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Abstract

This paper investigates the scattering of biharmonic waves by a one-dimensional
periodic array of cavities embedded in an infinite elastic thin plate. The trans-
parent boundary conditions are introduced to formulate the problem from an
unbounded domain to a bounded one. The well-posedness of the associated vari-
ational problem is demonstrated utilizing the Fredholm alternative theorem. The
perfectly matched layer (PML) method is employed to reformulate the original
scattering problem, transforming it from an unbounded domain to a bounded
one. The transparent boundary conditions for the PML problem are deduced,
and the well-posedness of its variational problem is established. Moreover, expo-
nential convergence is achieved between the solution of the PML problem and
that of the original scattering problem.
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1 Introduction

Scattering of flexural waves in an elastic thin plate, modeled by fourth-order bihar-
monic wave equations, holds broad engineering applications. These applications
span diverse fields, including the design of ultra-broadband elastic cloaking [1-3],
platonic crystals [4-6], and the exploration of acoustic black hole concepts [7]. Conse-
quently, ongoing research in theoretical analysis, numerical simulations, and industrial
manufacturing continues to draw considerable attention from both engineering and
mathematical communities.

Most works in the literature focus on the static problem in a bounded domain,
which is formulated by the bi-Laplacian equation. When addressing the fourth-order
problem using the finite element method, standard H?-conforming methods necessitate
C'-continuous piecewise polynomials on the mesh, a challenge in practical implemen-
tation. Alternatively, various nonconforming and discontinuous finite element methods
have emerged, such as the weak Galerkin finite element methods supplemented with
stabilizers [8-10]; the virtual element method, which requires no global C? regularity
for the numerical solution [11, 12]; and the mixed element method, effectively reducing
the fourth-order problem to coupled second-order problems [13-16]. These methods
have undergone comprehensive analysis.

When compared with the results concerning the bi-Laplacian equation, the find-
ings are relatively limited for the biharmonic wave scattering problems in unbounded
domains. In [17], the initial theoretical analysis of the boundary integral equation
method was provided for solving the biharmonic wave equation. Through the intro-
duction of two auxiliary variables, the biharmonic wave equation was split into the
Helmholtz and modified Helmholtz equations. Subsequently, the Holmholtz and mod-
ified Helmholtz wave components were represented using the double- and single-layer
potentials. The well-posedness of the coupled boundary integral system was established
by applying the Riesz—Fredholm theory. If the exterior problem is approached using the
variational approach with transparent boundary conditions (TBCs), the studies con-
cerning waveguide and obstacle scattering problems were presented in [18, 19] under
various boundary conditions, including clamped, simply supported, roller-supported,
or free plate boundary conditions. Numerically, a mixed element method was proposed
in [20, 21] by introducing two auxiliary variables and decomposing the biharmonic
problem into the Helmholtz and modified Helmholtz equations. Subsequently, TBCs
were introduced for each equation. Particularly, the linear finite element method, incor-
porating interior penalty and boundary penalty, was proposed in [21] to effectively
reduce the oscillation of the bending moment.

The method of perfectly matched layer (PML) is a widely utilized domain trunca-
tion technique. In contrast to the nonlocal TBC method, the PML method generates
a local boundary condition on the outer surface of the layer by integrating an artificial
absorbing region around the domain of interest. The ease of handling the local bound-
ary condition has contributed to the widespread adoption of this method ever since
its inception by Bérenger [22] for solving the time-dependent Maxwell equations. It
has found extensive applications in solving various wave scattering problems, includ-
ing, for example, acoustic waves [23], electromagnetic waves [24-26], and elastic waves
[27, 28]. The PML method has also been utilized numerically in solving biharmonic



wave scattering problems [29-31], highlighting its convenience and accuracy. How-
ever, to our knowledge, a comprehensive discussion regarding the well-posedness of
the PML method and its convergence has not been documented in existing literature.
This paper aims to address these gaps.

In this paper, we investigate the scattering of flexural waves resulting from a plane
incident wave interacting with a one-dimensional periodic array of cavities within an
infinite elastic thin plate. The wave propagation is described by the fourth-order bihar-
monic wave equation. Because of the periodic characteristics of both the incident wave
and the cavities, the solution complies with quasi-periodic conditions, allowing us to
formulate the problem within a single periodic cell. The TBCs are derived by incorpo-
rating the bounded outgoing wave condition, utilizing the Fourier series expansion of
the solution in regions distant from the cavities. With the aid of the TBCs, the scat-
tering problem is equivalently transformed from an unbounded domain to a bounded
one. The corresponding variational problem is shown to satisfy Garding’s inequality,
and its well-posedness is established through the utilization of the Fredholm alterna-
tive theorem. To replace the nonlocal TBCs, the PML method is adopted through
the complex coordinate stretching scheme [32]. Alternatively, the unbounded domain
is truncated by imposing homogeneous boundary conditions on the wave field and its
normal derivative at the outer boundary of the PML region. Upon studying the Fourier
series expansion of the solution to the PML problem, we deduce equivalent TBCs to
reformulate the PML problem in the domain where the original scattering problem,
along with the TBC, is imposed. The well-posedness of the PML problem is con-
firmed through an examination of its variational formulation. Additionally, the PML
solution demonstrates exponential convergence concerning the thickness of the PML
regions towards the solution of the original scattering problem. For a comprehensive
account of related electromagnetic wave scattering problems in periodic structures, we
reference [33].

The paper is outlined as follows. Section 2 introduces the model equations. The
TBCs are derived in Section 3. Section 4 details the reduction of the scattering problem
to a bounded domain using the TBCs, along with the discussion on the well-posedness
of the variational problem. Section 5 addresses the PML problem, including inves-
tigations into its well-posedness and convergence. Finally, the paper concludes with
general remarks in Section 6.

2 Problem formulation

Let us examine the scattering phenomenon of an incident wave interacting with a one-
dimensional periodic array of cavities in an infinitely extending elastic thin plate, which
is characterized by the Kirchhoff-Love model and is depicted in Figure 1. Assume that
the alignment of the cavities coincides with the x;-axis, exhibiting a periodicity of A.
Consider an incident field represented as a time-harmonic plane wave given by

ul([L') _ ei(ozasl—,Bacz)7 = R2,

where o« = ksinf, 5 = kcosf with Kk > 0 and 0 € (—g, g) denoting the wavenumber

and the incident angle, respectively. It can be verified that the incident field v’ satisfies
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Fig. 1 Schematic of the problem geometry.

the biharmonic wave equation
A%yt — k' =0 in R?.

Due to the periodic nature of the geometry, the problem can be confined
to a single periodic cell. Denote by ). the cavity with a Lipschitz contin-
uous boundary T'.. Let R be a rectangular domain that is sufficiently large
to enclose the region .. Without loss of generality, let R be defined as
R = {x ER?:0< 21 <A hy <9< hl}, where hi,k = 1,2 are constants.
Additionally, define Ty, = {33 ER?2:0< a1 <A, zo = hk} for £k = 1,2, I} =
{x€R2:x1:0,h2<x2<h1},andl"rz{x€R2:xle,h2<x2<h1}.LetQ:
R\ Q.. Define Q; and € as the regions above and below I'; and T's, respectively.

The out-of-plane displacement of the plate, denoted as u and referred to as the
total field, also satisfies the biharmonic wave equation

A*u—k*'u=0 inQ. (1)

The total field is assumed to satisfy the Dirichlet boundary condition, known as the
clamped boundary condition, on I'.:

u=0, Jdu=0, (2)

where v denotes the unit normal vector on I'.. It is worth noting that other types of
boundary conditions, such as the Neumann boundary condition, often known as the
free plate boundary condition, can be similarly taken into account.

Given the periodic nature of both the structure and the incident wave, the solution
to (1)—(2) demonstrates quasi-periodicity. Specifically, if u is a solution to (1)—(2), then
u(x)e™1%%1 is a periodic function of z; with a period of A. This characteristic gives
rise to the quasi-periodic boundary condition on I'; and Ty, i.e., u satisfies u(0,22) =
e~ 1Ay (A, z2). Furthermore, to ensure the well-posedness of the problem, it is essential
to impose a bounded outgoing wave condition on the scattered field v® = v — v’ in
and the total field u in Q.

We introduce notations and function spaces employed in this work. Denote by
H?(Q) the standard Sobolev space, comprising functions with square-integrable values,
as well as square-integrable first and second partial derivatives. Let us define the



quasi-periodic function space
H2,(Q) = {u € H*(Q) : u(A, x2) = u(0,22)e "},
along with its subspace

2
quaFc

(Q) = {u S HEP(Q) U= O,ayu =0 on Fc} .

Clearly, HZ2,(€?) and HZ

a1, () are subspaces of H 2(Q) equipped with the standard

H?-norm.
Given a function u € ng(Q), it allows for a Fourier expansion on 'y, k = 1,2 :

U(l’, hk) = Z u(") (hk)eia"wl,
neZ

where A
2 1 .
ap =a+n <A> o u™ (hy) = A/o u(x, hg)e ' “"rday.

The trace function space H*(T'y), where s € R, is defined as follows:
H*(Ty) = {u e L2(Ty) : [Jull go(r,) < oo},

with the norm given by

1/2
[ull s r,) = (A > (1+ai) ful (hk)|2> :

nez

In this paper, whenever a < b is used, it denotes a < Cb, with C representing a
positive constant. In this context, the values of the constants c; are positive and may
vary in different steps of the proof. Although the specific values of C' and ¢; are not
explicitly stated, their dependence should be apparent from the context.

3 Transparent boundary conditions

In this section, we address the challenge posed by formulating the problem in an
unbounded domain. To overcome this obstacle, we propose introducing an equiva-
lent transparent boundary condition (TBC) on I'y,k = 1,2 with the objective of
transforming the problem into the bounded domain €.

Let v = (v1,12) and 7 = (11, 72) be the unit normal and tangent vectors, respec-
tively, to the boundary of 2. Clearly, we have ; = —v5 and 75 = v;. Define the normal
and tangential derivatives

Oy := 110y, + V20y,, Oy = =120y, + 1104,.



For 0 < p < 1, referred to as the Poisson ratio, define the surface differential operators

(cf. [34]):
Mu = pAu+ (1 — p)Mou, Nu:=—-0,Au— (1 — p)d,Nou, (3)
where My and N, are explicitly given by

9%u 8%u 0%u
Mou = v} == + 201vp 5——— + V5 7,
ot Vlax% V1V28m18x2 Van%

2 2 2
Nou := (V12—l/22) Ou — Vil (M— M)

8x18x2 8:5% 8;10%

First, we derive the TBC on I';. Based on the bounded outgoing wave condition,
it is shown in [20] that the scattered field u® can be represented by a Fourier series
expansion in the domain €y:

u (21, 15) = Z Hl(n)eianx1+iﬂn(ac2—h1) + Z Ul(n)eiozngr:l—'yn(acg—hl)7 (4)
neZ neZ

where H\™ U™ ¢ C are the Fourier coefficients, and

2 2y1/2 .
5 — {(/@ az) if & > |ap|, —(ta )1/2 5)

i(a? — K2)1/2 if K < |am|, "
Here, we assume that 3, # 0 for all n € Z to rule out the occurrence of resonances.
Let (u,0yu) = (f1,91) and (u®,d,u®) = (f1, 1) be the Dirichlet data for the total

and scattered fields on I'1, respectively. It is clear to note that these data satisfy the
relations

fi(@y) = fi(zy) + @B gy (21) = g (2q) — iBelOm =AM,

Being quasi-periodic functions, f; and ¢; admit the Fourier series expansions

w21, h) = fi(z1) Zf g e 9 ut(zy, hy) = Zg(”) ianer

nez neZ

where fln), gi") € C are the Fourier coefficients.
On the other hand, evaluating the scattered field u°, as defined in (4), and its

normal derivative 0,,u® on I'y, we obtain

u® 11,‘1, hl Z H lo’n-Tl + Z Ul(n)eianxl’

neZ nez
Ozt (x1, hy) = Z iﬂnHl(n)eianm _ Zanl(n)eia"zl-
neZ nez



Combining the above equations, we have from straightforward calculations that the
scattered field u® in domain §2; can be expressed as

F(n) | A(n) . .
us(xlumZ) = Z <M> elanzl+16n(l2—h1)

nez Tn + iﬂn
o 2(n) ()
Dl (% i PEEEREN (©)
nez n lﬂn

On I'y, the surface differential operators M and N given in (3) can be simplified to

&u Pu ?u  *u
B ATy
2 030z 03’ e Nax% * 023 Q

Nlu = —(2 -
Substituting (6) into (7) yields the TBC of the scattered field «® on I'y:
N’ =T i+ T g1, Muw® = T fu + T3 g1,

Here, the Dirichlet-to-Neumann (DtN) operators Tgl), i,7 = 1,2 are given by

?

(T ) (1) = Y iBvn (0 = 1) Vel
nez

(T2(11)f)(331) == Z (o2 —iBnvn) fmegloanr

neZ (8)
(T1(21)g)(1'1) == Z (uafb - iﬁn%) g(n)eianm17

nez
(T3 9) (1) = — Z (Yn — 1Bn) g™ e,

nez

where f(™ and ¢(™ are the Fourier coefficients of f and g, respectively. Noting u =
u® + u?, we deduce the TBC for the total field u on I';:

Nou=T [+ T g +pi. Miu=T3 fi + Tiy g1 + pa. 9)

where
pi(e1) = = (2i8a® +26%) N py(ay) = —(26° + 2ify)e =) (10)
Given the similarity in the derivation process of the TBC to that of 'y, we provide

a brief overview of the procedure and present the resulting TBC. In accordance with
the bounded outgoing wave condition, the total field v exhibits the Fourier series



expansion in €s:

u(a:l, x2) _ Z Hén)eianx1—i,3n,(x2—h2) + Z UQ(n)eianx1+’Yn(x2—h2). (11)
nez neZ

Evaluating (11) and its normal derivative on I's, we obtain

ml,hg ZHén emmml + ZUQn) iapT) _ Zan ménml

ne” ne”Z nez
(n) (n) (n) (12)
5uu($1, h2) = Z lﬂnH 1oma:1 Z ’)’nU 1anz1 _ Z 9 1017111
nez nez nez

where (u,0,u) = (f2,g2) are the Dirichlet data on I'; and have the Fourier series

expansions
_ n) iapx _ (n) ianz
=Y RV T ga(wn) =) gy en
neZ neL

By solving the system (12), we deduce that the total field u in Qo admits the
Fourier series expansion

(n) (n)
u(xth) = Z (’Ynf,f;z _’_Tﬁgz ) ela'rtw171ﬂ7z(m27h2)

neZ
(n)
15nf2 — 92 in @1 +vn (22—ha)
+ elanxl In (T2 2 . 13
£ (et "
Noting that the surface differential operator M and N on I's can be simplified to
u u u  O%u
Nou=2—p)=——+ =, Mu=p—+—-— 14
2u=(2-p) 0230z 023’ 24 ”aﬁ * 0z’ (14)
we substitute (13) into (14) and obtain the TBC of the total field u on I's:
Nou=T fo + T3 g2, Mau=T4; fo+ T3 g, (15)

where the DTN operators T(J ), 1,7 = 1,2 are defined as

(T 1) (@) = iBuvn (o — 18a) f3 e,

nez

(TQ(f)f)(fl) S Z ( lﬁn’yn) f(") lanzpl

nez

(T35 9)(x1) = = > (na? — iBuyn) gy el
neZ

(T35 9) (1) = = 3 (4 — 1) g3 el
nez



The following result concerns the properties of the DtN operators Ti(jl) and Ti(f),
where 4,7 =1, 2.
Lemma 1. For k = 1,2, the DtN operators Tl(f) : H3/2(Ty,) — H-3/2(Ty), Tl(f) :
HY2(T)) — H-3/2(Ty), TS« H3Y2(T)) = H-Y2(Ty), and T © HY2(T)) —
H~Y2(T},) are bounded.
Proof. We only prove the results for the operators Ti(jl), as the corresponding properties
for the operators Ti(f) can be obtained in the same manner. It is clear to note from
(5) that

im Pnl g g Dl (16)

For a given f € H3/?(T), we have from (8) and (16) that

1 =3/2. . n) 12
||T1(1)f||2H—3/2(F1) =A Z (1 =+ 0‘%) |1/8n7n (Yn —1Bn) f( )|
nez
<SS+ a2 FOP S e,
nez

and

IS F1 ey, = A (14 02) 7| (no2 —iBaya) )
nez

S+ Q2P R ey
nez

Similarly, for any function f € HY/?(T), we deduce from (8) and (16) that

ITS 120,y = A (1+02) ™| (na2 —iBa7a) 9™

neZ
S Z(l + a%)1/2|f(n)|2 S ||fH12q1/2(r1)7
neZ
and
1 —-1/2 . n) |2
155 FI oy = A D (14 02) 7| (3 — iBa) £
neEZ
< ST+ a2) 2R S 1 ar, -
neZ
thus completing the proof. O

Lemma 2. If |n| is sufficiently large, then the following inequality holds for any
complex values f and g:

§R{ —iBnyn (Yn — iBn) |f|2 + (uai - iﬁn'}/n) gf



+ (102 —iBuyn) 3+ (Yn —iBa) g2} > 0.

Proof. By the definitions of 7,, and 3, given in (5), a straightforward calculation shows
that for sufficiently large |n|

_iﬁn')/n ('Yn - lﬁn) >0, Mai - iﬂn'}/n >0, Y — iBn > 0.

It suffices to demonstrate for sufficiently large |n| that
7iﬂn’)’n (771 - 1ﬂn) |f|2 -2 (ﬂai - lﬂn’)’n) |f||g| + (7n - lﬁn) ‘g|2 Z 0.
Utilizing the Cauchy inequality, we deduce from a simple calculation that

((_iﬂn'Yn)l/Z ('Vn - 16n) )2 - (MO‘EL - iﬂn'yn)2

= 7’}/253’ - .uo‘;ll —2i(1 - :u)’YanO‘?m

= afz — k' = MO/:L - 2i(1 - /L)'Ynﬁnai

= (1 - ,u) (O‘;Lz - Qi’Ynﬁnai) - /{47

which is positive for sufficiently large |n| by noting that x4 < 1 and a —2ivy,, 8,02 — 0o
as |n| — oo. O

Lemma 3. For any f € H*?(T'y) and g € HY?(T'y) with k = 1,2, there exists a
positive constant C such that

k k) 7 k) o~ k
%{/1‘ (T1(1)|f|2 +T1(2)9f7LT2(1)JIQJFTQ(2)9|2>d$}
k
> =C (I ey + gl )-

Proof. We prove the result for k£ = 1, as the result for £ = 2 can be obtained similarly.
By the definitions of Ti(jl) and Lemma 2, we have

- §R/F (11712 + 15 0f + T 19+ TR 1gl?) ds

=AY R = 1Buva (g — 1) 1S + (0 i) g T

+ (10 = i) g™V F + (s = 1B.73n) g0 + (3 = 18,) |9 |

> A > R = 1Ban (0 — 1) [FO + (a2 = 1B170) g TOD

10



+ (o, = iBaym) F™g™ + (3 — iBa) Ig(")\Z}

> =C (I ey + l9liEace ) -

where ng is the smallest integer such that Lemma 2 holds. O

Utilizing the TBCs given by (9) and (15), we transform the original problem (1)—(2)
from an unbounded domain into the bounded domain 2, which is to find a quasi-
periodic function u satisfying

A%y —ktu=0 in Q,
u=0, Ju=0 onT.,
N1UZT1(11)f1 + T 1(2)91 +p1 only,
_ (1) (17)
M1U—T21 fi +T22 g1+p2 onl'y,
NQU = Tl(f)fg + Tl(g)QQ on FQ,
Mou = Tz(f)fZ + TQ(S)QZ on I'y,

where p; and ps are defined in (10), and ( fx, gx) are the Dirichlet data of the total field
w on 'y for kK = 1,2. The objective of this study is to examine the PML formulation
applied to the boundary value problem (17) and to establish the convergence of the
PML solution.

4 The variational problem

In this section, we present a variational formulation for the boundary value problem
(17) and examine its well-posedness.

Observing that the bi-Laplacian can be expressed in terms of the Poisson ratio, as
demonstrated in [34], we have

0% [(0%u  B%u 02 0?u
2 _ .4 _ 07 (07U
Alu=ru oz (833% +M8x2) +21- )63618332 <8x18x2)

N 0% [(0%u N 0?u 4
— | =5+ | — &'
dz3 \ 03 Maxf

Multipling both sides of the above equation with a test function v € HZ, p (€),
integrating across the domain €2, and applying integration by parts, we obtain

0% 4 -
/Q [uAuAv—i— (1- Z szax] 2 0m 01, — K uv|dx
2
= / (0Nyu + 8,5Myu) ds = 0. (18)
Iy

k=1

11



Substituting the TBCs on I'y, k = 1,2 into (18), we arrive at the variational problem:
find u € ngypc (©) such that

a(u,v) = / (p10 + p20,0)ds Vv e ng)r‘c (), (19)
ry
where the sesquilinear form a(u,v) : H2,  (Q) x HZ, 1 () = C is defined as

2
0% 4
a(u,v) = /Q [uAuAv—i— (1- Z axla% didn, K uv] dz

—Z/F T ) - wds (20)

with w, v, and T®) given by

- u . v (k)f
o R P

The following trace theorem can be found in [35, Theorem 1.1.6].

Lemma 4. Let Q be a Lipschitz domain. Then, there is a positive constant C for
which

k k
Y T3y

k k
T3 Ty

1/2

1/2
lullz2 (o) < Cllull g llulljrg, Yue HY(Q).

Theorem 1. The variational problem (19) has a unique weak solution u € Hsp’ (Q)

except for a discrete set of wavenumbers k.

Proof. Tt follows from Lemma 1 and the trace theorem (cf. [36, Lemmas 2.2 and 2.3])
that the continuity of the sesquilinear form (20) is evident. It can be shown from [18]
that there exist positive constants ¢; and cp such that

2

[ s+ a-m Y |20

—1 (%czamj

2
- /-#uF]dm > elule ey — colulaey. (21)

By combining Lemmas 1, 3, and 4 with the Cauchy inequality, we deduce

2

*%Z/F (T(k)u) ‘uds > *CB(HUH%Z(Flqu) + ||812UH%2(1"1U1"2))
k=1"T*

ca(llull 2y llull 1) + IVull 2@ Vull g o))

> -
> —csl|ullFn oy — collullzr (o),

12



Fig. 2 The schematic of the PML problem.

where ¢g > 0 is sufficiently small. Combining the above inequality with (21), we verify
that the sesquilinear form (20) satisfies the Garding inequality

Ra(u,u) > crllull g20) — csllull g1 (@),

which completes the proof by applying the Fredholm alternative theorem. O

5 The PML problem

This section focuses on the PML problem, aiming to establish its well-posedness while
also providing a convergence analysis of the PML solution.

5.1 The PML formulation

Denote by QEML , for £ = 1,2, the PML regions above and below the interfaces I',
respectively. Assume that the thickness of each region is J and denote the outer
boundary of QPML by TPML et OFPML = O U QPML y QML be the domain in which
the PML problem is formulated. The schematic of the PML problem is depicted in
Figure 2.

The PML parameters in QEML are introduced by the complex coordinate stretching
(cf. [32]):

1 if hy <t < hy,

T . t—hy mo
i’z = 30(1'2) = / S(t)dt, S(t) _ 1+ 109 < 51 ) lf t > hl;
0

ho —t\™
1—|—iao<25 ) if t < ho,
2

where o is a positive constant, and m > 2 is an integer.

13



Let @ be the solution of the total field for the PML problem in the complex
coordinates & = (z1,Z2). It satisfies

A% —kra=w in QFML
= S i PML
u=u'y O0,i=030u" onlj (22)
_ . PML
u=0, d,u=0 on I's ™™,

where A is the Laplacian operator in the complex coordinates and is given by
~ 0%u  0%u
Al =55+ 55,
Oxy 0735
and o _
R A%yt — Mt in QPME
0 in Q\ QPME,
Here, the complex coordinate variable & = (x1,Z2) is considered to be in QEML or
on TPMY if o = (21,9(Z2)) is in QPME or on T'EME| where 4 is the inverse function of

@, le., mp = P(T2) = o~} (T2).

5.2 TBC for the PML problem

To equivalently formulate the PML problem from the domain QFMT to the domain €,
we investigate the TBCs of the PML problem (22) on the interfaces I'y.
First, we deduce the TBC on I'y. Consider the scattered field

(21, p(x2)) = (w1, p(x2)) — u' (21, 22).

It follows from (22) that the scattered field 4® satisfies

Aw® — k't = in QPML

~8 A ~8 ~

u = fla al/u =g1 on F17 (23)
=0, 0,0°= on TPML,

where (@*,0,4°) = (f1,41) are the Dirichlet data for the scattered field @* on I'y. As
f1 and §; are quasi-periodic functions of x; with a period A, they have the Fourier
series expansions

A (1) = Z fl(n)eia"zl, g1(z1) = Zg&”)ei“m.

neEZ nez

14



Since the scattered field @* satisfies A@® — £%@* = 0 in OPML " we can verify that
@* admits the following analytical expression in QYML:

ﬂs(xl, fQ) = Z {Wl(n)efiﬁn(ithl) + Vl(n)ei@n(iz,hl)
ne”Z

+ XM @—h) Yl(")e—’Yn(iz—hl)]eianwl. (24)

Substituting (24) into the boundary conditions in (23), we obtain a linear system of

algebraic equations for the Fourier coeflicients Wl("), Vl(n), an), and Yl("):

W1n) + Vl(n) —I—an) +5/1(n) _ f1“)7
- lﬂnwl(n) + I/anl(n) + ’Yann) - ’Ynyl(n) = QYL);
n)

b - : : (25)
Wl(n)eilﬁ"hl + Vl(n)elﬂnhl _|_X1(”)e’ynh1 + Y'l( e~ Ynh1 — 0,
_ i/anl(n)efiﬁnﬁl + iﬂnvl(")eiﬁnfn + anl(")eWn;ll _ ,Ynyl(")ef’ynﬁl =0,
where
B hi1+61 ioo
hi=(hi +61) — hy = £)dt — h :5(1 ) 26
1=¢(h1+61) — M /0 s(t) p=0 {1+ (26)

Through tedious yet straightforward calculations, we solve the linear system (25)
and obtain the solutions for the Fourier coefficients:

n 1 A(n ) . i B
W1( ) — (n){fl )[(%ﬁn _ 1%21) e2iBnh1 _ 2571'7716( BrAn)h1
Dl
+ (o -+ 107) 2P0 | G (8 — i) P

T Qi%be(iﬁnﬂn)fn — (i7n + Bn) 62(i13n+7n);7'1:| }’

M = ;n){ff") [ (Bt +112) + (3B = 72) €377 — 28,3, 0047000
1
- ggn) [(Bn + i'Yn) - (ﬁn - i’Vn) 62%1711 - 21’7n6(wn+%l)ﬁl} }7
X = — {f{” [(Bun = 182) + (182 + Buryn) €297 — 23,7, e00 5700 |
1
- gin) [_ (/Bn + i'Yn) - (ﬂn - i'Yn) 6215"51 + Qﬂne(iB"Jﬂyn)ﬁl} }7
y ™ = D%n) { FO[ 682 + Bun) €001 — 28,00+ 1000
1

+ (/Bn'}/n - 167%) 62(iﬁ"+’yn)hl} - QYL) {(ﬁn - i'Yn) e2mh
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_ 2ﬁne(iﬁn+7n)hl + (lfyn + ﬂn) 62(iBn,+’7n)FL1:| }’

where the denominator Dgn) is defined as

Dgn) — —8671%6“3"*7")’31 + (=182 + 192 + 28m) (14 e2(i,8n+'yn)ﬁ1)
+ (82 — 172 + 2B07m) (210001 4 e21mIn), (27)

It is clear to note from (26) that both of the real and imaginary parts of hy are
positive. If the thickness of the layer d; is sufficiently large, i.e., ®hq = 4, is sufficiently
large, then the leading term in (27) is the one containing e?¥"1. A simple calculations
yields

02 . 2 2 . 4

which ensures that Dg") is non-zero for sufficiently large d;.

Substituting (24) into (7), we obtain the TBC of the scattered field @* for the PML
problem on I'y:

Nt =T h+ TS5, Ma® =T fi + T3 g, (28)
where the DtN operators Zf’i(j?), 1,7 = 1,2 are given by
eiona

<ﬂ%mm:—zlwmw{(@m—z%+@% Bae)

neZ

+ (183 + G202 + 18293 + Buva) €5
— (iB2n + 8292 + 18273 Bl e2rnia
+ (iBavn — Bz +1B242 — Buvn) o2({Bn+m)ha },

1an:61

()] (1
o ){<2uﬂﬁ + (1= p)Bom + (2 = p)iBays
Dl

(T a) @) = - °

nez
— (L= )Ba7i + S ) + (= 58 + (L= By — (2 — 0)iB2A2

i o i
— (1= p)Bnp - 5#73)62 Prbr 4 ( = B+ (1= wBm

i -~
— (2= wiBiye — (1 — p)Bas — imi)e”"’“

TR
(4= 4p2) (Buys = Biya) WP 4 (Zppt 4 (1= )i

K. i ;
+(2—pi 6n’7n (1- /L)/Bn’}/i 51'}/4) 2(iBrn+yn)h1 }7
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AP0 = -3 T O] (S8t + 0 - Wi+ - st
1

nez

i i .

— (1= p)Buys + §mi) + ( = B+ (L= B — (2 = w)iBaay
i o i

— (1= pW)Bavs — §/wi)62 e ( = gt + (L= 1)Bvm

( ) Bn,y'n ( - /Ja)ﬁn’}/i — %'ury’i)e})’n;h

i L [
+ (4= 4) (2B — Bim) 0P 0 (2l 4 (1= )i

. i iB, h
(2= iB292 = (1= ) Bars + Spys )20l }

and

lOt,,,wl

nez Dl

- iﬁ?ﬂ/n + BM?L - 1732) b

(Bn
( n’Yn + Bn'ﬁz - i%?i) €
+ (B3 + B2 + BuyE + i) 209t |,

2vn h1

Let (@,0,4) = (f1,91) be the Dirichlet data of the total field @ on I'y. Utilizing
(28) and noting f; = f1 +u’ and g; = g1 + 9., u’, the TBC for the total field @ on T'y
can be formulated as

Nlﬂ:Tfi)fl+T1(21)gl + P, Mlﬂzfz(ll)fl JFTQ(;)gl + po, (29)
where
pr(ar) = Nyt — TP 0wl = TR 0,0t polan) = Myw' — TDw — TP o, 0. (30)

The TBC can be similarly deduced on I's. Derived from the biharmonic wave

equation in (22), the PML solution @ exhibits the following analytical expansion in
QPML.

1](.’)31, i‘2) = Z |:W2(n)€_iﬁn(552—h2) + ‘/é(n)eiﬁn(iz—hz)

neZ
+ X2(”)e’yn(i2—h2) + Y'Q(")e—’yn(iz—h2):|eianrl. (31)
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Substituting (31) into the boundary conditions in (22), we obtain a linear system for
the Fourier coefficients Wz(n)7 Vzn)7 X2(n), and Y2(n):

WY+ v XY Y =

— i85 +iB, V3" + 7 X5V = 1 ¥y = —gf",

WM e Bnhz ) gibuha o x(Wernha 1y W o=z — g

— iBan(n)e_i’B”B"‘ + iBnVQ(n)ei’B”E"‘ + ’ynXén)eA’”;L2 — 'anQ(n)e_%h? =0,

(32)

where (u, d,4) = (fa, g2) represent the Dirichlet data of the total field on T's and have
the Fourier series expansions

f2 _ Z f2n)eio¢nzl7 go = Zgén)eianwl’

nez neZ

and

hz*(sg 3
- iog
= — — — — = — 1 + .
h2 go(hg (52) hz ‘/0 S(t)dt h2 62 < 1> (33)

Upon solving the linear system (32), we have

W2(n) = () {fQ(n) |: (’Ynﬁn - 1'7721) eQiﬁ"hg - 2/8n’7n€(iﬁn+’yn)h2
D2
+ (Yo +i2) 209002 | 4 V] (8, — iy, ) 2P
+ 2i,yne(i5n+')’n)ﬁ2 _ (I'Yn + ﬁn) 62(i5n+7n)‘h2:| }’
n 1 n . . h i h
v = ) {f2 : |:(Bn7n +ivp) + (b — i7n) €712 = 28,7l ﬁ”*””””}
2
+ an) [(ﬁn + i'Yn) - (ﬁn - i'Yn) 627"’}12 — 2i7ne(iﬁn+’yn)ﬁ2:| }a
n 1 n . . iB,, h i h
x{" = D("){ 3 {(ﬁn% —iB2) + (i85 + Buyn) €772 — 28,7 B"*'Y")”"]
2

+ ggn) {— (Bn + i'7n) - (Bn - i'Yn) e2iﬁ’niL2 4 QBne(iﬁn+’Yn,);lQ:| }’

1
Y(") —
2 Dén)

{ 2(") |: (iﬁi + /Bn,yn) 62"/nfl2 _ Q/Bn,yne(iﬁn,"r’)/n)FLZ
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+ (Bn’)/n - 1/83) eQ(iﬂn+’yn)h2} + gén) [ (ﬂn - i%) 2l

= 26,08t 4 (i, o 5,) 20 H10)0s H,

where the denominator Dé") is given by

Dén) = —SBnryne(iBn'F"/n)fL? + (_1/82 + 17721 + Qﬂnfyn) (1 + eg(iﬂn‘f")’n);u)
+ (B2 — 172 + 2Bnym) (€29nh2 4 2mhz), (34)
By (33), both of the real and imaginary parts of ho are negative. If the thickness
of the layer dy is sufficiently large, i.e., —Rhy = do is sufficiently large, then the

leading term in (34) is the one containing e?#»"2. Observing |i8% — i72 + 28,7n|> =

|Yn +1Bn|* # 0 for any n € Z, we deduce that the denominator DnQ) in non-zero for
sufficiently large ds.

Substituting (31) into (14), we obtain the TBC for the PML problem on I's:
Noti = TP o+ 11D g2, Mpii =TS} fo + 157 g, (35)
where the DtN operators T( ) ,i,7 = 1,2 are defined as

1anw1

(TP fa) 1) = = 32 S A5 (B — 8372 +i827% — Bari)

newz n
— (1B + 272 + 18292 + Barl) e2inh2
+ (iBavn + B2VZ + 182792 + Buva) e2vnh2
— (B2 — 8342 + 1273 — Bt 20 tom)ha }

R 1oznzl n i .
(@) = = 5 o (500 + (1= B + 2= wisnd
nez n

— (1= ) By + givﬁ) + ( - %u@i + (1= p)Bom — (2 — wisays
— (1= @) By — %mﬁ)eziﬁ@ +(- %uﬁﬁ + (1= 1)Baym

— (2= wiBiys — (1 — p)Buvi — %MV:}L)@Q%%
+ (4= 4p1) (Bus — Bim) 0010z 4 (%uﬁi + (1= w)Baym

I ; .
+ (2= iy — (1 — p)Bavy + §I’Yﬁ>€2( ﬁnﬂn)}m},
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1anw1

A0 ) o) = = 5 T 1] (Gt (1= 0 + (2 - wisk

nez
i i .
— (1= p)Bavp + 5#73) + ( = B+ (L= B — (2 = w)iB
i G i
— (L= )8 = 5un ) €2 4 (= S8+ (1= )i
— (2= wiBivs — (1 — p)Bnvs — %Mfi)eg””;‘z

i g
+ (4= Ap) (V3B — B eWnFrmha 4 (guﬁfi + (1= ) Byym

DY

. i o
+ (2= Wiy — (1= B + imi)e“ Prtn)hs }

and

lOé,L(lfl

(75 (n)ga) (1) = = > © —a 98" { (B2 + 182 + Bur? +10)

neZ n
+ (ﬁB — iﬁfﬂn + gn%% _ iﬁ) 2iBnha
_ (ﬂg 1[3n’yn + Bn'}% _ ifyi) 62%?12
— (B 4B + B2 + 173) 208t }

Lemma 5. Assuming that the thickness of the PML layers 6 for k = 1,2 are suf-
ficiently large, the DtN operators Tl(f) C H32(Ty) — H3/2(Ty), Tf? CHY2(Ty) —
H=3/2(Ty), W)« H3/2(Ty) = H-Y2(Ty), and T + HY2(T)) — H-Y2(T}) are
bounded.

Proof. Tt is sufficient to present the results for the DtN operators on I'y, as the
corresponding outcomes can be similarly established for the DtN operators on I's.

As demonstrated in the derivation of the TBC on I'y, when the thickness of the
PML region is sufficiently large, the term containing e?»" is dominant in both the
denominator and the numerator. Noting (16), i.e., 8, ~ a, and 7, ~ @, as n — oo,
we assert that for any function f € H3/2(I';)

2

. f .
1T £l 52y S D1+ a2) ™32 [ Ss (Bhm + 8372 + 8273 + Bav) €27
nez Dl
= 12
] nhi
< (1 a2z [0t B 18R+ B
nez (B2 — 72 + 2Bnyn) €21nha

ST+ a2 DR = ).

nez
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and

~(1 _
IS £ e,y S D (1+a2)7Y2
neZ

2

i ] i ~
( = B+ (L= )Baym = (2 = wibaag — (1= 1)Buvn — 5#73)62””’“

<D (tay) 2

neZ

y ‘ —uBa 4+ (1= ) B3y — (2— w)iB22 — (1 — 1) B — S

2
FaRiE

183 — 173 4 2Bnn

< S0+ Q22O = 12
nez

Similarly, we have that for any function f € HY/?(T;)

1T £ e,y S D (1+02)7/2

nez
2
f(n) iy 3 :02 2 3 1 4\ oy,
X ( = 5B+ (L= ) Bpyn = (2 = wiBays — (1= 1) Bavi — */wn)e g
DM\ 2 2
Sy (1+ap)™®?
nez
. . . 2
o | 72180+ (L= WBaym — (2= wiBivm — (L= 1)Bu¥n = 517 FOp
183 — 173 4 2Bnn
SO A+ ap) PP =12y
nez
and
£ ’
~(1 _ . . h
VE A1 1saeyy S S+ a2) 72 | Lo (83 18200 + Bun — 1)
nez Dl
52
. P 29 h
<3 (1 +a2)12 (B0 = iB3m + B =) € 1
nez (iB2 — V2 + 2Bpyn) €2
SO A+ ap) PR = £ 2y
nez
which complete the proof. O

The following lemma addresses the error estimates of the DtN operators between
the PML problem and the original scattering problem.
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Lemma 6. Let

AT = IT?EIIZI {R(B,) >0}, AT = 121612{%(6”) > 0}.

For k = 1,2, if the thickness of the PML region & is sufficiently large, then the
following estimates hold for any f € H3/?(T}):

~(k k
IS = T fllir-sr2m) S O s
~(k k
IT5Y = TS a2 S O f sy

and the following estimates hold for any f € H'/?(I'):

~(k k
1@ = TN =320y S O f ey
~(k k
1T858 = TSV fla-1r20) S O f ey

where

_20g00 A— 2 2\1/2 +
o= max{ A e 26;€(n +a”) e 26k A } (36)

Proof. Given the similarity in proof, we only present the details of the error estimate
between T( ) and Tl(% ), with the understanding that the results for the other operators
can be obtalned in the same manner.

It follows from (28) and (8) that

1 1
(1 -1 =Y

neEZ
(2157;7”+25n7n+2lﬂn7n+2/8n73) eZiﬂnhl _( n’Yn [33 2) lﬁnJr’Yn)

+ (28292 + 418272 — 28,71) 62(i5n+7n)ﬁ1}.

1oc,La:

ﬂn“% 2B + 4832 + 2i8273)

When 4, is sufficiently large, the dominant term in the denominator is the one involv-
ing e?7»M | which has a coefficient of 182 — iv2 + 23,7,. The dominant terms in the
numerator are either the constant term or the one that contains e2(8n+7m)h1, By the
choice of PML parameters given in (26), a straightforward calculation yields

2i(510'0

2 2\1/2
O (62 4 0212,

7 iog 1/2 1/2
2 =2 1+ + =2 + +
Vi1 51( 1)( a?) 51(K% 4+ a?)
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and

+1
_ 2510’0
 om+1

iO’O
— 26, <1 L 1) (a2 — K?)1/?

1/2 2i510’0
m+1

25, <1+ 190 )(52043,)1/2
m

~ (/4,2 — ai)l/Q =+ 2161(/4/2 — 04121)1/2 lf |an| < R,

= —261(a? — K?) (@2 — kDY2 if |an| > k.

n

Then we obtain

—2iBt, + 48372 + 218243 |

(B3 — iz + 2Bn7n) e2mhi

2
>|ff">|2

1 ~(1 _
T = T o,y S D (14 a2) 3”(
nez

. ‘ (28342 + 418272 — 28,72) €2(Bntrm)
(i82 — 172 + 2Bpyn) €21

451 0
< Z(l +ai)3/2 (6—451(K2+ai)1/2 +e e + e—4al|ai—n2\1/2) |f1(")|2

nez
S Ol llasrz e,y

which completes the proof.

O

It is evident from Lemma 6 that the DtN operators of the PML problem exhibit
exponential convergence in the operator norm to the DtN operators of the original
scattering problem. This convergence is a crucial factor contributing to the exponen-
tial convergence of the PML solution towards the solution of the original scattering

problem.

5.3 Convergence analysis

By employing the TBCs for the PML problem as given in (29) and (35), the PML

problem (22) can be reformulated equivalently in the domain :

AQUPML _ K4UPML -0 in Q7

uPML _ 0’ auuPML =0

NP =T 1+ T3 g0+ 51 on Ty,

on I,

MyuPMY = T30 £+ T gy + P2 on Ty,
NQUPML = Tl(%)fg —+ Tl(g)gz on F27
MyuPMY = T3 £ + T3 go on Iy,
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where p; and po are given in (30), (fx, gr) represent the Dirichlet data of the total
field uPMY on Ty, for k=1, 2.
The variational problem of (37) is to find "ML € ng)Fc (©) such that

GPME(PML )y / (10 + p20,0)ds Yo € H2, 1 (), (38)
Iy
where the sesquilinear form a"™%(u, v) : HZ, 1 () x H3 () = Cis defined as

2
0*v
PML _ A
a " (u,v) = /Q[,uAuAv—i— (1 g 5‘z 8% Dm0, K uv} dx

- Z /F wds. (39)

with w, v, and T®*) given by

o u . v A(k:)i
ol K P

Theorem 2. Assuming that the thickness of the PML regions is sufficiently large, the

variational problem (38) has a unique weak solution uP™ML € HZ . () except for a

discrete set of wavenumbers k. Moreover, the solution satisfies the error estimate

S (k) (ke
Ty Ty

~(k) (ke
Ty Ty

u — "™ g2 (o) S Ollu’ |20, (40)

where u® is the incident field and u is the solution of the variational problem (19).

Proof. First, we demonstrate that the sesquilinear form (39) satisfies the Garding
inequality. It follows from Lemmas 3, 4, 5—6 and the trace theorem that

2

Z/ ((T™ — 'ﬂ‘(k))u) -uds}

Ra"ME (u, u) = Ra(u, u) + RN {
k=1

2 2 2 2
> cl|ullg2 ) — e2llullg o) — © (C3||u||H3/2(F1uF2) + C4||U||H1/2(r1ur2))

2 2 2
> Cl”“”]ﬂ(@) - C2||“||Hl(ﬂ) - C5@||UHH2(Q)~
Given the exponential decay of © concerning §x, we can choose §; to be sufficiently
large to ensure ¢; — ¢5© > 0. For all but a possibly discrete set of wavenumbers &, it

follows from the Fredholm alternative theorem that the variational problem is well-
posed. Consequently, there is a positive constant  for which the subsequent inf-sup
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condition is satisfied:

PML
wp L)

> ull g2 Yue H2p,FC(Q)’
0£veEH?2 . (Q) HU||H2(Q)

q

Moreover, the PML solution «PM! satisfies the stability estimate

[u" 2 (0) S 6|l m2()- (41)
It remains to prove the error estimate (40). Denote by e = uP™ML' — 4 the error
between the PML solution and the solution to the original scattering problem. Upon
a straightforward calculation, we obtain

/r ((P1 —p1) 0+ (P2 — p2) ,0) ds

= a™™E (PME ) — a(u,v)
2
= ale,v) + Z/ ((T™ — ﬁ‘(k))uPML) - vds,
k=1"Tk

PML [U,PML, auuPML]

where u = T . Hence we have

2

a”™(e,v) = —Z/ ((T(k) - T(k))uPML) -ods —/ ((T(l) - T(l))ui) -vds,
k=1"Tk L}

where u! = [u?,d,u’]T. By utilizing the continuity of the sesquilinear form (20), the
stability estimate (41), and Lemma 6, we obtain

"M (e, v)|

lellz2) S sup <O ([[W"™M 2 0) + W'l m2 ) S Ollut |20,

0£vEH?2 1 (D) ||UHH2(Q)

which completes the proof. O

It is apparent from Theorem 2 and the definition of © in (36) that as the thickness
of the PML regions increases, the PML solution "M exhibits exponential convergence
towards the solution of the original scattering problem u.

6 Conclusion

In this paper, we have investigated the scattering of flexural waves by a one-
dimensional periodic array of cavities embedded in an infinite elastic thin plate.
The problem is formulated using the biharmonic wave equation in an unbounded
domain. Initially, TBCs are introduced to reduce the scattering problem into a
bounded domain, and the well-posedness of the associated variational problem is exam-
ined. Subsequently, the PML method is employed to transform the problem from an
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unbounded domain to a bounded one. The corresponding TBCs are derived, and the
well-posedness of the PML problem is established. Notably, exponential convergence is
achieved between the PML solution and the solution to the original scattering problem.

This work is centered on formulating and analyzing the biharmonic wave scat-
tering problem in one-dimensional periodic structures. Currently, we are developing
numerical methods, including the finite element method, to solve the PML problem.
The progress and results of this ongoing development will be detailed in a forthcoming
publication.
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