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between vectors a =/¥;) b=(%z )
b3

112 - btl = (a. , - bit + Can - bapt (23-6312)
#

Revisit the meaning of linear system

A ✗ =b

3×11-4×2=11

13%11%1=1%1 ax .
- *

= . -

✗ it ? ] -1×1%1=1%1
Note : we seek to write b as

linear
combination

of the columns of A .

Thus A- ✗ =b is consistent ( it
his solutions /

⇐) b belongs Col # / = span { at ,
-
- - An }

A = far , .
. -

,
7m ]

÷::::÷÷::÷÷:•The next_É
is

to search for ✗Dpossible .

A
b is not in Col # I

Thisissolveolrdsfollows



①

\:É*=w
I = proj

b What about the system

w AI =D ?

This is consistent / has Sol 's )

since ^b belongs

to Colet /

If I sahshh.es/tx--b then

since b- I 1- Cold-1=W

A-- (11--11)b- A# 1- lol# I
U

,
V in 1122

÷É:f ±
U - ✓ =

°

AT @ - Ai )=0 AT =\
'

'

]
' " " 1-7=0
1×2 2×1 =

1×1

each now

↳ art
)f b-

A-E) ⇒

thus
I is a solution of

system\ñA#*"?¥→
.

associated

I is called a least-squares

solution .

F- A- 511



Ñ_n The least-squares solutions of ③

A- ✗=b

coincides with the set of solutions of the

normal system ATA = Atb .

Any such I has the property that

1lb - AI 11 £11b - A- ✗ 11 for any

✗ in 112h

Moreover the orthogonal projection

pros
' Cbl = D= AI where

10141-1 I is any

least-squares
so /

'
n -

E Find least-squares sol's of

1 : :
" :/ 1=1 ? /
F- b-

Normal system : ATA I =
AT b

1 : : : :y ! :/ ¥.tl
: : : 'll:)

¥.t-¥÷¥i¥=:1
solve unique

least -se Solly .



A ✗ =b inconsistent ④

Search for ☒ S.t. 1lb - A- ✗ It is as

small as possible . There is precisely

one such ✗ since ATA is invertible

i=¥¥

Cott / is 2 - dimensional
b^=Ax^=

TÉ:÷i=i
Error from an exact solution is

1lb - AID = 1lb - till = y.tt?ggygp--Fts-I"
•

µ
""



R< Find a line which interpolates ⑤

the data f- 1
,
- 2 7 10

,

17 4,21 (2,71

" optimally
"

.

"¥ min (sum(
errors

-11

e
:*

Seek fCtt

s.tt#---.-y:.-:::-::TXq--I

f fol
= I

f- 11 ,)=~
✗ , +
2×2=7

1- 41=7

ATernatememi-wwmmn.at
are orthogonal A- = fat ,

are , → A)

I = proj
b =bj.÷

,

a. + .
. - + ÷?:nan

Colitl

How to solve A- I =D ?



"¥. " ⑥
☒ =\ :

:

b- an

- END -

Remarks concerning
Problem 13 on HW .

for A-✗ =b does :

Recall what a least-squares solution
i

It satisfies the equation AI =D where

(b) = orthogonal projection of
b onto the

subspace
Colet /

I
= Project#

Given It and b
,
the orthogonal

projection 5 is unique .

It has the property
heat 1lb -511<11

b - w "→

for any
w in

Col (A)

Thus it be =/ bz are in Cott / and 1lb- b , 11=11
b- ball

then neither be nor bz can be equal to 5 .

Now suppose
that a ,v are distinct vectors

such that

Au ⇐ AV
and Hb - An 11=11

b- A- v11

Is it possible that
at least one of a or ✓

could be a least-squares solution of H×=b ?

r


