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1. [10pt]Consider the matrices A =

2

4
2 2 1
2 1 2
1 1 1

3

5 and B =

2

4
1 1 1
1 2 1
1 1 1

3

5 . Let S be the subspace

of R3 consisting of those vectors x such that Ax = Bx. Find a basis of S.
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2. [10pt]Consider the vectors

u =

2

4
1

�1
1

3

5 v =

2

4
1
2
1

3

5 w =

2

4
0
0
1

3

5 0 =

2

4
0
0
0

3

5

Let A be a 3⇥ 3 matrix such that Au = 0, Av = 0 and Aw = w. What is the rank of
A?

2

Use the rank theorem Lp 165

rank A t dim ul Al 3

Nul HI is a subspace of 1123 so that olim Nulth E3

T and T are linearly independent and

A I E AT 5 it F belong to Nul A I

Thus dim ful 72 Since AuT w to

ut does not belong to Nut ftl thus

NulCtl t 1123 so that dim Nulth 2

Then rank ftl 3 olim Nul 1 3 2 1

Answer IrankflTf



3. [10pt]Let T : R2 ! R3 be a linear map such that T

✓
1
0

�◆
=

2

4
1
2
3

3

5 and

T

✓
1
2

�◆
=

2

4
1

�1
0

3

5. Compute T

✓
3
4

�◆
.

3

1341 fo t 2 L Since Ti's linear

Td _THI 1241111

4.1 411 474 41
Answeri T µ g

Another method is to find the matrix A with

The property that Tf1 HI for all 5 in 1122

T 1122 1 1123 It is 3 2 matrix

Find A using
and
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4. [10pt]Let A be a 3 ⇥ 5 matrix. Which of the following statements are true? Indicate clearly
all correct answers.

A. The rank of A is 3.

B. The null space of A has dimension at least 2.

C. Ax = 0 has only one solution, the trivial solution.

D. There exists two linearly independent vectors u and v in R5 such that Au = Av = 0.

E. The columns of A are linearly dependent.

4



5. [10pt]Suppose that A and B are 2⇥2 matrices satisfying det(B) = 8 and A3 = B2. Determine
the value of det(3AT BA�1B�1A).

5



6. [10pt]Consider the matrix A =

0

BB@

1 1 4 2
2 2 10 0
0 3 1 0
1 0 0 5

1

CCA. Compute the (3, 2) entry of the adjugate

matrix adj(A).
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7. [10pt]Consider the matrices

A =

2

664

a b c d
x y z 0

�3 7 2 11
�1 1 2 10

3

775 , B =

2

664

x y z 0
�3 + bx 7 + by 2 + bz 11

a b c d
�1 1 2 10

3

775 .

Suppose that det(A) = 3. Find det(2B).

7

B is 4x4 out B 24 def 1 16061931

Row replacement replace 2nd row 1 in B with Citeselfft

Eb first now
X Y 2 0

out l

I t.gg fxYIdof outCH s
r 3 7 211

I 1 2 10

2 row interchanges C17C 11
1

Thus out B 1 16 out I 16 out a 16 3 48

Answer t.de f2B148T



8. [10pt]Consider a linear system whose augmented matrix is of the form

[A|~b] =

2

4
1 0 �2 | a
0 1 a | a� 3
0 0 a� 4 | a� 3

3

5

(i) For what values of a will the system have no solution?

(ii) For what values of a will the system have a unique solution?

(iii) For what values of a will the system have infinitely many solutions?

8



9. [10pt]Consider the system:

x+ y + z = 5

x+ 2y + z = 9

x+ y + (a2 � 5)z = a

For which value of a does the system have infinitely many solutions?

9

The matrix of the system is A f g ya s
l l l

det joan.co
a 6

It out I to unique solution

If def CH O a 6 a I RE

The system becomes

X 14 7 5

inconsistent 2 y 7 9
x 14 2 VE or Vol

Thus the system has either a uniquesolution

or it is inconsistent

7 There is no 2 such that the system

Answer has infinitely many solutions



10. [10pt]Find a subset T of the set S =

8
<

:

0

@
1
2
1

1

A ,

0

@
3
2
1

1

A ,

0

@
2
2
1

1

A ,

0

@
1
2
�1

1

A

9
=

; such that T is a basis

for the subspace of R3 spanned by S.

10

ut r ut E

S is a subspace of IRS and so olim E3

The first two tutors u
y and it L are

linearly independent
Thus dims 2 or dints 3

I 1 4 11 0 Thusof is a linear

combination of et and F in fact E IT f E

founder now Ti FIE to

iii Hit ti
Thus T E E ere linearly independent

dim 7 3 so that

Answer F 441,3 It s 1123

This is not the only choice for T
m

for example 4341,24 krill
is also a correct answer since

I I to


