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1 Introduction

Let Qc=R"*!, n=3 odd, be an open connected set with a smooth boundary
0Q. Given teR, we denote Q(t)={xeR"; (t, x)eQ}, and O(t)=R™\Q(t) is the
obstacle at the time t. We impose the following conditions.

(1) There exists p >0 such that @(t)c B, = {x; |x| <p} for each t.
(il) If v=(v,, v,) is the inner unit normal to 4Q, then |v,|<|v,].

Conditions (i), (ii) mean that the obstacle remains within a fixed compact
set and that the boundary moves with a speed less than 1. Consider the wave
equation in Q with Dirichlet boundary conditions

(1.1) u,—Au=0 in Q,
u=0 on 0Q.

This paper is devoted to the uniqueness of the inverse scattering problem for
(1.1).

The scattering theory for moving obstacles has been developed by Cooper
and Strauss [3-11, 23] (see also [1, 17-20, 26]). There are some essential differ-
ences between the stationary case (see [14]) and the case of moving obstacles.
One of them is that the variables cannot be separated and in general it is
not possible to reduce (1.1) to a stationary problem by using Fourier transform.
Another phenomenon is that the local (global) energy may increase as the time
tends to infinity [5, 20]. Thus to prove the existence of the scattering operator
S we must impose some additional restrictions [7, 8, 11, 17, 18, 23]. Cooper
and Strauss [8,9] introduced the generalized scattering (echo) kernel
K*(s', »'; s, w) which makes sense whenever assumptions (i), (ii) are fulfilled.
The distribution K¥ is a natural generalization of the kernel of S—Id and
K* coincides with it when § exists. A similar generalized kernel can be intro-
duced in the scattering theory for the wave equation with time-dependent poten-
tial [24, 25].
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In this situation it is natural to study the following inverse problem:
(IP) Does K* determine Q uniquely?

It is well-known that for stationary bodies S always exists and the answer to
(IP) is affirmative [14] (see also [2, 21]). As it was shown by the author [24,
25] the same is true for time-dependent potentials. In the case of moving obsta-
cles it is known that K¥ determines uniquely the convex hull of ¢(¢) for each
t [9]. The proof of this result is based on the analysis of the leading singularity
of K¥ (see also [1, 17, 19]) in the spirit of the works of Majda [15, 16] and
Soga [22] where stationary obstacles are studied. Nevertheless, to our knowledge
there are no works dealing with (IP) for moving obstacles with arbitrary geome-
try. It looks a little surprising that for general moving obstacles the answer
to (IP) is negative. This will be proved in Theorem 1.3 below. For this reason
in order to investigate (IP) we need to impose some additional restrictions.

Definition 1.1 We say that Qe 2 if Q satisfies (i), (ii) and the following condition
(iii) There exists some T >0 such that v,=0for |¢t|>T.

In other words 2 includes all obstacles which are stationary in the far past
and in the far future. Let U,(f) be the unitary group related to the Cauchy
probiem for the wave equation [14] and denote by U(t, s) the propagator asso-
ciated with (1.1) (see Sect. 2). It is not hard to prove that for Q€2 the scattering
operator

S=s5—lm U,(—0) U(t, —t) Up(—1)

t—+ o

exists (see Proposition 2.1). Our first result is the following,

Theorem 1.2 Let Q,€2, i=1,2 and let the scattering operators S,;, i=1, 2, asso-
ciated with Q;, coincide. Then @, =Q,.

Next, we show that in general the answer to (IP) is negative, even for periodi-
cally moving obstacles. Before stating the corresponding theorem we need to
recall the definition of K* (see [8, 97). Set g(&)= —(2 n)~ "2 ¢ for £ 20, g(6)=0
otherwise. Denote by u(t, x; s, @) that solution of (1.1) which coincides with
the plane wave g(t+s—x-w) for t<—s—p. Then the function u,(t, x; s, w)
=u(t, x; s, )—g(t+5— x-w) admits an asymptotic wave profile uj, i.e. the limit

ul(s, o';s, w)=1lim (t+5)" " V20,u.(t, (t+5)@'; s, @)

t— oo

exists in the space 12, (R, , x S !). The generalized scattering kernel K* is then
defined by the equality

K*(s, a'; s, 0)=(—08/0s)" " V2uk (s, o' s, w)

and K¥ is a continuous function of s, w, @' with values in 2'(R,). In the case
when S exists, K* is the Schwartz kernel of the operator Z(S—Id)# ' (see
[8]), # being the translation representation of Uy(t) introduced by Lax and
Phillips [14]. Our second result is the following.

Theorem 1.3 There exists a family of infinitely many distinct periodically moving
obstacles satisfying (i), (ii) with the same generalized scattering (echo) kernel.
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Below we describe briefly our approach. Let Q, and @, be two distinct
domains in 2 whose scattering operators §;, i=1, 2 coincide. Fix some seR
and fix pe[CF (R x CF(R"] D, D?. being the incoming space of Lax and
Phillips [14]. We denote by u; the solution of (1.1) related to Q; having initial
data ¢ for t=s. In Proposition 2.2 we prove that §; =S, implies that u=u, —u,
vanishes for |x| > p and all teR, where p is chosen so that O,(t)c B, = {x; | x| <p}
for all ¢,i=1,2. In the stationary case it is not hard to show that, in fact,
u vanishes in the unbounded connected component of 2, Q, which easily
yields Q, =0, [14] (see also [2, 21]). Indeed, in this case the function v(k, x)
=[exp(—itk)u(t, x)dt is a solution to the Helmholtz equation, consequently
v is a real-analytic function with respect to x. Clearly, in the case of moving
obstacles this argument is no more available. Nevertheless, assuming for definite-
ness that 6Q,n @, +0, we aim to prove that there exists (¢4, X,)€8Q, N Q, such
that u(ty,) vanishes in a neighborhood of x, in 6Q,(t,). This fact makes possible
to obtain contradiction. Its proof is based essentially on two new ideas. First,
we construct a two-parameter family F, ;: 2(s) - Q(t) of diffeomorphisms related
to a domain Q satisfying (i), (ii). We choose F; ; to be the flow associated with
a (time-dependent) vector field ve C*(Q; R™ which is chosen so that |v] <1,
v(t, x)=0 for |x|>p and (1, v) is tangent to 0Q. In some sense v(t, x) can be
considered as the velocity of xeQ(t) at the moment t. Thus we treat all points
in the exterior of the obstacle as moving ones. Secondly, we formulate and
provc a Holmgren type theorem exploiting the flow F,  (see Theorem 3.1 below).
It has a form suitable for the examination of noncylindric domains @. By this
theorem we conclude in Sect. 5 that there exists (¢, X)€0Q, N Q, such that
u(ty,") vanishes in some neighborhood of x in 09,(t,), as required.

In Sect. 6 we prove Theorem 1.3. To this end we construct explicitly a family
of periodically moving obstacles with the same generalized scattering kernel.
First we build an obstacle ¢(¢) that has a part of the boundary which cannot
be reached by the waves coming from IR"\ B,. More precisely, there is an open
set ¥, such that VnoQ(t) is non-empty, stationary and the following property
is satisfied: There is no curve x(t) such that x(0)¢B,, |x'(t)|£1, x(t)eQ(t) for
any t, and x()eVn Q(l) for some I This implies that every solution of (1.1)
with initial data in D?. vanishes on VnQ(f). Thus the generalized scattering
kernel K* does not contain any information about the shape of VA aQ(t).
So we may change this part of dQ(f) and this will not reflect on K¥*.

2 Preliminary

Given f=(f,,£,)€C& (Q(t)) x CZ ((t)) define the energy norm of f by
If1f=§ (VAP+IAP)dx

Q(t)

Denote by ##(t) the closure of CF(Q(t)) x Cg (€(2)) with respect to the norm
I+ llw- #(¢) is a Hilbert space with energy scalar product (see e.g. [8]). Given
feH# (s) we consider the mixed problem

2.1 U, —Au=0, {t, x)eQ,
u=0, (t, x)edQ,
(u: ur)=(f1’f2) fOI' t=s.
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The solution of (2.1) is given by (u, u,)=U(t, s) f, where the propagator U(t, s)
is a two-parameter family of operators U (t, s): # (s) —» #(¢) (see [8]).

Let 5, be the Hilbert space associated with the Cauchy problem for the
free wave equation (Ju=0 in R, xR}. #, has the same definition as #(t)
with Q(t)=IR". We denote by U,(t) the unitary group in #,, related to the
free wave equation [14]. Recall the definition of the scattering operator S asso-
ciated with U(t, s) and Ugy(t) given in the introduction. This definition is to
be considered in the following sense (see also [14]). For any fe #, with compact
support Uy(—1t) f vanishes in B, for large ¢, therefore it can be considered as
an element in #°(—¢t) thus U(t, —f) Uy(—1) f is well defined. Next, we regard
#(t) as a subspace of 4, thus for large ¢ the expression Uy(—1) U(t, —1t) Uy(
—1) f is well defined. We say that S exists if the limit Sf exists for any fe#,
with compact support and S is bounded. Then Sf can be defined for any fe #,.
In general S does not exists. Moreover, in some cases the local energy increases
exponentially [5, 20]. Sufficient conditions for the existence of S can be found,
for example, in [7, 8, 11, 17, 18, 23]. In our case the situation is simpler since
we have assumed (iii).

Proposition 2.1 Let Qe 2. Then the scattering operator S exists.

Proof. Condition (iii) implies that Q(t)=Q(T) for t= T, and Q(t)=Q(—T) for
t< —T. Denote by U. (t) the unitary groups in # (4 T) related to the stationary
obstacles O(+ T). Then we have U(t, s)=U, (t—T)U(T, s) for t=T and U(t, 5)
=U(t, —TYU.(—T—s) for s£ — T Using these relations and the fact that the
wave operators associated with U, () and U,(¢) exist [14], we complete the
proof of the proposition. Note that in particular we obtain that the energy
| U (¢, s}| is uniformly bounded in ¢, s.

In the remainder of this section we will proceed with the first step of the
proof of Theorem 1.2. Let Q;, i=1, 2 be two domains satisfying (i), (i), (iii} and
denote by U(t, s), S; the corresponding propagators and scattering operators.
Recall the definition of the spaces D% of Lax-Phillips [14]

DY ={fey; [Up(t) f1(x)=0 for |x|<+t+p, +1>0}.

Fix p>0 such that 0, (1)U 0,(t) = B,), for each .

Proposition 2.2 Suppose S,=S,. Then for all pe[CT(R") x CF(R"]ND? and
all t, se R? we have [U, (t, 5) 0](x)=[U,(t, s) p](x) for |x|>p.

Proof. Fix ¢ and s and set u;(t, x)=[U(t, s) 9], u=u, —u,, [v], being the first
component of the vector v. Pick a cut-off function yeC®, such that y(x)=0
in a neighborhood of B,;, x(x)=1 for |x| 2 p and set v=yu. Then we have

(2.2) Ov=—Apu—2Vy-Vu,

since [Ju=0 for |x|>p/2. Moreover, Ut, s)p=U,(t—5) ¢ for t<s [8], hence

u=0 for t <s. Therefore,

(2.3) (v, )= J Up(t—2)(0, q(z,"))d7
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with qeC(R,; I*(R") given by the right hand side of (2.2). Note that
suppgq(t, x)= {x; p/2Z|x| < p} for all ¢. Given a>s, set

= [ Up(=D(0, q(r,))dr, (%, 3,0)=Up(t) f*.

t

From (2.3) we find v —v* =[j U, (t—1)(0, q(r,-))dr] . The finite speed of propaga-
a 1

tions argument implies that

(2.4 v=v'=u for |x|>t—a+p, t=a.

Furthermore, the equality S, =8, yields (u, u,)=U,(t, s) ¢ — U,(t, s) ¢ —» 0 in H#,,
as t —» oo. Combining this with (2.4) we get

(2.5) | [0,0°(t, x)|?dx -0, as t—oo.

t—a+p<|x|

On the other hand, Theorem 2.4 in [14, Ch.IV.] (see also [8, Theorem 16])
says that

26) i 5tv"—(—|xl)“"“””(%”)(IM H) dx—0,

t-a+p<|x|

as t— o0, with Zf°e?(R x §"~') being the translation representer of f* [14].
Limits (2.5) and (2.6) together imply that 2 f“(s, ®)=0 for 6> p—a, hence

2.7 R(Up(t) f) (0, w)=0 for a>t—a+p.
Furthermore,

Uo() f*= IUo(t—T)(O q(z,"))d.

Huygens’ principle implies that for t=a+p we have Uy(t) f°eD%, thus
R(Uy (8) f)o, 0)=0 for 6<0, t=a+p by Theorem 2.3 in [14, Ch.IV.]. Conse-
quently,
(2.8) R Uy (t) f)o, w)=0 for 6<—p, t=a
Combining (2.7) and (2.8) we find

R(Up(t) [0, w)=0 for |a|>t—a+p, t=a.

On the other hand, Uy(t) f* has compact support for each t. An application
of Corollary 3.3 of [14, Ch. IV.] implies that

supp UO(t)fath—a+p for t_>_=a,
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therefore u(t, x)=0 for |x|>t—a+p, t=a in view of (2.4). Setting t=a we find
u(a, x)==0 for |x|>p. Since a>s may be chosen arbitrary, it follows that the
assertion of the proposition is valid for t>s. As we have mentioned above,
u(t, x) vanishes for t <s. The proof is complete.

3 The flow F , and the Holmgren type theorem

In the beginning of this section we will show that there exists a (not unique)
family of diffeomorphisms F,  associated with Q satisfying (i), (ii), with the follow-
ing properties:

(a) F,,: Q(s)— Q(t) is a diffeomorphism smoothly depending on t, s.
(b) F oF, ,=F  forallt,s,r; F =1d.
(©) I(d/dt)F, ((x)|<1, F, ((x)=x for |x|>p,all t, s.

Note that the plane t=t, intersects Q transversally in view of (ii), so 0Q(t)
is a smooth manifold for each t.
We seek F, , as a solution of the following ordinary differential equation

(1) L E =0 EL(),  teR, xeQ()
F, (x)=x, xeQ(s),

where v(t, x) is a suitably chosen vector field. We interpret v(t, x) as the velocity
of xeQ(r) at the moment t. First we define the normal velocity vy(¢, x) for
xedR(t) by the equality vy=—v,v,/|v,|2. Next, we peek a velocity field
veC®(0; R" satisfying the conditions

(3.2) UlaQ:UN’ le\(Rpr)ZO, IUI<1.

In other words, we assume that each xedQ(t) moves with velocity vy, each
xe£(t) moves with velocity v, while the points outside B, remain stationary.
Moreover, the last equality in (3.2) means that every point has a speed less
than 1. Of course, there are many ways to construct a solution to (3.2). For
example, we can proceed as follows. The collar neighborhood theorem says
that there is a C*-embedding @: 6Q x [0, co) = @, such that @(t, x; 0)= (1, x)
for (t, x)e0Q. We set ¢(t, x; 0)=g(x)}vy(t, x} for (¢, x)edQ, =0, where g is a
smooth cut-off function, such that g(a)=1 for 0o <1, g()=0 for =2 and
0<g<1. Put d(t, x)= (P !¢, x)) for (t, x)e P(@Q x [0, c0)) and §=0 otherwise.
Now, let ¥ be another smooth cut-off function, such that y(x)=1 for |x|Zp/2,
2(x)=0for |x|=p and 0Ly < 1. Then v=y{ is a solution to (3.2).

Given v satisfying (3.2), set w= (1, v)e C*(Q; R"*!). We claim that the vector
field w is tangent to the boundary 0Q. Indeed, let (t, x)edQ. Then w(t, x)
=(1, vy(t, x)) and w-v=v,+v,.-vy=0. This property together with the estimate
twl<]/§ imply that w defines a global flow on Q [12]. A standard argument
shows that this flow induces a family of diffeomorphisms F, ; that solves (3.1).
Clearly, F, ; satisfies (a), (b), (c).

Note that our construction of F, ; does not require (iii}. However, if (iii)
holds, we can choose v such that v=0 for {t{>2T In this case, in addition
to (a), (b), (c) we have
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d) Fy=Idfort<—2T,s<—2T and for t>27T, s>2T.

Note that in the coordinates (t, y)=(t, F,,(x)) @ becomes cylindric domain.
However, the wave operator [] in these coordinates looks too complicated.

The next construction is necessary to formulate the Holmgren type theorem.
Using F, ; one can casily show that Q(¢) is connected for each t. We omit the
trivial proof of this assertion. However, it should be noted that this is not
evident if we do not exploit F, ;. Fix ¢, and let x,% x; be two points in Q(z).
Let 4

(3.3) y={xeR"; x=x(0), 020 51}

be a smooth curve in Q(t,), which is not self-intersecting, such that x(0)
=Xg, X(}=x,, {x(0)|#0. It is convenient to assume that the function x(o) is
defined on some interval I={—9, [+ 6], 6>0, larger than [0,[]. To the end
of this section we fix a family F, ; with properties (a), (b), (c), (d), generated
by a velocity field v satisfying (3.2). Consider the two-dimensional surface

(3.4) r={t x); x=F,(x(0), cel, teR} = Q.

It is not hard to check that I is a smooth manifold and o, t are global coordinates
on I'. We define two vector fields A% e TT by the equality

.0 52
A*=o—ta. (0,05

Here the functions a, >0 are chosen so that for each (g, 1) the vector A%,
considered as a vector in R**! is characteristic. This condition leads us to
the equation

(3.5) [o(t, Fr,ep(x(0))£ax" D, F, 1 (x(0)) X (0)| = 1.

Since |v| < 1, there exist two positive smooth functions a4, satisfying (3.5). More-
over, we can find constants ¢, c,, such that

(3.6) 0<c;fay(0,0)Sc,<oo forall t and oel.

Indeed, let t>2T Then D.F,, =D.F, ,+D,Fp ,, =D, F,r , in view of (a), (b),
(c), (d). Similarly D, F, , =D,F_,r, for t<—2T Hence a, does not depend
on t for |¢t|>2T. This proves (3.6). Note that here we have used condition (iii)
essentially.

Let o= (t, x)=(t4(0), F;, (4).1,(x(0))) be the integral curve of A%, passing
through (¢4, xo) for 0=0. In other words, ¢, (o) solves the following problem

67 0= tas(o 1),

t. (0)=t,.

Condition (3.6) implies that the function ¢, is defined globally on I. As we
will see in Sect. 6 in general the solutions of (3.7) cannot be continued on I.
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Further, ¢, is monotonically increasing, while ¢_ is monotonically decreasing.
We define a subset X of I" by

(3.8) X ={(t x); x=F, ,(x(0)), 050 <, t_(0) St <1, (o).

We especially note that X depends on t,, x4, x,, y and F, ,.
Now we are ready to state and prove the following Holmgren type theorem.

Theorem 3.1 Let u be a distribution satisfying the wave equation [Ju=0 in an
open subset of R**! containing X. Suppose that u vanishes in a neighborhood
of the curve

(39) {(t, ) x=F, ,(x(D), - ()St= 1, ().

Then suppun X =0.

Before giving the proof we make the following observation. Consider the
special case when the obstacle Q is stationary and F, (=Id. If |x'(s)|=1, then
I' is a cylindric set and

X={(t, x); x=x(0),050<, t,~0<t<t,+0).

Then Theorem 3.1 says that if u solves the wave equation near X and u(t, x)=0
forto—l—e<t<ty+I+eg, |x—x,| <e with some £>0, then u vanishes in a neigh-
borhood of X. This assertion can be easily proved by approximating y with
polygons and by applying the Holmgren theorem for the wave equation (see
[14, Ch.IV., Theorem 1.5], or [13, Theorem 8.6.8].

4 Proof of Theorem 3.1

The idea of the proof is the following. We construct a sequence X,(m), me[O0, I)
of open subsets of R"*! with non-characteristic C'-boundary depending contin-
uously on m, such that [Ju=0 in a neighborhood of X,(m) for any m, X < X,(0)
and u=0 in X,(m) for m close to I. Then we prove that X,(m)nsuppu=9 for
any m by applying the local Holmgren theorem ([13, Theorem 8.6.5]).

According to the assumptions, we have [Ju=0 in 4,u=0 in A,, where
A and A4, are open sets such that 4> X, A, contains (3.9). We can assume
that A, = A. Denote

W={(o,t); —6<a<l+6,t_()—d<t<t,()+} x(—1,1)"" ",

By a standard argument we can find a diffeomorphism G,: W— G,(W)> X,
such that G,(s, t, 0)=(t, F, ,,(x(5)). We can assume that A=G (W). Set W
=Gy }(A). Then G;: W— 4 is a diffeomorphism, too. Without loss of generality
we can assume that W,:=G[ }(4,) is given by the conditions (o, t, gje W, I—u<o
with some >0, where g=(q,, ..., ¢,_1).
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Given any me[0, [— /2] we search a number a>1 and a function t(o) such
that

d
4.1,) %t(a)=aa+(a, 1), o€l

t(m)ztOs
th=t,()+v.

Here v is a positive number which will be specified later. To solve (4.1), denote
by t,{(0) the function (o) satisfying the first and the second equation in (4.1.).
To deal with the third equation, observe that t,(DZt, () (see (3.7)). On the
other hand, t,(/) depends continuously and monotonically on « and t,()=t¢,
+acy(l—m)— o0, as @ — oo. Thus there exists a unique a>1 such that t=t¢,
satisfies the third equation in (4.1,). Denote by a, ,,t. .{0) the solution of
(4.1,). Similarly, let a_ ,, t_ (o) solve the problem

4.1.) —dd;t(a)rz—aa_(a, t), o€l
tim)=to,

th=t_.(h—v.
Given me[0, |— /2] we define the following analog of X :
X(m)={(t, x); x=F ,(x(0)), mSc =<l t_ ,(0)stst, o)L

Clearly, X(m,)< X (m,) for m; >m,, X = X(0). We choose v>0 small enough
to ensure the inclusion X (0)= A. We aim to show that X (0) nsupp u=§. Observe
that for me(l—pu, [ — /2] we have X (m)< A, thus X (m)~suppu=0.

Given me[0, [— y/2] consider the map G, ,,: W—R"*!, defined by

4.2) Vi=y m(@)—t_ n(@)/(ts n(D—1_ (D)
V2=Q2t—t, (@)=t W@ty m)—1t_ .1
Ve=qx_2, k=3, ...,n+1,

(o, t, g9)e W. Using the fact that ¢, ,,—t_ ,, is monotonically increasing function,
we deduce that G, ,,: W— G, (W) is a diffeomorphism. Consider the composi-
tion G,=G,°G; ., Gp: G5, (W) — A. Observe that if we consider the triangle

Y={yeR"" 0=y, <L, |y2|Sy1, y3=. = yus 1 =0},
then we have X (m)=G,,(Y). Since G, ,, depends continuously on m, we deduce
that
U= [} GumW)

0sm=<i—pu/2

is open. Let U be another open set, such that YcU&U,. So, we restricted
G,, to a diffeomorphism G,,: U — G,,(U), where Yc U, X (m)< G, (U)< A4.
Next we introduce a family of open sets X,(m) in the following way. Set

Y,=UB.0), X.m=G,(Y).

yeY
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Here B,(y)={x;|x—y|<¢} and £¢>0 is chosen so that Y,€U. Clearly, X, (m)
is open, X(m)c X,(m)c A for any m. Furthermore, if ¢ is small enough, then
X, (m)&EA, for m=1—p/2 and therefore for m sufficiently close to /- u/2. Hence,
for such m we have X,(m) nsuppu=@. We shall prove that in fact

4.3) X, mnsuppu=0 for all me[0, [—p/2].

Note that (4.3) yields Theorem 3.1 because X < X (0) < X, (0).
Assume that (4.3) is not true. Set mgy=sup {m; X,(m)nsuppu =0} <l—pu/2.
Then one can easily prove that

4.4 0X.(mg)nsuppu+0, X,(my,)nsuppu=90.

Since Ay nsuppu=0, we can replace dX,(m,) in (44) by 0X,(mg)\A4,. Below
we will show that for any m the surface 0 X,(m)\ 4, is non-characteristic. Accord-
ing to the local Holmgren theorem [13, Theorem 8.6.8], (4.4) implies that u
must vanish in a neighborhood of ¢ X, (mg)\ 4, which contradicts the choice
of my.

It remains to prove that ¢ can be chosen so that for any me[0, [—u/2]
the surface 0X,(m)\ 4, is non-characteristic. In order to simplify the proof first
we will show that this can be done for a fixed m. Let the outer normal ¢
to 0.X,(m) at some point (z, X)¢ A, be a characteristic vector (i.e. |£,|=|&,[). With-
out loss of generality we can assume &=(l, £,), |¢,|=1. We interpret (t, %, &)
as a covector. After a change of coordinates y= G, (¢, x), (t, %, £) is transformed
into (J, 1), where n =(DG,)*(H) &, =G, 1 (t, X). Then 7 is normal to 8Y, at jedY,.
On the other hand, jedB,(y) with some €Y and # is normal to 0B,() at
j. Therefore, en=3j—9. Since j is a boundary element, then B,(j)n Y=0. By
the convexity of Y we get

4.5) —9-n=0 forall ye¥.

Passing to the coordinates (¢, x)=G,(y) we transform the covector (9, n) into
(f, %, &), where (£, £)e X (m). Since |§— J|=¢, we have |(f, £)—(F, X)|<Ce, |E~¢|
< Ce. Since (f, X)¢ A,, changing the size of 4, a little bit we may assume that
(f, ®)¢ A,. Relation (4.5) implies that for any curve t(s), x(s) such that t(0)=¢,
x(0)=2%, (¢(s), x(s))e X (m) for s=0 sufficiently small, we have &-(t'(0), x'(0)) <0,
therefore &-(t'(0), x'(0))/|(t'(0), x'(0))| = Ce. To get a contradiction it suffices to
show that there exists >0, such that for any (f, £)e X(m)\A4, we can find
a curve of the type described above, such that

(4.6) -(¢'(0), X" (0)/I(x'(0), x'(0)) Z B
We have to consider two cases. Recall that §= G, 1(5, £), 0= 9, <1, |9,/ <9,.

Case A. 0< P, <1, |§,|<P,. Consider the line y'=(0, 1,0, ..., 0), y(0)=9. Then
the tangent to the curve (¢(s), x(s))= G,,(y(s)) at s=0 has the form C(1, v), where
v=0v(t, %), C>0. Then (1,v)-(1,&)=1+0v-&,>p, where f=min{l—|v(t, x)|;
(t, x)e X (m)} >0. Thus (4.6) holds.

Case B. 059, <1,{9,/=9,. First assume p,=9,. Then t‘=t+'m(a) for some
oe[0, ]) and x= F; , (x(c)). Consider the line y'=(1, 1,0, ..., 0), y(0)= . The tan-
gent to the curve G,(y(s)) at s=0 is given by CA, where C>0, A=(1, 1)), A,
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=u(t, R+aila, (o, t)D, E , (x(0)x'(6) and «, ,>1. According to (3.5) we
have |1, /<1 and moreover |1, [<A,<1, where Ao does not depend on
(t X)e X (m). Therefore &-1>|A|B, with some constant >0, which proves (4.6)
in this case. If —$,=0,>0 we can proceed in a similar manner considering
the curve y'=(—1, 1,0, ..., 0), y(0)=

Therefore, (4.6) holds and for any fixed me[0, [ — /2] the surface 0. X,(m)\ 4,
is non-characteristic for 0 <e<e(m). Since m runs over a compact interval and
e(m) depends on the behavior of G,, on a compact set, we deduce that £>0
can be chosen so that 0X,(m\ A4, is non-characteristic for all me[0, |- pu/2].
This completes the proof of Theorem 3.1.

Remark. In the proof we have several times used estimate (3.6) which is implied
by (iii). Nevertheless, we note that Theorem 3.1 remains true without condition
(iii) with minor changes in the proof. However then we must assume that the
set X is well-defined, i.e. the solutions t, of (3.7) can be continued on {0, ].

5 Proof of Theorem 1.2

In this section we prove Theorem 1.2 by means of Theorem 3.1. Let ;€ 2,i=1,2
and suppose that §,=S,. Denote by U(t, s) the corresponding propagators.
We fix seR and ¢pe[C (R") x CT(R™]~ D?. and set

(5.1 u(t, x)=LUd(t, s) o]y, u=u;—u,.

The number p >0 is chosen so that @, (t)u O,(t)= B, , for all t. Fix T >0 satisfy-
ing (iii) both for @, and Q,. By Proposition 2.2 we have

(5.2) u(t,x)=0 for |x|=p, allt

Suppose that Q,=+Q,. Then without loss of generality we can assume that
Q,n8Q,+0. Further we will show that u vanishes on a part of 6Q,. For this
reason we prepare the following.

Proposition 5.1 Suppose that Q, n0Q,+0. Then there exists (ty, Xo)€Q, N 00,
and a neighborhood U€Q,(ty) of x,, such that every solution u of the wave
equation in Q,NQ, which is smooth in Q, "Q, and satisfies (5.2), vanishes on
{to} x 0Q,(t5) N U.

Proof. Pick (to,xo)tenéQz and fix some x;¢B,,. Let y=Q,(t,) be a curve
of the kind (3.3) joining x, and x,. Choose some family F;’ of diffeomorphisms
related to @, with properties (a), (b), (c), (d) listed in Sect. 3. Denote by I and
X the sets (3.4) and (3.8) respectively, associated with to, xo, X;,y and F%).
We have X =@y, (ty, x0)€0Q,. Clearly, 6=0(t, x) is a well-defined function on
I’ Set

(5.3 6= sup o(t, x).
t, x)el A (R"+1\Q5)
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According to (d), the supremum above could be taken only for [t]<2T Hence,
there exists (¢, X)e I’ N(R"* 1\ Q,), such that 6=0(t, X), i.e. ¥= E ,,(x(8)). By (5.3),
(t, X)e2Q,. Moreover, ¢ <! because otherwise we would have ¥=x,eB,,. Set

R={(t.0; x=FEP(%(0)), §<0 <1 T_(0)st<T, ()},

where t, solve the problem —a%?i =ta,(0,ty), ,(6)=F and £(6)=FE_,,(x(0))

(compare with (3.7)). These arguments show that without loss of generality we
can assume that (¢, X)=(t,, x,) and that for the set X defined by (3.8) (with
FY) instead of F, ), we have

(5.4) (t, F,, (x(0))eQ,nQ, for >0 and
XcQ:n0,, XnaQ,=(to, Xo).

Clearly, |x,| < p/2. We will first show that
(5.5 u(ty, x0)=0.

Given &e(0, ), denote by X, the set (3.8) associated with ¢4, x(¢€), x,, y and
FY. More precisely, let ¢, () solve the problem

(56) 5 tei = i ai (O', tfi_*—)’ Ei (8) = to'

Then X, is given by
X, ={(t, x); x=FD(x(0)), eSo <, t* (0) St 15 (o))

Comparing (3.7) and (5.6) we see that ¢ _ (o) <t*. (o) and t, () <t, (0), thus X, = X
and from (5.3) we get X,=Q,nQ,. Now we are in position to apply Theo-
rem 3.1. Note that F))(x())=x()=x,¢B,,.hence u vanishes for x close to x,
and all ¢ in view of (5.2). Thus Theorem 3.1 yields u=0 on X,. In particular
we get u(ty, x(¢))=0. Taking ¢ — 0 we obtain (5.5).

Arguing as before we see that in order to prove the proposition it suffices
to find a neighborhood U of x, with the following property.

(*) For any %€0%Q,(t;)n U we can construct a curve § joining £ and x,
such that the set X (see (3.8)) associated with t,, %, x;, the curve 7 and E,
satisfies X <0, n0,, X ndQ,=(t,, %).

We will construct § as a small perturbation of y. Using a standard argument
we find an open set V€Q,(to)n B, and a difffomorphism M: V- B, ={y; |y
<1} such that xoeV and M(09,(ty)n V) is given by y,=0. Pick a smooth
function ¢ so that Y(y)=1 for |y|<1/3 and ¥ (y)=0 for |y|>2/3. Given éeR""!
consider the map E(y)=y+y(y)(& 0). Here (£, 0)=(&,, ..., -y, 0). Clearly,
F:: B, — B, is a diffeomorphism provided || is sufficiently small and so is R,
=M"'oPBoM: V- V. We choose >0 so that F3)(V)eQ, (t)n B, for |t —t,| < p.
Here F? is a family of the kind constructed in Sect. 3 associated with Q,.
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Further, let ¢ (t) be a smooth cut-off function such that ¢(t)=1 for |t—t,]< /3,
¢(t)=0 for |t —t4]>2 /3. We set

R'( )= [EztuORd)(t){oE(o r]( ) for XEF;(,Zt())(V)’
x, otherwise.
Clearly, R} is a global diffecomorphism in R" and Ré(t x):=(t, R%(x)) is a diffeo-
morphism in R"*!. Note that R§ preserves @, Q, and any plane t =const.
In fact, Ré#ld only in a small neighborhood of (t,, x,). Moreover, R§—>Id
together with its derivatives, as |£] = 0. Set x, = Ri#(x,)€08,(t,).

Let X(0)=Q, be the same as in Sect. 4 (with F,“s’ instead of F, ;). According
o (54) we have X(0)=Q, nQ,, X(0)ndQ,=(ty, xo). Set I;= 5(1") X0
=R.(X(0) = I;. Clearly,

(5.7) L={(t, x); x=F) ,(x:(0)), o€l, teR},
X:(O)= {(t, x); x:}?{(;lt),to(xé(a)); oel0, 1, t~,0(0)§t§t+,0(0')},

where F{}) ;=RioF{Vo(RY) ™!, xg(0)=R¥(x(0)). In other words, I} is defined as
I’ with the same t,, x; and with x,, y, and F) replaced by x;, 7. = {x; x=x,(0)}
and F{),. Note that F{), is generated by the vector field w,=R%w, where
w, is of the kind w,=(1, vy). Since v, =v for £=0 we can choose || small enough
to arrange the inequality |v,|<1. Thus v, satisfies (3.2) and F}),, satisfies condi-
tions (a), (b), (c), (d) of Sect. 2.

Next we construct a set X < I of the kind (3.8) associated with o, x;, X1, V¢
and F{) . In other words,

(58) Xo={(t, %); x= F1) o (xe(0)); 0 €[0, [1, 5. (0) S < (0).

Here t5 solves an equation of the kind (3.7) with a, =a% (o, t) defined as in
(3.5). Consider (5.7). We have (d/da)tJr o— tay gas(o,ty o), where ay o> 1.
Since a4 =a, for =0, we see that a% Say oa. for |él<e with some &>0.
Therefore we get t_ 0(a)<t§ (0), t5 ()t 0(a) Compare (5.7) and (5.8) to
deduce X, X,(0). Hence X:<0,nQ,, Xgman—(to, x,) for [¢| <e. This veri-
fies (*). Arguing as in the proof of (5.5) we complete the proof of Proposition
5.1

Now, let u be as in (5.1). By Proposition 5.1, u,(ty,")—u,(to,*) vanishes
on 00, (t,)n U, where U&Q, (t,). Since u, satisfies the Dirichlet boundary condi-
tion on 8Q,, we get

(5.9 LUi(to, 8) @11 loore0nv=0

for all seR, pe[CF(RMYx CFR)]ND~.

Choose a smooth f=(f, f,)e#,(ty), such that f;%+0 on 02,(te)nU. We
claim that there exist sequences s,€R, ¢,e[C3(R" x CF(R")] D%, with the
property

(5.10) Upto, sd o=  in Hi(to), as k—co.

According to the proof of Proposition 2.1, we have Uj(s, to) f=U-(s+T)
-Uy(—T, to) f for s< —T. Here U_(t) is the propagator related to the stationary
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obstacle (;(— T). Since the wave operator s— lim Uy(—t) U_(t) exists [14],
there is a ge J%,, such that o

(5.11) 1Up(s)g—Ui(s, to) fll 4, >0, as s— —oo.

Given kelN, choose g,eCyxC§ with |g—g.ll4<1/k. Then pick s<
—max{|x|; xesuppg,} —p such that |[Uy(s)g—U;(s, to) fll<1/k for s<s,.
Thus

2
1 Uo (i) g — Ui (Sk5 to) f 1l g, <E'

Setting ¢y = Uy (sy) gx, we see that for t £0 Uy(t) ¢, =0in B, ., by Huygens’ princi-
ple, therefore ¢, eD” . In particular, ¢, € #, (s} and

2C
U (to, S2) (Pk‘fum(to)<‘k",

where C=sup ||U(t, s)||. Thus (5.10) is verified.
S, t

Poincaré inequality combined with (5.10) implies that [U, (ty, si) @il = f1
in HL (R, (to)). Therefore,

LU (to, 8 @id1lans oy nv =1 la0s 0y~ U

in HY2(0Q,(t,) " U), as k— oco. Taking into account (5.9) we deduce that f; =0
on 0Q,(t,) N U, which contradicts our choice of f; .
The proof of Theorem 1.2 is complete.

Remark. It should be mentioned that condition (iii) has been used twice in
the proof of Theorem 1.2. First, to show that the solutions of (3.7) can be contin-
ued in the whole interval [0, [] (which is not true in general) and, secondly,
to show that the set {Ul(to, s)@; seR, pe[CYR" x CFMR"]N D~} is dense
in #(t,) (see (5.10)). The second condition is related to the local energy decay
at t — —oo (see (5.11)).

6 The example

In this section we prove Theorem 1.3. To this end we construct explicitly a
family of periodically moving obstacles satisfying (i), (i) with the same general-
ized scattering kernel. For the sake of simplicity we assume n=23. To avoid
confusions in the notations we note that for any vector x the subscript j in
x; will always denote the j-th component of x. For example, x}, x,(t) denote
the first component of x* and x(t), respectively.

It is not hard to see that there exists a function Y e C§ (R) with the properties

1, for |o|=2,
6.1) ‘P(“):{o, for |o|211/4,

Wis1, |32
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Next we set ¢(t, 6)=1y (o) sin(k(c —1/2)). Here k is a large parameter. In what
follows we assume k fixed so that

(6.2) k=22
Consider the hypersurface £ cR* and the domain Q, < R* given by

2= {(t, X)E]R4§ (x,— (2, xl))2 +x§=7'2: teR, |x1|<3},
Qo={(t, )eR*; (x,— (1, x,))* + x5 <r teR, |x,| < 3}.

Here re(0, 1/2) is a small parameter which will be specified later. Clearly, ¥
is a smooth manifold and £<=38Q,. We set Q,(t)={x; (t, x)eQo}. The domain
2,(t) can be considered as a small neighborhood of the curve

(6.3) Pe={x; X, =P (t, x,), x3=0, |x,| £3}.

We shall prove below that X is time-like, i.e. that the normal to X satisfies
(ii).

Let us define a velocity field v associated with 2. Further we denote by
K, the cube

K,={xeR3 x|S0, i=1,2,3}.

Pick a function yeC§(R?), such that |y|<1, y(x)=1 for xeK,,,, and x(x)=0
for x¢ K ;. Given (t, x)e R* we set

u(t, x) =37 (x)(1, ¥'(x,) sin(k(x, —1/2)), 0)
Clearly, v(t, x)=(1/2,0,0) for xeK, while v=0 for x¢ K;. Let us estimate |v|.
We have
o] <31+ LY (xy) sin(kx, —£/2)]) 231 +3) <1,

by virtue of (6.1). Next, we claim that w=(1, v) is tangent to X. Indeed, the
vector

v=(¢—x2) b, (@ —X2) dx,, —(P—x2), X3),

where xeX, ¢=¢(t, x,), is normal to Z. Since x,esuppy and xeZXZ yields
xeK,,,4 and therefore y(x)=1, we find

vew=(d—x2)[d,+31(x)(@5, — ¥ (x,) sin(k(x; —/2)))] =0.

In particular, it follows that |v,|<|v.|. Indeed, 0=v,+ v, v implies |v,|=]v.-v]
<|v,|. Note that v satisfies only the second and the third condition in (3.2)
while instead of v==vy on dQ, we have that w=(1, v) is tangent to 0Q,. Neverthe-
less, this is sufficient to conclude that v(t, x) generates a flow F, ;: R®-R3
that maps 2,(s) onto Q,(t). Note that F, ;=1Id on R*\ K;. Denote v,=(1/2, 0, 0).

Lemma 6.1 Let xeK,. Then F, [(x)=x+ (t—s)vq for {t—s|=2dist(x, 0K,).
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Proof. Put G, ((x)=x+ (t—5)vg. Then (d/dt) G, ((x)=v,. Furthermore, if |t —s|
<2dist(x, 0K,), then G, (x)eK, thus va=10(t, G, ((x)). Therefore, both y=F; ,(x)
and y= G, ,(x) solve the problem

L y=uty,  l-s|2dist(x oK)
ys)=x.
Consequently, F, ,=G, , for such s, t which completes the proof.

Proposition 6.2 There is no piecewise smooth curve {x;x=x(t), a<t<b} such
that x,(a)=3, x(t)eQy(t) for agt<h, x, (b)=—3, and | X' ()| = 1.

Piecewise smooth here means that x(t) is continuous and there exists a parti-
tion a=ty<t;<...<ty=b of [a, b], such that x(t) is C*-smooth on each subin-
terval [¢;_,,¢t/], j=1,..., N.

Proof. Suppose the contrary. Let p={x=x(t), a<t<b} be a curve with proper-
ties given above. Set

ap=sup{tela, b]; x,(t)20}.

Clearly, x,(ao)=0. Since x,(b)= —3 and |x'|< 1, it follows that b—ay = 3. Thus
setting

bo=ag+27/k,
we conclude that by —ay < 1 (see (6.2)) hence [a,, bo] =[a, b]. Consider the curves

Po={x;x=x(1), ag<t<hy} cp,

Po={x; x=X(t), ap St < by} =Qo(ay),

where X(t)=F,  ,(x(t)). Assume in what follows that te[a,, b,]. Since x, (a,)=0,
Ix'|£1, 0<by—ay<1, we have |x,(t)] £1. Further, since x(t)e Qq(t) it follows
that |x,(t)|£1+7, |x53(t)|=r. Hence dist(x(t), 0K;)=1—r>1/2. By Lemma 6.1,
X(t)=F,, (x{#)=x(t)—(t—ay) voeK,. Therefore p, is given by

Po=1{x; x=x(t)—(t —ao) vo, aQg =t <ho}.

From the inequalities |X'|<3/2, 0<by—ay,<1 we deduce that the length [(f,)
of p, admits the estimate [(§,) < 3/2. On the other hand, p, = 2,(ag) N K,, which
can be considered as a neighborhood of the curve

y’={x; X, =sin(k(x; —ay/2)), x3=0, |x1]§2} = Yags

(compare with (6.3)) with a size depending on r. It is not hard to see that
the length I(y"') of the path

Y’ ={x; x;=sin(k(x,; —ao/2)), x3=0, —n/k<x; 0} =y’

is greater than 2. Therefore, the length of the shortest curve {x=y(t), ASt<B}
in Qo(ag) N {x; —n/k<x, <0} with the properties y,(4)=0, y,(B)= —n/k tends
to I(y")>2, as r—0. Since I(f,)<3/2, we conclude that for r small enough
Xi(bo)> —n/k. Thus x,(bg)=%,(bo) +(bo—ay)/2=%,(bo)+n/k> 0. This fact con-
tradicts the choice of ay. This completes the proof of the proposition.
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Fig. 1.

Let Q <IR* be a domain with smooth boundary such that Q(f)={x; (¢, x)eQ}
satisfies the conditions

(Al) Q)N K3=8,(1);

(A2) Q(t)n(R3*\K,) is stationary (time-independent);

(A3) if K'={x; —4=<x,;< —3,[x,] 1, |x3] <1}, then
Q)N OK =3Qu(t) N 0K ={x; x,= —3, x3 +x3=r*};

(Ad) Q)< Ks;

(see Fig. 1). Clearly, Q satisfies (i), (i) with p>5 [/5: 3 diam K. Moreover,
Q(t+4n/k)y=Q(t) thus the motion is periodic with period 4n/k. Below we denote
Q'=Q(t)n K’, which does not depend on ¢ by virtue of (A2).

As a consequence of Proposition 6.2 we obtain.

Corollary 6.3 There is no piecewise smooth curve {x=x(t), ast=<b} such that
x(a)¢B,, x(t)eQ(t) for any te[a, b], x(b)e? and [x'|< 1.

In other words, if we travel in the exterior of the obstacle with a speed
not greater than 1, starting from R\ B,,, we will never reach Q. Let us compare
Corollary 6.3 with the approach in Sect. 3. It is not hard to see that for any
choice of ty, xoe&, F, ; and y joining x, and some x,¢ B, the solution t_(g)
of problem (3.7) cannot be continued on I. Indeed, supposing the contrary we
would obtain a contradiction with Corollary 6.3. Moreover, following the con-
struction given above one can find a moving obstacle for which the unique
continuation property fails, i.e. there exists a non-trivial solution of (1.1) vanish-
ing for large |x]|, all ¢.

Using the above proposition we shall show that every solution U(b, a) f, b>a,
with supp ' B, =0 vanishes in £'. To this end we are going to apply the princi-
ple of causality. It is known (see [9, Lemma 2] or [1]) that if f=0 in B " Q(a),
then U(b, @) f=0 in Bg_|,_, N Q(b). Therefore, given yesuppU(b, a) f=Q(b)
there exists xesupp f=Q(a), such that |y—x|<|b—al. Iterating this argument
N times we obtain the following.

Lemma 6.4 (causality) Let Q satisfy (i), (ii). Let yesuppU(b, a) f, fe # (a), b=a.
Then for any NeN and for any partition a=ty<t,<...<ty=b of the interval
[a, b], there exists x®esupp f and a polygon

p={x;x=x(t),ast<b}
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with vertices x°, ..., x¥, of the kind

syt
x()=x" 4 (t—t;_y)  for t;- St

Li—=tj-1
j=1,..., N, such that x°=x(ty), y=x"=x(ty) and x'=x(t)eQ(t)), |x'— x|

Slt;—t;_y| for j=1, ..., N.

Remark. It is natural to conjecture that the principle of causality for (1.1) admits
the following formulation: Under the assumptions of Lemma 6.4 there exists
a piecewise smooth curve x=x(f), as<t<b joining y=x(b) with some x°
=x(a)esupp f < Q2(a), such that |x'(t)| =1, x(t)eQ(¢t) for any t. The proof of this
assertion however seems to be very technical. Nevertheless, the above lemma
is sufficient for our purposes. Note that we have |x'(t)|<1 in Lemma 6.4, but
in general x(t) may leave Q(t) for t=+¢;, j=1, ..., N.

Combining Proposition 6.2 and Lemma 6.4 we are going to prove the follow-
ing.

Proposition 6.5 Let Q be a domain with properties (A1)A4). Then for any b=a
and for any fe # (a) with supp f "B, =0 we have U(b, a) f=0in Q.

Proof. Suppose the contrary. Then given NelN there exists a polygon of the
kind given in Lemma 6.4 joining some x°=x(a)¢ B, with some x"=x(b)eQ"
As mentioned above, in general x(t) may leave Q(¢t) for some ¢, thus we cannot
apply directly Corollary 6.3 to obtain a contradiction. Below it is convenient
to assume that t;=a+j(b—a)/N, j=1, ..., N. The integer N will be specified
later.

By (A1)(Ad4) we sce that if max|t;—¢;_,| is sufficiently small (smaller than

J

1/2 is sufficient), then p must pass through Kj. In particular, there exist 4, b
such that x, (4)=3, x, (p)= — 3. Set

"=sup{t; x,(t)=3}, b =inf{t; x,(t)< -3}

Clearly, x,(a')=3, x; ()= —3 and x,(t)e[—3, 3] for te[d, b'] =[a, b].

Next we observe that Q,(tf) admits the following characterization. Put
y(t, o)=(a, ¢(t, 0), 0). Theny, is given by x=y(t, 0), |o| £ 3 (see (6.3)); and xeQ, (1)
if and only if {x,|<3 and [x—y(t, x,)|Sr. Let te[a’, '] and pick t;e[a’, b’]
such that |t —t;| <(b—a)/N. Then

% (&)= y(t, X1 OV = [x(0)— x|+ = y(t;, XD+ (25, x1) = (¢, x, @)

b—
§h—M+r+CMb¢A§U+C@—Nﬁ+n

where C,>0 depends only on the derivatives of ¢. We choose N so that

b

1+C,) ;“<n

Then we have
[x(0)—y(t, x, () <2r,
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which shows that if we replace r with 2r in the definition of Q,(t), then x(t)e,(t)
for any te[a’, b']. Recall that x,(a)=3, x,(b')=—3, |x'|£1. An application
of Proposition 6.2 yields a contradiction and the proof is complete.

Now consider a family # of domains @ with the properties:

(B1) each Qe# satisfies (A1){(A4);
(B2) Q(t)n(R*\K)=Q,(t)n(R3*\K') for any Q,e %, Q,e#.

Note that we do not impose any restriction on Q(t) ~K’, thus the geometry
of 0Q(t)n K" may be arbitrary, provided that (A3) holds. Hence & consists
of infinitely many distinct domains Q and the corresponding obstacles (¢'(t) move
with the same period 4n/k. Below we shall prove that all obstacles in & have
the same generalized scattering kernel.

Let Qe %, Q,e#. Choose peC¥(R3*) x C¥(R?) and set f=U,(—R—p)o,
where R>max{|x|; xesuppe}. Huygens’ principle implies feD? . Set u;
=[Ult, —R—p) f]1;, where U, s) is the propagator related to Q;, i=1, 2. By
Proposition 6.5, u;=0 in Qi=Q,t)nK’, i=1,2. On the other hand,
Q(NR*N\K')=Q,(t) n(R*\K") by (B2). Therefore, both u, and u, solve the
problem

Qu=0 in Q,,
u=0 on 9Q,,
(w,u)=f for t=—R—p.

Hence u,=u,. Now let K be the generalized scattering kernels related to
Q;,i=1,2. By [9, Sect. 3] (see also [8, Theorem 9]) u; has an asymptotic wave
profile u (s, ) and

uf (s, w)=—Ros, )= [ [ KF(s, o5 0)Re(s, w)dsdo,

lol]=1 -

A ¢ being the translation representer of ¢. Since uf =uf we get

[ [ (KE=KHs,o';s, 0)Rols, w)dsdw=0

loj=1 —o

for any e CF (R?) x C§ (R?). Therefore, K¥ =K ¥ .
This completes the proof of Theorem 1.3.
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