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Abstract. For anisotropic attenuating media, the albedo operator determines the
scattering and the attenuating coefficients up to a gauge transformation. We show
that such a determination is stable.
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1. Introduction

This paper concerns the problem of recovering the absorption and scattering properties
of a bounded, convex medium €2 C R", n > 2 from the spatial-angular measurements of
the density of particles at the boundary 0f). Provided that the particles interact with
the medium but not with each other, the radiation transfer in the steady-state can be
modeled by the transport equation

—0 - Vu(z,0) — a(z,0)u(x,0) + / k(z,0,0)u(x,0)dd" =0, (1)

Sn—l

for v € Q and 6 € S"!; see, e.g. [10, 25]. The function u(z, ) represents the density of
particles at x traveling in the direction 6, a(x,#) is the attenuation coefficient at x for
particles moving in the direction of 8, and k(x,#’,0) is the scattering coefficient (or the
collision kernel) which accounts for particles from an arbitrary direction 6’ which scatter
in the direction of travel . Let I'y denote the incoming and outgoing “boundary”

[y={(z,0) €00 x S" 1. =£0-n(zx) >0}, (2)

n(x) being the outer unit normal at a boundary point x € 92. The medium is probed
with the given radiation

ulp_ = f-. (3)
The exiting radiation u|r, is detected thus defining the albedo operator A that takes
the incoming flux f_ to the outgoing flux u|r , i.e. A[f-] :=u|r,.

In general, the boundary value problem (1) and (3) may not be uniquely solvable
but it has a unique solution under some physically relevant subcritical conditions like
(26), (27), or (58). We note, however, that for sufficiently regular coefficients, the
problem has unique solution for generic (a, k), see [30, 28].

One of the inverse boundary value problems in transport theory is to recover the
attenuation coefficient a and the scattering kernel k£ from knowledge of the albedo
operator A. This problem has been solved under some restrictive assumptions (e.g. k of
a special type or independent of a variable) in [1, 2, 3, 5, 18, 19, 20, 31, 32|. In three or
higher dimensions, uniqueness and reconstruction results for general k and a = a(x) were
established in [12]. The general approach is based on the study of the singularities of the
fundamental solution of (1) (see also [9]), and the singularities of the Schwartz kernel
of A. Stability estimates for k of special type were established in [27, 33|, and recently,
for general k, in [7]. Uniqueness and reconstruction results in a Riemannian geometry
setting, including recovery of a simple metric, were established in [21]. Similar results
for the time-dependent model were established in [11], and in [15] for the Riemannian
case. In planar domains the work in [29] shows stable determination of the isotropic
absorption and small scattering, and an extension to simple Riemannian geometry is
given in [22]. Also in two dimensional domains we point out that the recovery of k is
only known under smallness conditions which are more restrictive than what is needed
to solve the direct problem; e.g. more restrictive than (26) or (27) below. On the other
hand, in the time-dependent case, the extra variable allows us to treat the planar case
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without such restrictions, see [11]. We also mention here the recent works [8, 16, 17], in
which the coefficients are recovered from angularly averaged measurements rather than
from the knowledge of the whole albedo operator A. For an exhaustive account on the
inverse transport problem we refer to the review paper [6].

The above mentioned results concern media with directionally independent
absorption a = a(z), except for transport with variable speed when the attenuation
may depend on |v|, a = a(z, |[v]).

The attenuation accounts not only for the absorption of particles, but also for the
loss of particles due to the scattering. In the physical case in which k£ depends on two
independent directions, the attenuation is inherently anisotropic a = a(x,#). However,
in an anisotropic attenuating media, the unique determination of the coefficients from
boundary measurements no longer holds: In [28] it is shown that the albedo operator
determines the pairs of coefficients up to a gauge transformation; see (4) below. This
non-uniqueness motivates the following definition.

Definition 1.1 Two pairs of coefficients (a, k) and (a,k) are called gauge equivalent
if there exists a positive ¢ € L®(Q x S™1) with 1/¢p € L>®(Q x 8" 1), 6 - V,é(x,0) €
L®(Q x 8" and ¢ =1 for x € OQ such that

i(x,0) = a(x,0) — 0V, log ¢(x,0), h(z,0,0) = i((j 99))

We denote the equivalence class of (a, k) by {(a, k), and the equivalence relation itself by

k(z,0,0). (4)

s,

The relation defined above is reflexive since (a, k) ~ (a,k) via ¢ = 1; it is symmetric
since (a,k) ~ (a,k) via ¢ yields (a,k) ~ (a, k) via 1/¢; and it is transitive since if
(a, k) ~ (@, k) via ¢ and (a, k) ~ (a’, k') via ¢ then (a, k) ~ (a’, k') via ¢¢.

The main result in [28] is that, in dimensions n > 3, A = A if and only if
(a,k) ~ (d,l;:), i.e., uniqueness up to gauge transformations. The uniqueness up to
the gauge transformation extends naturally to refractive media and to dimension two,
see [23].

In this paper we study the question of stability of the determination of the gauge
equivalent classes. Let (M, | - |la) and (N, || - ||§) be Banach spaces in which the
attenuation and, respectively, the scattering kernel are considered, (a, k), (a, l~€) € MxN.
The distance A between equivalence classes with respect to M x N is given by the
infimum of the distances between all possible pairs of representatives. More precisely,

Ala, k), (a, k) := inf - max{||a’ — &\, |K — l~c'||N}
(a/ k") E(a,k),(a’ k") E(a,k)

For n > 3 we work within the class of coefficients
(a,k) € L®(Q x S™71) x L>®(Q x S"~L LY(S" ). (5)
For two dimensional domains (n = 2) both coefficients are assumed bounded:

(a,k) € L®(Q x S') x L=(Q x S' x §1). (6)
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The following norms are used throughout

lallc = es5 5P pervesnilale, O)]. 7

Ikl = 55 50Dyt [ G0, 0)]aD ©)

[kllc = ess SUP(z,07,0)eQx St x S k(z,0",0)], (9)

1k |1 :// / |k(x,0',0)|dzdd’'d. (10)
QJsn-1 Jgn-1

Note that the gauge transformations preserve the class of coefficients in (5) or (6).

In Section 2 we reduce the original inverse problem in €2 to the inverse problem
of transport in a larger (strictly convex) domain Br D Q, where the attenuation and
scattering coefficients are extended by zero in Bg \ Q2. More precisely we show that the
difference of two albedo operators realizes an isometry when transported from 02 to
dBp. For simplicity, the larger domain is a ball but this is not essential. Let (, k) be
another pair of admissible coefficients for which the forward problem in €2 is well posed
and let A denote the corresponding albedo operator. Set a = a@ =0 and k = k = 0 in
Br\Q. Then the forward problems in By are also well posed and let A" and AR, denote
the corresponding albedo operators respectively. The boundary data is considered on

M= {(2,0) € 0B x S"': 40 -n(x) > 0}, (11)

n(x) now being the outer unit normal at a boundary point x € 0Bg. Provided that the
forward problem is well-posed in LP, 1 < p < oo, we show that

IA = Allczr_aeyzeraey = A" = AR||ﬁ(Lp(rﬁ;ng);Lp(rﬁ;ng))- (12)

In (12) we used d¢ = |n(zx) - 0|du(x)df, where df is the normalized measure on the
sphere, dyu(x) is the induced Lebesgue measure on 02 and n(x) is the unit outer normal
at some x € 9Q. Similarly, dé® = |n(z) - 0|du®(z)dd, where du®(x) is the induced
Lebesgue measure on 0Bp.

Consequently, we may consider the data (albedo operators) given directly on the
O0Bpr and drop R from their notation. The isometry (12) with p = 1 is used for domains
in three or higher dimensions. For brevity let

A = Al = [l A = All 2o agyni (v ae))-

Let 74 (x,0) be the travel time it takes a particle at © € By to reach the boundary
0Bpr while moving in the direction of 6 and define 7(z,0) = 7_(x,0) + 74 (,0). Since
we work with unit-speed velocities, 7(z,6) < 2R. Moreover, since dist(Q2, Bg) > 0, we
have

cr = inf{7(x,0) : (z,0) € Q x S" '} >0. (13)

Note that we could make cgr = 1 at the expense of a sufficiently large radius R.
For domains €2 C R™ with n > 3, and for X, p > 0 we consider the class

Us,y = {(a,k) asin (6): [l < 5. [*lloer < p}.

The main result of stability of gauge equivalent classes is the following.
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Theorem 1.2 Let n > 3 be the dimension of Q, and (a, k), (a, /%) € Us, be such that
the corresponding forward problems (1) and (3) are well posed. Then

where A is with respect to L= x L', and C is a constant depending only on ¥, p, cr, R
and the dimension n. More precisely, there exists a representative (a', k') € {(a, k) such
that

o = alloe < CLA - A, (1)
1K = k[l < CllA = Al (15)
where
C = max{w, | R"'e"™ (1 + 4Rpe*™) | "™ [cp},
wn_1 denoting the (n — 1)-volume of the unit sphere S™!.

For the stability of the equivalence classes in two dimensional domains we need a
more refined notion of distance between the albedo operators: Following [29, Proposition
1], the Schwartz kernel of a albedo operator A4 admits the singular decomposition:

A(SL‘/, 9,) I
o= Sy o (@0 0) + Ala,0,2/,0), (16)

where

T+(xl79/)
A(x',0") = exp (—/ a(z’ + o', 6’/)dt> (17)
0

and |0 x 0|3 € L>=(I'f x I'); see also Section 6.
Let A, 3 be the coefficients corresponding to the decomposition (16) of another
albedo operator A. We define

[l = max{[|Allo; [16 x 6| Bl]oc }-

In Section 2 we show that the isometric transportation from 902 to 0Bg holds in the
new operator norm, i.e.,

A — Al = [|A% — A7 (18)
In the two dimensional case, for 3, p > 0, we consider the smaller class
Vo = {(ak) asin (6): Jlalle < Z, [kl < p}.
Theorem 1.3 Let Q be a planar domain. For any % > 0, there exists 0 < p < 1

depending only on ¥, R and cg, such that the following holds: If (a,k), (a, l;:) € Vs,
then

A({a, k), (@ k) < Ol A = Al

where A is with respect to L™ x L>=, and C is a constant depending only on X, p, cr

and R.
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The proofs of Theorem 1.2 and 1.3 are based on the analysis of the singularities of the
Schwartz kernel of A as in [12] and, respectively, [29]. We also use an extended version
of an estimate in [7], see Section 4 below.

One can formulate and prove similar results in the case where the velocity belongs
to an open subspace of R", i.e., the speed can change, as in [7, 12]. We restrict ourselves
to the fixed speed case (|f| = 1) for the sake of simplicity of the exposition.

2. Isometric transportation of the albedo operators from 02 to 0Bg

Recall that © is strictly convex with Q C Bpg, and A is the albedo operator for the
radiation transport in Q. The coefficients (a, k) are extended by zero in B \ Q and
let Ag be the albedo operator corresponding to the radiative transport in By x S™ !,
which takes functions on I'* to functions on I'¥; see (11). Recall that 74 (z,6) is the
travel time it takes a particle at x € By to reach the boundary 0Br while moving in
the direction of +6.
We consider next the set of “projections” of I'y onto I'} defined by
M= {(z £ 7:(,0)0,0: (2,0) e} CIE

and the transportation maps
(T f1(«,0") = f(a' —7_(2/,0)0',0"), V(/,0)eTl_ (19)
17 f](z + 74 (2,0)0,0) == f(x,0), V(z,0)eT,. (20)
T takes maps defined on I'® to maps on I'_, whereas 7 takes maps defined on I'y to
maps on I'%.
Proposition 2.1 For any 1 < p < oo, the maps
T : LP(TR; d6) — LP(T_; dE),
T LP(Dy;d€) — LA d€)
are isomorphisms.
Proof: From the definitions (19) and (20) we have

ess suppr f = ess supr_[7 f] and ess supge [’ff] = ess supr_ f.

This proves the isometry for p = co. For 1 < p < oo we have the identities

[ r@ord.o = [ [T 0pde( o)

[ reopdéie.s = [ 1 opdco)

obtained by the change of variables z = ' —7_(2/,0) and x = '+ 7, (2/, 0) respectively.
U
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Proposition 2.2 Let (a,k) be an admissible pair for the transport in Q0 such that the
forward problem is well-posed in LP(Q x S™1), 1 < p < oo, n > 2, and let A be the
corresponding albedo operator. Extend the coefficients by zero in Br \ Q. Then the
forward problem in LP(Bgr x S™™1), 1 < p < oo, is also well posed and let A" be the
corresponding albedo operator. For any f € LP(I'®) we have

.

flo —7_(2,0)0,0), if (x,0) € TE\TE,
AR f](x,0) = (21)

TAT f(x,0), if (x,0) € T,

\

Proof: The relation (21) is a direct consequence of the fact that in By \ Q, where the
coefficients vanish, the solution u(x,#) of the transport equation is constant in z along
the lines in the direction of §. [J

Proposition 2.3 Let (a,k) and (a, l;:) be admissible pairs for the transport in Q such
that the forward problem is well-posed in LP(2 x S™ 1), n>2,1<p < oo, and let A
and A be the corresponding albedo operators. Extend the coefficients by zero in Bg \ Q
and let AR, respectively AR, be their corresponding albedo operators for the transport
through Br. Then (12) and (18) hold.

Proof: Following (21)

0, if (z,0) € TE\TE,
(A" — A" [f](x,0) = (22)

TIA— AT f(x,0), if (v,0) € TE.

\

For f € LP(T),

I(A" =A%) fll ormy = 1T (A = AT oy = (A= AT fllzoes
<A = AT fllzraoy = 1A = Al 1 pogeny
< A=Al 1l zorry.

Hence || A% — A%|| < [|A - A].

To prove the converse inequality, let fy be the projection of f on ff, ie.

(

0, on Ff\ff,

f, on I'f
\
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Then
1A= AT flleees) = 1T (A= AT fllpoery = 1A% =A%) fllpoen)
= [I(A% = A7) foll oy < IAT = A%\ - | foll ooy
= A" = A% I flenll pory = AT = AR T fllooes).
Since 7 is onto LP(I'_), the inequality above yields |4 — A| < [|A" — AF|.

Next, we prove the isometry in the || - ||.-norm. Let «, &, o, af be the Schwartz
kernels associated with the albedo operators A, A, A% AR and let A, A, A% A% and
3,3, 3%, 3% be the coefficients from the corresponding singular decomposition as in
(16).

On the one hand, for f € C°°(T'%) arbitrary, and (z,0) € T’y we have:

[T("i - A)Tfo + 74 (ZL‘, 0)97 0) = [("2( - -’4>Tf] ("L‘a 9)
_ / 6 — al(z, 0,2, )T f(o, 0)de (" @)

= / [ —a](z,0,2',0) f(z' —7_(2',0"),0")dE (2, 0")

= [ 5= 2100, 0 0" ),

In the last equality above we change variables z, = 2/ — 7_(2/,6')¢’, and denote the
distribution [y — 4](z,0,2" — 7_(2/,0")¢',0") := [& — a(x, 0,2, 6").
On the other hand, from (22), we get

[T(A— AT fl(z + 72 (x,0)0,0) = [A" — A" f(2x + 7. (2, 0)0,0)
_ /F (A" = (@ + 74 (2,0)0,0, 5, 0) [ (7, 0)AET (2, )

= / [@f — aff|(x + 7 (2,0)0,0, 2, 0) f(z)y, 0)dET (27, 0).
PR

Therefore, in the sense of distributions
[a&f — a®(z + 74 (2,0)0,0,2 — 7_(2/,0)0,0') = [&@ — a](x,0,2",0") (23)

Independently of the equality (23) above, due to the fact that = a@ = 0 in the Bg \ €,
by direct verification in the formula (17), we get

(AR — AR (2! — (2!, 00, 0") = [A — A|(«/,0), (/,0")eT_. (24)
Now (23) and (24) applied to (16) yield for (z,0,2',0") € 'y x I'_:

(67 — B8)(x + 74 (2,0)0,0, 2" — 7_(',0)0',0") = [3 — [](x,0,2",0'). (25)
The isometric relation (18) now follows from (23) and (25). O

3. The forward problem in three or higher dimensions

In this section we recall the properties which define the albedo operator and its kernel’s
singular expansion when n > 3.
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Let T be the operator defined by the left hand side of (1) considered on Bg x S,
n > 3. From (5), the second and the third terms of T are bounded operators on
L'(Bg x S™1), while the first term is unbounded. We view T as a (closed) unbounded
operator on L'(Bg x S™') with the domain

D(T) ={u € L"(Br x S"'); 0-Vu € L'(Bg x S"™1), ulp_ = 0};

see [12].
We work under either one of the following subcritical conditions that yield well-
posedness for the boundary value problem (1) and (3):

T(x,Q)/ k(x,0,0)d0'| < 1, (26)
Sn—1

€SS Sup(%e)eg w §n—1

or
CL(:L’,@) - / k(ﬂv,e,@’)d@’ > O, a.e. ) x Snil; (27>
Sn 1

see, e.g., [7, 12, 13, 24, 25].

Let 7,y (2) represent the delta distribution with respect to the boundary measure
dp(x'") supported at « € 02, and let dggy(0') represent the delta distribution with respect
to df centered at § € S"~'. The following result is a recast of [12, Theorem 2.3] to the
unit speed velocities.

Proposition 3.1 Let n > 3. Assume that the direct problem is well-posed. Then
the albedo operator A : LY(T'R,d¢) — LY(T'E,d¢) is bounded and its Schwartz kernel
a(z,0,2',0"), considered as a distribution on I'y with (2',0') € T2 parameters, is given
by a = oy + ao + ag, where

n x/ 9/ _ T (x,0) a o
ay(z,0,2',0") = | n((aji ¢ | w’g)dt5{x/+u(m/79/)9'}(96)5{9'}(9) (28)
(z',0") el
ay(z,0,2',0") = DR / R (29)
n(x) -6
% e foaersO 0’) dsk(l’ +t9’ 0 6)5{m+t0’+7+(&?+t9/ 9}( )dt
In(2') - 0'| tas € LO(TE; LYTE df)). (30)

4. Preliminary estimates

This section extends a result from [7] for continuous coefficients to the class of essentially
bounded coefficients as in (5). This extension is crucial to the transportation of the
problem to a larger domain, if no boundary knowledge of the coefficients is available,
and has the added benefit of simplifying the proof considerably.

Although the presentation below concerns the unit speed velocity and
measurements at the boundary, the results easily extend to the variable velocity and
measurements in the rotating planes setting. The main novelty in this section is made
possible by the following result on the approximation of the identity.
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Proposition 4.1 [1/, Theorem 8.15] Suppose ¢ € L*R") with [¢(x)dz = 1 and
lo(x)| < C(1+ |z|)~"¢ for some C,e >0, and let o, =t "p(z/t). If f € LP(R"), for
some 1 < p < oo, then f*xp; — f(x) witht — 0%, for almost every x in the Lebesque set
of f—in particular, for almost every x € R™, and at every x at which f is continuous.

Corollary 4.2 There is a family of maps ¢c 1 g, € LY T_,d¢), (x),&) €T ande > 0,

such that, for any f € L>(T' 1, d§) given,

ity [ Gy 0,0 (0" OE(, ) = 00 (31)
r_

e—0

whenever (xf, 0) is in the Lebesque set of f. In particular, (31) holds for almost every
(h,0) € T_.

Proof:For (z),6,) € T_ and ¢ > 0 sufficiently small, let (z/,¢') : U x V C R*2 —
2'(U) x 0 (V) C 92 x S"~! be a coordinate chart with (x, 6}) € 2'(U) x §'(U) such that
xy = 2'(0) and 6, = ¢'(0). For (2/,0") € I'_, define
7 | | AN

where p(u) = 1/(w,_1) for Ju| <1, ¢(u) =0 for |u| > 1, and p.(u) = e " p(u/e). By
wn—1 we denoted the volume of the (n — 1)-dimensional unit ball. Then, for any ¢ > 0,
[ ¢e(u)du =1 and

by (o 6) (2, 0)dE(, 0) = / e () pe(v) (& (), 8'(v)) dudv.

RQn—2

¢6,z’0,96 (Qf/, 9/) =

r_
Apply the equality above to f = 1 to get |¢cap 6/l 0y = 1. The conclusion
follows from Proposition 4.1. OWe introduce the following notations. For (z/,0") € T'_,
0<t<7.(a,0) and 6 € S"! let

ot (t, 2, 0,0) =2 +t0 + 7. (2" + t0',0)0, (32)
F<t7 x/7 9/7 6) = 67 fOT+(I/+t9/,9) a(gc’+t9’+s€,€)ds€7 fot G(I/+39/>0l)d5’ (33)

denote the exiting point after one scattering at the point ' + 6’ coming from direction
0" into the direction 6, and, respectively, the total absorption along the broken line due
to this scattering.

Let (a, k), (@, k) be as in (5) extended by 0 on Bg\Q, such that the forward problem
is well-posed. All the operators bearing the tilde refer to (a, /%) and are defined in a
similar way to the ones for (a, k). For example A is the albedo operator corresponding
to (a, k). Recall that n is the dimension of the space.

Theorem 4.3 Let (a, k), (a, k) be as in (5). For almost every (), 6}) € T_ the following
estimates hold:
Forn > 2,

“r(zé)’%) a(x! /! "'+(”6’96) P / ~
— +t6y,,0{)ds - a(zy+t0y,0])ds
e Jo 0T0,% —e Jo 0T%o0% < ||,A—A|| (34)
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Forn > 3,

(x0,00) ~
/ / \k — k| () + 160, 60, 0)E(t, 2}, 65, 0)dodt < || A— A| +
Sn— 1

- 7'+(33o _
HIF - F||oo/ /S F(zo + 1), 0}, 0)d0dt. (35)
0 n—1

Proof: Let (z(,6y) € I'_ be arbitrarily fixed and let ¢. 4 ¢ € L'(I'_) be defined as in
Corollary 4.2. To simplify the formulas, since (z(, 6;) is fixed, in the following we drop
this dependence from the notation ¢. = ¢. 4 4.

Let A = A; + As + A3 be the decomposition of the albedo operator given by

Aif(z,0) :/ a;(z, 0,20 f(«!,0)du(z")do’', i =1,2,3,

where «;, t = 1,2, 3 are the Schwartz kernels in Proposition 3.1 and du(z’) is the induced
Lebesgue measure on the boundary 0.

Let ¢ € L>(I'y) with [[¢|l < 1. Since ||¢e||z1r_y = 1, the mapping properties of
the albedo operator imply that

o(x,0)[A — Al (z,0)d¢ (2, 0)| < || A~ AJ. (36)

Iy

Next we evaluate each of the three terms in fF+ o(x,0)[A — Alo.(x,0)dE(x,0) by
using the decomposition in Proposition 3.1 and Fubini’s theorem.

The first term is evaluated using the formula (28):

L(p,e) = | oz, 0)[A — Ai]o(x,0)dE(x, 0)

Ly
¢(I/ + T+ (I,7 8/)0,7 0/)¢E<x,7 9,)
r_

T4 (2',0") T+(CE’ o)

% {e ot a0 00ds _ - f &(z/+89’,9’)ds:| de (', 0).
Since the integrand above is in L>°(I'_) by applying (31), we get for almost every
(xp,0;) € T'-
1(6) (. 8) = lim 1 (6, )
= (g + 745, 00)00, 6;) (37)
X (6 THE000) o0ty o) 0)ds _ o J+(I6’96>a(m6+596,6‘6)ds> '

To evaluate the second term we use the notations (32) and (33) and the formula
(29):

I(¢,¢€) = ¢(~”E 0)[ A2 — Az (x,0)de (,0)

/cbsx@déa:@ /S/ o (2, 0,0),0) x

X [F(t,x 0z, 0 k(e +10.,0.,0) — F(t,2 ,e’,x,e)/%(xfﬂe’,e’,e)} dtd@}.
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Apply again (31) for the continuous integrand above to obtain for almost every
(xp,0;) € T'_:

1(9) . 65) = lim Io(, €)

+ (g, o)
/ / (b, 00,0),0) [F(t 2, 0, 2, )k + 16, 0, 0)
Sn— 1

_F(t, 2,00z, 9)/2(1:0 + 0,0, e)] dtde, (38)
or Iy(¢) = Io1(¢) + I22(¢) with
L1 (o / / o (t,2), 00, 0),0)F(t, ), 0z, )
lj i) () +t9 6, 0)dtdo, (39)

T—‘r(xo ~ ~
a@l< [ [ 1 Pl 0,00k + 10,0, 0. 20
sn-1Jg
Consider the third term
13(¢7 6) = ¢(x70)[“43 —A3]¢5<l’,6)d€($,0)

'+
(a3 — ag)(z, 0,2, 6)
o (2, 0))dE(2 0 { o(x,0 dé(z,0) ¢ .
[t e o [ oo il e )
y (30), the map (2/,0") — fF+ o(x,0)(as — as)(x, 0,2, 0)|n(a’) - 0'| ' de(x,0) is in
LOO(F ), and then, by (31) we get for almost every (zf, 0) € I'~
6, xy, 0
130){a ) = iy 1(0.2) = [ oo, 02 B B e gy a1
n(xp) - 0
The left hand side of (36) has three terms. We move the third term to the right
hand side (with absolute values) and take the limit with ¢ — 0 to get
|11(¢) + L2(9)] (2, 0) < A = All + Ls(|¢]) (2, 65), ave. (2,65) € T-(42)

for any ¢ € L>*(I'}) with ||¢|| = 1.
We note that the negligible set on which the inequality above does not hold

may depend on ¢. We will consider a countable sequence of functions ¢, and since
the countable union of negligible sets is negligible, the inequality (42) holds almost
everywhere on I'_, independently of the term in the sequence. This justifies the
argument below for almost every (zf, 6f) in I'_.

In (42), we shall choose two sequences of ¢ to conclude the two estimates of
the lemma. First we show the estimate (34). Let {¢,,} be a sequence of maps
such that |¢,,| < 1, ¢, = 1 near (xy + 74(x(,6))00,6) and with support inside
{(x,0) e 'y ¢ |x —xf + 74 (xp, 00)0] + 10 — 6| < 1/m}. Then (38) gives

_ 4 (20,60) ’ 1 pr T (20,60) - /ol
Il(¢m) — e Jo a(xy+s6(,0p)ds __ e Jo a(xy—+s6,0()ds

Y

independently of m. From (38) we have lim,, . l2(¢,) = 0 since the support in 6
shrinks to ). From (41) we also have lim,,_, I3(|¢m|) = 0, since the support shrinks to
one point.
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Next we prove the estimate (35). Let {¢,,,} be a (double indexed) sequence defined
by Gmg(x,0) = xm(0)py(z,0) where x,, € L®(S" ) with x,, = 0 for [§ — 65| < 1/m
and x,, = 1 for |[§ — )| > 1/m and ¢, € L=(I'}) to be specified below. Regardless of
the way we define ¢,, the presence of y,, already yields I;(¢.,,) = 0 for all m, ¢ since
Xm (0) = 0.

Next we construct ¢,. Note that we only need to have it defined for 6 # 6}, since
the function y vanishes near ¢. Let N o).a C Br be the tubular neighborhood of the
line xy + t0y, 0 < t < 7 (x(,6;) of radius 1/q. Given (z,0) € Ty (0 # 6y), if the line
r—s0,0<s <7 (z,0) does not intersect N g1y, then we define ¢ (z,0) = 0. If the
intersection is not empty, then let t(z, ) be the unique value for which z, + t(x, )6, is
closest to the line x — sf; we define

0q(7,0) == sgu(k — k)(zf + t(z,0)8), 05, 0).

We thus obtain a well-defined function ¢, € L>(Bg x S"!). Notice that when (z,6) is
of the form (7 (¢, ), 05, 0),6) (see (32)), @q(z,8) takes the sign of k — k at the point of
intersection of the lines determined by zy, 6, ¢t and 6. Note also that the support of ¢,
shrinks to a negligible set in I'} as ¢ — oo.

Now apply the estimate (42) to ¢, , and use I1(¢., ) = 0 to get

12,1 (Sma)| (0, 60) < A = Al + L(|uql) (5, 65) + Hz2(brmq) (20, 60)-

Since the support of ¢,, , shrinks to a set of measure zero in I'; as ¢ — 0o, we get for
all m and almost every (z(,6)) € I'_, lim, o0 I3(|mq|) (25, 60h) = 0. Finally, from (39)
we obtain for almost every (zy,6;) € I'_ that

m—00 ¢— 00

74 (25,00) 5
lim lm Iy (¢m,) = / / F(t,xy, 0y, x,0) |k — k|(z) + tb;, 6, 0)dtdo,
sn-1.Jo

while from (40) we have

Ty (25,05) B B
s(bmy)| < / / F — F\(t, 2}, 6), , 0)k(cly + 105, 00, 6)dedd,
Ssn—=1.J0

for all m,q. The estimate (35) in the theorem follows. [J

5. Stability modulo gauge transformations

In this section we prove Theorem 1.2.
We start with two pairs (a, k), (a, k) € Uy, and let

ei=|A—A.

We shall find an intermediate pair (a', k') ~ (a, k) such that (14) and (15) hold for some
constant C' > 0 dependent on X, p, {2 and Bp.
Define first the “trial” gauge transformation:

z,0)

T_( ~
o(x,0) = e o (@-a)(w=s6.6)ds o ¢ (x,0) € Br x S". (43)
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Then ¢ > 0, p|pr =1, 0 - Vo(x,0) € L®(Br x S* ') and
a(x,0) = a(x,0) — 6 -V, Inp(z,0). (44)
Note that <p|1~$ is close, but not equal, to 1. We use the first estimate from Lemma 4.3

to decide how far from 1 can gp|r§ be.
By (34), we have for almost every (zy,6)) € T'—

T+(JJ/ ,9/) Ty (a:l ,9/) -
o Jo 70707 aah +60,00)ds e Jo 07707 & (zf +10},0)ds <e.

In each of the integrals of the left hand side above change variables ¢ = 7, (z, 6) — s
and denote xy = xz{, + 74 (7, 0;)0; to get

7 (20,00) T (0,00) -
effo 0% a(zo—s0),00)ds __ e Io 0% a(zo—s0,04)ds <e. (45)

When (z7,6)) covers I'® almost everywhere we get that (zg,6[) covers I'f almost
everywhere.
Now apply the Mean Value theorem to u — e to get the lower bound

T (20,6() ;o T (20,00) ~ ;o
‘6_'/0 a(zo—s0),0p)ds __ 6_'/0 a(zo—s0),0p)ds

= e_uO

7(310,96)
/ (@ —a)(xo — s6;,0;)ds
0

= e " |In p(z0,0p)| > e | In (0, bp)]. (46)

where ug = wug(zo,0),a,a) is a value between the two integrals appearing in the
exponents in the left hand side above, and ¢ is defined in (43).

From (45) and (46) we get the following estimate for the “trial” gauge ¢:

|Inp(z,0)| < e, ae. (z,0) € TR, (47)

The “trial” gauge ¢ is not good enough since it does not equal 1 on Ff. We alter it
to some ¢ € L®(Bgrx S') with §-VInp € L>®(Brx S™ ') in such a way that @|sp, = 1.
More precisely, for almost every (z,6) € Br x S"~!, we define 3(z,6) by
T_(2,0)
7(z,0)
Since 0 < 7_(2,0)/7(x,0) < 1 we get ¢ € L>(Bgr x S'). Following directly from its
definition In @|yp, = 0: Indeed, for (z,0) € T, we get 7_(z,0) = 0 and ¢(z,0) = 1,
whereas for (z,60) € I'f we have 7_(x,0) = 7(2,0) and = = = + 74(2,0)0. Since both
maps = — 7(x,0) and z — Inp(x + 74 (x,0)0,0) are constant in the direction of 6 and
since 0 - V,7_(z,0) =1, we get 6 - VInp(z,0) € L®(Br x S"1) and
Inp(x + 7(x,0)0,0)

In@(x,0) :=Inp(z,0) — Inp(x+ 7(x,0)0,0).

VIng(z,0)=0-V1 _ 4
0-Ving(x,0) =60-Vinyp(x,0) . 0) (48)
Define now the pair (a/,k’) in the equivalence class of (a, k) by
d(x,0) =a(x,0)—0-V,Inp(x,0), (49)
(a0 0) = 280 gy, (50)

o(',0')
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Now A’, the albedo operator corresponding to (a', k'), satisfies A’ = A, and then
A" = Al = A=Al =e.
Next we compare the pairs (a/, k') with (@, %) and show them to satisfy (14) and
(15).
Using the definitions (44), (49), the relation (48), and the estimate for ¢ on I'%
(47), we have for almost every (x,6) € Br x S™1:

|d<x>0) - CL,(ZL', 9)’ = Hd - CL](JZ,@) + [a - a,](:p7€)|

=10-V,Inp(z,0) — 0 -V, Inp(z,0)| (51)
_ |lng0(x—|—7'+(m,9)9,9)| < e
B 7(z,6) =@ 0)

Since the coefficients are supported away from 0Bpr (by construction of Bg) such
that (13) holds, following (51) we obtain the estimate (14) in the form
2RY

(52)

la—de<e

with cg from (13).

Up to this point, all the arguments above also work for two dimensional domains.

Next we prove the estimate (15). These arguments are specific to three or higher
dimensions. Recall the formula (33) adapted to o’

F/(t I/ 0/ 9) _ 6_ 07'+(z/+t9/,9) a/(:ﬂ’+t9’+s6‘,6')dse— ga’(x’—o—sé’ﬂ/)ds

and note that ' = F’ is an equality preserved under the gauge transformation (49).
This follows by direct calculation and the fact that ¢ =1 on 0Bg. Then for almost all
(2/,0") e TR t € [0,7(2,0")] and § € S"~!, we have the following lower bound

|F'(t,2,0,0)| > e ™. (53)
Using the non-negativity of a and a’ we estimate
[F — F'|(t,2',¢,0)] <

_ Ty (2! +t07,0)
e Jo

e fot a(z'+s0',0")ds _ e Ja’(:p’—l—s@’ﬂ/)ds

Y
+ d(z'+t9’+50,9)ds e ]‘(;'-!—(I +t6",0) a’(z’+t9’+80,9)d8

¢
< / [a—d'|(z" + s0',0")ds
0

4+ (x'+t6,0)
/ [a —d']|(z" +t0" + s6,0)ds
0

_|_
< ce?RS /t ds N /T+(x’+t6’,0) ds
- o T(x'+ 6,0 0 T(z" + 16 + $0,0)
2RE t 7 (2" +t0',0) 2RE
= <2 . 54
= (T(xf, N T we) ) = F° (54)

The next to the last inequality uses (51); the following equality uses the fact that both
maps s — 7(z’ + s0',0') and s — T(2' + t0' + s60,0) are constant in s, while the last
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inequality uses the fact that ¢ < 7(2/,0") and 7, (2" + t0' + s60,60) < 7(a’ + t0' + s6,0).
Therefore we proved that for almost all (z/,60) € T_, t € [0,7(2/,6')] and § € S"~! we
have

[F — F'|(t,2',¢,0)] < 2ee*FE, (55)

Recall now the estimate (35) with respect to the pairs (a/, k') and (a, k):

T+ 2? ~
/ " / (2, + 10, 0, 0)F'(t, 2!, 01, 0)dodt < | A — A +
Sn— 1

(5.9
+|[F - F’Hoo/ k(o + 0}, 0}, 0)d0dt.
Sn— 1

Now use the lower bound for F’ in (53), the upper bound for |[F' — F'|| in (55) and
the hypothesis ||k[oe1 < p, to obtain

/ e /S B () + 10, 0/, 0)dbdt < ze*F= (1 + 4Rpe?RS) |
Finally, integrating the formula above in (x,6) € I'_ with the measure d¢(z, 6;), we
get

|k — K|, < ew? R tetf™ (14 4Rpe*™) .
Now choose

C =max {w:_ | R" '™ (14 4Rpe*™) ,e*™ cp}
with cg from (13) to finish the proof of Theorem 1.2.

6. Preliminaries for two dimensional domains

This section introduces the framework for the problem in two dimensions. The results
are mainly from [29].

As above, T denotes the operator defined by the left hand side of (1) in Bg x S* with
Bgr C R?. The coefficients are extended to be 0 in By \ Q. By the regularity assumption
(6), the second and the third terms of T are bounded operators in L>°(Bg x S'). The
first term is unbounded. We view T as a (closed) unbounded operator on L>°(Bg x S*)
with the domain

D(T)={ue L®(Brx S"); §-Vue L®(Bg x S"), ulpr € L>(TH)}.
To simplify notation, for x # y, we denote by

— r—y
Ty =arg(o —y) = L
|z —y]
the direction from y to x. Also, let
0 < E(y,z) = e Jo ale-tlemnz=)dt < (56)

denote the attenuation along the segment in the direction from y to . The attenuations
corresponding to @’ and a will be denoted by E’ and E, respectively.
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The boundary value problem (1) and (3) is equivalent to the operator equation
(I - Myu=Jf, (57)
where, using (56),
Jf_(z,0) = E(x—7_(2,0)0,2)f_(x — 7_(x,0)0,0)

Kf(z,0) = /S (. 0,0)f(x,6)d8', and

Mf(x,0) = / E(x —t0,2)K f(z — t0,0)dt.
0
Under the subcritical assumption
Rkl <1/2, (58)
the operator M : L®(Bp x S') — L>*(Bgr x S') is contractive and (57) has a

unique solution obtained by Neumann series. Moreover, for f_ € L*®(T'f), we get
u=(I—M)"'Jf_ € D(T) has a well defined trace in L>*(I') given by

yul(e,0) = (1 = M)"' T f-]|pr(,0), (z,0) € T}
see [12, 29]. Therefore the albedo operator A : L>(I'f) — L>(T'¥) is bounded and
has the Schwartz kernel «a(z,0,2',0") = ¢|F§(I,9;l‘,,9/), where, for (z/,0') € T the
map (x,0) — ¢(z,0;2',60") is the fundamental solution of (1) subject to the boundary
condition

Glrn (- 52, 0') = [n(a’) - 017 0 () gy (-
More precisely, as shown in [29, Proposition 1|, o = o + a + ay with

g +on + az = Y¢o + yd1 + ¢ == olrn + Mdo|pr + (I — M)~ Mo,

where
+(xl70/)
bo = E(x —7_(2,0)0,2)0161(0) / o(x — o' —t0)dt,
0
k(.06 y
o =R By 0BGy 00, (59)

0 < 6o < dallkl2, (1~ In]#" x 6]).
The constant dr depends on R only, x is the characteristic function of Bg, and, for
(2,0,2',0') € B x St x T2y = y(x,0,2',0") is the point of intersection of the rays
' — 2’ + 0ob" and x — = — oof. The kernel 3 in (16) is then given by
B(x,0,2',0") = [yp1 + ) (2,0,2',0"), (x,0,2',0") € TF x TF, (60)
where 7 is the trace operator on I'f.
The following estimate from [29] is needed later.

Lemma 6.1 Let x be the characteristic function of Br, L(z',0") be the line through x’'
in the direction 0" and dl(y) be the Lebesgue measure on the line. Then

> X(y) ,
Xx—t@/ dl(y)dt < C(1—1Inl|0" x 6)),
/o ( ) Lo [T — 10—y ) ( | )

where C'is a constant dependent on R only.
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7. Stability of the equivalence classes in two dimensions

In this section we work under the hypotheses in Section 6 and prove Theorem 1.3.

Let (a,k), (a,k) € V5, be given with || A — Al|, = €. Define the pair (¢, &) in the
equivalence class of (a, k) by (49) and (50) as before, i.e.
p(z,0)
o(x',0)

a(x,0):=a(x,0) —0-V,Inp(x,0), Kk (x,0,0):= k(x,0',0),

where ¢ is given in (48).
Then the corresponding albedo operator A" = A and, thus,
A = Al = A= Al =e.
In particular,

”B - ﬁ/Hoo S &,

and (45) holds.
Starting with (45), the same arguments as the ones in the three dimensional
domains, notably (51), are valid in two dimensions to conclude the estimate (52):

@ — d'||oe < e(e*/cg) =: C. (61)
In turn, (61) yields
iﬁ(xae) = 17 (@ ) (e—s0,0)ds+ [T~ (' —a) (x50, 0')ds < (4RCe (62)
(', 0")
From the definition (50) and (62) we now get
1K oo < petfiCe. (63)

Let
Ei(y,0',0) := E(y — 7_(y,0)0")E(y,y + 74 (y,0)0).

be the total attenuation along the broken path due to one scattering at y € Br, when
coming from the direction ' and scattering into the direction #. The formula (59) now

reads

(51(«1'7971'/,9/) _ X(y)[lfili(g[e ,9), (l’,@,l‘l,e/) € Bp x g1« r, (64)

where x(y) and y = y(x,0,2',0") are as described above in Section 6. We also consider

E} and ¢! defined similarly with the attenuation a’ replacing a.
The relation with the quantity in (33), F'(t,2',0',0) = E| (2’ +t0',0',0), allows us
to use the estimates (53) and (54) to conclude
|Ei(y,0,.0)] = ™™™, (y.0,0) € B x S" x S, (65)
|E) — Bl < 227, (66)
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Now use (65), (66), (64) and (60) in E!(k — k') = (E, — E\)k + (E\k — EJk),
(evaluated at (y,0',0) with y = y(z,0,2',0’) as above,) to estimate
e TR\ — k| < |E, — Ey|k + |Eyk — ELE|
< By — Erlk + |8 = 510 X 0| + |7 — v6a[10 x 0]
< 2epe®™ & + [y — a0 x O]. (67)
We estimate the last term using the identity
0 % 01176 — vl = 10/ x Oy (I — M) M6, — 0/ x O]y(I — N1) ™ N2y
=10’ % O]y(1 = M) [M"¢fy — M} (68)
+ 10" x Oy (I = M)~ [M' = M(I — M)~ M3y
To estimate the first term in the right hand side above we write
[MPh, — MPG5) = M'(M' — M)opy + (M — M)M ¢ + M*(¢ — o)
and bound each of the terms as follows. From their definitions we have
- < f(x —t0, 2 —t0 — y,0)K (y, 0,z — t0 —
MM/¢6: / E(x_te,x)/ (l’ ’l‘ y? ) (y7 733 y)
0 L(z',0") |z —t0 — g
X E'(z',y)E'(y,x — t0)dl(y)dt.

M'M’¢6:/ E’(:z:—t@,x)/ K(x—t0,x —t0 —y, Ok (y,0, 0 —t0 — y)
0 L(x',0) |z — 10—y
x E' (2, y)E'(y,z — t0)dl(y)dt.

Since (I — M’')~! is bounded in L*, with a norm dependent on the radius only, say
C(R), by adding and subtracting one term and by using Lemma 6.1, we estimate

(I = M)"HM = M) M'¢y| < C(R)|E = E'|oo[Elloo | oo (1 = I |6 x 6)
+ C(R)|Ik = K[|l [l oo (1 = In[6" x 6]§69)
Now, from (61) we get
|E — E'||os < 2R|ja —d|| < C(R,%, cr)e,
for some constant which only depends on R, 3, cg.

In what follows we keep the notation C'(R, ¥, cg) for constants that may be different
from equation to equation but that only depend on R, Y, cg in an explicit, but inessential,
way.

Using the fact that 0 < ¢(1 —Int) < 1 for ¢ € [0,1], the bound [|k|| < p and the
bound in (63), we get from (69) that

6" % O]y (I = M) (M — M")M'¢j| < C(R, S, ¢cr)(ep® + pllk — K[| )T70)
By reversing the roles of M’ and M, we get similarly
6" % Bl]y(I = M)~ (M’ — M)M¢y| < C(R, 2, cr)(ep” + pllk — K||o0)(71)
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Similarly, from the definition of M? as above, we also get
10 0|y (1 = M"Y~ MP (¢, — do) < C(R, %, cr)ep™. (72)
The estimates (70), (71) and (72) imply
6" x Oy (I — M) M), — M>¢5] < C(R, T, ) (ep” + pllk — K]|<)(73)
Next we estimate the second term of the right hand side of (68). Since for any

f € L>(Bg x S'), we have

[M' — M]f(z,0)] <

/OO[E' — E)(z —t0, ) / K (x—160,0,0)f(x — t@)d&’dt‘
0 S

_|_

/ E(x —t0,x) / K —k)(x —10,6",0)f(x — t@)d&’dt‘
0 St
< {2RIE = BlocWlloo + 2BIK = Flloc } |l
< {Cep+2RIK — kI } /Il
we get
0/ % 0] (1 = 317 (M = B1) " N2o] < C{2p® + W = Ellcp®}, (74)

where C' = C(R, X, cg) is a constant depending on R, Y and cg only. Since p < 1, by
applying (73) and (74) in (68), we get

716h] = V1)l 16 % 8] < C(R, S, c) {ep* + pllk — Kl |
Therefore the basic estimate (67) yields

1K = Elloo < C(R, %, cr)e + C(R, %, cr)p|l K — koo
By choosing

1
< = 75
P C(RaZaCR)7 ( )
we get the final estimate
~ C(R b CR)
E — ko < S . 76
I = Fll < TG e (76)

The constant C' from Theorem 1.3 is the largest of the constants in (61) and (76).

8. Concluding Remarks

In the case of an anisotropic attenuating medium, the albedo operator determines the
attenuation and scattering properties up to a gauge equivalence class. The set of gauge
functions has a natural structure of a multiplicative group which acts transitively on
the pairs of the coefficients.

We showed that the gauge equivalent classes are stably determined by the albedo
operator. We understand the distance between equivalent classes to be the infimum of
the distances between the corresponding representatives.
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The proof uses essentially the fact that, without loss of generality, the problem can
be transferred to a larger domain, and, consequently, the total travel time (with respect
to the larger domain) of free moving particles in the interior domain stays away from
zero. The fact that there is no loss of generality is due to the extension of an estimate
in [7] to essentially bounded coefficients.

The fact that we get Lipschitz stability estimates in (14), (15) instead of conditional
Holder stability estimates as in [7] may seem strange. In fact, if we assume that a and
a depend on z only (or on (z,|f|), if # belongs to an open velocity space), then (14)
implies

/(a —a)(x + t0) dt = O(e)

in the L> norm, compare with [7, Theorem 3.2]. Then, by using interpolation estimates,
and the stability of the X-ray transform, we can get a conditional Hoélder stability
estimate for a — @, similar to the one in [7, Theorem 3.4].
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