Inverse Scattering Problems for the Wave Equation with
Time Dependent Impurities

P.D. Stefanov
Institute of Mathematics, Bulgarian Academy of Sciences, 1090 Sofia, Bulgaria

1. Statement of the results

In this paper we present some uniqueness theorems in the in-
verse scattering for the wave equation with a time dependent poten-
tial and for the wave equation in the exterior of a moving cbstacle.
The complete proofs can be found in author’s articles [23-27].

In what follows we assume that the space dimension n is odd,
nz3. First, consider the wave equation

U, = Au + g(t,x)u = O, t e R, x e R® 1)

with a potential g(t,x) depending on t. We assume that

(A1) g e c®, lgl < c(1+1t DY with some >0, NO;

(A2) there exists p>0 such that ¢(t,x) = O for IxI>p, all t.
Our aim is to prove that g(t,x) can be determined uniquely by the
scattering data corresponding to (1).

Secondly, consider the wave equation in the exterior of a
moving obstacle. Let Q < Rnﬂ be an open connected set with a smooth
boundary 8Q. Given t € R, we denote by Q(t) = {x e Rn; (t,x) e @
the exterior domain and by ©(t) = R™(t) the obstacle at the time

t. We impose the following conditions.

(B1) There exists p>0 such that o(t) < BQ = {x; IxIKg} for each

(B2) If » = (vt,vx) is the inner unit normal to &8Q, then
IvtKlvxL

Conditions (B1), (B2) mean that the obstacle remains within a
fixed compact set and that the boundary moves with a speed less than

1. Consider the wave equation in Q with Dirichlet boundary

conditions

te (2

u - Au = O in @,
u =0 on 8Q.

We are interested in the problem of recovering Q from the scattfering
data related to (2).
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The case of stationary (time independent) potentials and
stationary obstacles has been treated by many authors (see for
example [12,13,22]). Then the variables can be separated and we can
reduce (1) and (2) to stationary elliptic problems. The uniqueness
of the inverse scattering problem for (1) with time independent g(x)
follows from the Born approximation of the scattering amplitude (see
e.g. [22]). In [12] there are two proofs showing that a stationary
obstacle can be uniquely recovered from the scattering operator.

In the non-stationary case the situation changes considerably.
The separation of variables is no longer available. A time dependent
scattering theory for (2) has been developed by Cooper and Strauss
(see [3-7] and the references herein), generalizing the Lax-Phillips
theory (see also [2,18-20,28]). Equation (1) has been studied in
[1,9,16-18,30]. Since the local energy for (1) or (2) may increase
[20], the scattering operator S does not exist in general. The main
object in the scattering theory for (1), (8) is the generalized
scattering (echo) kernel k* introduced by Cooper and Strauss [5].
Below we shall give a brief definition of K*

Given f=(frfé) define the energy norms

nhrng = J Cvr 2+ 1P ax, Ilfllft) = J ( |Vf1t2 + |f2|2)dx.
Rr" Q)

Denote by %, the completition of c°g( R™ x c‘;’(ue”) with respect to the
norm li-ll  and by %(t) the completition of c‘;’(n(c)) x c°g(9(¢)) with
respect to tHe norm Il'll(t). Denote by Uq(t,s) and Uo(t,s) the
propagators related to (1) and (2) respectively. In other words the
solutions to (1) and (2) with initial data u(s,*) = fy 1Q(s,°) = f2
are given by (u(t,°),ut(t,°)) = Uq(t,s)f and (u(t,'),tk(t,’)) =
Ua(t,s)f, respectively. The operators Uq(t,s):%b — Xb and Uo(t,s):
¥(s) — %(t) are bounded ones for fixed t, s but their norms may
increase exponentially as |t-sl-——sw. Using the finite speed of
propagations we can define Uq(t,s)f, Ua(t,s)f for functions f which
belong locally to Xb and ¥(t), respectively.
Set hn(ﬁ) = &n/n! for &20, hn(g) = O otherwise, n = 0,1,..

Thus h; = h , ho is the Heaviside function. Given (s,w) € lean

n—1
let Fq(t,x;s,w) be the solution of the problem
{(EI + q(t,x))rq =0,

r = hl(t+s—x*w),

q' £ <O

and let Fo(t,x;s,w) solve the problem
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or_ =0 in @,
!"O =0 on 8Q,
FQ = h (t+s—-x*w).
t <O
Here 0O = af - Ax. Since the pair (hi( t+s-x'w),ho( t+s—x*w))
considered as a function of x has locally finite energy, l"q and I’
are well defined. The functions l"q"sc = l"q ~ hl( t+s—x*w), I"Q’SC = I‘O

- h1( t+s—-x*w) possess asymptotic wave profiles [B], i.e. the limit

r* (s’,w';s,w) = 1lim ( t+s’)(n—1)/26 F (t,(t+sDw’';s5,w)
se t sc
t—m
exists in L? (R ,xSn-,l) , where '™ = ¥ , I = I and I =
% loc s w sc Q,sC se @,sc se
I"Q’Sc, l"sc = ro,sc’ respectively.

We define the generalized scattering kernels K:, K’; by the

following relations

(-2m) (1—n)/26( n+1)/2r,# (s w'ss,0),
s @,s0

K#(s',co';s,w)
<

(~an) & 2g(ned2# (s, w;s,w).
s Q,se

K‘;(s',w';s,w)

K; and K; are distributions with respect to s’ smoothly depending on
w,s,w. It should be noted that if the scattering operator S exists,
then Kz (respectively K';) is the Schwartz kernel of $-Id in the
Lax-Phillips translation representation.

We are interested in the following inverse problems:

(IP1) Does K; determine g uniquely?

(IP2) Does K; determine Q uniguely?

As mentioned above if @(x) does not depend on t, then (IP1) has
affirmative answer. The first result concerning time dependent ¢ has
been obtained by Ferreira and Perla Menzala [8]. They have shown

that if q120 and QZZO are small in a suitable sense, g = e, for all

1
t,x and thr atqz have appropriate decay as {t{ — o, then the
equality of the scattering operators for 2 and Q, implies &=q,.

Our first result gives an affirmative answer to (IP1).

Theorem 1. Let g, and g, satisfy (A1), (A2). Suppose there

exist £>0 and moeSn_1 so that K#(s’.w’;s,w) = x* (s’',w';5,w) for
1 2
Iw—wOKa, Ico'—o.)OKs, le'~s IKe. Then ql(t,x) = qz(t,x) for all t, x.
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The kernel X% will be shown to be smooth off the diagonal
(s',w) = (s,w) aqx‘ud to have a singularity at (s',0) = (s5,w).
Theorem 1 states that all the information about g is contained in
the behavior of K; near the singularity.

Next we turn our attention to the inverse back-scattering
problem for (1), i.e. the problem of recovering g(t,x) from
knowledge of K: for w'=-w. This is a still unsolved problem even for
stationary g. Recently Eskin and Ralston {8] proved that the map
x) —> al(k,~w,w) is a local homeomorphism at least for an open
dense set of potentials ¢@. Here a(k,w,w) is the scattering
amplitude related to g(x). However the (global) uniqueness problem
is still open. In Theorem 2 we give a partial answer to the inverse
back-scattering problem.

Let us assume n=3 and the following condition

(AL") g e c(uet;wi'“’(uei)) satisfied instead of (Al). Then we

have the following.

Theorem 2. Let G, 1=1,2 satisfy (Al1’), (A2) with n=3. Let
qi(t,x) > qz(t,x) for t < t = tz’ all x, where tz—ti > d4p. Suppose
there exist w, € S, d > 2, such that K;l(s'.—wo;s,wo) =
K:‘Z(s',—wo;s,wo) for |Is'-s| =< d, t1+Q < =5 < t2+9. Then ql(t.x) =
qz( t,x) for t1+29 £t = tz-ag and for all x.

If @ does not depend on t, then Kg depends merely on s'—-s and
if in addition @(x) has no bound states, then the scattering
amplitude a(k,w',w) related to g coincides with the Fourier
transform of Kg(s',w';o,w) with respect to s’ up to some

multiplication factors. This leads to the following.

Corollary 3. Let qi(x) e L% [RB) ' @y have compact support and 2,
have no bound states, (=1,2. Let a, be the scattering amplitude
related to @ t=1,2. Suppose e, = 2, and let for some w, we have

al(k,—wo,wo) = az(k,-—wo,wo) for all k. Then g = q,

Let p(w) = inf{x°w; x € suppV} be the support function of
suppV. The technique developed for the proof of Theorem 2 enables us

to get the following.

Corollary 4. Let g be a non-negative function in Lm(IRB) with
compact support and let a(k,»',w) be the scattering amplitude

assoclated with @. Then -2u(w) = sup suppK#(s',—w;O,w). Therefore,
N
Kf;(s’,—w;o,u)) (respectively a(k,~w,w)) determines uniguely the

convex hull of the support of q.
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Next we turn our attention to an inverse boundary value problem
for (1). Let D be a bounded domain with smooth boundary &D, and let
g(t,x) satisfy (Al) and @g=0 for x<¢D. Here the space dimension nz2
may be arbitrary. Given f e Cm(Rxab) witﬁ f=0 for t«0O, we consider
the mixed problem

(O+g(t,x)du = 0 in RxD,
u = f on Rx38D,

u = 0 for t«O.
We are interested in the following inverse problem:

(IP3) Does the map A: f —> 6Nu determine ¢ uniquely?
Rx3D
Here N is +the outer normal to 8D. A similar problem for
time-independent ¢ has been considered in [21]. In this case the
results of Nachman, Sylvester and Uhlmann [28,14,15] could also be
applied. Although such kind of problems are not scattering problems,
there is a close relation between them and the scattering theory.
Using the tools developed for the proof of Theorem 1, we can easily

prove the following.
Theorem 5. The map A determines g uniguely.

Now consider (IP2). As mentioned above it is well-known that
for stationary bodies the scattering operator S always exists and
the answer to (IP2) is affirmative [12]. In the case of moving
obstacles it is known that Kg determines uniquely the convex hull of
O(t) for each t [B]. The proof of this result is based on the
analysis of the leading singularity of Kg (see also [2,18,19]) This
solves (IP2) for convex moving bodies. Nevertheless, nothing is
known about (IP2) for moving obstacles of arbitrary geometry. It
looks a little surprising that the answer to (IP2) is negative in
general. This will be proved in Theorem 7 below. For this reason in
order to investigate (IP2) we need to impose some additional

restrictions.

Definition. We say that Q € Q {f Q satisfies (Bl), (B2) anrnd the
following condition

(B3) There exists some T > O such that v, = O for Itl > T.

In cother words the class Q consists of all obstacles which are

stationary in the far past and in the far future. Let L%(t) be the
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unitary group related to the Cauchy problem for the wave equation
[12]. It is not hard to prove that for Q@ € Q the scattering operator
Sg = s~lim U(=dU_(t,-tdaU (~t)
t—>00
exists. Here x is a multiplication of a smooth function yx(x)=1 for

IxI>3p, x(x)=0 for IxIK2¢ and we assume %(t) < 960. In the next

theorem we show that (IP2) has an affirmative answer if Q € Q.

Theorem 6. Let Qi € Q, t=1,2 and let the scattering operators

So , t=1,2, associated with Qi’ coincide. Then.Cﬁ=Qz
b

In contrast to Theorem 1 we note that the proof of Theorem 5 is
not based on the analysis of the singularities of K; but on a
specific Holmgren’s type theorem (see section 3).

Finally we show that in general the uniqueness cof (IP2) fails
even for periodically moving obstacles. For this reason we construct

in sect. 2 an explicit counter-example.

Theorem 7. There exists a family of infinitely many distinct
periodically moving obstacles satisfying (Bl), (B2) with the same

generalized scattering (echo) kernel.

2. Outline of the proofs. IP1

First we are going to sketch the proof of Theorem 1. Let u =

aﬁrq be the solution of the Cauchy problem

{ (0 + g(t,x))u = O,

(3
u = S(t+s—x*w).
t <O
First we derive the following representation of K;:
K (s w0 = — 2 emi™ a(7~1)/26(n—3)/zjj'q( £
i 4 s s
x u(t,x;8,w)S(t+s’-x*w')dtdx, 4)

where the integral is to be considered in distribution sense.
Secondly, we show that wu(t,x;s,w) vanishes for t+s{x°*w, u is smooth
for t+sdx*w and near the plane t+s=x*w we have the following

singular expansion
o

u(t,x;8,0) ~ S(t+s—xrw) + S Aj(t.x.w)hj(t+s—x'w), (5)

Jj=0
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O
where Ao( t,x,w) = — Jg f g( t+1, x+Tw)dT, Aj e c®, Therefore
-
K::( s',ws,w) is c® off the di agonal. Moreover, all the information
about @ is contained in the behavior of Kf_: near the singularity

(s,0) = (s,w). More precisely, choosing a unit vector «

orthogonal to w and setting

w'(p) = w.cospy + a.siny,

s'(y) =s + o« siny, (oc,,u)e(kz,
we get

lim lo'(wW-wiM(s' (W ,0'(W;s,w) = I q(x'w—s,x)dsx,

—0

xX*a=o

where M is the integral in (4). Now, suppose we know K:; for
Iw-—w0|<s, Iw'—wOKs, Is'-si<e . Then we can find the integral above
for all s, «, a 1 w, Iw—m0|<s. It is easy to deduce that this
enables us to determine the integrals

®

J q( t+8, x+Bw) dB (8)

-

for all ¢, x, and wes™? such that Iw—wol<s. So we arrive at the
following problem of integral geometry: prove that if (8) vanishes
for all t, x, Iw—wOKs, then ¢ = O. Note that (B) is the “X"-ray
transform of @, but the integral is taken only over characteristic
(for O) lines. In case g has compact support in ¢t the solution to
the above problem is known [10] and it is based on the analyticity
of the Fourier transform a(r,g) of g. In the general case the proof
is more complicated and uses the fact that ;(-r,g) is an analytic
function of & with values in J"(IRT).

Next, we are going to sketch the proof of Thecorem 2. We shall
make some changes in the notations. Denote l"q by l"; and let l"; be

the solution of (1) with initial data hi(—t—s+x'w) for t»0. In other

words, we have

(o + q(t.x))l"q=0, (o + q(a,x))rq=o,
r* = hl(t+s—x°w), r = h (~t-s+x*w).

£ &0 F1»0

Let e, and e, be two potentials satisfying the regularity
assumptions of Theorem 2. Since g, are not necessarily smooth, Kf
are distributions in s’,s depending continuously on ®',w. We show

that the following formula takes place:

218



K:(s',w';s,w) - Kz(s’,w';s,w) =

1 2
1 3 .2 + -
1 - . s, ,xi s, w) dtdx. 7
zas,asjj(ql(t,x) qz(t,x))r‘q(t,x,s w)Fq(t x;s', w)dtdx 7
81 1 2
Since we have u = 62!‘; in (4) and ai,r; = &8(t+s'—x*w’) provided

2
q2=0, the above relation can be considered as a generalization of

(4). According to the finite speed of propagation we have

suppl"; c {(t,x); t+s2x+w}, Suppl"; c {(t,x); t+s'Sx*w'}. Moreover,
1 2
if t,x,s,s' run over compact sets, we can find a constant C > O such

that

|F;(t,x;s,w) - hl(t+s—x'w)l < Chz( t+s=x*w),
1

lI“;(t,x;s',w') - hl(—t—s‘+x°w')l < Chz(—t—s'+x'w').
2

As a corollary there exists & > O such that r* > o and l"; > O for O
1 2
< t+s-x*w < & and -& < t+s’'-x*w’ < O, respectively. Now set

= . ew +t +p < < —xew +t_— < . =<
A“ {(t,x), Xttt e £t S Xttt e, Ix1=p, xwo_u}.

Let Hy = sup{p; @(t,x)=0 for (t,x) € AH} , where g = 2,79, If
Theorem 2 fails, then ;.10< p. Put s’ = s—auo—s , where O < g < @ Hg-
Assume in what follows that ¢+ < -s < t,me-2uy=e, (t,x) e AQ' Then
t,x,s,s’ belong to compact sets and let &0 be the corresponding

constant. We may assume that £ < &. Then by (7) we get

. _
j q( t.x)r‘ql( t.x,s.wo)rqz( t.x,s—apo-—s.—wo)dtdx = 0. (8)
Q(s)

Here the integration is taken over the set

Q(s) = {(t,x); Hy < x oWy < min(t+s,—t—s+2p0+a), IxISQ}.

Since £<&, we get l"; >0, l"; >0 in Q(s). Further, by the assumptions
1 2
of Theorem 2, ¢20 thus each integrand in (8) is nonnegative and

mor eover 1"; and F; are positive in Q(s). Therefore @(t,x) = O for
1 2

(t,x) e Q(s). Letting s run over the interval t+e < -s <

tz—g-ayo—s, we get L;JQ(S) u A“‘o = A[J0+a hence g = O on A“0+s

which contradicts the choice of B
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Corollary 3 follows immediately from Theorem 2. Indeed, if g

+ +
is stationary, then we have r‘;(t,x;s,w) = F;( t+s,x;0,w) and
K’;(s',w';s,w) = K:(s'—s,w';o,w). Moreover, if -A+g has no bound

states, then

- -L.a(k,w',w) = J-e—Lks K#(s',w';o,w)ds',
ent 4

where a is the scattering amplitude related to ¢@. Therefore, the
knowledge of a(k,~-w,w) enables us to find K;(s'.—w;o,w) and to apply

'_I'heor em 2.

Remark. Let g be stationmary, -A+¢ has no bound states. Then,
after performing the indicated differentiations in (7), setting s=0
and making Fourier transform with respect toc s, we get the

following formula
ai(k,co ,w) — az(k,w',w)
= - L - —e’
= e (‘71(X) qz(x))wl(k,x.w)wz(k,x. w’) dx, (9)

where aj are the scattering amplitudes related to qj and wj are the

solutions of the problems

2 —
{ (-A-k +qj(x))wj =0,

v, = exp(tkwex) + O( Ix1™Y  as Ix|—00,

J=1,2. If q2=0, then (9) reduces to the well-known representation of
the scattering amplitude. We hope that (9) might be useful for

solving other inverse problems in the potential scattering.

Let us sketch the proof of Corollary 4. Let g satisfy the
assumptions of the corollary and denote by v(t,x,w) the solution of

the problem
(O+gdv = 0O, v o= ho(t—xom) for t<-p.

Recall +that ho is the Heaviside function. We have the following

obvious relations between v, I"; and u (see (3)): wt,x;s,w) =
ail";(t,x;s,w) = 6sv(t+s,x,w). From (4) we deduce
# 1 .42 .
K'(s',0;0,w) = — —=38 Jg(x)v(-s'~-x*w, x, w) dx.
< 2 s
8n
Taking inte account that v(t,s,w) = ho(t—x°w) + vsc(t,s,w), ‘where

lvsci < Chl(t—xw)) , we prove the following
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Proposition 8. Let g € Lm([}?3), ¢ has compact support. Let u be
such that g(x) = O for x+w < u. Then Kz(s’,-ﬂo;o,w) = O for s’ > -2u

and if ¢ is non—nregative near the plane x*w = u we have
K#(—Zp—s,—-w;o,w) = — ;62[ g(x)dx (1+O(s))] as £ — +0.
Q@ 81‘:2 >3

HEX*wSu+er2

This proposition shows that if g = w(w) = inf{x*w; x € suppV}, then
K#(s‘,—w;o,w) # O for s = -Z2u-e, £>0 sufficiently small. This
pr?oves Corollary 4.

Finally, we give the proof of Theorem 5. Let q @, be such
that A1=A2. Given ¢ € Cm([RxSn_l), let §i = ffui(t,x;s,w)¢(s,w)dsdw €
c®, where u, is the solution of (3) with 9=q» i=1,2. The functions

§i solve (1) with =2, - Denote by w the sclution of the problem

(D+q1)w = O in RxD,

w = §2 on Rx8D,

w o] for t«0O, xeD.

Set w = w for xeD, » = §2 for x ¢ D. We have w = §2 on 8D and A1=A2

implies 6Nw = 6N§2 on 8D. Therefore, w solves (El+q1)§') = 0 in [Rtx[R::.
Since $=§1 for t«O, we conclude that » = §1 thus §1=§2 for x<¢D, all
t. Since o was arbitrary, we get (ul—uz)(t,x;s,w) = O for all t,s,w

and x¢D. Combining this with (8), we get that the integrals (6) for

e, and g, are equal for all t,x,w, which leads to =2, Notice that
¥
z o

proof of Theorem 5. We note that the requirement g € C can be

the equality U=y, for x4¢D implies Kf = K_, which yields another

relaxed to g € C)‘z for some finite k.

Remark. Prof. A.G.Ramm informed the author that he and Prof.
J.Sjostrand have a proof of Theorem 5 different from ours which also

leads to the inversion of the light-ray transform (6).

3. Outline of the proofs. IP2

Let us sketch the proof of Theorem 6. Let Q1 and Qz be two

distinct domains in Q whose scattering operators Sa . t=1,2
i

coincide. Fix some s € R and fix ¢ € [C?({Rn) x Ccoo(lkn)] n D?_, Dg

being the incoming space of Lax and Phillips [12]. We denocte by u,

the soclution of (2) related to Qi having initial data ¢ for t=s.

Q

First we prove that SO = S implies that w = Uy, vanishes for
1 2
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IxI>e and all t € R. In the statiocnary case it is not hard to show
that, in fact, u vanishes in the unbounded connected component of 01
n Q, which easily yields 01 = 02 [12]. Indeed, in this case the
function v(Rk,x) = fexp(-itk)u(t,x)dt is a solution to the Helmholtz
equation, consequently v is a real-analytic function with respect to
x. Clearly, in the case of moving obstacles this argument is no more
available. Nevertheless, assuming for definiteness that aqz n Q1 =
@, we aim to prove that there exists (to,xo) € 6Q2 n Ql such that
u( to,') vanishes in a neighborhood of Xq in 6()2( to). This fact makes
possible to obtain a contradiction.

To this end we apply two new ideas. First, we construct a
two—-parameter family Ft,s : Q(s) — Q(t) of diffeomorphisms related
to a domain Q satisfying (Bi), (B2). We choose Ft. to be the flow
associated with a (time-dependent) vector field v e Cw(a;ﬂin) which
is chosen so that |vIK1, »(t,x)=0 for IxI>¢ and (1,v) is tangent to
3Q. In some sense v(t,x) can be considered as the velocity of x €
Q(t) at the moment t. Thus we treat all points in the exterior of
the obstacle as moving ones. Note that if we introduce the
coordinates (t,y) = (t ’Ft ,t( x)), to—fixed, then Q becomes
cylindric. °

Secondly we formulate and prove a specific Holmgren’s type
theorem. In order to state it we need some preparation. Using Fts
we can easily show that Q(t) is connected for each ¢. Fix to and X €
( to) and let

y={x;x=x(o’),0.<_0'_<_l} (10}

be a smooth curve in to) which is not self-intersecting, such that

x(0)=xo, ><(l)=><1 for some L ( to) and |x’(o) I=1. Consider the

two-dimensional surface I' = U (t,th (y)) < Q. Obviously, o and ¢
telR "o .
are coordinates on I' We define vector fields A7 € 7T" in a following
+ + +
way. Set A7 = g_a + a"(t,cr)g—z , where a™>0 is chosen so that for
+

each (t,o) the vector A~ considered as a vector in ﬂ?n+1, is
+ +

characteristic, i.e. l4]I=14 . Let o —— (t,x) = (t, (o),
) + N =

Ft+(o'),to(X(U))) be the integral curve of A4 such that tt(O)—to.

+
Condition (B3) guarantees that @  is uniformly bounded, thus the
function t (o) is defined for all o € [0,1]. We define a subset X of

" by the relation

X = {(t,x); x =F, (x(o)), O0Lo=l, t (o) = t5t+(c’)}. L1
o

X depends on to’ Xgr X and on the choice of p» joining X and X,
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We have the following Holmgren'’s type theorem.

Theorem 9. let u be a distribution satisfying the wave eguation
Oou = O in an open subset of [Firw1 containing X. Suppose that u
vanishes in a neighborhood of the curve {(t,x); t (1) = t < t+(L),

x = Ftt (x(1))). Then suppu n X = @.
o

The proof of Theorem © is based on the local Holmgren theorem
(see e.g. [11], Theorem 8.6.5). In the partial case when ©(t) is

stationary and Ft,s = J, Theorem 8 follows easily from Theorem 1.4
of Ch. IV in [12].

Q
1 2

defined above. As mentioned above, u = O for IxI>g and all t e R.

Now, let Qi e Q and Sa =S . Let u = ul-—uz be the function

Suppose Qlath. Then we can assume that CI1 n 6Q2 = @. Let (to,xo) €
Q1 n BQZ and choose some x, ¢ BQ and a curve ¥y < Ql( to) of the kind
(10), Jjoining X and X, Denote by X < t:l1 the set (11) associated
with t_, x, x  and the flow F‘i’s related to Q. Without loss of

generaloity ?ﬂe calm assume that X < C_Iz, X n 6622 = (1t0,x0). Given £ > O
denote by Xa < X the set (11) related to oy x(e), X, Since u=0 in
a neighborhood of {(t,»x); t (1) = t = t+(l), x=x1}, and Ou=0 in
anQZ > Xs, then u vanishes at the point (to,x(a)), in wvirtue of
Theorem 8. Letting € — O, we find u( to,xo) = O. Moreover, we can
prove that u( t.o,x) = 0O for x € V n 6{)2( to). V < 01( to) being a small
neighborhood of Xg Recall that u2=0 on BQZ. Consequently, ul( to,x)
= [UQI( to,s)goll vanishes on V n 602( to) for all s e R, ¢ € Dg n C: x
Cog. Since such solutions are dense in 961( to), we conclude that the
first component of every f e 961( to) vanishes on the surface V n
602( to). Thus we obtain a contradiction, which completes the proof
of Theorem 6.

Finally, we shall construct explicitly a family of pericdically
moving obstacles with the same generalized scattering kernel. For
the sake of simplicity we assume n=3.

It is not hard to see that there exists a function y € C(g(lR)
with the properties: w(o) =1 for lol<2, wlo) = 0 for |ol211-4,
lpi<1, lyp'i£3/2. Next set

P(t,o) = ylodsin(k(o-tr/2)).

Here k =2 2n is a large parameter. Consider the hypersurface I < DE4

and the domain QO c R* given by

s = {(t,x) € IR4; (x2—¢(t,x1))2 + xz = r2. t € R, |x1| < 3},
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4 2 2 2
QO = {(t,x) e R, (><2 ¢(t..><1)) + g < r°, t e R, !xll < 3}.
Here r e (0,1-8) is a small parameter. Clearly, X is a smooth
manifold and £ < 600. We set Qo(t) = {x; (t,x) e QO}. The domain

QO( t) can be considered as a small neighborhood of the curve
= . = = <
v, {x, x, @( t.xl) N o, |x1| < 3}.

It is not hard to see that ¥ is time-like. Let us define a velocity
field v associated with £. Further we denote by Kd the cube Koc = {x
€ lR3; Ixii £ « t =1,2,.3)}. Pick a function x € CZ’((RB). such that

< =
Ixl £ 1, x(x) 1 for x € K

. and y(x) = O for x € K3. Given (t,x)

4
€ R™ we set

v(t,x) = %x(x)(l R w'(xl)sin(k(xi—t/e)) . 0.

Clearly, »(t,x) = (1.2,0,0) for x € )<2 while v = O for x ¢ )<3. The
properties of Y imply IviKi. A straightforward calculation shows
that (1,v) is tangent to . Thus v(t,x) generates a flow Ft, :RB —
R’ that maps Q(s) onto Q/(t). Note that F, = Id on RONK,.

Let Q < R* be a domain with smooth boundary such that Q(t) =

{x; (t,x) € Q@ satisfies the conditions

1) alt) n K, = Qlt);
c2) Q(t) n ([R3\K3) is stationary (time-independent);
C3) if K ={ x; -4 = x1 < -3, lxzi <1, Ix3| £ 1 }, then 80(¢)
' = ‘= . = - 2 2 = 2 .
n 8K ano( t) n 3K { x; x, 3, xg Xy r};
c4) a(t) < Ks;

(see Figure 1). Clearly, Q satisfies (B1), (B2) with g > 5¥3 =
%diam)(s. Moreover, Q(t+4n- k) = Q(t) thus the motion is periocdic with

1
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period 4n/k. Below we denote Q' = (t) n K, which does not depend
on t by virtue of (C2). We have the following property.

Proposition 10. There (s no piecewise smooth curve {x = x(t), a
< t < b} such that x(a) ¢ BQ, x(t) € Wt) for all t € [a,b], x(b) e

Q' and |x'| = 1.

In other words, if we travel in the exterior of the obstacle
with a speed not greater than 1, starting from RB\BQ, we shall never

reach ). Using the principle of causality we get the following.

Proposition 11. For any & Z a and for any f € %¥(a) with suppf n

BQ = @ we have Ua(b,a)f =0 tn Q'.

Now consider a family F of domains Q such that each Q@ € &
satisfies (Cl1) -(C4) and (ﬁ(t) n (RB\KQ = (E(t) n (R3\Kﬁ for any
Q1 e ¥, Q2 € &. Note that we do not impose any restriction on Q(t) n
K’, thus the geometry of &0(t) n K’ may be arbitrary, provided that
(C3) holds. Hence ¥ consists of infinitely many distinct domains Q
and the corresponding obstacles ©(t) move with the same period 4n- k.
Using Proposition 11 we prove that K; does not 'feel" the shape of
W t) n K' therefore all obstacles in # have the same generalized

scattering kernel.
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