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Abstract

Stefanov, P.D., Stability of resonances under smooth perturbations of the boundary, Asymptotic Analysis 9 (1994) 291-296.

We prove that the resonances related to a second order elliptic differential operator with Dirichlet boundary conditions
are stable in each compact of the complex plane under small C2-perturbations of the boundary and small changes of the
coefficients.

1. Introduction

Let
3 3
H=- Z aij(2)0z,0z; + Zbi(w)azi + c(z)
1,7=1 1=1

be a symmetric second order elliptic differential operator in a domain 2 c R>® with compact
complement R3 \ £2. Assume that the coefficients a;;, b;, ¢ are Lipshitz functions, a;; is real
and positively definite matrix and suppose that H is a compactly supported perturbation of the
Laplacian, i.e., a;j(z) = §;;, bi(z) = 0, ¢(¢) = 0 for |z| > R, with some R > 0. The operator H
can be defined as a self-adjoint one in L(£2) by imposing the Dirichlet boundary condition on the
boundary. It is known [8, 9] that if x is a CJ° cut-off function equal to 1 in a neighborhood of
Bgr N £, then the cut-off resolvent

Ry(2) = x(H ~ ) 'x

admits a meromorphic continuation from Im z < 0, 2% ¢ point(H) to the complex plane C. The
poles of this continuation are called resonances. The situation we study can be considered as a
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generalization of the classical cases H = —Ap (the Dirichlet Laplacian in 2) or H = —A+¢(z) in
R> with compactly supported ¢ when the resonances are exactly the poles of the scattering matrix
(see [S]).

Th[c ]aim of this work is to prove that in any fixed compact in C the resonances are stable
under small C?-perturbations of the boundary and small perturbations of the coefficients of H. Let
(p,t) € 042 x [—6, 6] be the normal coordinates in a neighborhood of 3{2, i.e., for z sufficiently
close to the boundary |t| = dist(z, 942), p € 942 is the nearest point on the boundary. The interior

of 2 is given locally by t > 0. Let {2 be another domain given by the equation t = g(p), p € d12.
We assume that

l9llc2ea) <6 (1
where 0 < ¢ < 6/2. Further, let
H= ;@00 + Y bi(2)3z; + &(z)
1,j=1 1=1
be an operator of the same kind as H in 2, such that

@55 — e ”Lw(nnﬁ) S6 [b: - b"“Lw(nnﬁ) Sé& I - c”Lw(nnﬁ) SE 2

Let K C C be a fixed compact set and denote by {);}7_; the resonances of Ry(z) in K (we
suppose that there are no resonances on 0K). Denote by d; and m; respectively the order and
multiplicity of A;. We have the following.

Theorem 1. There exist M = M(K) > 0, ¢q = ¢q(K) > 0, such that if 0 < € < ¢, then in any
disk
{z€C; |z— )| < Mel/(Zd"_l)}

there are exactly m; resonances of H counted according to their multiplicities and all the reso-

nances of H in K lie in the union of these disks. The constants M and ¢¢ depend only on H and
on the Lipshitz constant related to H.

We note that a result of the similar kind has been obtained by Petras [6] for one-parameter
perturbations of the Laplace operator in R generated by a compactly supported metric. Results
about one-parameter perturbations of the boundary can be found in [7]. On the other hand we
would like to mention the more difficult and very interesting case of singularly perturbed domains
— the so called resonators where the resonances approach the interior eigenvalues of the cavity and
the resonances of the exterior (see [1-3] and the references herein).

2. Proof of Theorem 1

First we will construct a C2-diffeomorphism A in R? such that A(302) = 912 and

Ik = I|lg2 < C, : (3)
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with a constant C' depending only on 2. For this reason for dist(z, 942) < § we set
h(z) = z — o(t)g(p)n,

where (p,t) are the normal coordinates defined above, n is the inner normal to the boundary
and ¢ is a smooth cut-off function such that ¢(¢) = 1 near t = 0, ¢(t) = 0 for |t| > 36/4.
For dist(z,942) > 6 we set h(z) = z. It is not hard to see that if ¢ is sufficiently small, h
is invertible. Assumption (1) implies that (3) is fulfilled. Moreover, h preserves the Dirichlet
boundary condition. Under the change of coordinates z = h(y) the operator H becomes

. Oh; Oh; ~ 0% oh;
- Z Gkl 5;}: a_yl az.'az,' + lz: akl 300w Oz + 12: b 5— a 0z +7,

where

G =au(@), br=by), €=y, y=h"(a)

In order to simplify the notations we will keep the same notation H for the operator above. Note
that D(H) = D(H) c H*(£2). Moreover, H is self-adjoint in L*(22; J(z)dz), where J(z) is the
Jacobian J = | det(dy/dz)|. For the difference V := H — H we have

Z (E Akl :zk z};l > 0z,0z; + Zakl aa hi Oz;

N ikl YkOuI

+§:(Z}V—nw)am+z—a

where y = h~!(z). It is a straightforward consequence of (2) and (3) that the coefficients of V
can be estimated by C'e, where C' depends only on H and on the Lipshitz constant related to H.

Now, let A; € K be a pole of Ry(z) and consider the circle I; = {z € C; |z — Aj| = r;}, where
the radius r; > 0 will be specified latter. We assume that

r; < ¢y, (4

where ¢, is chosen so that (4) guarantees that the disks D; = {z € C; |z — Aj| < r;} lie in K
and they do not intersect each other. Let us estimate Ry(z) — Ry(2) for z € I';, where Ry(2) and
R, () are related to H and H, respectively. For z belonging to some neighborhood of zy we have

H-A=[1+V(H-"(H-7).

Since |V(H — 23)7Y|| < Ce, we find that for e sufficiently small the resolvent (H — 2%)! exists

and for such 2
(F-A'=H-A ' [1+vE-2TN

From the above equality we get

Ry(2) — Ry(2) = Bx(x)V (H - %) "'x. (5)



294 P.D. Stefanov [ Stability of the resonances

Here we used the fact that xV = V. Hence,
R, (2) [IT+V(H- zz)—lx] = Ry(2). (6)

It can be seen from [8; 10, Section 3] that for any differential operator P of order not greater
than 2 with compactly supported coefficients P(H — 2%)~1x is a meromorphic function of z with
the same poles with orders not greater than those of Ry(z). Therefore, if x; is a cut-off function
equal to 1 on the support of x, then x,8%(H — 2*)~'x has the same poles as does Ry(z) for

|o| € 2. Thus the same is true for V(H — z%)~!x. The equation (6) is therefore valid for all z.
Assume in what follows that z € I;. Since the operator V can be written in the form

V= Vij(ﬂ?)Xl(l”)ax.'az,‘ + Z Vi(“’)X1(m)a$i + V(‘”)X](“’)

ij

with |V;;(z)| < Ce, |Vi(z)| < Ce, |V(z)| < Ce, we have
|V (H - 22)-1)(” < Cler;dj.

The constant C'; depends only on H and ¢;. Therefore, if

—d; 1
E’I‘j T <L z—c,l', (7)

I+ V(H — 2%)~1x is invertible and from (6) we get
1B )| < 2] Bx(2)]|

Let us estimate R, (2) — Ry(2) (recall that z € I';). According to (5) we have
[Bx2) = B < B |V ( = 2%) x| < Caer ™.

Since A; is a pole of Ry(z), the operator

1

i = 5 et R, (2)zdz

is not trivial. In fact, P; is a finite rank operator and its rank by definition is the multiplicity of );
(see [8]). If P; is related to H by the same way, we get

o 1-2d,
| P; — Pj|| < Czer;™ ™. (8)
Since P; is a finite rank operator (its rank is m;), there exists a m;-dimensional subspace H; such

that H; generates Im P;, i.e., P;(H;) = Im P;, P; is an isomorphism between these spaces. Let us
choose r;, so that (4), (7) hold and

Caer} ™ < 2 int {||Pifls £ € M0 171 =1} ©)

J
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It is easy to see that if we put r; = M g!/@4=1  then the second and the third condition will be
fulfilled for M sufficiently large and 0 < ¢ < ¢, with ¢y < 1. Fix such a number M and choose

go < 1 such that for 0 < ¢ < ¢, we have (4). Assume that Rank P; < Rank P;. Then there exists
f € H; with ||f|| = 1, such that P; f is orthogonal to ImP;, therefore,

|(B = 2SI = 1B A1 + 1Bt > B,

which contradicts (8), (9). Thus Rank]3 2> Rank P; and in D; there are at least m; resonances

of H (counted according to their multlphcltxes) Let us note that we cannot just exchange the
roles of H and H in the proof above in order to prove that in fact we have equality because these
arguments hold in a neighborhood of H with a size depending on H and H may not belong to
that neighborhood. So in order to complete the proof it remains to show that there are exactly
m; resonances in D; and there are no other resonances in K \ (D; U D;...U Dy). In view of
what we have already shown, this will be proven if we prove that the total multiplicity of all the
resonances of H in K (the sum of the multiplicities of all the resonances in K) is the same as that
of H. To this end we will make use of the characterization of the resonances as eigenvalues of a
certain non-selfadjoint operator obtained by the so-called complex scaling method. Without loss of
generality we can assume that K does not contain any resonances which are negative eigenvalues
of H. Indeed, for the eigenvalues of H we have classical perturbation theorems (see [4] and
the arguments below), that show that for ¢ sufficiently small the total multiplicity of the negative
eigenvalues in K for both operators is the same. Moreover, since the resonances are symmetric
with respect to the imaginary axis, we can assume that K is included in {0 < argz < 7t/2+ 6}, for
some é§ > O sufficiently small. By applying the complex scaling method (we refer to [8] and the
references herein for more details), we see that there exists a family of operators Hy, 6 € [0, 7':),
acting on a Hilbert space Hg, such that Hy = H and if arg A < § and A is a resonance, then A2

an eigenvalue of Hy with the same multiplicity. So if we set § = 7t/2 + 26, all the resonances in
K correspond to eigenvalues of the non-selfadjoint operator Hy in the set

Ki={z z=X, A€ K}

and the same is true for Ee. Moreover, the spectrum of Hy, I?g in K; consists only of squares
of resonances. Now we are in position to apply a classical theorem about the perturbation of the
spectrum of a closed operator in a compact set (see [4, Theorem 1V.3.18]). Let us consider the
pair ﬁg, Hy in the space Hy, related to Hg. The operator Hy will be no more self-adjoint on
this space, but its spectrum remains the same because Hy, Hy coincide as topological spaces. For
the difference V3 = Hy — Hy we see that it can be naturally identified with V. The fact that the
coefficients of V' can be estimated by C'c makes possible to arrange the estimate

IVafll < Ce(llHo fl| + 11 £11)-

Therefore, by [4, Theorem IV.3.18] for ¢ sufficiently small the total multiplicities of the eigenvalues
of Hy and Hy in K are the same. This proves that the total multiplicities of the resonances of H
and H in K are the same if ¢ is properly chosen. Since we have already shown that in each D
the multiplicity of the perturbed resonances is at least the same as that of the unperturbed ones,
this completes the proof of the theorem.



296

P.D. Stefanov [ Stability of the resonances

Acknowledgments

The author thanks the University of Bordeaux and the University of Helsinki for their hospitality
and Professor Vesselin Petkov for his valuable remarks.

References

(1]
(2]

3]
[4]
[5]
(6]

(7]
(8]

(%]

(10]

J.T. Beale, Scattering frequences of resonators, Conunun. Pure Appl. Math. 26 (1973) 549-563.

P.D. Hislop, Singular perturbations of Dirichlet and Neumann domains and resonances for obstacle scattering.
Preprint.

P.D. Hislop and A. Martinez, Scattering resonances of a Helmholtz resonator, Indiana Univ. Math. J. 40 (1991)
767-788.

T. Kato, Perturbation Theory for Linear Operators (Springer, Berlin, 1966).

P.D. Lax and R.S. Phillips, Scattering Theory (New York, Academic Press, 1967).

S.V. Petras, On the continuous dependence of the poles of the scattering matrix on the coefficients of an elliptic
operator, Proc. Steklov Inst. Math. 159 (1983) 135-139.

A.G. Ramm, Scattering by Obstacles (Reidel, Dordrecht, 1986).

J. Sjostrand and M. Zworski, Complex scaling and distribution of the scattering poles, J. Amer. Math. Soc. 4
(1991) 729-769.

B.R. Vainberg, Asymptotic Methods in Equations of Mathematical Physics (Gordon and Breach Sci. Publ., New
York, 1988).

G. Vodev, Sharp bounds on the number of scattering poles for perturbations of the Laplacian, Commun. Math.
Phys. 146 (1992) 205-216.



