118227 (£ — i) iz 0.y S (€+ 7)1l
<elBul-

Recall that B,y are the Fourier coefficients of (1 + (f;y(x))?)"/20,us(x, fon(x)), BY is
computed in (3.16), and B,, are the Fourier coefficients of (1 4+ (f')2)"/29,us(x,f(x)). To

)

obtain the estimate of B,(,? — B,,, we consider

BY) — Bo| < By — Bul + B — Buy|.

By lemma 4.1, we have

ou ou
o1+ G = g+ 7D g
Mo n ny H'/2(0,A)
which yields
T form =0
Bm - Bm < ’
(B 5 {7'111|_1/2 for m # 0.
Since k < 27w /A, we have|3,| ~ n and
B —By| < |BY) = Bu| + By — Byl
form =20
< 2N-1/2 T ,
~> € max G| + 7lm|=1/2 form #0
form =20
< 2N1/2 T ’
~ € +{T|m|_1/2 for m # 0.
For the cases n # 0, the first term of b,(ll) admits
00 A
Z / el (Bufen+om—nx) (eiﬂn(f—fe,N) —1—iB. (f —feN)> dx | B,
m=—o00 0
<D <eiﬁnfe>~ (eBnr i) — 1 —if, (f fe,N))> (m — n)| - By
< || iBifen (oiBalf—Fin) _ 1 _ g (f_ S Bal
<lle (e L= iB,(f — fow)) |Bn| + Z 2
H2(0,A) m=—o0,m#n <m h i’l)
iBufen iB.(f=fen : - |Bm|
< e s ||H2(O,A)||el ) — 1 — 15”(f71(5”\’)”}12(0,1\) |Ba| + Z (m — n)?

m=—oo,m#n

oo

1 € €
< 2 € <2
S (718al) 2 + |n[1/2 T Z |m|'/2(m —n)2 | ~ T

m=—o00,m#0,n
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The second term of b,(,l) satisfies

A .
Z (/O el (Bufen+cim—nx) (1 +iB, (f —fon)) dx) B

|m|>N
=53 (eiﬁfm +iﬂn(f—fe,w))>(m—n) - |Bl

[m|>N
B

(e er (1418, (f — fen)))”

|Bn 2 1/2
S 1m[72(m — n)? S €1nl

|m|>N

LZ(O,A) \m\>N (m —_ n)2

The third term of b,(,l) has

N A
iA, Z </ el (Bufen+oim—nx) (f—fe,zv)dx) (BS,?) —B,)
m=—N 0
<y (6 (g0 ) o= )| - 80 B
m=—N
N (0)
. Bm 7Bm
g ‘ﬁn‘ ' elﬁnf“’ (f _fZ,N) |sz0) - Bn| + Z | ( - )2 |
H(0,A) m=—N,m#n n
ENV2 4 1 . N (%/2+€2N1/2)
124 |m]
Srll | P N S
m=—N,m#0,n
€T
< 72n|V? + NI/
The fourth term of b,(,l) admits
i3, Z / B(O) (f —fv)e 1(57J2.N+a171nx)dx‘
m=—N
A N A o
<18l Z |Cel - / ei(Bfentor—n®) gy 4 1B,| Z ‘Br(r?)|' / (f _fN)e](ﬁnf[N‘i’am—nx)dx
k| >N 0 m=—N,mz0 0
< €|5| - iﬁ,m/\ B
~|5n|2m+\ﬁn\ > elfen (f —fy) |(m—n)| - |B,”|
[k|>N m=—N,m7#0
< S 18|
5 62 + |/6n| . Helﬁnfl.N(f _fN)HHZ(O,A) Br(lO) + Z m

—_n)2
m=—N,m7#0,m#n (m I’l)

N
) € €
S+ Bl f —fN||H2(0,A) W + Z W

A
m=—N,mz£0,m#n m=n)
<+ eln|'V?||f — Il o.n)-
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Similarly, for the case n = 0, we have the following estimates for the four terms:

[eS) A
Z </ ei(ﬁfe,NJramx) (eim(f*fl,N) —1—ik (f *fé,N)) dx) B,

m=—o0 0
< 2 c- ¢ < 2
X7 1 + Z |m‘5/2 ST,
m=—o00,m7#0
A .
Z / elentand) (1 4 (f — fun))dx | By
Im|>N \"'0
< P
<> mfs2 ~
|m|>N
N A )
i >0 ([ e (i) (B9 - ,)
m=—N 0
N T4 ENI/2
<7 T+ N2 4 Z (\m|1/2 3 ) 572+%,
m=—N,m#0 |m‘
N A )
5 [ g
m=—N 0
Al €
SE+If —flmony Y, T S ellf = fvllmon + €
m=—N,m#0
which completes the proof. O
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