
6.7 fortunately ①-1
-

Recall that for it
,
Ir in 112

"

say
that it is orthogonal to T

written it I rt if it .
T = o

a. i - = I
ut .
Ji =

U ,
Vi t . .

. t Un Vn

Remark J is orthogonal to any other
vector

-

S= IT . . . . . . Ip I set of vectors in IR
"

S is an orthogonal set it Ii
. Tj =o for itj

(FAIL S orthogonal and each
Ti to

then S linearly independent .

Thus S is

a basis for span @ ) .

Proof : Verify S 1in . iuolep .

Suppose
that c , u ,

t - - - top Up
=0

for some Ci in IR.
Must show

:

all Ci TO - o

-

(Ce U
,
t .

. t Ci Ui
t - - - t cu Un )

compute
ur. .

. .. t Ci Ui
- Ui t

- -
- t Cn Un

= Ce Ui - U
,
t - o

-
Hui 112

°

thus c ; 11 U
,
.H2=o =) Cc- IO
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all ①

U
,

U2
U 3

Ue - Ure IO Uz -
U 3=0 Up . Ug IO

span@ I = 1123

*
s -- 1¥11:3 .

K"
U ,

Ur US

Ury.
- Uz to

DIII. An orthogonal basis for a subspace

W of IR
"

is a basis of W that is

orthogonal

IFa If LUI . . .
.

, Tp t orthogonal
basis of W

for each Y in W

Y = C
,
T

,
t - -

- t Cp Tp

y . Ui i =L , . .
. , P -

where Ci = uiui

Proof : y = c
,
I

,
t - -

- t Cp Tp ⇒

Y - Ui = ( c , it , +
. . + cc

. it:-c . - * Cp tip
) - UT

-

= c
,
it
,

- UT. + .- - t Ci UT - hit . - t

-

Io
c- cpuI

Solve for Ci ci= =o



¥73 Write f! ) as a linear combination ③

of the vectors trim IEXI : Ho ! , f ! ! ,
soit : l! ) -- al 's fecal ! fast ! ]

Find Ct , Cr , ez .

=\

i÷s=as÷H÷HtiH÷l
- - est !HII

i

-_c±
to

c. =Yn÷u .

( re =
YI
Uz -

U2

Cz
-
-FI
43 . 43

-



The orthogonal projection of a vector ④

HH onto another non - zero vector wmu in 112
"

-
-

Denote this projection by
i.
.

-
-

- r

← Y

. i=
-1

Aim : want to write

y
l"" I as a sum y -Ttt

such that
I is parallel

to u

✓
T z

t U
'⇒

, -1=133 5=4 )

y= iytz
c in IR

2- L
U

'

2- r u =o

Proof of seek c in IR such that

formula y - I t u

for T
Y - cu

t u

ft- cu )
.
u =

o

Y -
U - c u - u

= o

c=t÷
> a > ink

L : If one replaces u by
× # o

ya does not charm
'

y . put
u = I -- F "

u .
U



t e- HI u -- l ! ) ⑤

A-
'

a =

Holl ! )

Till
= lit -- It ! )

1 It L=spqu
:
tshirt

-

= Pros'd
IORTHONORMALBE.TL.
#

S = lui , . . . , up h is orthonormal if

it is orthogonal and each Ui is a unit vector

II Ui 11=1 i = t , . -
- sp.

In this case S is an orthonormal basis for

W - span (s )

1¥57 Find 2 different orthonormal bases of 1123
.

Hol in , ¥.

I i



17¥ A mxn matrix U has orthonormal
⑥

columns it and only if UTU = In .

Suppose U has orthonormal columns

Proof : The entries of fi.it of
UTV

are uituj = iii. u ;
= ft

it i=j

° it itj

fFa Properties of Mxn
matrices with

orthogonal columns

⇐ 1 HUX 11=11×11 for X in 112
"

Cbl (Ux ) . @ y ) = x. y
x

,
y in 1124

⇐ I @ x ) . ( Vy 1=0 ⇒
x. 7=0

-
If m=n say U is ORTHOGONAL

^



-
⑦

( ORTHOGONAL MATRICES
-

square matrix is called ORTHOGONAL
An nxn -

if it has orthonormal columns .

-

Moreover if U is mxn then

U is orthogonal ⇐ U is invertible and

U
-I
=
UT

-
END -


