NUMERICAL METHODS WITH INTERFACE ESTIMATES FOR THE
POROUS MEDIUM EQUATION*

DAVID HOFFf aND BRADLEY J. LUCIERZ

Abstract. We provide a general basis, based on the weak truncation error, for proving L°° error
bounds for the porous medium equation in one space dimension. We show how such bounds for the
solution can lead to estimates for the interface of the support for the solution, and we apply this theory
to a specific finite difference approximation to the differential equation.

1. Introduction. We are concerned with numerical approximations to the so-called
porous-medium equation [7],
1) {ut:¢>(u)m, zeRt>0,¢(u)=u",m>1,

u(x,0) = up(x), x €R.

We assume that the initial data ug(x) has bounded support, that 0 < ug < M, and that
d(up), € BV(R). It is well known that a unique solution u(z,t) of (1.1) exists, and that
u satisfies

0 <u<M, u(-,t) has bounded support, and

2 TVo(ul - 1) < TVG(uo)s.

If the data has slightly more regularity, then this too is satisfied by the solution. Specif-
ically, if m is no greater than two and wug is Lipschitz continuous, then w(-,t) is also
Lipschitz; if m is greater than two and (u{'™ '), € L>°(R), then (u(-,t)™ 1), € L¥(R)
(see [4]). (This will follow from results presented here, also.) We also use the fact that the
solution w is Hélder continuous in ¢ [4].

As already remarked, if the nonnegative initial data ug has bounded support, then the
solution u(zx, t) also has bounded support for all time; this contrasts when m = 1 and (1.1)
is the heat equation. It is therefore of interest that a numerical scheme for (1.1) be able to
estimate not only the solution u(z,t), but also the location of the boundary of the support
of u.

Several numerical schemes that estimate the numerical interface have been proposed
for the one-dimensional porous medium equation. Methods introduced by Tomoeda and
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Mimura [11] and DiBenedetto and Hoff [4] are based on the equation for the pressure
v=um"h -
vi—i—mvvm, r€eR,t>0,

Vg =
m—1

v(z,0) = vo(z) = uf (), z € R.

Each method uses a finite difference scheme that is modified to track the estimated interface
of the support. The true interface z(t) at the right edge of the support satisfies the
differential equation

m

(1.3) zp = — v (2(t) — 0,1).

m—1
DiBenedetto and Hoff and Tomoeda and Mimura both use a numerical version of this
condition to track the fronts.

The second type of method, introduced by Gurtin et al. [5], and analyzed by Hollig and
Pilant [6], transforms the support of u(z,t) to a fixed domain [—1, 1] and solves numerically
the transformed differential equation using finite elements. Using a technical assumption
that ensures that 2/(¢) > 0 for all ¢, Hollig and Pilant have had great success in estimating
both the position of the interface and the value of the function u(z,t). They have also
been able to show that for small time the interface is a C'*® curve in z,t space.

There appear to be several difficulties with the underlying concepts of either front
tracking or domain transformation when one attempts to apply them to problems in more
than one space dimension. Both Rose [10] and Jerome [7] have introduced and analyzed
finite-element methods for problems in several space dimensions without concern for esti-
mating the interface of the support of the solution. We hope that the approach developed
in this paper will eventually be applicable to several space dimensions.

In this paper we prove error bounds for the simplest finite-difference scheme based
directly on (1.1):

n+1 n

UY =uo(ih), i€Z,

where ¢(u) = u™, h is the spatial mesh increment, At is the time step, and U is an
approximation to u(ih, nAt). Our error bounds are of the form

[u(-, nAt) = U™ (- )|z (®) < Ch”, 0<n<N,

for some N, where 3 depends on the Holder exponents of continuity of u and u”. Like
several authors before us [1] [9], we make the trivial observation that if Ch” < € and
UF > ¢ for some k < n, then the point (ih, nAt) is unquestionably in the support of w.
We therefore have an inner estimate for the support of u(z,t), with a natural numerical
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boundary. Estimates for the difference between the numerical boundary and the true
interface of the support, based on the differential equation satisfied by the interface and on
the regularity properties of the true solution u, follow. (Previously, Nochetto [9] followed a
similar program of deriving interface estimates from LP bounds, but he required a certain
global-in-time non-degeneracy assumption on the behavior of u near the boundary of its
support that we do not assume. However, our results agree with his if we assume that the
non-degeneracy assumption is satisfied locally in time.) Note that our interface estimate
is not based on front tracking, but on a trivial post-processing of a numerical solution that
may have rapidly increasing support.

We will use the following notation for what we call the weak truncation error. Let
{u(z,t)}o<n<n, be a family of approximate solutions, each of which is assumed to be
bounded and nonnegative. For given u”, the weak truncation error F is the functional

T
(1.5) E(u",w,T) :/uh(x, Dw(x, -)|0Td:r:—/0 /R(uhwt + p(u)wyy ) da dt

R
defined on X = {w € C? : w(-,t), w, ws, wy, are integrable}. Of course, u is the unique
solution of (1.1) if and only if E(u, -, -) = 0.

The rest of the paper is as follows. In Section 2, the difference in L°° between an
approximate solution u” and the true solution u is bounded in terms of the weak truncation
error . In Section 3, error estimates for the interface are proved. In Section 4, this theory
is applied to the finite difference scheme (1.4).

2. L*°(R) Error Bounds. The following theorem expresses the error of approxima-
tions u” in terms of the weak truncation error E.

THEOREM 2.1. Let {u"} be a family of approximate solutions satisfying (for 0 < t <
T)

(a) 0 <ult(w,t) < M, zeR,t>0,

(b) both u and u" are Holder—« in x for some o € (0,1 A 1/(m — 1)); uP is right
continuous in t; and u" is Holder continuous in t on strips R x (t",t"+1), with the
set {t"} having no limit points;

(c) there exists a positive function w(h, €) such that: whenever {w®}o<e<, is a family
of functions in X for which

(2.1) [w oo [we (- )Ly < 1/€
and

1w lloos [Wee (5 O llLr ), lwi (- Ol iy, lw (-, E)l[L1w) and

(2.2) sup (we(, t2) — w(z, t1)]
z€R |ty — t1]1/2
0<t;<to<T

<1/é,



then
|E(u", v, T)| < w(h,e).

There is a constant C' = C(m, M, T) such that

(2.3) Ju — UhHoo,Rx[o,T] <C {SUP +w(h,€) + eo‘] ,

/R(uo(x) — uh(aj, 0))w(x,0) dx

where the supremum is taken over all w € X that satisfy (2.1) and (2.2).

Proof. Let z be in X. Because E(u, -, - ) = 0, Equation (1.5) implies that

T
(2.4) / Auz|ldz = / / Au(zy + Olu, u)zpe) da dt — E(u”, 2, 1),
R o Jr
where Au = u — u" and .
P(u) — ¢
- A =006)

Extend ¢[u, u"](x,t) = ¢[u,u"](x,0) for negative t, and ¢[u, u"|(z,t) = ¢[u, u"](x,T) for
t > T. Fix a point g and a number € > 0. Let j. be a smooth function of x with integral
1 and support in [—e€, €], and let J5 be a smooth function of x and ¢ with integral 1 and
support in [—d, 4] X [—4, d]; 0 and € are positive numbers to be specified later. We choose
2 = 2 to satisfy

(2.5) {zt-l-((S-l-J(;*qb[u,uh])zm:O, reR, 0<t<T

2(x,T) = je(x — x0).

Because the partial differential equation (2.5) is strictly parabolic with smooth coefficients,
the following results are direct consequences of maximum principle arguments; observe that
all constants are independent of € and §.

12lloo < [lgelloo < C/e

(2.6) 122 oo < Ilielloe < C/€?
125 (o D)l < llgelh < C/e
(2.7) 25 (0l < 3l < C/€

Note also that (2.7) implies that for § < dy,

(2.8) 1252, 1)l < O/é.

The following simple argument shows that

\255(33, to) — z55(x, t1)]

2.9
( ) ‘tz—tl‘l/Q

< O/é.
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By (2.6) and (2.8), for any positive H,

1 /HH[ Oy, ta) — 2 (y, t1)] dy +0<§2>

x+H
o[ ennanso )

— to — ¢ -
H — - |t2 1|+C

|t2—t1|
= — H
€2< "7

C
— 6_2|t2 —t1|1/2

|z€6(az,t2) — ze‘s(x,tl)| =

| /\

IA

if H =ty —t,|"/2.
If we let C' be the maximum of the above constants—still independent of € and —the
family { L 65} satisfies (2.1) and (2.2). So, by assumption,
0<6<60
L

|E(u", 526

or, because F is linear in the test function,

T)| < w(h,e);

|E(uh, 265, T)| < Cw(h,e),

where the constant C' is independent of both ¢ and 4.
We now use this information to provide a pointwise bound for Au. Equation (2.4)
implies that

(Je * Au)(xo, T) :/ Augz®(-,0) dx
R
T
+ / / Au(dlu, u] — 6 — Js * ¢p[u, u")) 22 dx dt — E(u", 2%, T).
o JR
Using our inequalities, we can bound the left hand side of the preceding equation as

|(Je * Au)(zo, T)| < + Cw(h,e)

/ Augz®(-,0) dz
R

(2.10) .
+C/O /R|¢[u,uh] — 0 — Js * ¢lu, u)| |25 | da dt

where, again, the constants are independent of € and ¢§. If we let § vanish, the last term
tends to zero. To see this, observe that, for fixed t,

[ Vol =8 = ol ) 253 da < ol ] = 8 = Jy ¢ bl iy O/ =0
R
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because u and u" are Holder in x and locally Holder in ¢t. Furthermore, because the
absolute value of each integral is bounded by C/e? uniformly in &, the double integral
must tend to zero by the Lebesgue Dominated Convergence Theorem.

The conclusion of the theorem now follows from (2.10) and the fact that
|7e * Au(zo, t) — Au(zo, t)| < Ce”,

which follows from our assumption (b). [J

3. Estimates for the Interface. In this section we will assume that the approx-
imating family {u"} and the solution u of (1.1) satisfy the hypotheses, and hence the
conclusion, of Theorem 2.1. Assume also that | [ Augw(-,0) dz| and w(h, €) are bounded
in terms of A and € in such a way that the error bound becomes

(3.1) [u — u|| e R [0, 77) < Coh®

for some 5 > 0. For simplicity we assume that u(-,¢) has bounded, connected support,
with right hand interface curve x = z(t). We fix At, let t" = nAt, and define an approxi-
mate right-hand interface curve z" ~ z(t") by

(3.2) 2" — inf {x > 2" ul(y, ") < 2C0R°, Yy > x} ,n>0.

0

The initial approximation z” may be defined as

20 = inf {x : u"(y,0) < 2Coh”,Vy >z},

or through some other method; we require only that 2% < 2(0). Note that the set in (3.2)
is nonempty by (3.1), because u(-,t" 1) has compact support.

The approximation for the interface can be computed simply by noting that the right
side approximate interface, for example, moves only to the right with time. Thus, after
each time step one only has to examine a few mesh points to the right of the current

interface to decide whether or not to increment the value of 2™ to obtain z"t1.

The results in this section are based upon arguments introduced by DiBenedetto and

Hoff [4]; we refer the reader to this paper for the regularity results that we use in Lemma
3.2.

LEMMA 3.1. If 2° < 2(0), then z™ < z(t").

Proof. The proof is obvious.



LEMMA 3.2. Assume in addition to (1.2) that ug satisfies (uf' ')ze > —Co as a
distribution. Then there are constants Cy = Ci(m) and C3 = Cs(ug) such that, for

s> 0 andt > At,

m—1 Z(t> Z(t At) 1 2 1/2
. ’ el 1 A
(3.3) U (2(t) — s,t) > sC ; 2023 CsAt

Proof. Because v = u™~! is Holder—1/2 in t,

t

o(2(t) — 5,1) = Ait /t_m o(2(t) — 5, 7) dr + O(ALY?)

1/t
= — v(z(T) — s, 7)dT
57 v - )

L 1/2
+ At -y [w(z(t) —s,7) —v(z(1) — s,7)] dT + O(At / ).

Because v is Lipschitz in z for all time, and z(t) is Lipschitz with
C12(t) = —vz(2(t) — 0,t) a.e.,
the second integral is O(At) = O(At'/?) for small At.

Because v,, > —C5 for  and t in the interior of the support of v,

v(z(1) = s,7) > v(2(7),T) — v (2(7),7T)s — %52

=0+ Ci2(7)s — %82 a.e.

Thus,
1 ¢ . 02 2 1/2
v(z(t) —s,t) > — [C12(T)s — —s7]dT + O(At/#)
> _Z22
> (s |: Al 5 S C3At /=, []

The following theorem is our main result on estimating interface curves.

THEOREM 3.3. Assume that {u”} and u satisfy the hypotheses of Theorem 2.1 and
the estimate (3.1), that z° < 2(0), and that (u]' )., > —Cs as a distribution. Then for
sufficiently small At there is a constant C' = C(ug, T, m) such that the approximations z"

satisfy
(3.4) 2(t") — 2|2 < C []2(0) — 202 + h(m=1B ¢ Atl/Q]
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for t € [0,T].

Proof. Let s" = |z(t") — 2"| = z(t") — 2™ by Lemma 3.1. The definition of 2™ and
(3.1) imply that
u(z(t") — s, t") < ul(2(t") — 5", t") + Coh”

= ul (2", t") + Coh® < 3Coh°.
Therefore, from Lemma 3.2,

(3Coh®) "

2 U(Z(tn) o Sn’tn)m—l

(35) > O |:Z<tn) — Z<tn_1)} " — %(8”)2 _ C3At1/2

At

n _ -n—1
> Cy {%} s — %(s”)2 — C3At/? (because (2" — 2"~1)/(At) > 0).

Rearranging the terms in this inequality shows that

(Sn)Z < Snsn—l + CAt |:(Sn)2 +hﬁ(m—1) +At1/2]

n\2 n—1\2
< <82) + (8 5 ) + CAt |:(Sn)2 +hﬁ(m—1) + At1/2] ,
so that ) 1
(1—20A?) (32) < b 5 eI [hﬁ’(m—lwm”ﬂ,
or

n\2 n—1\2
(32> < (14 CAt) % + CAL [hﬁ<m—1> + Atl/Q] .

Solving this recurrence gives the statement of the theorem. []

We can improve this bound if we know a priori that 2(¢) > C > 0 a.e. on a time
interval [t"~1,¢"]. It is known [2] that for some time interval [0,7], 2(¢) = 0, and that after
this time Z(¢) > 0 (¢ may be zero). The time ¢ is known as the waiting time. So for large
time, the following corollary holds.

COROLLARY 3.4. If, in addition to the hypotheses of Theorem 3.3, 2(t) > C > 0 a.e.
on [t"~1,t"] (n > 0) and

120~ 2(0))2 < C [h<m—1>ﬂ + Atl/Q] ,

then
12" — 2(t")| < C [h<m—1>ﬁ + Atl/ﬂ .
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Proof. We see from (3.5) that with the extra hypothesis on 2,
(3.6) 15" < C(s")2 + C (h<m—1>ﬁ + Atl/Q) .
Our assumption on 2° applied to (3.4) implies that

(s")?2<C (h“”—l)ﬂ + At1/2> :

The conclusion follows from substituting this into (3.6). []
REMARK. Assuming the L* bounds on ", Corollary 3.4 is implied by results in [9].

4. Application to a particular scheme. We analyze the simple scheme

Urtt—up 82 o(UP,) — 26(UR) + $(UL)
At - h2 - h2 ,

(4.1) n>0kez,

where h is the mesh spacing, At is the time step, and U} is meant as an approximation to
u(kh,nAt), where u is the solution of (1.1). We let ¢ = ¢(U}}). The following theorem
summarizes the discrete regularity results that we will use.

THEOREM 4.1. If

(4.2) 0< U <M,
v, - 0P

(4.3) % = 0 for large |k,

52¢0

(4.4) Z | h2k|h:V<oo, and
kEZ

(4.5) at__ L

' h2 = 2mMm™—1’

then U}! is defined for all k and n, and

(4.6) 0<U! <M,
2.n
(4.7) > |5h(§’“|h <V,
keZ
(4.8) ¢k+1h Ok <V,
n+1 _ n
(4.9) > U’fAiUk h <V, and
keZ t
ur U 1 U0
(4.10) > ’““ N e
keZ keZ




Proof. This theorem is similar to results for numerical methods for hyperbolic conser-
vation laws, and we refer the reader to Lucier [8], for example, for more detailed arguments.

We can write

. oAt A AL,
(4.11) Uk+1 = Uy — W¢(Uk)+ﬁ¢(Uk—1)+ﬁ¢(Uk+1)'

Because of (4.5), U;L‘H is an increasing function of Uy, Uy’ | and Uy, ;. Therefore, U™ —
U™t is an order preserving map of L'(Z) (or L>°(Z)) to itself: if Uy < V;* for all k, then
Ut < VI for all k. (4.6) follows immediately. It is also obvious that Y kez uptt =
> rez UR, so that time-stepping also preserves the integral of U™. A theorem of Crandall
and Tartar [3] now implies that for every U® and V° satisfying (4.2) and (4.3),

Slup -l <> U - vl

keZ keZ

(4.7) and (4.9) follow by setting V? = U*'. (4.10) follows by setting V0 = Ug, ;. (4.8) is
an immediate consequence of (4.7) and (4.3). [

We have the following estimate for the weak truncation error of the scheme.

THEOREM 4.2. Assume that the hypotheses of Theorem 4.1 hold. Let u"(-,t") be
the piecewise linear interpolant of {U}'}, _,, and set

ul(z,t) = ul(z, ") for t" <t < ¢t"FL
Then we can take w(h,e) = Ch/€? in Theorem 2.1.

Proof. We write u for u” and w for w® as introduced in Theorem 2.1. We must estimate
E(u,w,T). First, we assume that T =tV for if ¥ <T < ¢"+!

T
'/ ww|ly dx g// lu(z, t" we(x, )| ds de < CAt/e* < Ch?/é2.
R R JN

T
/ /uwt dx dt §C’At/62 < Ch2/62; and
tN JR

T
/ / Pwye dr dt| <CAL/e* < Ch?/é2.
tm JR

We define H; to be the continuous, piecewise linear “hat function” that is zero for xj, #
x; = jh and is one for z;, = x;, and let

, for x < x4,
r—1x;-1)*/(2h), for ;1 <a <y,

- (aj - xj+1)2/(2h)7 for Tj ST S Tjgr,

/\O

L) = [ (s ds =

> S

, for z; 41 < x.
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Note also that

N
Z/R|w(x,t”) —w(zt" Y| Ju(z, ) — u(z, t"Y)| do

N
(4.12) <C) A2 ;2 (Z

n=1 keZ

up—-up!
At

gAt

N
h 2
<C)y SVAL<CTh/e.

n=1

To begin, we have that

tn+1

/R/OT wwy dt doe = ]:g_:/ma/tn wwy dt doe = g/lgu(x’tn)[w(x’tnﬂ) —w(z, ") de
= [ wtet¥yute ) o~ [ o 0pu(e.0)de

R

- Z /Rw(a:,t”)[u(a:,t") —u(z, t" )] da.

Thus,

T
/uw\OTda:—// wwy dt dz
R R Jo
N

-y / w(a, ) [u(z, ) — u(z, )] dz

n=1 R
N
= Z /Rw(as,t”_l)[u(x,t”) —u(z,t" )] dr + 0O (h/€2) by (4.12)
n=1
N n __yn—1
= Z/Rw(:c,t"_l) <Z %Hk(a:)) dz At + O (h/€?)
n=1 keZ
N 52 n—1
= Z/Rw(x,t”_l) (Z h]; Hk(a:)> dx At + O (h/€®)
n=1 keZ
N 524n 1
= _Z/wx(a;,t”_l) (Z h’; Ik(a:)> dz At + O (h/€)
n=17R kez



From the definition of I, we know that for x; < x < xg41,

5 5 52 52
> hfjfa() 2 (hfjh) hi)kl’“(xH igﬂfﬂl@)

JEL j<k—1
_ ¢k - ¢k—1 6 ¢k h— (CE - xk—|—1>2 + 52¢k+1 (ZL’ — xk)2
B h h2 2h h? 2h
_ Pk — Ok 070k (T — k)’ n 0 Pr1 ( — p)?
h h? 2h h? 2h

Thus,

/uw\o da:—// uwy dt dx

Th41 _ AT 1 2 n—1 2
= —ZZ/ wy(x, ") [—(bkﬂ . + O(h) {5 (Z]; + i (Z};H }] dx At
n=1keZ" Tk
+ 0 (h/€?)

The term in braces is bounded by

52711

hAt < Ch/é.

Chllwe ZZ

n=1keZ

Now let ¢(-,t) be the continuous, piecewise linear interpolant of ¢(-,t). On [z, Tkt1],
Ve = (¢rr1 — Ok )h, and because of (4.7),

R

where the integral is really the total measure of ., We then have

/Ruw\OTda: —/R/OT uwy dt doe = —nz]j:l/R(wxwx)(a:,t"_l)dajAt—l—O (h/€?)
N m
_ _T;/t /R(wm@bm)(a:,t) dedt + O (b))
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since

N tn

|Z/tnl/R[(wm¢m)(x,t) — (wythy) (2,7 Y) dae dt|
n=1
N i
= x ;tn_l oz, t) — wy ’tn—l dt S d
;/Rw(a? ){/tn_l[w(a:) W (x )] }x
N n
< Z wxx<f13,tn_1)/ [U)(x,t)_U)(fE,tn_l)]dtdgj
n=1 R tn—1
N n
L P A U A
= nz_:l;z h2 Z”—l 62 t7 Y ( . )
N OAB/2
<DV 62 by (4.7)
n=1
N
<y oG a=ome).
n=1

because h = CAt'/2. Thus

/Ruw|gda:—/R/0Tuwtdtdx:—/R/OTU)I@dtdm—/ﬂ{/Owaw—w)xdtdm—i—O(h/eQ).

We must show that [, fOT Wy (¢ — )g dtdz = O (h/€?).
First note that there is a constant C' = C'(m) such that for all u,v > 0,

[u™ = ™| 2 Clu = o] (™! 0™ ).
Thus, on [z, Tr4+1],

m—1

Uk+1 — U

[d(u)al = (u™)s] = mu™ " ug| = mu h

Uk+1 — U
h

<m(Uy" ™ + U

U, —um
<C +1 k
<ot

Thus, since (-, ") is the piecewise linear interpolant of ¢(-,t" 1), we have

I(¢ =) (-, t" Nl < Chs

13



it follows that

/R/OT%@—Wrdtdw: i / /t::wm(l‘at)@—w)(w,t"_l)dtda;
<Z/ o (- 16 — ) o

< Z €2hAt Ch/é.

The following lemma, which was proved with the help of Don French, shows that
ul(-,t) € C* for the optimal value of a.

LEMMA 4.3. Assume that the hypotheses of Theorem 4.1 hold and that {u"} are
constructed using the scheme (4.1). Then for all x1,x5 € R, t € [0,T],

(4.13) [u (29, t) — ul (21, t)| < Clag — a1 |Y/™.

If m € (1,2] and the initial values {UP} satisfy

(4.14) Upsr — URl < Lh
and
(4.15) UY > Lh

then for all x1,z2 € R, t € [0,T],
(4.16) |ul (2o, t) — ul(z1,t)] < Llzg — 21].

If m > 2 and the initial values {UJ} satisfy

(4.17) (U )™ = (U™ < Lh
and
(4.18) (U™ > Lh

then for alln > 0 and for all k € Z,
(4.19) (U )™ = (U™  < Lh.
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Inequality (4.19) implies that there is a constant C = C(m) such that for all x1,z2 € R,
te 0,77,
"U/h<aj‘2,t) — Uh(xl,t)| < C'Ll/(m_l)|$2 _ xl‘l/(m—l)'

Proof. From (4.8) we know that
U = U] < Cleit = 67 V™ < OV g — 51/

(4.13) then follows immediately.

As for (4.16), we will show that for n = 0, U} — U}l | < Lh. A symmetric argument
shows that U} — U} ; > —Lh. The result will follow by induction.

From (4.1) we know that for general n,

n+1 n+1 n n
Ui _Ui—l _Uz — Yi-1

+ el (0(U]1) — o(UM) = 2(6(U]") — (U 1)) + (9(Uf1) — ¢(U))) -

Fix ¢ and define V; = U2 ; + (j — i+ 1)Lh for all j. Equation (4.14) implies that V; > U?
and Vi1 —V; > UZ-OJrl — U?; therefore, because ¢ is convex,

¢(Vig1) — 6(Vi) > d(UL1) — o(UY).

Because the mapping U" — U"*! is order preserving, substituting V; for the first and
third occurrences of U in (4.20) will only increase the value of the right hand side of
(4.20). Finally, because ¢ is increasing and 0 < V;_o < U2 , (from (4.15)), making the
substitution V;_o for U? , again increases the right hand side of (4.20). Therefore,

Uil - Uil_l S Vz — Vz’—l
(4.21) At
+ 73 (@(Vie1) = 6(Vi)) = 2(6(Vi) = ¢(Vie1)) + (6(Vi-1) — &(Vi-2))).
Because the numbers V; are evenly spaced, the quantity in parentheses in (4.21) equals
(Lh)3¢" (€) (for some & € [V;_a, Viy1]), which is not positive because 1 < m < 2. There-
fore, Ul —U! , <V; —V;_1 = Lh.

As for (4.19), we will show that (U4")™~! — (U*1)™=! < Lh. Obviously we can
assume that U;fll > UM We first reduce the inequality to the special data V;_; =
(y — AV =1y = 1/ (m=1) 7 = (y+ A)Y =D Jand Vo = (y+2A)Y (=1 where
A = Lh and U; = y*/ (™=, We are required to show that

A > (Uisr + A (((Uig2)™ = (Uig)™) = (Usp)™ + (U)™) "

(4.22) "
— (Ui + X (Ui)™ = 2(U)™ + (Us—1)™ )™,
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where A\ = (At)/h? and {Uy} stands for {U'}. Just like the argument for 1 < m < 2,
Vier > Uizq, and (Vigo)™—(Vig1)™ > (Uiz2)™—(U;1)™, so making the latter replacement
increases the right hand side of (4.22). Similarly, (4.22) increases when V;_; replaces
U;—1. Finally, the derivative of the right hand side of (4.22) with respect to the remaining

instances of U; 41, is equal to

(m = 1)(1 = Mn(Uit1)™ ™) (Uis1 + A ((Uiz2)™ = (Uig)™) — Uis1)™ + (U)™)) "
—(m — DAm(Us1)™ (U + A (Uig)™ = 2(U)™ + (Ui—1)™)" 2,

which is positive because Uﬁ:rll > UM and because of (4.5). Therefore, replacing the
remaining instances of U;11 with V;; increases the value of the right hand side of (4.22).

Thus, we are required to show that F(y + A) — F(y) < A, where

m—1

(423) F(y) = (50 4 A (g A)/ 0D =gy ) (g — Ay )

It is therefore sufficient to show that F’(y) < 1 for y > A. Taylor’s Theorem shows that
for any analytic function f,

(2k
Fly+A)=2f(y)+ fly—A) Zf

when f(y) = y™/ (™= =y,

B () = ala=1)- (o= (2k = 1)ym1~

We can now rewrite (4.23) slightly more favorably; if we define the positive coefficients
bk = 2AA%q- - (a — (2k — 1)) /(2k)!, then

0o 2k—1\ \ ™!
F(y) = < 1/(m=1) <1+ bon, ! ))
y)= v ; K (y)

0o m—1
_y (1 . zbm,kyl—%) |

k=1

and the series converges for y > A. A calculation shows that

0o m—2
— <1+me,ky1—2k> —1 mek <7 +1—2k) ’“]
k=1
o) m—2 o0
S (1 + Z bm,ky1_2k> (1 - (m - 2) Z bm,kyl_zk) .
k=1 k=1
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Because m > 2, calculus shows that the function (1 + @)™ 2(1 — (m — 2)a) takes its
maximum value of 1 in the interval [0,1/(m — 2)] when a = 0; therefore the above bound
for F'(y) tends to its maximum value of 1 as y approaches infinity. This proves (4.19).
The final inequality follows from the argument in the first paragraph of this proof. []

The following example shows that some condition like U? > Lh is necessary for the
above theorem to be true. Let 1 < m < 2 and

0 fori<O,
UP={ h fori=1,
2h  for i = 2,

with U defined for ¢ > 2 so that U° has Lipschitz constant 1 and otherwise satisfies the
conditions of the lemma. Then

A
Ull—U&:h—0+h—;((2h)m—3hm+3-0—0)
At

which is bigger than A if 2" > 3. It’s not clear what the precise condition should be to
guarantee that U™ is Lipschitz for m < 2. (Perhaps no condition is necessary if we allow
controlled growth in time of the Lipschitz constant.)

We can summarize the results for our scheme as follows.

CASE 1: GENERAL m, ERROR BOUND FOR u. Assume that ug has bounded variation
and take UP = ug(kh). Because (uf')., is assumed to be a measure, Lemma 4.3 implies
that both v and u” are Holder—1/m. In addition, the integral in (2.3) is bounded by

/ u® — u(a, 0) [z, 0)| dz < [[w( -, 0)l| ey | Au( -, 0 ace)
L Ch

c .

Theorems 2.1 and 4.2 imply that

h  h
lu—u|| <C {— +— +el/m}
€ €

_ Chl/(Zm—l—l)

by taking ¢ = A"/ 2™+ Without further information, we have no error bounds for the
interface because Theorem 3.3 assumes that (ug”b‘l)m + (4 is a positive distribution, hence
a measure. At any rate, 3 =1/(2m + 1) in (3.1).

17



CASE 2: m € (1,2], up 1S LIPSCHITZ, ERROR BOUND FOR u. Assume 1 < m < 2 and
up is Lipschitz continuous with Lipschitz constant L. Let Up = max(ug(kh), Lh). Lemma
4.3 implies that u”( -, ") is Lipschitz continuous for all positive n with the same Lipschitz
constant. This choice of {U}} also satisfies (4.2) through (4.4). Because |[we(-,t)| 1 r) <
C/€?, the integral in (2.3) is bounded by

/ u® — u(a, 0) [z, 0)| da < [[w( -, 0)]| ey [ Al -, )] oy

Ch
< 6—2

Theorems 2.1 and 4.2 imply that

||u—uh|| <C L%—i—e}

= Ch'/?

by taking e = h'/3.
CasE 3: m € (1,2], up LIPSCHITZ, ERROR BOUND FOR 2(t). Assume (uj)' ™ !),, > —C.

The approximation u" satisfies (3.1) with 8 = 1/3. Assume that z° is chosen to satisfy
Theorem 3.3. Because At'/* = Ch'/2 < Ch(m=1/6 for m € (1,2], it follows that

12" — 2(t)| < C [|z(0) i h<m—1>/6] .
If, in addition, |20 — 2(0)| < CA™=1/6 and 2(t) > C > 0 for t € (t"~1,¢"), then
2" — 2(¢™)| < CRm=Y/3,

CASE 4: m > 2, (u""!) LIPSCHITZ, ERROR BOUNDS FOR u AND z(t). Consider now
when m > 2 and u6”_1 is Lipschitz continuous with Lipschitz constant L. Lemma 4.3
shows that then (U™)™~! is Lipschitz continuous with the same Lipschitz constant for all
n. We now take advantage of the special form of 2° to bound the integral in (2.3).

In (2.5) we can write

lu, u"] = olu, u] + (u — u")lu, u, u"]
=mu™ "'+ O([|Auf)¢"(€)/2  for some &,
=mv + O(||Aul| ), because m > 2.

Thus, if we set vs = J5 x v, 29 satisfies

2t = MUsZge + 0222 + O(|| At o0 ) 22-
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€l

Because (a) 2 is nonnegative, (b) d tends to zero while 25, is bounded in L!(R) indepen-

dently of 6 by (2.7), and (c) vs is uniformly Lipschitz continuous, one sees that

25 )= 100 = = [ [ (o9)ae dwde+ O 8al) [ [ 1255 o

By the known bounds (2.6)—(2.7) for 2¢°, we conclude that
1 Aul| oo
ol < 0 |2+ 128l=].

Therefore, the integral in (2.3) is bounded by

‘/(uo — u(z,0))2%(x,0) dx

<12 (-, 0)l ey | Aul -, 0) || ooy

< OpV/(m=1) F n ||A7v;||oo} .
€ €

Theorems 2.1 and 4.2 imply that

1 Aull oo h
lu —u"|| < CRY/ =D {— + %} +C = + Ce'/(m=D)
€ €

€

Let’s ignore the constants for a moment to consider the right hand side of this inequal-
ity. To hide the term ||Aul|s on the left hand side, we require that Ch'/(m=1 /&2 < 1,
or

(4.24) e > Cpt/(m=2),

Balancing the sizes of the first and third remaining terms requires that ¢ = h'/™, which
violates (4.24). Balancing the second and third remaining terms gives e = h(m=1)/2m-1),
which does satisfy (4.24) when m < (3 +1/3)/2 ~ 2.366. This value of € gives an error
bound of O(h'/(™m=1) Tt is easily seen that for m in this regime, the first term is smaller
than the other two terms, so the bound holds for all three terms.

By bounding the integral in (2.3) with h'/(™~1) /2 (as in Case 2), setting e = h/(2m=1)
yields the error bound AY/[Zm=D(m=Dl which is smaller than h'/(?™+1) for m < 5/2. For
other values of m, the error bound in Case 1 is still the best possible. Bounds for the
interface error can now be determined in the usual way if (uf' ' (2))ze > —C > —o0.

These tricks give an error bound of A'/? when m = 2; we doubt that this is sharp. We

believe that better bounds for the error could be achieved by using more precise estimates

for the functions z¢°.
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