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1. Statement of the results 

In this paper we present some uniqueness theorems in the in­

verse scattering for the wave equation with a time dependent poten­

tial and for the wave equation in the exterior of a moving obstacle. 

The complete proofs can be found in author's articles [23-27]. 

In what follows we assume that the space dimension n is odd, 

n~3. First, consider the wave equation 

U tt - Au + q( t,x)u = 0, t E IR, X E IR71. 

with a potential q(t,x) depending on t. We assume that 

(Al) q E Coo, Iql 5 C(l+lt I)N with some C)O, N>O; 

(A2) there exists e>O such that q(t,x) = 0 for Ixl>e, all t. 

(1) 

Our aim is to prove that q( t, x) can be determined uniquely by the 

scattering data corresponding to (1). 

Secondly, consider the wave equation in the exterior of a 

moving obstacle. Let Q c IR71.+1 be an open connected set with a smooth 

boundary QQ. Given t E IR, we denote by ()( t) = {x E IR71.; (t,x) E Q} 

the exterior domain and by OCt) = IR71.~(t) the obstacle at the time 

t. We impose the following conditions. 

t. 

(Bl) There exists e>O such that OCt) c B 
e {x; Ix I<e} for each 

(B2) If v = (vt,v) is the inner unit normal to QQ, then 

Iv 1< Iv I. 
t >< 

Conditions (Bl), (B2) mean that the obstacle remains within a 

fixed compact set and that the boundary moves with a speed less than 

1. Consider the wave equation in Q with Dirichlet boundary 

conditions 

{ 
Utt 0- Au 

U = 

o in Q, 
(2) 

on QQ. 

We are interested in the problem of recovering Q from the scat~ering 

data related to (2). 
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The case of s~a~ionary (~ime independen~) po~en~ials and 

s~a~ionary obs~acles has been ~rea~ed by many au~hors (see for 

example [12,13,22]). Then ~he variables can be separa~ed and we can 

reduce (1) and (2) ~o s~a~ionary ellip~ic problems. The uniqueness 

of ~he inverse sca~~ering problem for (1) wi~h ~ime independen~ q(x) 

follows from ~he Born approxima~ion of ~he sca~~ering ampli~ude (see 

e. g. [22]). In [12] ~here are ~wo proofs showing ~ha~ a s~a~ionary 

obs~acle can be uniquely recovered from ~he sca~~ering opera~or. 

In ~he non-s~a~ionary case ~he si~ua~ion changes considerably. 

The separa~ion of variables is no longer available. A ~ime dependen~ 

sca~~ering ~heory for (2) has been developed by Cooper and S~rauss 

(see [3-7] and ~he references herein), generalizing ~he Lax-Phillips 

theory (see al so [2,18-20,29]). Equa~i on (1) has been s~udi ed in 

[1,9,16-18.30]. Since ~he local energy for (1) or (2) may increase 

[20], ~he scat~ering opera~or S does no~ exis~ in general. The main 

objec~ in ~he sca~tering ~heory for (1), (2) is the 8'enera~i2ed 

scatterin8' (echo) kerne~ K# introduced by Cooper and Strauss [5]. 

Below we shall give a brief defini~ion of K#' 

Given 1=(/1,/2) define the energy norms 

II/II~ J (1'7/1 12 + 1/2 12 )dX, 

[Rn 

Denote by ~o the comple~ition of C~([Rn) x C~([Rn) with respec~ ~o the 

norm 11-11 0 and by ~(t) the completition of C~(O(t)) x C~(O(t)) with 

respec~ ~o ~he norm 1I-II(t)' Deno~e by Uq(t,s) and Ua(t,s) ~he 

propagators rela~ed to (1) and (2) respec~ively. In o~her words the 

solu~ions to (1) and (2) with initial da~a u(s, -) = 11, u/s, -) = 12 

are given by (u( t, -) ,u/ t, -)) Uq ( t,s)1 and (u( t, -) ,u/ t, -)) 

Ua(t,s)/, respec~ively. The operators Uq(t,s):~o -4 ~o and Ua(t,s): 

~(s) -4 ~(t) are bounded ones for fixed t, s bu~ their norms may 

increase exponentially as It-sl-4oo. Using ~he finite speed of 

propaga~ions we can define U (t,s)/, U (t,s)1 for functions I which 
q a 

belong locally ~o ~o and ~(t), respec~i vely. 

Set h (I;) = I;n/n! for 1;:':0, h (I;) = 0 otherwise, n = 0,1, ... 
n n 

Thus h~ = h n - 1, ho is ~he Heaviside func~ion. Given (s,w) e [RxSn- 1 

le~ r (t,x;s,w) be ~he solu~ion of ~he problem 
q 

{ 
(0 + q( t ,x) ) r q = 0, 

r I = h (t+s-x-w) , 
q t«O 1 

and le~ ra(t,x;s,w) solve ~he problem 
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{

Or a = 0 in Q, 

r a = 0 on &0, 

r I - h 1( t+s-x'w) , 
a t«O 

Here 0 0: l:J.x: Since t..he pair (h1( t+s-x'w) ,hoe t+s-x'w» 

considered as a runct..ion or x has locally rinit..e energy, rq and ra 
are well derined. The runct..ions r q,Be = r q - h 1( t+s-x'w) , r a,Be r a 

h/t+s-x'w) possess asymptotic wave profiLes [6], i.e. t..he limit.. 

r# (s',w';s,w) 
Be 

lim (t+s,)(n.-l)/Zo r (t,( t+s')w';s,w) 
t_oo t Be 

2 71.-1 where r# r# r r exist..s in , and r# 
LLo/IRB'xSw ' ), Be q,Be Be q,Be Be 

r# , r r Q,sc' 
respect..i vel y. 

a,Be Be 
K#, K# We derine t..he eeneraLized scat terine kerneLs by t..he 

q a 

rollowing relat..ions 

K#(s' w"s w) Q ' , , 

K: and K~ are dist..ribut..ions wit..h respect.. t..o s' smoot..hly depending on 

w',s,w. It.. should be not..ed t..hat.. ir t..he scat..t..ering operat..or S exist..s, 

t..hen K# (respect..ively K#) is t..he Schwart..z kernel or S-Id in t..he 
q a 

Lax-Phillips t..ranslat..ion represent..at..ion. 

We are int..erest..ed in t..he rollowing inverse problems: 

(IP1) Does K# det..ermine q uniquely? 
q 

(IP2) Does K# det..ermine Q uniquely? a 

As ment..ioned above ir q(x) does not.. depend on t, t..hen (IP1) has 

arrirmat..ive answer. The rirst.. result.. concerning t..ime dependent.. q has 

been obt..ained by Ferreira and Perla Menzala [9]. They have shown 

t..hat.. ir ql~O and q2~O are small in a suit..able sense, ql ~ q2 ror all 

t,x and 0tq l' 0tq 2 have appropriat..e decay as It I _ 00, t..hen t..he 

equalit..yor t..he scat..t..ering operat..ors ror ql and qz implies ql=q2' 

Our rirst.. result.. gives an arrirmat..ive answer t..o (IP1). 

Theorem 1. and satisfY (Al) , (A2) . Suppose there 

exist and so that K# (s',w';s,w) K# (s',w';s,w)-
ql q2 

for 

Is'-s I<c. Thenql(t,x) =qlt,x) for aLL t, x. 
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The kernel 

(s' ,w') (s,w) 

K# will 
q 

and -Lo 

be shown -Lo be smoo-Lh off -Lhe di agonal 

have a singulari-Ly a-L (s',w') (s,w). 

Theorem 1 s-La-Les -Lha-L all -Lhe informa-Lion abou-L q is con-Lained in 

-Lhe behavior of K# near -Lhe singulari-Ly. 
q 

Next- we -Lurn our a-L-Len-Lion -Lo -Lhe inverse back-sca-L-Lering 

problem for (1), i.e. -Lhe problem of recovering q(t,x) from 

knowledge of K# for w'=-w. This is a s-Lill unsolved problem even for 
q 

s-La-Lionary q. Recen-Lly Eskin and Rals-Lon [8] proved -Lha-L -Lhe map 

q(x) --+ a(k,-w,w) is a local homeomorphism a-L leas-L for an open 

dense se-L of po-Len-Lials q. Here a( k, w', w) is -Lhe sca-L-Lering 

ampli-Lude rela-Led -Lo q(x). However -Lhe (global) uniqueness problem 

is s-Lill open. In Theorem 2 we give a par-Lial answer -Lo -Lhe inverse 

back-sca-L-Lering problem. 

Le-L us assume n=3 and -Lhe following condi-Lion 

(A1') q E C([R ·wi,oo(1R3)) saUsfied ins-Lead of (A1). Then we 
t' x 

have -Lhe following. 

Theorem 2. Let qi' 

ql( t,x) ~ qz( t, x) for t ~ 

there exist Wo E ~, 

i=1,2 

t ~ 

d > 

sat isfy (A1') , 

t z ' an x, where 

2e, such that 

(A2) with n=3. Let 

t z-t 1 > 4e. Suppose 

K# (s', -wo ; s, wo) 
ql 

K# (s',-w ;s,wo) for Is'-sl ~ d, tl+e < -s < 
qz 0 

tz+e· Then ql(t,x) 

qz< t,x) for t 1+2e ~ ~ t z- 2 e and for an x. 

If q does no-L depend on t, 

in addi-Lion q(x) has no 

-Lhen K# depends merely on s'-s and 
q 

if bound s-La-Les, -Lhen -Lhe sca-L-Lering 

ampl i -Lude a( k, w', w) rela-Led -Lo q coincides wi-Lh -Lhe Fourier 

-Lransform of K#( s' w'· 0 w) wi -Lh respec-L -Lo s' q , , to 

mul-Liplica-Lion fac-Lors. This leads -Lo -Lhe following. 

up -Lo some 

Corollary 3. Let qi(x) E Loo(1R3), qi have compact support and qi 

have no bound states, i=1,2. Let a i be the scatterin8 amptitude 

retated to qi' i=1,2. Suppose ql ~ qz and tet for some Wo we have 

a/ k, -wo ' wo) az< k, -wo ' wo) for at t k. Then ql = qz· 

Le-L pew) = inf{x·w; x E suppV} be -Lhe suppor-L func-Lion of 

suppV. The -Lechnique developed for -Lhe proof of Theorem 2 enables us 

-Lo ge-L -Lhe following. 

Corollary 4. Let q be a non-ne8ative function in Loo(1R3) with 

compact support and tet a(k,w',w) be the scatterin8 amptitude 

associated with q. Then -2p(w) = sup suppK#(s',-w;O,w). Therefore, 
s' q 

K#( s', -w; 0, w) (respec t ivety a( k, -w, w)) 
q 

determines uniquety the 

convex hutt of the support of q. 
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Ne~ we ~urn our a~~en~ion ~o an inverse boundary value problem 

~or (1). Le~ D be a bounded domain wi~h smoo~h boundary ~D. and le~ 

q(t,x) sa~is~y (Ai) and q=O ~or x<f.D. Here ~he space dimension n~2 

may be arbi~rary. Given f E Coo([Rx~D) wi~h f=O ~or t«O, we consider 

~he mixed problem 

o in IRxD, 

on IRx~D, 

~or t«O. 

We are in~eres~ed in ~he ~ollowing inverse problem: 

(IP3) Does ~he map A:f ~ ~ ul de~ermine q uniquely? 
N IRxoD 

Here N is ~he ou~er normal ~o ~D. A similar problem ~or 

~ime-independen~ q has been considered in [21]. In ~his case ~he 

resul~s o~ Nachman, Sylves~er and Uhlmann [28,14,15] could also be 

applied. Al~hough such kind o~ problems are no~ sca~~ering problems. 

~here is a close rela~ion be~ween ~hem and ~he sca~~ering ~heory. 

Using ~he ~ools developed ~or ~he proo~ of Theorem 1, we can easily 

prove ~he following. 

Theorem 5. The map A determines q uniquety. 

Now consi del' ( I P2) . As men~i oned above i ~ is well -k nown ~ha ~ 

for s~a~ionary bodies ~he sca~~ering opera~or 5 always exis~s and 

~he answer ~o (IP2) is af~irma~ive [12]. In ~he case of moving 

obs~acles i~ is known ~ha~ K~ de~ermines uniquely ~he convex hull of 

O( t) for each [6]. The proof of ~his resul~ is based on ~he 

analysis of ~he leading singulari~y of K~ (see also [2,18,19]) This 

sol ves (I P2) for convex movi ng bodi es. Never ~hel ess , no~hi ng is 

known abou~ (IP2) for moving obs~acles of arbi~rary geome~ry. I~ 

looks a li~~le surprising ~ha~ ~he answer ~o (IP2) is nega~ive in 

general. This will be proved in Theorem 7 below. For ~his reason in 

order ~o inves~iga~e (IP2) we need ~o impose some addi~ional 

res~ric~ions. 

Definition. We say that Q E Q if Q satisfies (B1), (B2) and the 

foLtowin8 condition 

(B3) There exists some T > 0 such that v t = 0 for It I > T. 

In o~her words ~he class Q consis~s of all obs~acles which are 

s~a~ionary in ~he ~ar pas~ and in ~he far fu~ure. Le~ Uo( t) be ~he 
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uni t-ary group relat-ed t-o t-he Cauchy problem for t-he wave equat-ion 

[12]. It- is not- hard t-o prove t-hat- for Q e Q t-he scat-t-ering operat-or 

s-lim U (-t)Ua ( t,-t)XU (-t) 
t-4oo 0 0 

exist-so Here X is a mult-iplicat-ion of a smoot-h funct-ion X(x)=l for 

Ixl>3e, X(x)=O for Ixl<2e and we assume 9(t) c 9(0' In t-he next, 

t-heorem we show t-hat- (IP2) has an affirmat-ive answer if Q e Q. 

Theorem 6. Let Q i e Q, i=1,2 and Let the scatterin~ operators 

Sa.' i=1,2, associated wi th Qi' coincide. Then Q1=Q2' 
1. 

not-

In cont-rast- t-o Theorem 1 we not-e t-hat- t-he proof of Theorem 6 is 

based on t-he anal ysi s of t-he si ngul ar i t-i es of K# but- on a a 
specific Holmgren's t-ype t-heorem (see sect-ion 3). 

Finally we show t-hat- in general t-he uniqueness of (IP2) fails 

even for periodically moving obst-acles. For t-his reason we const-ruct­

in sect-. 2 an explicit- count-er-example. 

Theorem 7. There exists a ja.m.iLy oj injiniteLy many distinct 

peri.odicaLLy movin~ obstacLes sati.sjyi.n~ (81), (82) wi.th the sa.m.e 

~eneraLi.zed scatteri.n~ (echo) kerneL. 

2. Outline of the proofs. IPl 

First- we are going t-o sket-ch t-he proof of Theorem 1. Let u 

o2r be t-he solut-ion of t-he Cauchy problem 
.: q 

{
(O + q(t,x))u = 0, 

ul = 6(t+s-x·w). 
t«O 

First- we derive t-he following represent-at-ion of K#: 
q 

x u( t,x;s,w)6( t+s'-x·w')dtdx, 

( 3) 

( 4) 

where t-he int-egral is t-o be considered in dist-ribut-ion sense. 

Secondly, we show t-hat- u(t,x;s,w) vanishes for t+s<x·w, u is smoot-h 

for t+s>x·w and near t-he plane t+s=x·w we have t-he following 

singular expansion 
00 

u(t,x;s,w) N 6(t+s-x·w) + A.( t ,x,w)h.( t+s-x·w) , 
J J 

(6) 

j=O 
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where 
1 0 
2 f q(t+T,X+TW)dT, 

-00 

e 

K#(s',w';s,w) is em off 
q 

t.he di agonal. 

about. q is cont.ained in t.he behavior 

(s',w') (s,w) . More precisely, 

Mor eover, all 

of K# near 
q 

choosing a 

t.he informat.ion 

t.he singularit.y 

uni t. vect.or ct 

ort.hogonal t.o wand set.t.ing 

w'(/-I) = w. cOS/-l + ct. sin/-l, 

s ' (/-I) = s + ct.. si n/-l, 

we get. 

lim IW'(/-I)-wIH(s'(/-I) ,w'(/-I) ;s,w) 
/-1_0 I q( X'w-s, x) dS , 

x 

where H is t.he int.egral in (4). Now, suppose we know K# for 
q 

Iw-wo I<£:, Iw'-wO I<£:, Is'-sl<£: . Then we can find t.he int.egral above 

for all s, ct., ct .J.. W, Iw-wo I<£:. It. is easy t.o deduce t.hat. t.his 

enables us t.o det.ermine t.he int.egrals 

( 6) 

for all t, x, and weSn- 1 such t.hat. Iw-wol<£:. So we arrive at. t.he 

following problem of int.egral geomet.ry: prove t.hat. if (6) vanishes 

for all t, x, Iw-wo I<£:. t.hen q = O. Not.e t.hat. (6) is t.he "X"-ray 

t.ransform of q. but. t.he int.egral is t.aken only over charact.erist.ic 

(for 0) lines. In case q has compact. support. in t t.he solut.ion t.o 

t.he above problem is known [10] and it. is based on t.he analyticit.y 
A 

of t.he Fourier t.ransform q(T,~) of q. In t.he general case t.he proof 
A 

is more complicat.ed and uses t.he fact. t.hat. q(T,~) is an analytic 

funct.ion of ~ wit.h values in .1"(IRT ). 

Next., we are going t.o sket.ch t.he proof of Theorem 2. We shall 

make some changes in t.he not.at.ions. Denot.e r by r+ and let. r- be 
q q q 

t.he solut.ion of (1) wit.h init.ial dat.a h 1(-t-s+x'w) for t»O. In ot.her 

words, we have 

{ 
(0 + q( t,x»r~ = 0, 

r-I = h (-t-s+x·w). 
q t»O 1 

Let. q1 and q2 be t.wo pot.ent.ials sat.isfying t.he regularit.y 

assumpt.ions of Theorem 2. Since qi are not. necessarily smoot.h. K~ 
ar e di st.r i but.i ons ins'. s dependi ng cont.i nuousl y on w', w. We show 

t.hat. t.he following formula t.akes place: 
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_l-fi,elIICq( t,x)-q (t,x»)r+ (t,x;s,w)r- (t,x;s',w')dtdx. 
8rc Z S S 1 Z ql qz 

( 7) 

Si nce we have 'U = clr+ in 
s q 

(4) and ,l,r- = 6( t+s'-x·w') provided 
s qz 

qz=O, t,he above relat,ion can be considered as a generalizat,ion of 

(4). According t,o t,he finit,e speed of propagat,ion we have 

suppr+c {(t,x); t+s?:x·w} , suppr- c {(t,x); t+s'~x·w'}. Moreover, 
ql qz 

if t,x,s,s' run over compact, set,s, we can find a const,ant, C > 0 such 

t,hat, 

Ir+ (t,x;s,w) - h (t+s-x·w) I ~ Chz( t+s-x·w) , 
ql 1 

W- (t,x;s',w') - h 1(-t-s'+x·w') I ~ Ch/-t-s'+x·w'). 
qz 

As a corollary t,here exist,s 6 > 0 such t,hat, r+ > 0 and r > 0 for 0 
ql qz 

< t+s-x·w < 6 and -6 < t+s'-x·w' < 0, respect,i vel y. Now set, 

Let, 

A 
J..l 

J..lo 
Theorem 

sup{J..l; 

2 fails, 

q( t, x) =0 for ( t, x) 

t,hen J..lo<e· Put, s' = 

E A}, 
J..l 

where q ql-q Z· If 

s-2J..lo -IE:, where 0 < IE: < e-J..lo · 

Assume in what, follows t,hat, tte < -s < t z-e-2 J..lo-IE:, ( t ,x) E A Then 
e 

t ,x,s,s' belong t,o compact, set,s and 1 et, 6>0 be t,he corresponding 

const,ant,. We may assume t,hat, IE: < 6. Then by (7) we get, 

I 
q( t,x)r+ (t,x;s.w )r- (t,x;s-2J..l -IE:,-W )dtdx 

ql 0 qz 0 0 
O. ( 8) 

o(s) 

Here t,he int,egrat,ion is t,aken over t,he set, 

Since 1E:<6, we get, r+ >0. 
ql 

in O( s). Furt,her, by t,he assumpt,ions 

of Theorem 2. q?:O t,hus 

moreover r+ and r are 
ql qz 

each i nt,egrand in (8) is nonnegat,i ve and 

posi t,i ve in O( s). Therefore q( t, x) 0 for 

( t, x) E O( s) . Let,t,i ng s run over 

we get, L.J°(s) A 
s 

which cont,radict,s t,he choice of 

t,he 

J..l +IE: o 

int,erval 

hence q 

< 
on 

-s < 
A 

J..l +IE: o 
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Co.olla.y 3 follows immediately f.om Theo.em 2. Indeed, if q 

is stationa.y, 

K#(s',w';s,w) 
q 

states, then 

then we have 

K#(s'-s,w';O,w) . 
q 

+ 
r-( t,x;s,w) 

q 
Mo.eove., if 

- -=--:-a2
k . (k, w', w) 
Tn J -iks' # = e Kq(s',w';O,w)ds', 

+ 
r-(t+s,x;O,w) and 

q 
-~+q has no bound 

whe.e a is the scatte.ing amplitude .elated to q. The.efo.e, the 

knowledge of a(k,-w,w) enables us to find K#(s',-w;O,w) and to apply 
q 

Theo.em 2. 

Rema.k. Let q be stationa.y, -~+q has no bound states Then, 

after pe.fo.ming the indicated diffe.entiations in (7), setting s=O 

and making Fou.ie. t.ansfo.m with .espect to s', we get the 

following fo.mula 

( 9) 

whe.e a j a.e the scatte.ing amplitudes .elated to qj and ~j a.e the 

solutions of the p.oblems 

0, 
{ 
(_~_k2+q .( x» ~ . 

J J 

~j = exp(ikw·x) + O( Ixl- 1 ) as Ix 1--+00, 

j=l,2. If q2=0, then (9) .educes to the well-known .ep.esentation of 

the scatte.ing amplitude. We hope that (9) might be useful for 

solving other inve.se p.oblems in the potential scatte.ing. 

Let us sketch the p.oof of Co.olla.y 4. Let q satisfy the 

assumptions of the co.olla.y and denote by v(t,x,w) the solution of 

the p.oblem 

(O+q)v = 0, 

Recall that ho is the Heaviside function. We have the following 

obvious .elations between v, r+ and u (see (3»: u( t,x;s,w) 
q 

02r+(t,x;s,w) 0 v(t+s,x,w). F.om (4) we deduce 
s q s 

# 1 2 J K (s',w;O,w) = - --20 , q(x)v(-s'-x·w,x,w)dx. 
q Brr s 

Taking into account that v(t,s,w) = ho(t-x·w) 

IVscl :S Ch1( t-x'w) , we p.ove the following 

220 

+ v (t,s,w), ·whe.e 
sc 



Proposition 8. Let q e Loo(~3), q has compact support. Let ~ be 

such that q(x) = 0 for X'W $ ~. Then K#(s',-w;O,w) = 0 for s' ) -2~ 
q 

and tf q tS non-neeattve near the p~ane X'W = ~ we have 

Jq(X)dX (1+0(C))) 

~$x'w$~+c/2 

as c -+ +0. 

This proposition shows that i~ ~ = ~(w) = in~{x'w; x e suppV}, then 

K#(s',-w;O,w) ." 0 ~or s' 
q 

proves Corollary 4. 

-2~-c, c)O su~~iciently small. This 

Finally, we give the proof o~ Theorem 6. Let q1' qz be such 

that A =A. Given If> e Coo(~xSn-1), let iii. = ffu.( t,x;s,w)If>(s,w)dsdw e 
1 Z t t 

COO, where u. is the solution o~ (3) with q=q., t=l,2. The functions 
t t 

ili i solve (1) with q=qi' Denote by w the solution o~ the problem 

{ 

(O+q 1) w = 0 i n ~xD, 

w = iI? z on ~xoD, 

w 0 ~or t«O, xeD. 

Set w w ~or xeD, w = il?z ~or x '* D. 

implies °Nw = °NiI?Z on oD. Therefore, 

Since ;;=iI? 
1 
~or t«O, we conclude that 

We have w = il?z on oD and A1=Az 
;; sol ves (o+q);; = 0 i n ~ x~n. 

1 t X 

;; == il?1 thus il?1=iI?Z ~or x,*D, all 

t. Since If> was arbitrary, we get (u1-UZ)( t,x;s,w) = 0 ~or all t,s,w 

and x,*D. Combining this with (6), we get that the integrals (6) for 

q1 and qz are equal ~or all t,x,w, which leads to q1=qZ' Notice that 

the equality u 1=uZ for x,*D implies K~ = K~, which 

proo~ o~ Theorem 6. We note that the requirement 

relaxed to q e Ch ~or some finite k. 

yields 

q e 

another 

can be 

Remark. Prof. A. G. Ramm in~ormed the author that he and Prof. 

J.Sjostrand have a proo~ of Theorem 6 different from ours which also 

leads to the inversion o~ the light-ray transform (6). 

3. Outline of the proofs. IP2 

Let us sketch the proo~ of Theorem 6. Let Q1 and Qz be two 

distinct domains in Q whose scattering operators Sa' t=l,2 
i 

coincide. Fix some s e ~ and ~ix If> e [C~(~n) x C~(~n)] n D~, d2 

being the incoming space of Lax and Phillips [12]. We denote by u t 

the solution of (2) related to Qt having initial data If> for t=s. 

Sa implies that u = u -u vanishes ~or 
Z 1 Z 
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Ixl>e and all t E ~. In ~he s~a~ionary case i~ is no~ hard ~o show 

~ha~. in fac~. u vanishes in ~he unbounded connec~ed componen~ of 01 

n 02 which easily yields 01 = O2 [12]. Indeed. in ~his case ~he 

func~ion v(k.x) = fexp(-itk)u(t.x)dt is a solu~ion ~o ~he Helmhol~z 

equa~ion. consequen~ly v is a real-anal~ic func~ion wi~h respec~ ~o 

x. Clearly. in ~he case of moving obs~acles ~his argumen~ is no more 

available. Never~heless. assuming for defini~eness ~ha~ aQ n Q ;t! 
.2 1 

0. we aim ~o prove ~ha~ ~here exis~s (to'xo) E aQ2 n Q 1 such ~ha~ 

u( to") vanishes in a neighborhood of Xo in 002( to). This fac~ makes 

possible ~o ob~ain a con~radic~ion. 

To ~his end we apply ~wo new ideas. Firs~. we cons~ruc~ a 

~wo-parame~er family F : 0(5) --4 OCt) of diffeomorphisms rela~ed 
t," 

~o a domain Q sa~isfying (81). (82). We choose F ~o be ~he flow 
t," 

associa~ed wi~h a (~ime-dependen~) vec~or field v E Coo(Q;~n) which 

is chosen so ~ha~ Ivl<1. v(t.x)=O for Ixl>e and (1.v) is ~angen~ ~o 

00. In some sense v( t.x) can be considered as ~he veloci~y of x E 

O( t) a~ ~he momen~ t. Thus we ~rea~ all poin~s in ~he ex~erior of 

~he obs~acle as moving ones. No~e ~ha~ if we in~roduce ~he 

coordina~es ( t. y) ( t. F t / x)) • 
0' 

to-fixed. ~hen Q becomes 

cylindric. 

Secondly we formula~e and prove a specific Holmgren's ~ype 

~heorem. In order ~o s~a~e i~ we need some prepara~ion. Using F t ,,, 

we can easily show ~ha~ OCt) is connec~ed for each t. Fix to and XOE 

OCto) and le~ 

y = { x; x (10) 

be a smoo~h curve in OCto) which is no~ self-in~ersec~ing. such ~ha~ 

x(O)=xo ' x( D=x1 for some xl E O( to) and Ix'CO") 1=1. Consider ~he 

~wo-dimensional surface r = u (t.F (Y») c Q. Obviously. 0" and t 
t E~ t,to 

+ 
are coordina~es on r. We define vec~or fields A- E Tr in a following 

way. Se~ A± = ~ + 
aO" -

± a 
a (t. 0") at 

+ 
each (t.O") ~he vec~or A- considered 

+ + 
charac~eris~ic. i. e. IA-I= lA-I. Le~ 

t x 
be ~he in~egral curve 

+ 

is chosen 

as a vec~or 

0" ---4 (t .x) 
+ 

so 

in 

of A- such ~ha~ Ft±( 0") ,to (x( 0"))) 

Condi ~i on (83) guaran~ees t·ha~ a- is uniformly bounded. 

~ha~ for 
~n+l. is 

(t±(O"). 

t±( 0) =t o. 

~hus ~he 

func~ion t±(O") is defined for all 0" E [O.~]. We define a subse~ X of 

r by ~he rela~ion 

X = {( t. x); x = F t (x(O")). O~O"~~. 
,to 

X depends on to' xo' Xl and on ~he choice of y joining Xo and Xl. 
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We have ~he following Holmgren's ~ype ~heorem. 

Theorem 9. Let u be a distribution satislyin~ the wave equation 

Ou 0 in an open subset 01 IRn.+l containin~ X. Suppose that u 

vanishes in a nei~hborhood 01 the curve {(t,x); (0 :S t :S to), 
+ 

x = F (x( t))}. Then suppu n X = 0. 
t,to 

The proof of Theorem 9 is based on ~he local Holmgren ~heorem 

(see e.g. [11]. Theorem 8.6.5). In ~he par~ial case when OCt) is 

s~a~ionary and F = I, Theorem 9 follows easily from Theorem 1.4 
t . .: 

of Ch. IV in [12]. 

Now, le~ Q i E Q. and Sa = Sa' Le~ u = u 1-u2 be ~he func~ion 
1 2 

defined above. As men~ioned above, u o for Ix I>e and all t E IR. 

Suppose Ql;o!Q,!" Then we can assume ~ha~ Q1 n 002 ;o! 0. Le~ (to'xo) E 

Q1 n 002 and choose some xl '" Be and a curve r c 01( to) of ~he kind 

(10), joining Xo and xl' Deno~e by X c Ql ~he se~ (11) associa~ed 

wi~h t x x and ~he flow Fl rela~ed ~o Ql' Wi~hou~ loss of o t 0' 1 t~s 

generali~y we can assume ~ha~ X cO2, X n 002 = (to'xo)' Given ~ > 0 

deno~e by X~ c X ~he se~ (11) rela~ed ~o to' x(~), xl' Since u=O in 

a neighborhood of {( t,x); t (0 :S t :S t+( O. x=x1}. and Ou=O in 

QlnQ2 :> X~. ~hen u vanishes a~ ~he poin~ (to'x(~». in vir~ue of 

Theorem 9. Le~~ing ~ -+ O. we find u( to' x o ) O. Moreover. we can 

prove ~ha~ u(to'x) = 0 for x E V n an2(t O)' V c 0l(tO) being a small 

neighborhood of xO' Recall ~hat- u 2=0 on 002, 

= [Ual( t o .s)rp]l vanishes on V n an2( to) for all 

00 
Co' Since such solu~ions are dense in gel( to)' 

Consequen~ly. u 1( to'x) 

s e IR. rp e d2 n COO x - a 

we conclude ~ha~ ~he 

firs~ componen~ of every 1 E gel( to) vanishes on ~he surface V n 

ani to)' Thus we obt-ain a con~radic~ion. which complet-es ~he proof 

of Theorem 6. 

Finally. we shall cons~ruc~ explici~ly a family of periodically 

moving obs~acles wi ~h ~he same generalized sca~~ering kernel. For 

~he sake of simplici~y we assume n=3. 

It- is no~ hard ~o see ~ha~ ~here exis~s a func~ion ~ E C~(IR) 

wi~h ~he proper~ies: ~(a) = 1 for lal:S2. ~(a) = 0 for lal~11/4. 

I~ l:Sl. I~' I :S3/2. Nex~ se~ 

¢( t. a) ~(a)sin(k(a-t/2»). 

Here k ~ 2n is a large parame~er. Consider ~he hypersurface L c IR4 

and ~he domain Qo c IR4 given by 
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2 r. t e IR. 

Here r e (0.1/2) is a small paramet.er. Clearly. I: is a smoot.h 

manifold and I: c aao . We set. 0 0(0 = {x; (t.x) e Qo}. The domain 

0o(t) can be considered as a small neighborhood of t.he curve 

It. is not. hard t.o see t.hat. I: is t.ime-like. Let. us define a velocit.y 

field v associat.ed wit.h I:. Further we denot.e by K~ t.he cube K~ = {x 

e IR3; IXi I :5 d. i = 1.2.3}. Pick a funct.ion X e C~(IR3). such t.hat. 

IX I :5 1. X( x) = 1 for x e Ku/4 and X( x) = 0 for x e K3• Gi van (t. x) 

e IR4 we set. 

Clearly. v( t.x) = (1/2.0.0) for x e K2 while v = 0 for x '* K3. The 

propert.ies of YJ imply Iv 1<1. A st.raight.forward calculat.ion shows 

t.hat. (l.v) is t.angent. t.o I:. Thus v(t.x) generat.es a flow F :IR3 ~ 
3 3 ~s 

IR t.hat. maps Oo~S) ont.o 0o( t). Not.e t.hat. Ft •s = Id on IR '-1<3. 

Let. Q c IR be a domain wit.h smoot.h boundary such t.hat. O( t) 

{x; (t,x) E Q} sat.isfies t.he condit.ions 

Cl) O( t) n K3 = 0o( t) ; 

C2) O(t) n (IR3'K3) is st.at.ionary (t.ime-independent.); 

C3) if K' {x; -4 :5 xl :5 -3, Ix2 1 :5 1, IX31 :5 1 }, t.hen 80( t) 

n (JK' = 800( t) n (JK' = { x; xl -3. x~ + x~ r~; 
C4) O( t) c K5 ; 

(see Figure 1). Clearly, Q satisfies (81), (82) wit.h e > 5Y:3 = 

~iamK5. Moreover. 0(t+4rr/k) = O(t) t.hus t.he mot.ion is periodic wit.h 

Fig. 1 
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per i od 4rr/k. Below we denot-e 0' = O( t) n K'. whi ch does not- depend 

on t by virt-ue of (C2). We have t-he following propert-y. 

Proposit-ion 10. There is no piecewise smooth curve {x = x(t), a 

~ ~ b} such that x(a) $ B • x(t) E OCt) for alL t E [a,b], x(b) E 
e 

0' and lx' I ~ 1. 

In ot-her words, if we t-ravel in t-he ext-erior of t-he obst-acle 

wit-h a speed not- great-er t-han 1, st-art-ing from ~3'B , we shall never 
e 

reach 0'. Using t-he principle of causalit-y we get- t-he following. 

Proposition 11. For any b ~ a and for any f E X(a) with suppf n 

Be 0 we have UQ(b,a)f = 0 in 0'. 

Now consider a family 3'" of domains Q such t-hat- each Q E 3'" 

saUsfies (Cl) -(C4) and 0/ t) n (~3'K') = Oz( t) n (~3~,) for any 

Q1 E 3'", Qz E 3'". Not-e t-hat- we do not- impose any rest-rict-ion on OCt) n 

K', t-hus t-he geomet-ry of on( t) n K' may be arbit-rary, provided t-hat­

(C3) holds. Hence 3'" consist-s of infinit-ely many dist-inct- domains Q 

and t-he corresponding obst-acles ~(t) move wit-h t-he same period 4rr/k. 

Using Proposit-ion 11 we prove t-hat- K~ does not- "feel" t-he shape of 

on( t) n K' t-herefore all obst-acles in 3'" have t-he same generalized 

scat-t-ering kernel. 
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