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Abstract. The expected error in L1 (R) at time T for Glimm’s scheme when applied to a scalar conservation law is bounded

by
9 B\ 1/2
(h+ 7 (E) (hT)1/2> l[uollBv (=),

where h is the mesh size and At is the time step. We show that the error in Godunov’s scheme is bounded by the same
expression and use this result to analyze a variant of a large time step numerical method of LeVeque that may be viewed as a
combination of Godunov’s scheme and a method of Dafermos.

Glimm’s Scheme. Glimm’s scheme [3] is a probabilistic method for proving existence of solutions for
the hyperbolic system of conservation laws,

©) ut + f(u)y =0, zeR,t>0,
u(z,0) = uo(z), z € R.

Glimm showed that if the total variation of wg is sufficiently small, the equation is hyperbolic and genuinely
nonlinear in the sense of Lax, then the approximate solution generated by his scheme converges almost
surely to a weak solution of (C); later Harten and Lax [5] showed that any Glimm weak solution satisfies
the entropy condition. Glimm’s scheme has also been applied with some success as a numerical method; see,
for example, [1]. In this note we bound the expectation of the L! error of the approximate solution in the
special case where (C) is a scalar equation. In particular, we prove the following theorem.

THEOREM 1. If u™(x,t) is the solution of Glimm’s method for t" < t < t"*1 w(x,t) is the entropy
solution of (C), and T = NAt, then

1/2
B(lu(-,T) ~ (- D)) < <h+ 2 (z) <hT>1/2> Juolavie

where h is the mesh spacing and At is the time step.

A function is in BV (R) if its derivative is a bounded measure. We remark that Hoff and Smoller [7]
have derived certain error bounds for Glimm’s method using equidistributed rather than random sequences
of numbers.

We note first that although Glimm’s scheme is usually defined on alternating meshes (the approximate
solution is piecewise constant on the intervals [ih, (i + 1)h) at time ¢™ if n is even, and piecewise constant on
[(#—1/2)h, (i + 1/2)h) when n is odd) this in no way affects the error estimates given below. Consequently,
a fixed mesh is used for all time as a notational convenience.

We prove our result for the following formulation of Glimm’s scheme. We assume that uy has bounded

variation, and that || f'[| L (r) is finite. Choose a positive mesh size h. For each integer i, let I; be [ih, (i+1)h),
and let xj, be the characteristic function of I;. We assume that the time step, At, satisfies 0 < At <
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h/2||f'||L(r)), and we define t™ = nAt. For each nonnegative integer n, we define a function U" : Z — R
of bounded variation in the following way. Let

(1) U = % /I uo(z) da

for each integer ¢. If U has been defined for all 4, solve the initial value problem

uf—l—f(u”)w:O reR " <t <t"
(2) (z,t™) ZU”XI r € R.
i€Z
Choose a random variable X"+, uniformly distributed on [0,k), so that the set of random variables
{X1,..., X"} are independent; the values of Ui”Jrl are then given by
(3) UM = u™(ih + X"

for every 4. Chorin [1] seems to have been the first to use exactly one random choice for all intervals I;.

As can be seen from the definition, U™ is itself a random variable that depends on the sequence of
random variables X1, ..., X™; we propose to bound the expected value of the error at time "V, E(|ju(-,t")—
Nt L w))-

Because, for any values of X! through X%, the approximate solution satisfies the differential equation
exactly for (z,t) € R x (t",¢t"*1), the following theorem of Kuznetsov applies (see [8]).

u

LEMMA 2 [KUzZNETSOV]. If v(x,t) is an exact solution of (C) in every strip t™ < t < t"*1 that is right
continuous in t, and sup,cio v [[v(t) | BV (w) is finite, then

@) Mo tY) = (-, ") i) < lluo = volliw) + 2elluol v (r)

+Zpe ("), u(t")) = pe(v(t" = 0), u(t"))

where pe(w,z) = [o [z in |lw(x) — 2(y)| dx dy, and n is any nonnegative smooth function with support

n [—1,1] and integral one.

From this lemma it follows that

E(lu(-, ") = u™ (-t my) < lluo(-) = u®(+,0)l| 22y + 2elluoll pv (=)
N
+ Y Blpe(™ ("), u(t™)) — pe(w ("), u(t™))).

If we let E™(f) denote the conditional expectation of f given X1 ..., X*~1 X"+ XV then (writing ¢
for ¢", X for X™, and ne(ac) for 1n(2)),

E™(pe(u"(t),u (u; 1Et)ﬂ«t(t)))
/[Oh)/;/ ne(x {|u” Yih+ X, 1) — u(y, t)] — [u" (2, ) — uly, t)|} do dy dX
S/EE;/ / ne(@ )E{|Un_1(z,t)—u(y,t)|—|u”_1(m,t)—u(y,t)|}dzdacdy
<3 [ [ote-v-nt-v

x {|u"_1(z,t) —u(y, t)| — [u "z, t) — u(y,t)|} dzdx dy

1 1 _ e
—/Z//Ine(w—y)—ne(z—y)l—IU” Y1) — ' (a, )| de da dy.
2 Riez /i1 h

IN



If we now integrate over y, we find that

’
/]R|77€('r - y) - 776(2 - y)'dy < |Z - J;|M

Trivially, [u"~*(z,t) — u" "}z, t)| < [[u" 1 (¢)|| Bv(1,)- So it follows that (5) is bounded by

1 |z — | [ P -
2 Z /I /I h dz dz p [w" )l Bv )
1EZ i i

2 vy, me
< Z Ff”u 'Olsva)
ez

20wy,
:Ffﬂu ')l By (r)

The inequality Hu”’l(t)HBV(R) < luo|l By (ry is clear, because the choice of the initial data (1), the evolution
of u"~! through (C) (2), and the random choice process (3) are all variation diminishing. Thus,

2 AT
B (8, u(®) — pelo = 1), u(e)) < VIR

uniformly with respect to the other random variables X ¢, implying that E(pc(u" (), u(t)) — pe (u™ 1 (t), u(t)))
is bounded by the same quantity. Therefore, if T = NAt, by using an obvious bound for the initial error,
we have

T R |17l ®)
(6) E(lu(-,T) = u™ (-, D)l prry) < hlluollpv ) + 2¢lluoll pv ) + thf||u0”BV(R)
By letting n — %X[—l,l]v |||t (ry may be chosen arbitrarily close to 1. Minimizing (6) with respect to e
gives

1/2

) B(Ju(-.T) ~ u(- D)) < <h+ (=) (mw) Juolvie
The theorem is proved. We remark that if one chooses to interpret Glimm’s method as providing that the
approximate solution is equal to U on [ih, (i + 1)h) x [t",t" 1], then the above inequality still holds with
a small change for the error incurred in at most one time step.

It is well known that monotone finite difference schemes, such as Godunov’s, perform better for problems
with uniformly convex fluxes than for problems with linear fluxes; in fact, Godunov’s method is O(h) accurate
for the problem

u?
2
u(x7 O) = X(=00,0] (:1,‘)

ut + (—=)z =0, zeRt>0,

(8)

For problems, such as this one, whose solution consists of a single shock of height one, the expected error in
Glimm’s scheme may be estimated directly by applying the central limit theorem. If the shock speed is s, and
p = sAt/h, then after N time steps, the probability distribution of the shock location error is approximately
normal with mean 0 and variance 02 = Np(1 — p)h?. Asymptotically, the expected value of the L*(R) error,
which is the absolute value of the shock location error, is \/ga, or (2p(1—p)2)Y/2(Th)Y/?, where T = NAL.
Our bound on the ratio At/h implies that 0 < p < 1/2. For example, when Glimm’s scheme is applied to
(8) with At = h/2, p = 1/4, the expected value of the error is about 0.6910(2;)*/2(hT)*/2. Theorem 1 gives
a bound of 1.1547(%)1/2(hT)1/2 independently of the value of p, a fairly close result.



Godunov’s Method. Godunov’s finite difference scheme [4] falls into the class of monotone, conserva-
tive, finite difference schemes for (C), a class that has been analyzed previously; see, for example, Kuznetsov’s
paper or Sanders [13]. These papers show that the error at time 7" is bounded by C(h + (RT)*?)||uo| v (x)
when the time step At is proportional to h, but a good estimate of the constant is not available. In the
next theorem we derive a different bound in which the independent effects of At and h appear along with
an explicit determination of a constant C, a result that will prove useful in the next section.

Godunov’s scheme differs from Glimm’s scheme only in that Godunov determines Ui”‘|r1 by averaging
u™( -, t"t1) over I;:

h
3) yrtt — % / u™(ih + X, "X,
0

The following theorem shows that the error in Godunov’s method is bounded by the same expression that
bounds the expected error in Glimm’s scheme.

THEOREM 3. If u™(x,t) is the solution of Godunov’s method for t* < t < t"t1 w(x,t) is the entropy
solution of (C), and T = NAt, then

1/2
9) fu(-,T) —u™ (-, T)| 2wy <h+ } (Aht> (hT)1/2> l[woll By (g)-

Proof. We proceed as in Theorem 1. Again, with ¢t = ¢™,
pe(u” — pe(u” 7 (t), u(t))

/Z/w— {17~ uly, )] — " (1) — uly,0)]} dady

€L

S/Ré/hm(w—y){

1 1y e
<[ S [ neto =g ik Xt) = (8]~ [0 o 0) — )]} dody dX.
[0,h) JR ez /1i

l/ u" " Hih + X, t) dX — u(y,t)
h Jio.m)

= [u" N, t) — uly, t)l} da dy

One may now follow the series of inequalities in (5) and the subsequent arguments to obtain the estimate in
the statement of the theorem. []

The estimate is rather sharp: by exploiting the relationship of the solution of Godunov’s method and
the cumulative probability distribution of a binomial random variable, one can show that Godunov’s scheme
applied to the problem with f(u) = u, uo(x) = X(~cc,01(%), and At/h = 1/2 has an asymptotic error rate of
(2)Y2(Th)"? = 1.1283(Th)"/?, compared to our estimate of 2\/g(Th)1/2 = 1.6330(Th)'/2. (That the error
in this example is O(h'/2) may be inferred from results in [6].) Note that our analysis applies even if the

CFL condition At < h/(2[f'[|z~(®)) is violated, as long as the wave interactions in the solution of (2) are
calculated exactly; this will prove important in the next section.

LeVeque’s Method. LeVeque [11] proposed a numerical scheme for scalar conservation laws in one
space dimension whose main idea is to approximate the solution of (C) using piecewise constant states, and
to calculate the trajectories of shocks (straight lines) and their interactions exactly. Expansion waves are
approximated by a series of constant states separated by entropy violating shocks. At the end of each time
step the approximate solution is projected back onto the grid by averaging, as in Godunov’s method. LeVeque



has shown that a variation of his method is total variation diminishing and that a subsequence of numerical
approximations converges to a weak solution of the conservation law [9]. He has also conjectured that if
entropy satisfying solutions of (C) advance the approximate solution from one time step to the next, then
the weak solution to which the approximations converge would indeed be the entropy weak solution. Among
other things, we show below that even if certain entropy violating weak solutions are used to propagate the
solution between time steps, the numerical approximations still converge to the entropy solution of (C), and
we obtain realistic estimates for the error. LeVeque’s later extensions of his method to systems of equations
chose to ignore the wave interactions rather than to calculate them exactly [10].

Entropy violating shocks used to model expansion waves may be chosen in such a way that LeVeque’s
formulation is equivalent to a method of Dafermos [2], which uses a piecewise linear approximation f" to
the flux f to advance the approximate solution between time steps. Although true shock speeds in the two
methods differ (speeds differ by less than O(h) for weak shocks and O(h?) for strong shocks), the numerical
results of the two methods are qualitatively indistinguishable.

The scheme that we analyze is as follows. Assume that the flux f is C? and that the initial data ug is
in BV(R) and is constant outside some finite interval. Let h > 0 be the mesh size and A¢ > 0 be the time
step; define t* = nAt. Let f be the continuous, piecewise linear interpolant of f with breakpoints at ih,
for i € Z. It is easily seen that

h
If = i < §||f"||Loo(R),

where

r—y

9(x) —g(y) ’ _

gl zip = sup
z#y

Define u? by

(10) ul(x,0) = ul(x) = Z /1 uo(o) do xr, ().

iez /i
The complete approximation u"(z,t) is as follows. For every n solve
(11) ulh + P, =0,  zeRtelt", "),

with

(12) ul(z, ") = Z % /I ul(o,t" T — 0) do x1, (z).

i1€Z

The analysis of the scheme is in two parts, corresponding to the two equations (11) and (12).

First we describe more carefully how to solve (11). In [2] Dafermos gives the entropy solution of (11) as
follows. He first reduces the problem to a Riemann problem because the initial datum is piecewise constant.

h(a) {ul, ifx <0,
ug(z) =
0 U, ifx>0.

If ul is specified as

with u; < u,, then the vertices of the boundary of the convex hull of {(u,v)|u; < u < u,,v > f(u)} will
consist of a set of points (u, f*(w;)), (ul, fA(ul)),..., Wk, f2(u*)), (ur, fA(u,)), where {u'} is a linearly



ordered subset of {jh}. The solution will then be given by the following set of constant states:

fut) = " (w)

x
ug, for—oo<?§ I )

u- —uj
a, por PO =S 3 S - M),
ul — t u? —ul
ul(x,t) =
fh k_fh k—1 th_fhk
Up, for w < E < 0.
Up — U t

A similar result may be inferred if u; > u, by considering the convex hull of the set {(u,v)|u, < u < wuj,v <
f™"(u)}. Thus, the general solution of (11) is found as a composition of Riemann problems, all of whose
solutions are shocks. The calculation is started anew whenever two shocks coalesce into one.

We now use the following theorem.

THEOREM 4 ([12]). If f and g are Lipschitz continuous, ug and vy are in BV (R), and u and v are the
entropy solutions of the equations

ut + f(u)g =0, zeRt>0,
u(z, 0) = uo(z), z € R,
and
v+ g(v)z =0, xRt >0,
1)(:1,‘,0) = UO('T)7 z € R,

respectively, then
lu(t) — o)l ®) < lluo — vollLrw) + I f — gllLip min([[uol Bv (®): [lvoll BV (®))-

Thus, if @ is the solution of
iy + f"(@), =0, reR,t>0,
a(z,0) = ul(z), z €R,
then
)~ uOll < (517 Ne=@ + 1) Allwllavio,

Because u” is the Godunov approximation to @ and [uf||gv(r) < |luollpv(r), it follows from the triangle
inequality and (9) that

u(T) = ()| ey < [ B+ 22 2 (AN e
nw < (bt If HLOO(]R)+\/§ A7 (hT) luoll Bv (R)-

This result implies that if At is about the same size as h, then the error at time T is O(h+hT + (hT)/?);
for At in this regime, the averaging error of Godunov’s method dominates the error bound, causing the scheme
to be O(h1/2) accurate. However, if only one time step is taken, and At = T', then the error at time 7T is
O(h+Th), i.e., the method is first order accurate. This explains why LeVeque achieved such good numerical
results when he reduced the number of time steps in his experiments [11].
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