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ABSTRACT. Consider an exterior problem of the three-dimensional elastic wave
equation, which models the scattering of a time-harmonic plane wave by a
rigid obstacle. The scattering problem is reformulated into a boundary value
problem by introducing a transparent boundary condition. Given the incident
field, the direct problem is to determine the displacement of the wave field
from the known obstacle; the inverse problem is to determine the obstacle’s
surface from the measurement of the displacement on an artificial boundary
enclosing the obstacle. In this paper, we consider both the direct and inverse
problems. The direct problem is shown to have a unique weak solution by
examining its variational formulation. The domain derivative is studied and a
frequency continuation method is developed for the inverse problem. Numerical
experiments are presented to demonstrate the effectiveness of the proposed
method.

1. Introduction. The obstacle scattering problem, which concerns the scattering
of a time-harmonic incident wave by an impenetrable medium, is a fundamental
problem in scattering theory [9]. It has played an important role in many scientific
areas such as geophysical exploration, nondestructive testing, radar and sonar, and
medical imaging. Given the incident field, the direct obstacle scattering problem is
to determine the wave field from the known obstacle; the inverse obstacle scattering
problem is to determine the obstacle from the measured wave field. Due to the
wide applications and rich mathematics, the direct and inverse obstacle scattering
problems have been extensively studied for acoustic and electromagnetic waves by
numerous researchers in both the engineering and mathematical communities [10,
26, 28].

Recently, the scattering problems for elastic waves have received ever-increasing
attention because of the significant applications in geophysics and seismology [1, 5,
22]. The propagation of elastic waves is governed by the Navier equation, which is
complex due to the coupling of the compressional and shear waves with different
wavenumbers. The inverse elastic obstacle scattering problem is investigated math-
ematically in [11, 15, 17] for uniqueness and numerically in [18, 23] for the shape
reconstruction. We refer to [2, 6, 20, 27] on related direct and inverse scattering
problems for elastic waves.
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In this paper, we consider the direct and inverse obstacle scattering problems
for elastic waves in three dimensions. The goal is fourfold: (1) develop a trans-
parent boundary condition to reduce the scattering problem into a boundary value
problem; (2) establish the well-posedness of the solution for the direct problem
by studying its variational formulation; (3) characterize the domain derivative of
the wave field with respect to the variation of the obstacle’s surface; (4) propose
a frequency continuation method to reconstruct the obstacle’s surface. This paper
significantly extends the two-dimensional work [25]. We need to consider more com-
plicated Maxwell’s equation and associated spherical harmonics when studying the
transparent boundary condition (TBC). Computationally, it is also more intensive.

The obstacle is assumed to be embedded in an open space filled with a homo-
geneous and isotropic elastic medium. The scattering problem is reduced into a
boundary value problem by introducing a transparent boundary condition on a
sphere enclosing the obstacle. The non-reflecting boundary conditions can also be
found in [12, 13] for the two- and three-dimensional elastic wave equation. We show
that the direct problem has a unique weak solution by examining its variational for-
mulation. The proofs are based on asymptotic analysis of the boundary operators,
the Helmholtz decomposition, and the Fredholm alternative theorem.

The calculation of domain derivatives, which characterize the variation of the
wave field with respect to the perturbation of the boundary of an medium, is an
essential step for inverse scattering problems. The domain derivatives have been
discussed by many authors for the inverse acoustic and electromagnetic obstacle
scattering problems [14, 21, 29]. Recently, the domain derivative is studied in
[24] for the elastic wave by using boundary integral equations. Here we present a
variational approach to show that it is the unique weak solution of some boundary
value problem. We propose a frequency continuation method to solve the inverse
problem. The method requires multi-frequency data and proceed with respect to
the frequency. At each frequency, we apply the descent method with the starting
point given by the output from the previous step, and create an approximation to
the surface filtered at a higher frequency. Numerical experiments are presented to
demonstrate the effectiveness of the proposed method. A topic review can be found
in [3] for solving inverse scattering problems with multi-frequencies to increase the
resolution and stability of reconstructions.

The paper is organized as follows. Section 2 introduces the formulation of the
obstacle scattering problem for elastic waves. The direct problem is discussed in
section 3 where well-posedness of the solution is established. Section 4 is devoted to
the inverse problem. The domain derivative is studied and a frequency continuation
method is introduced for the inverse problem. Numerical experiments are presented
in section 5. The paper is concluded in section 6. To avoid distraction from the main
results, we collect in the appendices some necessary notation and useful results on
the spherical harmonics, functional spaces, and transparent boundary conditions.

2. Problem formulation. Consider a three-dimensional elastically rigid obstacle
D with a Lipschitz continuous boundary dD. Denote by v = (v1, 19, v3) the unit
normal vector on 0D pointing towards the exterior of D. We assume that the open
exterior domain R® \ D is filled with a homogeneous and isotropic elastic medium
with a unit mass density. Let Bg = {x € R®: || < R} be a ball with radius R > 0
such that D C Bg. Denote by I'r = {z € R® : || = R} boundary of Bg. Let
Q=Bgr\ D be the bounded domain which is enclosed by 0D and I'g.
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Let the obstacle be illuminated by a time-harmonic plane wave
(1) uinc _ deinp:vd or uinc _ dLeiﬁsm-d
- - K
where d is the unit incident direction vector and d* is the unit polarization vector
satisfying d - d+=0. In (1), the former is called the compressional plane wave while

the latter is called the shear plane wave. Here

w w
) = g R

are known the compressional wavenumber and the shear wavenumber, respectively,
where w > 0 is the angular frequency, p and A are the Lamé parameters satisfying
w>0and A+ pu > 0. It is easy to verify that both the compressional plane wave
and the shear plane wave in (1) satisfy the three-dimensional Navier equation:

(3) pAU + (A 4+ p)VV - u™ + w0?u™ =0 in R3\ D.
The displacement of the total wave field u also satisfies
(4) pAu+ A+ p)VV - -u +w?u=0 inR3\ D.
Since the obstacle is elastically rigid, the total wave field vanishes on 0D:
(5) u=0 ondD.

The total wave field u can be decomposed into the incident wave u'™® and the
scattered wave v:
u = u 4 v.
Subtracting (3) from (4) yields the Navier equation for the scattered wave v:
(6) pAv + A+ p)VV-v+w?v =0 inR3\ D.

An appropriate radiation condition is needed for the exterior scattering problem.
For any solution v of (6), we introduce the Helmholtz decomposition:

(7) v=Vo+Vxvy, V- =0,

where ¢ and v is called the scalar potential function and the vector potential
function, respectively. Substituting (7) into (6) yields

V (A +20)A¢ +w?] +V x (1A + w?ep) =0,
which is fulfilled if ¢ and 1) satisfy the Helmholtz equation:
(8) Ap+r2p=0, Ap+rip=0.

where k, and kg are defined in (2). Hence, we request that ¢ and v satisfy the
Sommerfeld radiation condition:

9) rlirglor (Ord —iKpo) = 0, rlirglor (Orp —ikstp) =0, 7 =|x|
Using the identity
VX (Vxy)=—-AyY+V(V- 1),
we have from the Helmholtz equation (8) that 1) satisfies the Maxwell system:
(10) V x (V x 4) — k24p = 0.

As is known, the Silver—Miiller radition condition is commonly imposed as an ap-
propriate radiation condition for Maxwell’s equations. It is shown (cf. [10, Theorem
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6.8]) that the Sommerfeld radiation for 4 in (9) is equivalent to the Silver—Miiller
radiation condition:

(11) lim ((V x¢) x & —ikgry) =0, r=|x|

r—00

Given the incident field u!"¢, the direct problem is to determine the displacement
of the total field w for the known obstacle D; the inverse problem is to determine
the obstacle’s surface D from the boundary measurement of the displacement u on
I'r. The purpose of this paper is to study the well-posedness of the direct problem
and develop a continuation method for the inverse problem. Hereafter, we take the
notation of @ < b or a 2 b to stand for a < Cb or a > Cb, where C is a positive
constant. Some commonly used functional spaces, such as H3,, (), H*(T'g), and
H (curl, ), are list in appendix B.

3. Direct scattering problem. In this section, we study the variational formu-
lation for the direct problem and show that it admits a unique weak solution.

3.1. Transparent boundary condition. We derive a transparent boundary con-
dition on T'g to reformulate the problem from the open domain R3 \ D into the
bounded domain €.

Given v € L*(T'g), it follows from Appendix A that v has the Fourier expansion

v(R,0,¢) = Z Z ol T (0, 0) + v5, Vi (6, 0) + vi Wik(0, ),

n=0m=-—n

where the Fourier coefficients

vﬁ=/'w&a@ T7(6, o),

'r

v$s=/'vuaawyiﬁkawmm
'r

o= [ oo, W60
I'r

Define a boundary operator

(12) PBo = poyv+ A+ p)(V-v)e, onTg,
which is assumed to have the Fourier expansion:

(13)  (Bv)(R,0,¢) Z Z win T (0,0) + wa, Vi (0, ¢) + wz, W0, ).

n=0m=-—n

Taking 9, of v in (60), evaluating it at » = R, and using the spherical Bessel
differential equations [30], we get

0,0(R,0,¢) — ZZ [\/stm npR)—l)f%(lJrzn(ﬁsR)

n=0m=—n
2,/,m
stSn
n(n+1)

(14)  — (Rkp)? — 2zn(/$pR)) + —W(zn(ﬁsR) — 1)] w

+(Rns)2—n(n+1)) " + 2n(ksR) | VI + (ZZ( (n+1)
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where z,(t) = th%l)/(t)/hg)(t), A is the spherical Hankel function of the first kind
with order n, ¢ and 7}, are the Fourier coefficients for ¢ and ¢ on I'g, respectively.
Noting (60) and using V-v = A¢ = %Gr(b + 0% + %AFR(b, we have

on 2 d d?
Z Z h(1) (ko R) h( N%ﬂ*‘@hg)(ﬁpr)

n=0m=-—n
(15) —%hm( >] X7,

where Ar,, is the Laplace-Beltrami operator on I'g.
Combining (12) and (14)—(15), we obtain

Bv = Z Z R2 [\/TU(Z”(HPR) —1)¢y' — (1 + 2, (ks R) + (Rkg)?

n=0m=-—n
m m /“fg m 1 2
—n(n+ 1))7//2n] T, + mzn(f% W5 Vi T2 [ (n(n+1) — (Rkp)
(16)

— 220(kp R)) 9 + p/n(n + 1) (2n (s R) = Db — (A -+ ) (o R) 26 | W

Comparing (13) with (16), we have

m m m 1 m m m
(17) (wlnvw2naw3n)T = ﬁGn( n v¢2nvw3n)T7
where the matrix
o o G
Go=|GWW G o
Gsy Gfofz” 0
Here

W, G = pn/n(n + 1) (zn(spR) — 1),

Gy = (n(n+1) = (kR)? = 1= 24 (keR)) ,
Gsl =p(n(n+1) - (kpR)* — 22, (kpR)) — (A + 1) (kpR)?,

ot -

Ggg = n(n +1)(zn(ksR) — 1).
Let v = (v, vt ol )T Myo™ = b = (b7, b7, b7 ) T, where the matrix
M® 0 0

A Y

0 ME My

Here
(n) _ ) _ (K (ks R)?2n (KpR)
My = <R) zn(ksR), My’ = (R) (1 + A, )

MY = /n(n+1) (ﬁ) (1 + (HSR)2> :
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My i) (4 B2,

o (O 20) (5pR)?
My = = A,
where A, = 2, (kpR)(1 + 2z, (ks R)) — n(n + 1).
Using the above notation and combining (17) and (64), we derive the transparent
boundary condition:

(1+ 2n(KsR)) — 2 (%) :

(18) Bo=Tv:=Y > UTT+bn Vi +b Wi onTg.

n=0m=—n

Lemma 3.1. The matriz M, = —%(Mn + M) is positive definite for sufficiently
large n.

Proof. Using the asymptotic expansions of the spherical Bessel functions [30], we
may verify that

1 1 1
o) = —(n+ 1)+ ——t1+ 210 (n) |

16n 2n
1 1 1 1 1
A _ = 4 = } 4 = 2 - 2 il
(t) = = spt)" = o () = 3 (pt)? = 3 (set)? + 0 (=
It follows from straightforward calculations that
Mo 0
M,=1| o M’y M|,

o
where
~(n I 1 ~(n Ww?R
M = (E) (n+1)+0 <n) M = — (A> (n+1)+0(1),
g w?
EJr A vn(n+1)+0(1),
My =~ (I‘é + ) Vnln +1) +0(1),

2 2
~r(n) 2/1 w°R _ w°R
3 =R A (14 zp(ksR)) = < A >n+0(1).

For sufficiently large n, we have

M >0 and MY >0,

W’ R
Ay

which gives

det[(My)1:2,1:2)] = Ml(?)MQ(g) > 0.

Since A,, < 0 for sufficiently large n, we have
w?R\> (B n w?R\>
An R A,

9 Sr(n “r(n) or(n Sr(n 2
det [, = M7 (M§2)M§3) - () ) >0,

~ ~ ~ 2
VR Ay - (V) = n(n+1) +0(n) > 0.

A simple calculation yields
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which completes the proof by applying Sylvester’s criterion. O
Lemma 3.2. The boundary operator 7 : H'*(T'g) — H'/?(T'g) is continuous,
i.e.,

| Tullg-120p) S |l ey, Vo€ Hl/Q(FR)-

Proof. For any given u € H 1/ 2(T'g), it has the Fourier expansion

u(R,0,¢) Z Z un T (0, 0) +ud, V0, ¢) + usy, W6, o).

n=0m=-—n
Let u™ = (u,ul,upt) . It is easy to verify from the definition of M,, and the
asymptotic expansion of z,(t) that
M| < (1 +n(n+ 1)V

Hence we have

oo n

H%qum):z > (14 n(n+ 1) "2 | Myum?

n=0m=—n
) n

1/2
SO A+ )Pl = e,

n=0m=—n
which completes the proof. O

3.2. Uniqueness. It follows from the Dirichlet boundary condition (5) and the
Helmholtz decomposition (7) that

(19) v=V¢+V xt=—u" ondD.

Taking the dot product and the cross product of (19) with the unit normal vector
v on 0D, respectively, we get

o+ (V) v=—u, (VXY)Xv+VoXxv=—uy,
where
up = u'™ - v, us= u'™ x v

We obtain a coupled boundary value problem for the potential functions ¢ and t:

Ap+ K26 =0, V x(Vxeh)—rZp=0, in Q,
(20) o+ (V) v=—u, (VXUY)xv+Voxv=—uy on D,
Orp — 16 =0, (Vx)xe,—iksTRpr, =0 on I'g.

where 77 and % are the transparent boundary operators given in (46) and (54),
respectively.

Multiplying test functions (p,q) € H*(Q2) x H(curl,2), we arrive at the weak
formulation of (20): To find (¢,) € H*(Q) x H(curl, ) such that

(21) a(¢7 vaa q) = <u17p>aD + <U’27 q>8Da V(p, q) € Hl(Q) X H(Curl7 Q)a

where the sesquilinear form

a(¢,¥;p,q) = (Vo,Vp) + (V x4,V x q) — £2(¢,p) — 2(¢,q)
- <(v X ’l,b) . V7P>E)D - <V¢ X V7Q>E)D - <’%¢7P>FR - iﬁs<f%¢FR7qFR>Fﬁ

Theorem 3.3. The variational problem (21) has at most one solution.
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Proof. Tt suffices to show that ¢ =0, =01in Q if uy = 0,uz = 0 on ID. If (¢, 1)
satisfy the homogeneous variational problem (21), then we have

(V, V) + (V x 9,V x ) — 139, 0) — K2(1h,9) = ((V x ) - v, d)ap
(22) —(Vo xv,)op — (710, ¢)ry, — iks(FPaPr . r,)rs = 0.
Using the integration by parts, we may verify that

(Vx4)-v,9)op = — (¥, v x Vd)ap = (¢, Ve X V)ap,
which gives
(23) (Vx) v,0)op + (Vo xv,9)gp = 2Re(Vd X v,9)ap.
Taking the imaginary part of (22) and using (23), we obtain
Im(Z1 ¢, )ry, + ksRe(Patpp ., Pr . )r, =0,

which gives ¢ = 0,7 = 0 on I'g, due to Lemma C.1 and Lemma C.2. Using (46)
and (54), we have 0,¢ =0, (V x ) x e,, = 0 on I'g. By the Holmgren uniqueness
theorem, we have ¢ = 0,7) = 0 in R* \ B. A unique continuation result concludes
that ¢ =0, =0 in Q. O

3.3. Well-posedness. Using the transparent boundary condition (18), we obtain
a boundary value problem for u:

pAu+ A+ p)VV-u+ w?u =0 in Q,
(24) u=0 on 9D,
PBu=Tu+g on I'g,

where g = (% — 7)u"°. The variational problem of (24) is to find uw € Hp,(Q)
such that

(25) b(u,v) = (g,v)r,, Yve& Hy,(Q),
where the sesquilinear form b: Hp () x Hjp(Q) — C is defined by

b(u,v) =p QVu:Vi)dw+(x\+u)/sl(V~u)(V~f))dac

—wz/ u-vde — (T u,v)r,.
Q

Here A : B = tr(ABT) is the Frobenius inner product of square matrices A and B.
The following result follows from the standard trace theorem of the Sobolev
spaces. The proof is omitted for brevity.

Lemma 3.4. It holds the estimate
|l g2y S Il ), Yu€ Hp(Q).
Lemma 3.5. For any ¢ > 0, there exists a positive constant C'(g) such that
lullzzrn < ellwlao) + Cle)llullra), Vu e Hap(Q).

Proof. Let B’ be the ball with radius R’ > 0 such that B’ C D. Denote Q=DB\B.
Given u € H} (), let @ be the zero extension of u from Q to €, i.e.,

u(x), x€qQ,

a(x) = .
0, zeQ\ Q.
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The extension of w has the Fourier expansion

a(r,0,¢) = Z Z Wy, (r) T3 (0, ) + a5y, (r) VR0, ) + gy, (r) W30, ).

n=0m=—n

A simple calculation yields

@l =3 52 (R + a5, (R + a5 (R) P

n=0m=—n

Since @(R',0,¢) = 0, we have a7, (R') = 0. For any given € > 0, it follows from
Young’s inequality that

R d
d < 2|a’ —a d
= [ e < [ ||
2 9 s [R]d 2
/ / ~
< (Re)” /R P+ (1) [ || ar
which gives
R d 2
e <ce [ aporte e [ Lam)
The proof is completed by noting that
||1~L||L2(FR) = ||U||L2(FR)> Hf‘HLQ(Q) = ||uHL2(Q)7 ||ﬁ||H1(§z) = Hu||H1(Q)~

Lemma 3.6. It holds the estimate
[wll g (o) S IVullp2q), Yu e Hyp(Q).

Proof. As is defined in the proof of Lemma 3.5, let u be the zero extension of u
from Q to Q. It follows from the Cauchy—Schwarz inequality that

T 2

R
alr6,0)2 = | [ oa(r6.0)dr| < / D,a(r 0, ¢)|2 dr.
R/

R/
Hence we have

R 2m ™
||ra||2Lz(Q):/ / /|1](1",9,<,0)|27’2d7"d0d30
R Jo 0
R 2w pm R
S / / / / |0, (r, 6, @)|*drdfdedr
2m
/,/ / |0, a(r, 0, p)|?drdfde < HVUHLz(Q)-

The proof is completed by noting that
lullpz2o) = [lellgz@)  IVullez) = Vallgzg),
[ullzr ) = lulz2@) + IVulz2 )

O

Theorem 3.7. The variational problem (25) admits a unique weak solution uw €

Hp ().
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Proof. Using the Cauchy—Schwarz inequality, Lemma 3.2, and Lemma 3.4, we have
b(w, v)| <pl|Vullp2o)IVollL2@) + (A + p)

+w?lullpe@llvllea) + 17wl gz ol e,

Slulla @ vl e @)

which shows that the sesquilinear form b(-,-) is bounded.
It follows from Lemma 3.1 that there exists an Ny € N such that M, is positive
definite for n > Ny. The sesquilinear form b can be written as

b(u,v) :,u/Q(Vu:VTJ)dw—i-(A-i-u)/

Q

Z i M um m Z i M, um rrL>

[n|>No m=—n [n|<Ng m=—n

(V-u)(V~'D)dw—w2/Qu~'z_de

Taking the real part of b, and using Lemma 3.1, Lemma 3.6, Lemma 3.5, we obtain

Reb(u, u) = pl|Vau||3zq) + A+ pV-ulfeo + Y Z (Myuy,wy

jnl>No m=—n
—w ||U||L2(Q) + Z Z M, ult unt)
[n|<No m=—n
> Chllullg @) — w?llullp2) — CollullL2 )
2 Cl||u||H1(Q) - W2||u||L2(Q) - C25||U||H1(Q) - C(E)||U||L2(Q)
= (C1 — Coo)|lul () — CsllullL2(o)

Letting € > 0 to be sufficiently small, we have C; — Coe > 0 and thus Garding’s
inequality. Since the injection of Hp3, () into L?(Q) is compact, the proof is
completed by using the Fredholm alternative (cf. [28, Theorem 5.4.5]) and the
uniqueness result in Theorem 3.3. O

4. Inverse scattering. In this section, we study a domain derivative of the scat-
tering problem and present a continuation method to reconstruct the surface.

4.1. Domain derivative. We assume that the obstacle has a C? boundary, i.e.,
0D € C?. Given a sufficiently small number h > 0, define a perturbed domain €,
which is surrounded by 0Dj, and I'gr, where

0Dy, = {x + hp(x) : * € OD}.

Here the function p € C*(9D).
Consider the variational formulation for the direct problem in the perturbed
domain €: To find uy, € Hjyp, (€) such that

(26) " (un, vn) = (g,vn)r,, Yoi € Héph(Qh),

where the sesquilinear form b" : HéDh (Qp) x H}),Dh (Qp,) — C is defined by

bh(uh,vh):,u/ Vuh:Vf)hdy+(>\+u)/ (V-uh)(V~Bh)dy
Qp, Q

h

(27) —w? / up, - vp dy — <9uh,vh>FR.
Qn
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Similarly, we may follow the proof of Theorem 3.7 to show that the variational
problem (26) has a unique weak solution up, € HéDh’ (Qp,) for any h > 0.

Since the variational problem (3.7) is well-posed, we introduce a nonlinear scat-

tering operator:

B 0Dh — ’U,h‘FR,
which maps the obstacle’s surface to the displacement of the wave field on I'g. Let
uy, and u be the solution of the direct problem in the domain €2, and €, respectively.
Define the domain derivative of the scattering operator .# on 9D along the direction
p as
Aoy o i 2 ODR) — L (OD) . up|r, —ulrg,
Z(ODip) = limy n R = R —

For a given p € CQ(8D), we extend its domain to { by requiring that p €
C*(Q)NC(Q),p=0o0nTg, and y = £"(x) = x + hp(z) maps Q to Q. Tt is clear
to note that £h is a diffeomorphism from Q to €2, for sufficiently small h. Denote
by 9" (y) : QO — Q the inverse map of £".

Define @(x) = (ily, ita, ti3) = (up o £")(x). Using the change of variable y =
¢"(x), we have from straightforward calculations that

3
/Q (Vuy, : vm)dyzz /Q Vit Jyn J 0 V0 det(Jn) da,
h —

/Qh(v-uh)(v-f;h)dyz /Q(va ) (V0 2 ) det(Jgn) da,

/ up - vpdy = / U - %det(Jgh) da
Q, Q

where ¥(x) = (1, Uy, 73) := (vj, 0 £")(x), Jyn and Jen are the Jacobian matrices of
the transforms n” and Eh, respectively.

For a test function vy in the domain €, it follows from the transform that v is a
test function in the domain 2. Therefore, the sesquilinear form b" in (27) becomes

b (i, Z /vuj hJhVUjdct(JEh)dm+(>\+u)/(Vu T ) (VO 2 T
Jj=1 @

xdet(Jgn) da — w2/ @ - vdet(Jen) dx — (T, v)r,,
Q

which gives an equivalent variational formulation of (26):
V' (i, v) = (g,v)r,, YveEHyH(Q).
A simple calculation yields
b(t — u,v) = b(@,v) — (g, v)r, = b(t,v) — b"(@,v) = by + by + b,

where
3
(28) :Z /Vu] (I T det(Jgh)) V3, da,
o Je
(29)  ba=(\+pu /(v @)(V-0) = (Va: J,) ) (Vo : J,) det(Jgn) da

(30) / (det(Jgn) — 1) da
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Here I is the identity matrix. Following the definitions of the Jacobian matrices,
we may easily verify that

det(Jen) =1+ hV -p+ O(h?),
I = Jg,} on™ =T —hJ,+0(h?),
Ty dpndet(Jgn) = I = h(Jp + Jp ) +h(V - p)I + O(h?),

where the matrix J, = Vp.
Substituting the above estimates into (28)—(30), we obtain

3
by = ZN/Q Vi (h(Jp + Jp ) = (V- p)I + O(h?)) V¥, de,
i=1

by — ()\+u)/ WY - )(Vo: T]) + h(V - 8)(Vie: J])
Q
—h(V -p)(V-a)(V-0)+ O(h?) dz,
bs :w2/ @-v (hV-p+ O(h?)) da.
Q
Hence we have

0 0% ) =) 0) + gl ) + anlp) (@) + OCh),

where

3
a =S [ Viy (T + 25) = (V- p)T) Vi d,
g2 = () [ (V- @)(To: J7) 4 (Vo) (Vas J]) = (V- p)(V - @)(V - 0) e,

Theorem 4.1. Givenp € C? (0D), the domain derivative of the scattering operator
S is S'(OD;p) = U |ry, where u' is the unique weak solution of the boundary value
problem:

pAY + A+ p)VV - o' +w?u =0 in €,
(32) u' =—(p-v)du on 0D,
PBu' = Tu on T'g,

and w is the solution of the variational problem (25) corresponding to the domain

Q.

Proof. Given p € C?*(dD), we extend its definition to the domain Q as before.
It follows from the well-posedness of the variational problem (25) that @ — w in
H},(Q) as h — 0. Taking the limit A — 0 in (31) gives

3 o(fm S ) = @) + ) o) ) u.o),

which shows that (@ — u)/h is convergent in Hpp () as h — 0. Denote the limit
by @ and rewrite (33) as
(34) b(a,v) = g1(p)(w,v) + g2(p) (w, v) + g3(P) (u, v).
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First we compute g1 (p)(u,v). Noting p = 0 on OB and using the identity
Vu ((Jp+Jp) = (V-p)I) Vo =V - [(p- Vu)Vi + (p- V)V — (Vu - Vi)p|
—(p-Vu)Av — (p- V0)Au,

we obtain from the divergence theorem that

3
)0 == [0 Vi) V) + (0 )0 Vi)
3
+Zu/(9p(p"’)(vuj - V) dy
B
;lu/g(quj)Avj + (p- V) Au; dee

—=n [ (pVu) (o) (p- Vo) (- Vu)
oD
+LL/8D(p~V)(Vu:V@)d7

—u/(p-Vu)~Af:+(p-Vf:)-Audm.
Q
Noting

pAu 4+ A+ p)VV-u+w?u=0 inQ,

we have from the integration by parts that
u/(p~V17) -Audx = —()\+,u)/(p-V1_J) : (VV-u)d:c—wQ/(p~V1‘;) ~udz
Q Q Q

=(A+u)/Q(V-U)V-(p-V@)dvar(MLu)/aD(V-U)(V(pr)))dv

—wz/(p~Vf)) -udex.
Q
Using the integration by parts again yields

u/ﬂ(p-Vu)-AT)d:c:—/,L/QV(p-Vu):V'Bdw—ku/aD(p-Vu)-(V—V@)dv.

Let 71 (), 72(x) be any two linearly independent unit tangent vectors on dD. Since
u =v =0 on dD, we have

Or tj = Oryutj = 07, v5 = O7,v; = 0.
Using the identities
Vu; = 7107, uj + T207,u; + v0,u; = voyuy,
Vu; = T107,v; + T20-,v; + VO, v; = V0,05,
we have
(p- V) (v - Vu;) = (p-vo,0;)(v - vOyu;) = (p-v)(0y7;0uu;5),
which gives

/ (p-Vv)- (v-Vu)— (p-v)(Vu:Vo)dy =0.
D
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Noting v = 0 on 0D and
(V-p)(u-v)+(p- Vo) - u=V-((u-v)p) - (p-Vu)-v,

we obtain by the divergence theorem that

/(V-p)(u~6)+(p~Vf))-udw: —/(p-Vu)-i;d:c.
Q Q
Combining the above identities, we conclude that

91(p)(u,v) + g3(p)(u, v)

:uAV(p-Vu):Vz‘;d:c—()\—ku)/g(v-u)v-(p-VTJ)dw

(35) —wg/(p-Vu) -vdx + ()\—l—,u)/ (V-u)(v-(p-Vov))dy.
Q aD
Next we compute gz(p)(u,v). It is easy to verify that

/(V-u)(V'D:J;)+(V~@)(Vu:J;)dm:/(V~u)V~(p~Vf;)dm
Q Q

7/(V~u)(p~(V~(V'B)T))dw+/(v'f1)v~(p-Vu)da:
Q Q

- /Q (V- 5)(p- (V- (Vu)T)) da.

Using the integration by parts, we obtain
/(V-p)(V-u)(V-T))da:z —/p-V((V-u)(V-T)))dw
Q Q
- W@ ow ph
oD
—~ [(V-0)p- (V- (Vu) ) de - [ (V-u)(p-(V: (Vo)) da
Q Q

—/ (V- u)(V - )(v - p)dy.
oD

Let 71 = (—v3,0,v1) T, 72 = (0, —v3,10) T, 73 = (—1a,11,0) . It follows from T -
v = 0 that 7; are tangent vectors on 9D. Since v = 0 on 9D, we have 0, v = 0,
which yields that

V102,01 = V305,01, V103,V = V30,2, V102,01 = V20p, V1,

Vlaxgvs = v305,V3, V10p,V2 = V20, V2, V103,U3 = V20,03,

V90p,V1 = V303,01, V20p,V2 = V30,,V2, V205,V3 = V30,,03.
Hence we get

/ (V- u)(V-5)(v - p) dy :/ (V- w)(-(p- Vo)) dr.
0D

aD
Combining the above identities gives

02(p) (4, 9) = (A + 1) /

(v-u)v-(p-V@)dw+(A+u)/v-(p-Vu)(v-@)dw
Q Q

(36) — (At /B (V) (p- Vo)
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Noting (34), adding (35) and (36), we obtain
b, v) / V(p-Vu) : Vodz+(A+pu) /V (p-Vu)(V-0)de—w /(p Vu)-vde.

Define v/ = 4 — p - Vu. It is clear to note that p- Vu = 0 on I' since p = 0 on
I'r. Hence, we have

(37) b(u',v) =0, Yve Hpy(Q),

which shows that u’ is the weak solution of the boundary value problem (32). To

verify the boundary condition of w’ on 0D, we recall the definition of w' and have
from & =u =0 on 0D that

w' = lim -

h—0

u—p~Vu:—p-Vu on 0D.

Noting u = 0 on 0D, we have
(38) p-Vu=(p-v)du,
which completes the proof by combining (37) and (38). O

4.2. Reconstruction method. Consider a parametric equation for the surface:

oD = {”’(9780) = (rl(oa90)77”2(0390)3T3(6790))T’ ZES (Oaﬂ—)v pE (0727T)}a

where r; are biperiodic functions of (, ¢) and have the Fourier series expansions:

S30 Y R0, + B 0,),
n=0m=-—n

where Y, are the spherical harmonics of order n. It suffices to determine a7y, bY},

in order to reconstruct the surface. In practice, a cut-off approximation is needed:

TN Z Z altReY,™ (6, ¢) + b7 ImY, ™ (6, ).

n=0m=—n

Denote by Dy the approximated obstacle with boundary 9Dy, which has the
parametric equation

ODN = {rn(0,¢) = (ri.n(0,¢),72.n(0,0),m3.n(0,0) ", 0 € (0,7), ¢ € (0,2m)}.
Let QN = BR \ DN and

_ 0 m N m N
aj_(aj07... ,aj””... 7ajN)7 b _(b]()’. . 7b]n,... 7ij),
where n =0,1,...,N, m = —n,...,n. Denote the vector of Fourier coefficients

C - (a'17 b17 as, b27 as, b3)T = (Clv C2yevny 06(N+1)2)T S RG(N+1)2
and a vector of scattering data
U= (u(m1)7 s 7u(mK))T € CSKa

where x, € T'r,k =1,..., K. Then the inverse problem can be formulated to solve
an approximate nonlinear equation:

F(C)=U,
where the operator .# maps a vector in R6(N+D? into a vector in C3K.
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Theorem 4.2. Let uy be the solution of (25) corresponding to the obstacle Dy .
The operator F is differentiable and its derivatives are

0F,(C)
8ci

where u} is the unique weak solution of the boundary value problem

=al(xy), i=1,....,6(0N+1)2 k=1,...,K,

pAul + A+ p)VV -l +w?ul =0 in Qu,
(39) u; = —q;0yyun on ODy.
Bul, = Tu on T'g.

Here vy = (vn1, VN2, VN3) | is the unit normal vector on Dy and

vniReY, (0, ¢), i=n?+n+m+1,
vniImY,™(0,¢), i=(N+1)?+n>+n+m+1,
w(6.0) vnaReY, (0, ¢), i=2(N+1)2+n?+n+m+1,
vnoImY, (0, ¢), i=3(N+1)>4+n®>+n+m+1,
vnsReY,™(0,¢), i=4(N+1)%+ 2+n+m+1,
vnsImY,™(0,¢), i=5(N+122+n2+n+m+1,
wheren =0,1,...,N,m = —n,...,n.

Proof. Fix i € {1,...,6(N + 1)} and k € {1,..., K}, and let {ey,...,egnt1)2}
be the set of natural basis vectors in R6(N+1?, By definition, we have

——~ = lim .
8ci h—0 h
A direct application of Theorem 4.1 shows that the above limit exists and the limit
is the unique weak solution of the boundary value problem (39). O

Consider the objective function

1
f(e)=sll7 @) -u|’ = Z\% ) — u(zy) .
The inverse problem can be formulated as the minimization problem:
mén f(c), Ce RON+D?,
To apply the descend method, we compute the gradient of the objective function:
af(C fe)y \'
vs(0) - (%) © "

801 Y 806(N+1)2
‘We have from Theorem 4.2 that

ReZu x) - (Fp(C) — a(xy)).

861

We assume that the scatterlng data U is available over a range of frequencies
W € [Wmin, Wmax), which may be divided into wpin = wp < w1 < -+ < wy =
Wmax- We now propose an algorithm to reconstruct the Fourier coefficients ¢;,7 =
1,...,6(N +1)%
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Algorithm: Frequency continuation algorithm for surface reconstruction.

1. Initialization: take an initial guess co = —c4 = 1.44472Ry and c3(n41)242 =
C3(N+1)244 = 1.44472R0, C4(N+1)243 = 20467R0 and C; = 0 otherwise. The
initial guess is a ball with radius Ry under the spherical harmonic functions;

2. First approximation: begin with wg, let kg = [wp], seek an approximation
to the functions 7 n:

Tike = Z Z alt ReY,™ (6, ¢) + bjrImY," (6, ¢).

n=0m=-—n

Denote C( ) = = (c1,c9,... ,06(k0+1)2)T and consider the iteration:
(40) cptV=cl) —rvfc), 1=1,..,L,

where 7 > 0 and L > 0 are the step size and the number of iterations for
every fixed frequency, respectively.

3. Continuation: increase to wi, let ky = [w1], repeat Step 2 with the previous
approximation to r; y as the starting point. More precisely, approximate r; y
by

Tk = Z Z FnReY,"(0,) + b ImY," (0, 6),
n=0m=—n
and determine the coefficients &,i = 1,...,6(k; + 1)? by using the descent
method starting from the previous result.
4. Tteration: repeat Step 3 until a prescribed highest frequency w; is reached.

5. Numerical experiments. We present two examples to show the effectiveness
of the proposed method. The scattering data is obtained from solving the direct
problem by using the finite element method with the perfectly matched layer (PML)
technique, which is implemented via FreeFem++ [16]. The research on the PML
technique has undergone a tremendous development since Berenger proposed a PML
for solving the Maxwell equations [4]. The basic idea of the PML technique is to
surround the domain of interest by a layer of finite thickness fictitious material
which absorbs all the waves coming from inside the computational domain. When
the waves reach the outer boundary of the PML region, their values are so small
that the homogeneous Dirichlet boundary conditions can be imposed. However, the
PML technique is much less studied for the elastic wave scattering problems, espe-
cially for the rigorous convergence analysis [7, 8, 19]. In contrast, the transparent
boundary condition (TBC) is mathematically exact. It helps to reduce the scatter-
ing problem equivalently from an open domain into a boundary value problem in a
bounded domain, which makes the analysis feasible. The finite element solution is
interpolated uniformly on I'g. To test the stability, we add noise to the data:

uw’(xy) = w(zy)(1+drand), k=1,..., K,

where rand are uniformly distributed random numbers in [—1, 1] and ¢ is the noise
level, &}, are the data points. In our experiments, we pick 100 uniformly distributed
points x; on 'y, i.e., K = 100. We take A = 2,4 = 1, R = 1. The radius of the
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initial Ry = 0.5. The noise level § = 5%. The step size in (40) is 7 = 0.005/k;
where k; = [w;]. The incident field is taken as a plane compressional wave.

Example 1. Consider a bean-shaped obstacle:

1"(9, 90) = (7‘1(9, 90)’ T2(07 @)77"3(9’ (p))T’ b€ [O’ﬂ-]’ P e [07 271—]7

where
r1(0,¢) = 0.75 ((1 — 0.05 cos(m cos #)) sin 0 cos @)1/2 ,

r2(6, ) = 0.75 ((1 — 0.005 cos(7 cos #)) sin 8 sin ¢ + 0.35 cos(7 cos 9))1/2 )
r3(0,¢) = 0.75 cos 6.

The exact surface is plotted in Figure 1(a). This obstacle is non-convex and is
usually difficult to reconstruct the concave part of the obstacle. The obstacle is
illuminated by the compressional wave sent from a single direction d = (0,1,0) ; the
frequency ranges from wpiy = 1 to wpax = 5 with increment 1 at each continuation
step, i.e., w; =i+ 1,5 = 0,...,4; for any fixed frequency, repeat L = 100 times
with previous result as starting points. The step size for the decent method is
0.005/w;. The number of recovered coefficients is 6(w; + 2)? for corresponding
frequency. Figure 1(b) shows the initial guess which is the ball with radius Ry = 0.5;
Figure 1(c) shows the final reconstructed surface; Figures 1(d)—(f) show the cross
section of the exact surface along the plane xy = 0,22 = 0,23 = 0, respectively;
Figures 1(g)—(i) show the corresponding cross section for the reconstructed surface
along the plane 1 = 0,25 = 0,23 = 0, respectively. As is seen, the algorithm
effectively reconstructs the bean-shaped obstacle.

Example 2. Consider a cushion-shaped obstacle:
(0, ¢) = 1(8, ) (sin(f) cos(y), sin(h) sin(), cos(8)) ', 6 € [0, 7], ¢ € [0, 2x],

where
r(0,¢) = (0.75 + 0.45(cos(2¢) — 1)(cos(46) — 1))1/2 .

Figure 2(a) shows the exact surface. This example is much more complex than the
bean-shaped obstacle due to its multiple concave parts. Multiple incident direc-
tions are needed in order to obtain a good result. In this example, the obstacle is
illuminated by the compressional wave from 6 directions, which are the unit vectors
pointing to the origin from the face centers of the cube. The multiple frequencies are
the same as the first example, i.e., the frequency ranges from wpyin = 1 to Wpmax = 5
with w; =i+1,7=0,...,4. For each fixed frequency and incident direction, repeat
L = 50 times with previous result as starting points. The step size for the decent
method is 0.005/w; and number of recovered coefficients is 6(w; +2)? for correspond-
ing frequency. Figure 2(b) shows the initial guess ball with radius Ry = 0.5; Figure
2(c) shows the final reconstructed surface; Figure 2(d)—(f) show the cross section of
the exact surface along the plane x1 = 0, x5 = 0, z3 = 0, respectively; while Figure
2(g)—(i) show the corresponding cross section for the reconstructed surface along
the plane z1 = 0,22 = 0,23 = 0, respectively. It is clear to note that the algorithm
can also reconstruct effectively the more complex cushion-shaped obstacle.

6. Conclusion. In this paper, we study the direct and inverse obstacle scattering
problems for elastic waves in three dimensions. An exact transparent boundary
condition is developed. The direct problem is shown to have a unique weak so-
lution. The domain derivative is derived for the total displacement. A frequency

INVERSE PROBLEMS AND IMAGING VoLuME 13, No. 3 (2019), 545-573



INVERSE OBSTACLE SCATTERING FOR ELASTIC WAVES 563

FIGURE 1. Example 1: A bean-shaped obstacle. (a) the exact
surface; (b) the initial guess; (c) the reconstructed surface; (d)—(f)
the corresponding cross section of the exact surface along plane
21 = 0,29 = 0,25 = 0, respectively; (g)—(i) the corresponding
cross section of the reconstructed surface along plane x1 = 0, x5 =
0, z3 = 0, respectively.

continuation method is proposed to solve the inverse problem. Numerical exam-
ples are presented to demonstrate the effectiveness of the proposed method. The
results show that the method is stable and accurate to reconstruct surfaces with
noise. Future work includes the surfaces of different boundary conditions and mul-
tiple obstacles. We hope to be able to address these issues and report the progress
elsewhere in the future.

Appendix A. Spherical harmonics. The spherical coordinates (r,0,¢) are re-
lated to the Cartesian coordinates @ = (z1,22,23) by 21 = rsinfcosp,zy =
rsinfsing, xs = rcosf. The local orthonormal basis is

e, = (sinf cos ¢, sin f sin ¢, cos §),

ey = (cos B cos g, cosfsinp, —sin ),

e, = (—sing,cosp,0),
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FIGURE 2. Example 2: A cushion-shaped obstacle. (a) the exact
surface; (b) the initial guess; (c) the reconstructed surface; (d)—(f)
the corresponding cross section of the exact surface along the plane
x1 = 0,29 = 0,23 = 0, respectively; (d)—(f) the corresponding cross
section of the reconstructed surface along the plane r1 = 0,22 =
0, z3 = 0, respectively.

where 6 and ¢ are the Euler angles. Note that e, is also the unit outward normal
vector on I'g.

Let {Y,*(0,¢) : n = 0,1,2,...,m = —n,...,n} be the orthonormal sequence
of spherical harmonics of order n on the unit sphere. Define rescaled spherical
harmonics
1
R
It can be shown that {X"(0,¢) : n = 0,1,...,m = —n,...,n} form a complete
orthonormal system in L?(I'r), which is the space of square integrable functions on
Tg.

For a smooth scalar function u(R, 8, ¢) defined on T'g, let

X' (0,0) = SY"(0,0).

Vrat = dgueq + (sind) " 'o,ue,
be the tangential gradient on I'p. The surface vector curl is defined by
curlr,u = Vr,u x e,.
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Denote by divr, and curlr, the surface divergence and the surface scalar curl,
respectively. For a smooth vector function w tangential to I'g, it can be represented
by its coordinates in the local orthonormal basis:
U = ugey + uy€y,
where
Ug =U- €9, Uy ="1U"E,.
The surface divergence and the surface scalar curl can be defined as
divr,u = (sin @) ™" (9p(ug sin 0) + d,u,),
curlp,u = (sin0) ™' (9p(uy, sin ) — d,up) -
Define a sequence of vector spherical harmonics:
T 0,0) = eI X 0,6,
Vi (0,0) =T,/ (0,0) x e,
W0, 9) = X3 (0, p)er,

where n =0,1,...,m = —n,...,n. Using the orthogonality of the vector spherical
harmonics, we can easily show that
1. {1, Vi, W) :n=0,1,2,...,m= —n,...,n} form a complete orthonor-
mal system in L*(T'g) = L?(Tg);
2. {(T, V) :n=0,1,2,....m = —n,...,n} form a complete orthonormal
system in LZ(I'g) = {w € L*(Tg),w - e, = 0}.

Appendix B. Functional spaces. Denote by L?(2) the square integrable func-
tions on Q. Let L*(Q) = L?(Q)3 be equipped with the inner product and norm:

(u,v) = / w-vde, ||ufge = (wu)’2
Q

Denote by H*(£2) the standard Sobolev space with the norm given by

llull 1) = </Q lu(z)|? + Vu(a:)|2dm>1/2.

Let Hjp(Q) = H) (), where H),(Q) := {u € H'(Q) : u =0 on dD}. Introduce
the Sobolev space

H(curl, Q) = {u € L*(R),V x u € L*(Q)},
which is equipped with the norm

1/
lullzreuncn = (lellFa@) + 1V x ullfag) -

Denote by H*(T'r) the standard trace functional space which is equipped with
the norm

0o n 1/2
[ullzerrp) = (Z > (1+n(n+1))slum2> ;

n=0m=—n

where

u(R,0,0) = Z Z ul XM (0

n=0m=—n
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Let H°(I'r) = H*(I'g)® which is equipped with the normal

- = 1/2
w|l ms(rp) = (Z Z (1+n(n—|—1))s|um2> ,

n=0m=-—n

where u!" = (uf},, ul, uf},) and

u(R,0,¢) Z Z uty, T3 (0, 0) + us, Vi (0,9) + ug, W0, ).

n=0m=—n

It can be verified that H *(I'g) is the dual space of H*(I'g) with respect to the
inner product

o0 n

_ - _ § E m —m m —m m —m
<’LL, ’U>1"R - / u-v dfy - Uy Uiy + Uy Vo + Uz, Uz,
T'r

n=0m=—n

where

v(R,0,p) = Z Z vin T (0,0) + 05, Vi (0, 0) + vg, W0, @)

n=0m=—n

Introduce three tangential trace spaces:
H{(Tg)={uec H(TR), u-e, =0},
H Y%(curl,Tg) = {u € H;l/z(FR), curlp,u € H~Y/2(T'g)},
H™Y?(div,Tg) = {u € H; *(Tg), divr,u € H Y2(T'g)}.
For any tangential field w € H{(T'g), it can be represented in the series expansion

R 9790 Z Z uln +u2nvm(9 )

n=0m=-—n

Using the series coeflicients, the norm of the space Hy (I'g) can be characterized by
s () = Z Z (L+n(n+1)° (lufy* + u,*) ;
n=0m=-—n
the norm of the space H_l/Q(curl, I'g) can be characterized by

1
2 m |2 m |2
u _ = —— U, +\/l—|—nn—|—1un ;
” ”H 1/2(curl,I'r) n§0m§_n 1 ( 1)| 1 | ( )| 2 |

the norm of the space H*/2(div,I'z) can be characterized by

1
||u||§1_1/2(div,FR Z Z \% 1 +n n+1 |u1n‘2 —| 2n|2'

== +n(n+1)
Given a vector field u on I'g, denote by
ur, = —e, x (e, x u)
the tangential component of w on I'g. Define the inner product in C3:
(u,v) = v*u, Yu,vecC>
where v* is the conjugate transpose of v.
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Appendix C. TBC for potential functions. It follows from the Helmholtz de-
composition (7) that any solution of (6) can be written as

v=Vo+Vxh, V=0,

where the scalar potential function ¢ satisfies (8) and (9):

24 _ W R3\ D
(41) A(ﬁ‘i’l.ip(,b—o in R\ D,
Orp — ikpp = o(r=1) as r — 0o,
and the vector potential function v satisfies (10) and (11):
(42) Vx(Vx)—r2p=0 in R\ D,
(VX)) x&—iksp =o(r~t)  asr — oo,

where r = || and & = x/r.

In this section, we introduce the TBC for the scalar potential function ¢ and the
vector potential function 1, respectively. The TBCs help to reduce (41) and (42)
equivalently from the open domain R?\ D into the bounded domain €.

In the exterior domain R?\ Bg, the solution ¢ of (41) has the following Fourier
expansion in the spherical coordinates:

n ]’L(l) )
(43) ¢(r,0,0) = Z > Tk ¢’” n (0,9,

n=0m=—n

where hﬁf) is the spherical Hankel function of the first kind with order n and the
Fourier coefficient
o= (R, 0,0)X]"(0,p)dy.
I'r
We define the boundary operator 77 such that

(44) (710)(R,0,0) = LY S sl BT 0. ).
n=0m=-—n
where
(v’
zn(t) = thzll) )
he ' (t)

satisfies (cf. [28, Theorem 2.6.1])
(45) —(n+4+1) <Rez,(t) < -1, 0<Imz,(t) <t

Evaluating the derivative of (43) with respect to r at » = R and using (44), we get
the transparent boundary condition for the scalar potential function ¢:

(46) Or¢p= ¢ onlpg.
The following result can be easily shown from (44)—(45).

Lemma C.1. The operator  is bounded from HY/?(T'g) to H='/%(T'g). Moreover,
it satisfies

Re(Jiu, u)r, <0, Im(Zu,u)r, >0, Yue HY*(R).
If Re( A u,u)r, =0 or Im{Fu,u)r, =0, then u =0 on T'g.
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Next is to derive the TBC for the vector potential function 1. Define an auxiliary
function ¢ = (ikg) "1V x 1. We have from (42) that

(47) Vxy—ikgp =0, VXp+iry =0,

which are Maxwell’s equations. Hence ¢ and 1) plays the role of the electric field
and the magnetic field, respectively.
Introduce the vector wave functions

(48) M (r,6,0) =V x (@hi) (k) X0, 0)),
N7 (r,0,0) = (irs) "'V x MJ(r,0, ),

which are the radiation solutions of (47) in R3\ {0} (cf. [26, Theorem 9.16]):
V x M (r,0,p) —iksN ' (r,0,0) =0, V x N (r,0,¢)+ikM (r,0,¢) =0.

Moreover, it can be verified from (48) that they satisfy

(49) M = b (ker) Vi, X1 X e,
and
1 / 1
(60) Ny = YD G0 ey 4 () T+ LD 0 ey

In the domain R3 \ Bg, the solution of 4 in (47) can be written in the series

(51) $= > arNy+pIMY

n=0m=-—n

which is uniformly convergent on any compact subsets in R*\ Bg. Correspondingly,
the solution of ¢ in (47) is given by

(52) @ = (ire) 'V x ¢ = i Zn: BN — oM™

n=0m=-—n

It follows from (49)—(50) that

—e, x (e, x M) = —\/n DAY (kgr ;
n(n + 1)
1KsT

(hg.bl)(,‘{s’l“) + /fsrhgll)l(/fsr))Tm

—e, X (e, x N") = n

and

er x M™ = \/n(n+ 1)h{) (k)T
n(n+1)

m
e, X N' = o
S

(h{D (kor) + rerh D (rer)) V.
Therefore, by (51), the tangential component of ¥ on I'g is

Z Z VD) 00 R 4 RRY (5 R))a T

iksR
n=0m=—n

+/n(n+ 1AM (ksR)BTV™.
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Similarly, by (52), the tangential trace of ¢ on I'g is

e =3 3 Valn T DA (seRa Ty

n=0m=—n

n(n+1 ’ mx,rm
YO EL) (0 (5, 4 BB () BV

Given any tangential component of the electric field on I'g with the expression
o0 n
u= Z Z uln T+ uhr Vo
n=0m=-—n

where
afy = [ u(R0.0) TG00 = [ i) V0.,
I'r I'r
we define
ms 1+ 2z, (ksR)

n=0m=-n
Using (53), we obtain the TBC for the vector potential 1):
(54) (V x ) x e, =iksTotpp, onTg.

The following result can also be easily shown from (45) and (53)

Lemma C.2. The operator s is bounded from H?*(curl,T'r) to H™'/?(div,T'g).
Moreover, it satisfies

Re{Fu,u)r, >0, YueE Hl/z(curl, Tg).
If Re(F%u,u)r, =0, then u =0 on .

Appendix D. Fourier coefficients. Recalling the Helmholtz decomposition (7):
v=Vo+Vxvy, V-¢p=0,

we derive the mutual representations of the Fourier coefficients between v and

(¢,9).
First we have from (43) that

(55) (1,0, ) = ZZ (1) )wxm( ®)-

n=0m=—n n

Substituting (49)—(50) into (51) yields

(n+1) / R
50 30 YOI G0y 4 D (e T
n=0m=—n s
1
(56) + n(n+1)h;1>(nsr)ﬁ;w$+%

hﬁll) (ksT)at W

Given v on I'g, it has the Fourier expansion:

(57)  P(R,0,¢) = Z Zwmx Q)+ VRV, 0) + VW0, ),

n=0m=—n
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where the Fourier coefficients

T/Jﬂ = - ¢(R7 07 90) : Tnm(ov @)d77

Y = A Y(R,0,0) -V, (0, 0)dy,

Ui = | (R0.9): W, (0, ¢)d.
R

Evaluating (56) at 7 = R and then comparing it with (57), we get

iksR 1
(58) oy = Yins  Bn = Y-
n(n+ DO (kR) Vi + DAY (kR)

Plugging (58) back into (56) gives

1)
o (5sr) + s (557)\ o o
%)= ,;,;2,1( )( v+ DY (ke R) ) 3

R (k5sr) \ mm L (BN [ B (567) o crm
(59) + <h%1)(/€sR) anVn Jr<74) hﬁll)(nsR) w3an'

In the spherical coordinates, we have from (55) and (59) that

1
Vo =0,pe + Vi,

© n € (1)
=2 2 (”ph” ) ) X e, + (h Ucpr) >¢mm

Towa \ B (spR) rhi (1 R)
= i i K/phgll) (KJPT) (b’rnwﬂl + \/mhgll) ("{p’r) ¢me
==\ nP kR )" rh\) (kpR) e
and
Vxgp=> > Ip+1I5+13,
n=0m=—n
where
m vy (R) h%l)(,gsr) + Kzsrhgbl)’(,isr) m m
in r /771(” T 1)h$11) (KSR) 3ntn
_ Rhgll)(msr) 5 n(n+1) pmy
(1) s 72 3n
vn(n 4+ 1)hy, ' (ksR)
hy)
I5, =V x % Vo, Vo'
hy” (KsR)

hsll)( ) + K:brh ( m \/ n + 1 h m m
= ) 1p2n n w

rhiD (ksR rhiD (/@SR) e
(R) hgll) (’%ST) m m

. (1) San

r hr” (KsR)
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(1)
Ry/n(n+ 1)hy,” (ksr)
- 1
r2h] )(IisR)
Combining the above equations, we obtain

v(r,0,0) =Vo(r,0,0) + V x (r,0,p)

V3V

" W (o) D (o) + rarhD
ZZ(“ OB pr) oy () () + il (s, ”%JT:?

o h“( R) rhil (roR)
' Vnln+ DAL (ks
+ Hp(l) Do+ n(l) Uy ) w
hy’ (K R) rhy’ (ksR)
(60)
K“SRhgll) (KST) m m

+ n n
VD (kR)

which gives

o) n 1
o(RO.0) =Y 3 & (VAT Der + (1 + zalmR)U5) T
n=0m=—n
k2R morm L m
(61) + mmen R (Zn Hp Qb +n ’I’L + 1 77[}2n) W

On the other hand, v has the Fourier expansion:

(62) v(R,0,0) = Z Z VT R VT 4 ot W

n=0m=—n

Comparing (61) with (62), we obtain

m o Vnn+1) (14 zu(ssR))
Vip = T(ﬁn + R ¢2n7
kiR
63 v = —— I
( ) 2n TL(TL+ 1)’(/}371
m Zn(kpR) . n( ) m
3n — Rp n + wZn’
and
m R+ 2z,(ksR)) . Ry/n(n+1)
¢)n = A, U3y — A, Vins
m  Rezn(kpR) . Ry/n(n+1)
(64) 2n — "Anp Uin — An U3pn»
m nn+1)
Y3y, = HgiRUzm
where

Ay = 2, (kpR)(1 + 2, (ks R)) — n(n + 1).
Noting (45), we have from a simple calculation that
ImA,, = Rez, (kpR)Imz, (ks R) + (1 4+ Rezp (ks R))Imz, (kp R) < 0,
which implies that A, # 0 forn =0,1,....
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