
The fortieth ①
-

Goal for today :

Let w be a subspace of IR
"

Let y be vector (point)inl

Want to decompose y as

Y = I + z

where I is in W and Zin
IR
' w =

"

xy - plane
" wt -

-

"

z - axis
" this means

that

2- I W

I
'

Ii
s ) ← w

-→ kin"w

Key facts : (11 the decomposition y -_ I + It

is unique

(2) I is the
closest point in

W to y

dist (y , W )
= Ily - Ill

= 117=11

Geometric insight :

•

It÷÷:÷ >\
-



Q1
.

How to compute I and 2- ①

Q2.

How to compute dist (y ,
W )

?

? answer

= yy - I 11=117-11

c- -The orthogonal decomposition theorem → /y= Itt
-

If { Ue , . . . , up h is orthogonal basis of
W
,
then

D= u
,
+ .

. - + YI up
Up . Up

2- = Y - I (because y= It t )

Notation for I :

I = Prog
-

WY = the orthogonal

projection of y
onto W .

IE Let w be the subspace of 1123 spanned

Yy uit-1) and u
- =L ! ) .

Let , -_ I;]
Find y = I + E where I = Projwy -

Soth U , . Uz = O Z t O tf21=0

thus fur , ne 4 orthogonal basis for W

Thus y = Y u , +
Yik une

U ,
.
U l

U z
- U2

=¥!÷ =

" =
- ÷=

- I
U
,
- U l



=

'III! E ③

I -- ⇐ in -i⇐H=
- I ' El !I=f÷¥)

⇐ i - i tf "¥t. !
y = It 2- I . 7=0

IThebestapproximah.tn#oreIy=ProjwYis the closest point in
W to y

.

This means
that Hy - I lls Ily - w Il

for all w in W

with the exception of w = I .

Thus oust (Y ,
W ) = Ily - I 11 = 112-11

IExI For W and y as in Ex 1
,
find

the point in w that

isclusestyawdfend dist ly , W )
.

I
sold sp =

Cee Ex
' l

"

this is it til = ly - I
11 = 111%33 ,

,g
) Il

= TEETH .



Formula for proiw Y simplifies
④

if { Us , . .. , up { is orthonormal basis

projwy = ( Y - nil u ,
t - -

- t @ - up ) Up

If we form the matrix U with columns

Uh , . Up

U = Cut , . - - , Up )

then

Y' = projwy = Uuty

IEx3T Revisit Ex 1 using the formula
above

-

I t.li/i:ni::::m.int..::t
of w

use HII .Hill u=÷÷÷
U UT Y

±.ua . ÷÷÷H÷:
'

I:L
3×22×3=3×3 .

3 ×
' 3×1



EH write y in
1124 as sum of one ⑤

vector in span hut , un , ugh
and one in spongy}

" I " II. last " = t.r-f.it
soiny-tf.n.u.tt;÷.

" t tu;÷ . " -i m
-
in span {Ut ,

Un
,

Us 9 in Spanky}

Remark : easier to compute Yi"4. Uy

- Uy. 44

and obtain the other component as

y - Y•U Uy .

Uy - 44

y = It zRemarks

, = Eproiw
- END

-

2- = Y - I t w Ly - I ) . Ii
Io

y .
Ui = T - Ui ?

I -- 'u÷
.

a. +
'
n'÷.ua

I .net?..iuiiiy
.

it
,
= Y .
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