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1 Introduction

Consider the Boltzmann equation
0
au(t, z,v) = —v - Vou(t,z,v) — ou(x,v)u(t, z,v) + / k(z, v, v)u(t,z,v") dv’ (1.1)
1%

in R" xV 5 (z,v), V being an open subset of R", n > 2. Equation (1.1) describes the
dynamics of a flow of particles in R” under the assumption that the interaction between
them is neglectable (no non-linear terms). This is the case for example for a low-density flow
of neutrons. The term involving o, describes the loss of particles from (z,v) € R" x V due
to absorption or scattering into another point (z,v’), while the last term in (1.1) involving k
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represents the production at x € R"™ of particles with velocity v form particles with velocity
v'. The total rate of this production at (x,v’) is given by

op(z,v") :/Vk:(a:,v',v) dv.

Following [RS] we say that the pair (0,4, k) is admissible, if

(i) 0 <0, € L®(R" x V),

(i) 0 < k(x,v',-) € LY(V) for a.e. (z,v") € R" x V and 0, € L(R" x V),

(iii) There is an open bounded set X C R™, such that k(z,v’,v) and o4(z,v) vanish if
r¢g X.

Denote Ty = —v - V, with domain D(Ty) = {f € LY(R" x V); v-V,.f € L'(R" x V)}.
It is well-known that T is a generator of a strongly continuous group Uy(t)f = f(z — tv,v)
of isometries on L'(R™ x V) preserving the non-negative functions. Following the widely
accepted notations, let us introduce the operators

[Alf]($>v) = —Ua(l’,'l/)f(l’,'l}), T = TO + A1> D(Tl) = D(TO)>
[Aofl(z,v) = [y k(x,v',0)f(z,0)dv', T =T+ A1+ Ay =T + Ay, D(T) = D(Tp)

and set A = A; + A,. Operators A; and A, are bounded on L'(R"™ x V) and Ty, T are
generators of strongly continuous groups Uy (t) = €Tt U(t) = e'T| respectively [RS]. For
U, (t) we have an explicit formula

U (£ f)(, ) = e Jo oalemsondds (g gy 4), (1.2)

while for U(t) we have

IU@I < e, C=llopllr. (1.3)
We work in the Banach space L'(R"™ x V'), so here ||U(t)|| is the operator norm of U(t) in
L(L'(R™ x V)). It should be mentioned also that U(t) preserves the cone of non-negative

functions for ¢ > 0.
One can define the wave operators associated with T', Ty by

W_ = s—tlirgloU(t)Uo(—t), (1.4)
W, = S-}LfoﬂoUo(—t)U(t)- (1.5)

If W_, W, exist, then one can define the scattering operator
S = W+W_

as a bounded operator in L'(R™ x V). Scattering theory for (1.1) has been developed in [Hej],
[S], [V1] and we refer to these papers (see aslo [RS]) for sufficient conditions guaranteeing
the existence of S. We would like to mention here also [P1], [U], [E], [St], [V2]. An abstract
approach based on the Limiting Absorption Principle has been proposed in [M]. We will show
in Section 2 however that S can always be defined as an operator S : L!(R" x V\{0}) —
Li (R™ x V\{0}). The first inverse problem we are interested in is the following: Does S
determine uniquely o,, k7 We show that the answer is affirmative if o, is independent of v.
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Theorem 1.1 Let (04, k), (64,k) be two admissible pairs such that oq, 64 do not depend

on v and denote by S, S the corresponding scattering operators. Then, if S = S, we have
0y =04, k=k.

One can relax a little bit the assumption that o,, 6, do not depend on v. For example,
assume that o, = o,(x, |v|), 64 = d4(z, |v]). Then it is clear from the proof (see also (1.6)
below) that the uniqueness result in Theorem 1.1 still holds. However, it is important to
note that Theorem 1.1 fails to be true for general o,. Consider for example the pairs (o,,0),
(64,0), where 6, = o,(x + p(z,v)v,v), with p some nontrivial continuous function such that
p(z,v)v is bounded on R™ x V. Then, if (0,,0) is admissible, so is (G,4,0). Since k = 0, we
have -

Sf = e Joelamsoadds g g ) (1.6)

and it is easy to see that S = S although o, # ,. Note that if £ = 0, and o, does not
depend on v, it follows from (1.6) that S determines uniquely the X-ray transform of o, and
therefore o,,.

The proof of Theorem 1.1 is constructive, it implies an explicit procedure for recovering
o, and k from S. It turns out that all the information necessary to recover o,, k is contained
in the behavior of the Schwartz kernel S(z, v, ', v') of S near the singularities (x,v) = (2, v)
and x = x’, v # v/, respectively.

Next object we consider is the so-called albedo operator A. Assume that X is convex and
has C'-smooth boundary dX. We propose the following definition of A which generalizes
that given in [AE], [EP], [P2]. Denote I'y = {(z,v) € 0X x V; £n(z)-v > 0}, where n(z)
is the outer normal to 0X at z € 0X. Consider the measure d¢ = |n(z) - v|du(z)dv on I'y,
where dy(x) is the measure on 0X. Let us solve the problem

(Oh—T)u = 0 ImRxXxV,
ulrxr_ = g, (1.7)
ulico = 0,

for u(t, z,v), where g € L}(R; L'(T'_, d€)) and T is considered as a differential operator in
X x V. We will see in Section 4 that (1.7) has a unique solution u € C'(R; L*(X x V)) and
one can define the albedo operator A by

Ag = ulrxr, € Lioo(R; L' (T'y, d§)). (1.8)

Operator A : LY(R; LY(T_, d¢)) — Li.(R; L' (Ty,d¢)) maps the incoming flux on 90X to
the outgoing flux on dX. It can be seen that Ag can be defined more generally for g €
LY R x T_, dtd€) with g = 0 for t < 0. It has been shown in [AE], [EP], [P2] that there
is a relationship between S and A. We show below that in fact A determines S uniquely
and conversely, S determines A uniquely by means of explicit formulae. To this end, let us
define the extension operators E. and the restriction (trace) operators Ry as follows. Set

Q={(z,v) e R" x V\{0}; 3t € R, such that x — tv € X}, (1.9)
and define the functions

Te(z,v) =max{t € R; v £ tv € 90X}, (z,v)€ Q.



Given g € LY(R x 'y, dt df), consider the following operators of extension:

o g(iTi($>v)>z:tTi($>U)U>U)> ($>U) €
(Bxg)(z,v) = { 0, otherwise.
It is easy to check that E. : LY(R x 'y, dt d¢) — L'(R"™ x V) are isometric. Denote by Ry
the operator of restriction

Ref = flre, feCR"xV).

Although Ry is not a bounded operator on L'(R"™ x V) (see [C1], [C2]), R+U(t)f € L'(R x
[y, dt d€) is well defined for any f € L'(R"™ x V) (see (4.5)). Denote by xq the characteristic
function of 2. We establish the following relationships between S and A.

Theorem 1.2 Assume that X is conver. Then
(a) Ag = RyUs(t)SE_g, g € Ly(R x I'_, dt d¢),
(b) Sf = ELAR_Us(t)f + (1 — xa)f, [ € Le(R" x V\{0}),
(c) A extends to a bounded operator

A: LR x T_, dtdf) — L'(R x [y, dtdf)

if and only if S extends to a bounded operator on L*(R"™ x V).

Remark 1 Let us decompose L'(R" x V) = LY(Q) & L'(R" x V) \ Q). A similar de-
composition of course holds for L!(R" x V\{0}). Then S leaves invariant both spaces,
moreover S|pimrxvn\o) = Id, so S can be decomposed as a direct sum S = S; @ Id. Denote
Ry = RiUg(-) : LY(Q)) — LY (R x Ty, dt df). We will see in Section 4 that R are isometric
and invertible and Ry' = & with &y : L'(R x 'y, dtd€) — L*(Q), £+ f := E+ f|11(0). Then
we can rewrite Theorem 1.2 (a), (b) in the following way

A = R.SE- on LY(R x T'_, dt d€)
S = EAR_®Id on LYR™ x V\{0}),

or even more simply as

.A = R+Slg_, Sl = €+.AR_

with S; = S|L1() as above. Thus A can be obtained from S; by a conjugation with invertible
isometric operators and vice-versa.

Remark 2 The albedo operator is defined in [AE] in somewhat different manner by (1.8),
provided that u solves (1.7) for t > 0 and wu satisfies ul;—9 = 0 instead of u|i«o = 0 (in
fact, it is assumed that u satisfies a non-zero initial condition, but this can be easily reduced
to the case of zero initial condition). The relationship between A and S established in
[AE] can be written as R;SUy(t) = AR_Uy(t), which can be obtained as a consequence of
Theorem 1.2(b) (or (a)).



Remark 3 Some of the notations above are a little bit ambiguous. Namely, the expression
ELAR_Uy(t)f in Theorem 1.2(b) seems to depend on ¢, while the left-hand side of the
equality in which it is involved is independent of ¢. In fact, here Uy(t) f is a function of x, v
and t is a parameter, the same applies to R_Uy(t)f. Since the operator A acts on functions
g = g(t,x,v) depending on t as well, we consider now t as a variable and apply A to the
function (¢, z,v) — R_Uy(t)f. The result is a function of ¢, x and v. Next we apply E_ and
obtain a function of z and v only. Perhaps a more precise notation in Theorem 1.2(b) would
be ELAR_Uy(-)f .

An immediate consequence of Theorem 1.2 is that A determines uniquely o,, k for o,
independent of v and X convex. However, we can prove this for not necessarily convex
domains as well independently of Theorem 1.2.

Theorem 1.3 Let (0,4, k), (Ga, l;‘) be two admissible pairs with o,, 7, independent of v and
denote by X any open bounded set with C'-smooth boundary with the property that oq, k, 64,
k vanish outside X . Then, if the albedo operators A, A on X coincide, we have o, = 04,
k=k.

It should be mentioned that in the case where £ is of the form £ = RK + @ with R, Q)
known and K = K(z,v), the uniqueness of the inverse problem studied in Theorem 1.3 has
been investigated in [PV] for convex X under some smallness assumptions that guarantee
that the corresponding integral equations can be solved by successful approximations. We
would like to mention here also [D], where the problem of determination of & from the
stationary albedo operator in the one-dimensional case is considered.

The proof of Theorem 1.3 is constructive as well. We study the Schwartz kernel of A and
describe the first two singular terms in it. We show that o, can be recovered from the first
term, while the second one determines k, similarly to the proof of Theorem 1.1.

Finally, we would like to mention that we have found some analogy between the albedo
operator A and the Dirichlet-to-Neumann map A related to the boundary value problem
for the Schrédinger operator or for the conductivity operator V-4V, v = y(z) > 0 [SU1].
More precisely, denote by A the operator acting on the boundary of a bounded domain
mapping the Dirichlet data of the solution to (—A + q)v = 0 (respectively V - vVv = 0) to
its Neumann data. As proven in [SU1|, A determines uniquely ¢ (respectively ). We found
that A in our case is in some sense an analogue to A or more precisely to the time-dependent
Dirichlet-to-Neumann map associated with the wave equation (02 — A, + q)v = 0. It is
well-known that there is a close relation between the scattering operator for the Schrédinger
equation and A. Theorem 1.2 we prove can be considered as an analogue of this result in
transport theory. We would like to mention however, that the Schrodinger equation and the
Boltzmann equation have quite different properties.

Some of the results of this paper have been announced in [CS]. It should be mentioned
that the main theorems can be generalized to the case where o,, k depend on t as well.



2 The special solution and the scattering operator

An important role in our analysis is played by the following special solutions. Given (z/,v") €
R™ x V\{0} consider the following problem

(2.1)

(Oh—T)u = 0 mRXxR"xV
Ultwo = Oz —a' —tv)d(v—10'),

§ being the Dirac delta function. We will show that (2.1) has unique solution u? (¢, z, v, 2/, v"),
with u# depending continuously on ¢ with values in D'(R" x V,, x R, x V,,\{0}). Moreover,
we have the following singular expansion of u*.

Theorem 2.1 Problem (2.1) has unique solution u# = ul +u? +ul, where

uf = e Jo ale=sv0)ds 50 _ o — t0)d(v — V')

uf = /Ooo e~ Jo cale=Ton)dr o= [ cale—sv=ro" Wm0 s, 0! 0)8(x — sv — (t — s)v' — ') ds,
uf € O (R LR x Vy; L'R", x 1))

Proof. Pick ¢ € C*(R™ x V\{0}) and consider the problem

{(&—T)w = 0 mRxR"xV

2.2
Weo = @(x—tv,v), (22)

Since min{|v|; (z,v) € supp ¢ for some z} > 0, there exists t, = to(p), such that ¢(x —
tv,v) =0 for (x,v) € X x V, t < —ty. Then
w = U(t—l—to)U(](—to)gO (23)

solves (2.2) and it is easy to see that w does not depend on the particular choice of t.
Applying Duhamel’s principle

Ut ) = Uilt—1) + [ Ut — $)AsUs (5 — 1) ds, (2.4)
we get
w = Uy (t + to)Up(—to)p + /_tto U(t — s)A2U1(s + to)Up(—to)p ds.
Applying Duhamel’s formula one more time, we obtain
wW = Wp + w1 + wa,

where

wo = Up(t+to)Us(—t0)p

w = [ U= ) AU (s + o) Un(—to)p ds

t ot
wy = /t / U(t — s2) AU (82 — s1)A2U1 (81 + to)Up(—t0)p dsa dsy.
—lo v 51



For the first term wy we have

t+tg

wo =e Jo cra(m—sv,v)dssp(l, - t'U>'U) = (U#(t,l’,’l}, Tyt )7 30)7 (25)
where uf is as stated above and (uff (¢, 2, v, -, - ), ) is the action of the distribution w{ (with
t, x, v considered as parameters) on the test function ¢, i.e. formally (uff (t,z,v, -, -),¢) =

[ fulf (t,z,0, 2", 0")(a’,v") de’ dv'. For w; we have

t
wy = / Uy(t — s)Aqwy(s, -, - )ds

—to

t+to
= / Uy(s)Aqwo(t — s, -, - ) ds

0

t+to
= / / = J oale- T (2 — sv, 0, 0)wo(t — 8, — sv,0") dv’ ds
_ /t+t0/ f oa(z—TV,0)dT —f oa(z—sv—7v' W')dr

xk(x — sv, v, v)p(x — (t — s)v" — sv,v") dv' ds
= (U#(t,l’,’l}, ) ')730)7 (26)
#

where u] is as stated above.
Finally, for wy we get by changing the order of integration

Wo = /t U(t — Sg)Agwl(Sg, ty ) ng. (27)

_tO

Substituting the formula for w;, we obtain

(Agwy)(s2,x,v) / / / (51,2, 0", 0" ) k(x, 0" v)k(x — 510", 0", 0")
xp(x — (59 — s1)v" — 510", 0") dv' dsy dv”, (2.8)

where . .
E(S, T, v, 'U/) — e fO cra(m—ﬂ-v,v)dﬂ-e— fO O'a((E—S’U—T’U/,’U/)dT‘

The second integral in (2.8) is in fact over a bounded interval. Since the integrals in (2.8)
are absolutely convergent, we can change the order of integration freely. Let us make the
following change =’ = x — (s9 — s1)v" — s10” in the first integral in (2.8). We get

(Agwy)(s2,x,v)
z—a — (59— 51)0 r—1a — (59— s51)v
_/ // 51 517 > ( ) >U/)k($> ( ) >'U)
n S1 S1
, t— 1 — (89— s1)v

xk(z' + (59 — s1)v, 0/, . Yo(z!,v)da'dv'ds;.  (2.9)
1

Here we suppose that k(z, v, v) is prolonged as 0 for v or v’ outside V. There is a singularity
above in s;, but the integral (2.9) converge because we obtained it from the convergent



integral (2.8). Denote

M(Sl,SQ,[L’,'U,ZL’/,’U/) = S;nE(Sl>z> 9 /)k($> >'U)
S1 S1
z—1a — (59— 51)v
xk(z' 4 (s2 — s1)v', 0, 3(12 ) ).

Then we can rewrite (2.9) as

(Agwl)(SQ,x,v):/oo// M (s1, 82, 2,0, 2", 0") (2!, v")dz' dv' ds.
o Jv/re

By performing the change x = 2’ + (55 — $1)v’ + 510", we get for s; > 0

// (s1, 82, z,v, 2", v") dx dv

// (s1, 2"+ (82 — s1)v" + 510", 0", 0 ) k(2 + (59 — s1)v" + 510", 0", v)

xk(z' + (s9 — s1)v', v, 0") dv” dv

< lopllie,

because 0 < E(s,z,v,v") <1 for s > 0. Therefore,
M € L®°((Ry)s, X Ry, x R x Vi LYR™, x V) (2.10)

and moreover, for each compact K C R™ x V\{0} there exists ty = to(K), such that if
(z',v") € K, then M vanishes for s; > sy + tg and for sy < —ty (provided that s; > 0).
Therefore, the following integral is well-defined

—/ / U(t — s9)M(s1, 89, -, -, 2", v") dsy ds,

and we have
uf € C(Ry L (R x Vi \ {0}, L'(R", x V7)) .

On the other hand, by (2.7)

ws(t, ,v) :/R Vuf(t,a:,v,:z',v')gp(:v',v') dx’ dv'. (2.11)
X

We are ready now to conclude the proof of Theorem 2.1. We found (see (2.5), (2.6), (2.11))
that the unique solution to (2.2) has the form w = (u#(¢,z,v, -, - ), ¢), where u# = uil +
ul + uf is a distribution with properties as stated above. It is clear now that u solves the
transport equation in distributional sense and satisfies the initial condition in (2.1) as well,
therefore u solves (2.1). Moreover, this solution is unique because the solution to (2.2) is
unique. Ul

We will prove next that the wave operators W_, W, (see (1.4), (1.5)) always exist as
operators between suitably chosen spaces.



Proposition 2.1 The limits W_, W, exist as operators between the spaces

W_: LY(R" x V\{0}) — L'(R" x V)
Wit LR x V) — Li, (R" x V\{0})

Proof. Pick f € LL(R" x V\{0}). Since min{|v|; (z,v) € suppf for some x} > 0, for some
to = to(f) we have Up(—t)f = 0 in X for t > tyg. Moreover, U(t)Uy(—t)f = Ul(to)Uo(—to)f
for t > ty and therefore W_f = U(to)Uy(—to)f. This proves in particular that the limit
W_ : LY{R™ x V\{0}) — L*(R" x V) (see (1.4)) exists as an operator between these two
spaces. Next, let us fix g € L'(R" x V) and a compact set K C R" x V\{0} and consider
[Uo(—t)U(t)g](z,v) for large t and (z,v) € K. We claim that this is independent of ¢ for ¢ > ¢,
with some #; = #;(K). In particular, this would prove that the limit W, (see (1.5)) exists
as an operator W, : LY(R" x V) — L (R™ x V\{0}) and W g|x = Uo(—t1)U(t1)g|x.
Indeed, the Duhamel’s principle

U(t) = Us(t) + | "Un(t — 5)AU(s) ds (2.12)

implies
Up(—)U(t)g = g + /0 Uo(—5)AU(s)g ds. (2.13)

Since AU(s)g = 0 for z ¢ X, we have Uy(—s)AU(s)g = (AU(s)g)(z + sv,v) = 0 for
(x,v) € K, s > t; = t1(K). Therefore, Uy(—t)U(t)g|x does not depend on ¢ for ¢ > t; and
our claim is proved. O

Now we are in position to define the scattering operator. Set
S =WyW_: Li(R" x VA\{0}) — Lio.(R" x V\{0}), (2.14)

where W,., W_ are as in Proposition 2.1. In fact, as can be seen from the proof of the
proposition above, S is well defined on the wider subset { f; 3ty = to(f), such that Uy(t)f =0
for x € X, t < —to} (the incoming space). Now it is clear that W, W_, S exist in classical
sense if and only if these operators given in Proposition 2.1 and (2.14) can be extended as
bounded operators on L'(R" x V).

Proposition 2.2 u#(0,z,v,2,v") is the Schwartz kernel of W_.

Proof. We will prove something more — that u*(¢,z,v,2’,v’) is the Schwartz kernel
of U{t)W_. Pick ¢ € C*(R" x V\{0}). From the proof of Proposition 2.1 it follows
that W_p = U(to)Up(—to)p for some large to = to(p). Therefore, U(t)W_p = U(t +
to)Uo(—to)p and by (2.3) we deduce that U(t)W_¢ = w, where w solves (2.2), i.e. w =
(u#(t,x,v, -, -),¢). This completes the proof of the proposition. d

Denote by S(x,v,2',v") € D'(R" x V\{0} x R™ x V\{0}) the Schwartz kernel of the
scattering operator S.

Proposition 2.3 S(z,v,2',v") = lim; o u” (t, 2 + tv, v, 2',0").



Proof. Let ¢ € C®(R"™<V\{0}). Then U(t)W_p = (u#(t,z,v, -, - ), ) and Up(=t)U (t)W_¢
= (u*(t,x + tv,v, -, - ), ). Therefore, for any compact K C R" x V\{0} we have Sp|x =
limy oo (u? (t, 2 +tv, v, -, - ), ©)|x. According to the final part of the proof of Proposition 2.1,
Us(—t)U (t)W_ip|x does not depend on t for large ¢. Therefore, in the last limit it suffices to
take t > to(K), so the limit exists trivially. O

Proposition 2.4

S(z,v,2,v) = e J= cel=ToR)dT s (0 2)S(v — )

- /oo e oa(etro)dr( Aoy #) (s, x + sv,v, 2, v") ds.
Proof. It follows from (2.4) that
t
U(2t) — Uy (2t) = / Ur(t — s)AsU (s + 1) ds.
—t

Pick up f € LY (R" x V\{0}) and fix a compact K C R™ x V\{0}. Then there exists
to = to(f, K), such that
Sfle = Uo(—to)U(2to)Uo(—to) flx
to
= U(](_t(])Ul(2t(])U(](_t(])f|K + U(](—t(]) /t Ul(t(] — S)AQU(S + to)Ug(—to)f|Kd$

_foo oa(z—TV,0)dT to
R f|K+/t Uo(—to)Us(to — ) Aguw(s, -, - )| xds
—tlo
—foo oa(z—sv,0)ds to —fto oa(z+TV,0)dT
= ¢ J-x f|K+/t e Js W (Aqw) (s, T + sv,v)|kds,
—tlo

where w solves (2.2) with ¢ = f. d

3 Reconstruction of o,, k¥ from 5.

Assume that we are given the scattering operator S corresponding to an admissible pair
(04, k). We will show in this section how one can recover o,, k constructively. In particular,
this will prove Theorem 1.1.

We will show next that the singular expansion of the special solution u* (¢, z,v,z’,v’)
established in Theorem 2.1 implies a similar expansion of the scattering kernel §.

Theorem 3.1 We have S = Sy + S1 + Sz, where the Schwartz kernels Sj(z,v,2’,v") of the
operators S;, 7 = 0,1,2 satisfy

S, = e )= el 5 (0 2V (v — )
S, = / e~ f:o cra(m—l—ﬂ'v,v)dﬂ-e— fooo cra(m—l—sv—ﬂ-v’,v’)di(I + sv, 'U/, 'U)é(l’ 2+ S(’U _ ’Ul)) ds

= (R x Vo \{0F; LL(R", x V\{0}).

loc

S, € Ly°

loc



Proof. The proof follows by substituting u* = u# + u¥ + u¥ from Theorem 2.1 into the
limit in Proposition 2.3 or the integral representation of S found in Proposition 2.4. As
already mentioned above, for (z,v,2',v") € U CC R™ x V\{0} x R™ x V\{0} the limit in
Proposition 2.3 trivially exists and the integrals in Proposition 2.4 are taken over bounded
intervals. 0

We are ready now to complete the proof of Theorem 1.1. The idea of the proof is the
following. Suppose we are given the scattering operator S corresponding to a unknown
admissible pair (o4, k). Then we know the kernel S = Sy + S + So. It follows from
Theorem 2.1 and Theorem 3.1 that Sy is a singular distribution supported on the hyperplane
x =12, v = v of dimension 2n, S; is supported on a (3n+ 1)-dimensional surface (for v # v'),
while S, is a function. Therefore, S;, 7 = 0, 1,2 have different degrees of singularities and
given § = §p + 81 + Sy, one can always recover Sy and S;. From Sy one can recover the
X-ray transform of o, and therefore o, itself, provided that o, is independent of v. Next,
suppose for simplicity that o,, k are continuous. Then for fixed z, v, v' with v # v’, S; is
a delta-function supported on the line ' = x + s(v — v’), s € R with density a multiple of
k(x + sv,v',v). Therefore, one can recover that density for each s and in particular setting
s =0 we get k(z,v',v).

Pick a function ¢ € C*(R") with ¢(0) =1, ¢p(z) =0 for |z| > 1 and 0 < p < 1. Fix a
compact set K C R™ x V\{0} and let x € C°(R" x V\{0}) be such that x =1 on K and
0 < x < 1. For € > 0 sufficiently small set

dc(x,v, 2’ v :gp(gg_f)gp(v_v/))((z,v). (3.1)

9 9

Note that ¢. = 0 for (2’,0’) outside some other compact subset K’ of R" x V'\ {0} for
sufficiently small.

Proposition 3.1 With ¢. as above we have

lim//S(:E,v,:E', V) (z,v, 2", 0") da’ dv' = e~ IS ale=ToR)dTy (1 ),

e—0

in LY (R™ x V'), where the integral is to be considered in distribution sense.

Proof. Note that a priori the formal integral above is a distribution in D'(R™ x V'\{0}),
but we will show that by Theorem 3.1 in fact it belongs to L'(R™ x V') and the limit above
holds in the same space. For &y we have

//So(f,v,fv’, V) el v, ) da’ dv’ = e e T (g ), (3.2)

Next,

o
IA

[ [ [ 8160000030000, 0,00

////X(:E,U)S0<_S(U€_ U/)>S0<U;U/> k(x + sv,v',v)dsdv' dx dv

IN



IN

////X:B v (U_U)k:(:v—l—sv,v’,v)dsdv'dzdv
= ////X(I—SU,U)QO(U;U/> k(z,v' v)dsdv' dx dv
< 2A/W//QO<U;U/> k(z, v v)dv' dx dv

< QA/D k(z,v' v)drdv' dv. (3.3)

We have used above the fact that the integral in s is taken over some bounded interval [—A, A]
with A > 0 depending on x and X, and we denoted W = {v; 3z, such that (z,v) € supp x}.
The last integral is taken over the bounded set

D.={(x,v',v); z e X,veW, |v—1]<e}

Let us estimate the measure meas(D.). We have

meas(D / / /|v v/|<€dv dr dv = Ce" / /Xdatdv = (C'e".

Therefore, in (3.3) we have a locally integrable function (see (ii), (iii) in section 1) and the
integration is performed over a set D. with meas(D.) — 0. Since the Lebesgue integral is
absolutely continuous withe respect to the Lebesgue measure, we get that

hm//Sl:Bv ', 0o (z,v, 2", 0)dx' dv' =0 in LYR? x V). (3.4)

[ 1] i )00,y |

< / / / / )
_/Es|82(at,v,:£,v)|datdvda: dv (3.5)

Finally, we have

with E. = {(z,v,2',v"); (z,v) € suppx, |x —2'| < e, [v—2'| <e}. There exists ¢g > 0 such
that for 0 < e < g9 we have E. C E., C R" x V\{0} x R" x V\{0} and S, is an integrable
function on E., by Theorem 3.1. As before, it is easy to see that meas(E.) = O(e*") — 0 as
¢ — 0. Therefore, (3.5) tends to 0 and we obtain

hm//ngvv 20 (z, v, 2", 0")da' dv' =0 in LYR? x V,). (3.6)

Now, (3.2), (3.4) and (3.6) together complete the proof of Proposition 3.1. d

Assume now that o, is independent of v. We deduce from Proposition 3.1 that one can

recover -
/ oq(x — TV)dT (3.7)

—0o0



for a.e. (z,v) € R™ x V. Since V is an open set, we see that we know (3.7) for a.e. (z,v) €
R™ x U, where U is a small neighborhood of some vy € V\{0}. Thus we can recover the
X-ray transform .

/ oq(x — TW)dT (3.8)
of oq(z) for a.e. (z,w) € R" x U, where U is a small neighborhood of vo/|vo| in S*~'. The
latter is sufficient to recover o, (see e.g. [Hel]). We note that in the particular case where for
any w € S" !, the velocity space V contains some v of the kind v = rw with r = r(w) > 0,
we can recover the X-ray transform (3.8) for a.e. (z,w) € R" x S"7! and therefore we can
write an explicit formula [Hel| for o,(z). As mentioned in the Introduction, this argument
works also for o, = o,(z, |v]).

We proceed next Wlth the reconstruction of k(z,v’,v).

Choose two functions ¢ € CP(R") with 0 < ¢ <1, ¢(0) = 1, ¢(x) = 0 for |z| > 1 and
p1 € C°(R) with [p1(s)ds=1,0< 1. Set W={(v/,0v) eV xV; v#£0,v #0,v#0}.
For g1 > 0, 5 > 0 set

ooy = 21%((:6—16’) : (v—v’)> w(l (I_$/_ (z =) - (v—v’)(v_vl)» (3.9

e1lv —v'|? €2 lv —v'|2

Proposition 3.2 With )., ., as above we have
lim lim [ S(z,v, 2, 0" )z, o (x, v, 2",0") da’ = e -Jo U“(”T”’”)d%_fooo”“(m_”/’”/)d%(:v,v’,v),

e1—0e2—0

where the integral is to be considered in distribution sense and the limit holds in Ll (R"xW).

Proof. First, note that
/So(:v,v,:cl, Ve, (v, 2", 0 ) d2' =0 in R™ X W, (3.10)

because Splvzy = 0. Next, for S; we get

/Slzvvat V) ey ey (0,27, 0") da! —/Esatv v)k(z + sv, v/, U)l Qpl( ;)ds.
1

Here E(s,z,v',v) = e~ [T oalatron)dr o= [ oulatsv—ro’ W)dr 14 g easy to see that the mapping

s — E(s,z,v,v)k(z + sv,v',v) € LL (R" x V x V) is continuous. Therefore,

lim hm/Slatv ' 0", ey (T, 0,27 0") da

e1—0 e2—0
1
= lim [ E(s,z,v,v)k(z + sv,v',v)= g01<—i> ds
e1—0 &1

= E(0,z,v,v)k(z, v, v) in LL_(R" x W). (3.11)

loc

Finally, choose a compact set K C R™ x VW and consider

/ H%HL // |So(z,v, 2, 0")|

><g0<l (:B -z — (x=a) (f]|2_ U)(v —v'))) dx’ dxdv'dv. (3.12)

€2 lv—v

/SQ:B v, 2,0 e, oy (0,20 0") da!




Note that on supp ., ., we have |z — 2’| < C'max{ey,e2}, so for e; and 3 bounded, z’
belongs to some compact set X’. The integration in (3.12) is taken over the set

< 82}.

For fixed z, v/, v the last set is a cylinder with radius &9, thus we conclude that meas(F.,) =
O(g5™) and therefore

(z =) (v =)
o —o'[?

(v =)

oz v)eF, = (X' xK)n{|lx—a —
2

| [ S )y alval ) da
K

Hw;ﬁ/ |So(, 0,2, 0")|da'dzdv'dv — 0 as g5 — 0, (3.13)
1 Fey

<

because the Lebesgue integral is absolutely continuous with respect to the Lebesgue measure.
Combining (3.10), (3.11) and (3.13) we complete the proof of the proposition. O

Assume now that we are given the scattering operator corresponding to an admissible pair
(04, k) with o, = o,(z). By Proposition 3.1, one can recover o,(z). Next, by Proposition 3.2
we can explicitly recover

6_f0 oo (z+TV)d f() oa(z—T0' di($ 'U ’U)

almost everywhere in R" x V' x V. Since o,(x) is already known, we get k(x,v’,v) for a.e.
(z,v',v).

Finally, we would like to mention that Propositions 3.1, 3.2 can be written in terms of
the operator S itself rather than in terms of its distribution kernel. Let ¢. be the same as
in (3.1) and consider the function ¢.(y,w, x,v), where y, w are regarded as parameters (i.e.
in (3.1) we replace (x,v,2’,v") by (y,w,z,v)). Then Proposition 3.1 is equivalent to

ll—{% S¢€(y> W, -, - )|y=m,w=v =e f‘x’ Ua(m_Tv7v)dTX($> 'U)

in L'(R™ x V). Similarly, Proposition 3.2 can be rewritten as

lim hm 5[%1 €2 (y> w, -, )p( ' )]|y:m w=v

e1—0e9—0

/ f() oa(z+TV,0)d f() oa(z—T0V' V' di‘(l’ 'U 'U)p('U/) d’Ul

in L (R" x V\ {{0} Usupp p}) for any p = p(v/) € C(V'\ {0}).

4 The albedo operator

Assume that X is convex and 90X is C'-smooth. Consider the functions 74(x,v) and the
operators F., Ry defined in the Introduction. It should be noted that 7. have the properties
Ty (z +tv,v) = 74 (z,v) Ft and (z £ 74 (z,v)v,v) € 'y for any (z,v). Using this property,



we can show that E. are closely connected to the solution of the following boundary value
problem

{(8t—T0)U = 0 mRxXxV, (4.1)
Ulrxre = 9.
Indeed, taking into account that
R Us(t)Evrg = g, (4.2)

we see that the solution to (4.1) is given by v = Uy(t) E+g|xxv. We consider in (4.1) Tj as a
differential operator in X x V. As mentioned in the Introduction, F. : L'(R x 'y, dt d§) —
LYR™ x V) is isometric, i.e.

||Eﬂ:9||L1(R”xV) = HgHLl(RXI‘i,dtdg)- (4.3)

Equality (4.3) follows easily by making a change of variables in the corresponding integral.
Indeed,

||E:|:g||L1(R”><V) = ‘/Q |g(:t7i($> 'U)> T+ T:I:(££> 'U)'U> 'U)| dz dv.

Let us choose new variables t = +74(x,v), y = £ 74 (x,v). Then (y,v) € 'y and dx =
dt|v - n(y)|du(y), thus we get

||E:|:g||L1(R”><V) = ~/Fi / |g(t,y,'U)| dt |'U' n(y)|d,u(y)dv,

which proves (4.3).
Denote by ygq the characteristic function of Q (see (1.9)). Then the following property
holds

Ej:R:tUo(t)f = XQf. (44)

We recall (see also Remark 3 in the Introduction) that EL acts on functions depending both
on t and (z,v) and the result is a function independent of ¢. Thus in the left-hand side of
(4.4) t is one of the variables, not a parameter. Taking into account (4.3), we conclude that

|R+Uo( ) fllermxra, deae) = |IXaf |l @rxv)- (4.5)

Note that R. are unbounded as operators from L'(R"™ x V) into L'(T'y,df). We refer to
[C1], [C2] for more precise results and trace theorems. We are not going to make use of these
trace theorems however (except in the proof of Proposition 5.2), because we will always
apply R+ to time dependent functions like Uy(t)f or U(t) f and will consider the result as a
function of both variables x and ¢ belonging (locally) to L*(R x T'y, dt d€). Then R.Uy(t)f
is well defined according to (4.5) and for RLU(t)f we have:

Lemma 4.1 R U(-): LY(R" x V) — LL (R; L'(T'x, d€)) is continuous. More precisely,
for each a > 0 we have

[ BV Ol eagdt < C@lxaflomee, £ € LR x V).



Proof. Given f € LY(R" x V), set f = fi + fo with fi = xaf, fo = (1 — xq)f. Using
Duhamel’s principle (2.4), we see that U(t)fo = Uy(t)fo and thus by (4.5), RLU(t)fe = 0.
For f; we have by using (2.12) and (4.5)

| IRU@ flls e agyt

dt

L' (T4,d€)

a t
< ||f1||L1(RW)+/_ H/O RoUs(t — 5)AU(s) f, ds

< Millwean+ [ [ 1ROt = ) AU filliaces g ds dt
= il + [ [ IRUs(t = ) AU(S) fill s ey ds
il + | NU(=5)AU(3) il ey

(1 + 2a||ap||Looe“”U””L°°) | fillzrmrxvy)-

IN

IN

Lemma 4.2 R_U(t)f|r,xr. = R-Up(t)f|r,xr_ for any f € L} R" x V).
Proof. We have to show that

[TIR-U®F = RUs(0) s agydt = 0.

By inspecting the proof of Lemma 4.1 we see that it suffices to prove that

[T IR Oo(t = $)AU(S) fll oo agrdt =0, 5 =0,

s

which is equivalent to
| IR U AU i aeydt =0, 5> 0.

In order to complete the proof, it is enough to observe, that R_Uy(t)h|r, xr_ = 0 for any h
with A(z,v) =0 for z € X. O

Given g € L}(R; LY(T'_, d€)), consider the problem (1.7).

Proposition 4.1 Problem (1.7) has unique solution in C(R; LY (X x V) given by u =
U(t)W—E—g|X><V-

Proof. Note first that the uniqueness follows from the fact that the homogeneous problem
(with ¢ = 0) has only a trivial solution, because the transport operator with boundary
conditions u|rxr_ = 0 generates a continuous semigroup of solution operators. Next, note
that if ¢y is such that g = 0 for t < —t, we have Up(t)E_g = 0 in X x V for t < —t,
and moreover, U(t)Uy(—t)E_g = U(to)Up(—to)E_g for t > tg, so although E_g does not
necessarily belong to L(R"™ x V\{0}) (see (1.4) and Proposition 2.1), the limit W_E_g



trivially exists. Set w = U(t)W_E_g = U(t + to)Uo(—to)E_g. Then w clearly solves the
Boltzmann equation in R x X x V. We have that R_w|i<_s, = 0 and by Lemma 4.2 and
(4.2), R_wlis—1, = R-Uo(t)E_glt>—t, = gli>—t, = ¢g. Therefore, w satisfies the boundary
condition as well. Thus setting u = w|xxy, we get a solution to (4.1). O

We see now that the definition of A, given in (1.8)
Ag = R+u> A L(I:(Rﬂ Ll(r—> dg)) - Llloc(R; LI(F-H dg))? (46)

u being the solution to (1.7), is correct. Indeed, by Proposition 4.1, Ag = R.U(t) W_E_g
and by Lemma 4.1, Ag € L] (R; L'(T'y,d¢)). We note that in fact, Ag is well defined also
for g € LY(R x I'_, dtd€) with g = 0 for t < 0, and then Ag € L'((a,00) x I'y, dt d§) for
any a € R, but as Theorem 1.2(c) shows (see the proof below), A extends as an operator
A:LYR xT_, dtdé) — LYR x Ty, dt df) if and only if the scattering operator exists as a

bounded operator on L'(R" x V).

Proof of Theorem 1.2. Consider first (a). Pick g € LI(R x I'_, dtd€). Then E_g €
LY(R" x V\{0}) and SE_g is well defined. By (4.6) and Proposition 4.1 we have Ag =
R U(t)W_E_g. Denote

Q. ={(z,v) € QY x+tv ¢ X for any t > 0}.

We claim that
Uo(t)SE_g|Q+mK = U(t)W_E_g|Q+mK (47)

for any compact K C R™ x V\{0}. Indeed,
Up(t)SE_g = lim Up(t — s)U(s)W_E_g (4.8)
and the limit exists in L!(R" x V'\{0}). We have (see (2.13))
Us(t — $)U(s)W_E_gla, = Uo(t)W_E_gla, + /0 Up(t — TVAU(MW_E_gla,dr  (4.9)

with Up(t —7)AU(T)W_E_g = (AU(T)W_E_g)(x — (t — 7)v,v).For (z,v) € Q4 this function
vanishes provided that ¢ —7 < 0. So in fact the integral in (4.9) is taken over the the interval
0 < 7 <t only and therefore (4.9) is independent of s for s > ¢. Therefore, we can put s =t
in (4.9) in order to get the limit (4.8) which implies immediately (4.7). Let us now apply
R to both sides of (4.7) to get

R.Ut)SE_g= R, U(t)W_E_g = Ag.

Consider (b). Pick f € LL{(R™ x V\{0}) and set g = R_Uy(t)f. Then we have g €
LYR; LY(T_, d¢)) and E_g = xqf (which is true whenever E_g € LL(R" x V\{0})). An
application of (a) yields AR_Uy(t)f = R:Uy(t)Sxaf by (4.4). Applying E, to both sides
and using again (4.4), we get

xeSxaf = EL AR _Uy(t)f. (4.10)



Now, since for the special solution u* we have u# = §(x—a'—tv)é(v—2') in (R*x V\{0})\Q,
we get S(1—xq)f = (1—xq)f for any f. On the other hand, by Proposition 2.4, (1—xq)Sf =
(1 — xq)f for any f. In other words, S leaves L1(Q2), LL((R" x V\{0}) \ ©) invariant and
xoSxaf = Sf— (1 —xq)f. Substituting this into (4.10), we complete the proof of (b).
Finally, (c) is an immediate consequence of (a), (b), (4.3) and (4.5). 0

5 Reconstruction of o,, k¥ from A. The non-convex case

In this section we prove Theorem 1.3. In the case where X is convex, the uniqueness result
in Theorem 1.3 is an immediate consequence of Theorem 1.1 and Theorem 1.2. If X is
not convex, then one can still deduce Theorem 1.3 from the previous two theorems using an
argument from [SU2], where the Dirichlet-to-Neumann map is considered (see Proposition 5.2
below). Namely, one can show that A4 = A entails u# = 2}# outside X x V and therefore,
by Proposition 2.3 we could conclude that o, = 6,, £k = k. We will give however another
proof of Theorem 1.3 as well, that implies a constructive procedure for recovering o,, k£ and
describes the Schwartz kernel of the albedo operator A.

We assume in this section that X is an open bounded set with C'-smooth boundary,
not necessarily convex. First we will show that (1.7) still has unique solution in this more
general situation. In what follows we need the semigroups Up(t), Uy (t), U(t) (see e.g. [Vi],
[V2]), related to the solution of the following problem

O—TiH)u = 0 ImRxXxV,
u|R+><1"7 = 0, (51)
u|t=0 = f>

T; being Ty, T) and T, respectively (regarded as differential operators). More precisely, Tp,
Ty and T, acting on functions vanishing on I'_, extend to generators of strongly continuous
semigroups Uy(t), Ui(t), U(t) on L*(X x V') and the solution to (5.1) is given by u = U;(t) f.
It is easy to check that we have the following explicit formulae

Ut)f = flz—tv,v)0(x,z—tv) (5.2)
() f = e Jooelesonds oy 0)0(a, 2 — to) (5.3)

where ( ) 0.1]
|1, ifpr+ (1 —p)y € X for each p € [0, 1],
0z, y) = { 0, otherwise.

Let us modify a little bit the definition of 7 given in the Introduction. Set
Ti(z,v) =min{t > 0; x £ tv € 90X}, (z,v) e X x V\{0}.

If X is convex, then the definition given above agrees with that proposed in the Introduction.
Using 7_, we can write explicitly the solution of (1.7) in the case where T'= Ty or T' = T}.
For the case T' = T} we have that the solution of (1.7) reads u = G_(t)g, where

+ fOTi(z’u) oa(xtsv,v)ds

Gi(t)g:=e gt £ 71 (z,v),x £ 1o(x,0)V,0). (5.4)



For X convex and o, = 0, we have G+(t)g = Up(t)E+g. It is not hard to see that the
following generalization of (4.3) holds

Sup |G- () gllLrxxvy < |9l r®xry, e ae) (5.5)

and moreover, G_(t) : LY(R x I'_, dtd¢) — L'(X x V) is strongly continuous in ¢. Similar
statements hold for G (t) as well if we restrict our considerations outside a small neighbor-
hood of v = 0, because the exponential in (5.4) may not bounded in this case as v — 0. We
have the following generalization of Proposition 4.1 to the case where X is not necessarily
convex.

Proposition 5.1 Given g € LY(R; L' (T, d€)), problem (1.7) has unique solution u €
C(R; LY (X x V)) given by

g—l—/ U(t — s)AsG_(s)g ds. (5.6)

Proof. First, observe that the integral above is taken over a finite interval [—t¢, ], where t
is such that g = 0 for t < —ty. It is easy to see that u, given by the formula above, satisfies
the Boltzmann equation in X x V in distribution sense and belongs to C(R; L'(X x V)).
For t < —to we have that G_(t)g and the integral above vanishes, thus u|;<_4, = 0. Finally,

ulrxr. = G_(t)glrxr. = g, because U (t) satisfies homogeneous boundary conditions on
R x I'_. Notice that the requirement g € L!(R; L'(T'_, d€)) can be relaxed to g = 0 for
t < 0. U]

Following the proof of Lemma 4.1 and using (5.2), we can prove that R U(-) : L'(X x
V) — L (R; LY(T4,d€)) is continuous. Thus, using this fact and Proposition 5.1 we can
define the albedo operator in this case as well by (1.8).

Next we prove Theorem 1.3 by showing that A determines uniquely the special solution
u* outside X x V. Although the reconstruction procedure described after this proposition
implies Theorem 1.3 as well, we include Proposition 5.2 because it suggests much shorter

way of demonstrating Theorem 1.3.
Proposition 5.2 A determines uniquely the special solution u? for x outside X.

Proof. Here we follow essentially [SU2|, where the Dirichlet-to-Neumann map related to
a second order elliptic equation is considered. Let (o4, k), (&a, l;‘) be two admissible pairs
supported (with respect to z) in X and denote by T, T u”, 47, etc. the operators T, the
special solutions u#, etc., related to (0., k) and (6, k:), respectively. Choose ¢ € C°(R™ x
V\{0}) and set w := (u¥(t,z,v, -, -),p), w = (a7 (t,x,v, -, -),p), i.e. w, W solve (2.2)
with T = T, T = T, respectively. Since p € D(T) = D(T), we have w € D(T), w € D(T)
for each t (see (2.3)), therefore (see [C1], [C2]) the traces w|r,, w|r, are well defined as
elements in L{ (T'+,d¢) depending continuously on ¢. Let v solve

O —T)w = 0 inRxXxV

VlRxr. = W|Rxr_ (5.7)
Vo = 0.



Set

v, v€X
u-.{w’ e (5.8)

Assume that A4 = A. Since & clearly solves the problem

@, —T)b = 0 ImRxXxV
WRxr. = W|Rrxr_ (5.9)
Wliwo = 0.

and A = a, we get from (5.7), (5.9), that v|gxr, = W|rxr, , therefore

V|Rxry = W[RxTx - (5.10)

Combining (5.8) and (5.10) we deduce that u, which is absolutely continuous function along
the rays s — (x + sv, v) with possible jumps on I'_ UT';, in fact has no jumps on these rays.
Since both v and w solve the Boltzmann equation (1.1) in X x V and outside X x V', and
there is no jump at the boundary, we conclude that u satisfies (1.1) everywhere. Therefore,
u = w, because the solution to (2.2) is unique. In particular (see (5.8)) we get w = w for
r g X. O

Theorem 1.3 is now an immediate consequence of Proposition 5.2 and Proposition 2.3.

Note that the proof of Theorem 1.3 provided above is not constructive. Below we will give
explicit formulae for the reconstruction of o,, £ which in particular provides another proof
of Theorem 1.3. This proof is based on an analysis of the Schwartz kernel of the operator
A. A priori this kernel it is a distribution in D'(R x I'y x R x I"_). Denote by d; the Dirac
delta function on R! and by d,(z) the Delta function on X defined by (&, ¢) = ¢(y).

Theorem 5.1 The Schwartz kernel of A has the form a(t — t',z,v,2',0"), i.e. formally
(Ag)(t,z,v) = Jgyr ot —t, z,v,2", 0 )g(t', o' v)dt' du(z")dv" with o = o + o + a, where
a;(t,z,v, 2, 0") ((x,v) e Ty, (2/,0") € ') satisfy

T_(z,v)

ag = e Jo "“(m_s”’”)dsé{m_ﬂ(w)v} (2)d(v — )1 (T — 7_(x,v))
s T,(zfsu,'u/) ;o
Q= /6_ Jo oata=pv)dpe— | oale—svo—p)dps, (7 — s — 1_(z — sv,v'))
Xk(x — 50,0, 0)0 14 sv—r_(z—sv,0 )03 (&) (2 — sV, x)ds

n(2') - v'["ay € L®(T-; Li(Re; L'(Ty, d¢))) .

Proof. The proof is similar to that of Theorem 2.1. Fix g € C°(R x I'_) and let u solve
(1.7). Combining (5.6) with Duhamel’s formula, we get u = uy + u; + us with

u = G_(t)g,
up = /0 ﬁ( VASG_(t — s)gds

Uy = / t — So AgUl(Sl)AQG (82 — 81)9 d$1 ng.



By (5.4),
Riuy = /er ap(t =tz v, 2", 0 g(t', 2,0 dt’ du(x") dv',

where the integral is to be considered in distribution sense. For u; we have by (5.3), (5.4),

T_(z— s'u'u) ;o
/ / — cra(m pU, v)dpe— oa(z—sv—pv’ v )dpe(I — sv, l’)k‘(l’ — sv, ’U/, ’U)
Xg(t—s—71_(r—sv,v), 2 —sv—71_(x — sv,v")v,v)dsdv, (5.11)
thus
Riuy = / ar(t —t,x, v, 2,0 )g(t', ', v') dt’ du(z") dv'.
RxI'_
Next,

U = / t — So Agul(SQ, Tyt ) ng. (512)
Using (5.11), we get
(Aquy)(s2, z,v) / / / (s1, 2, 0" v )k(x, 0" v)k(z — 510", 0", 0")0(x, 2 — 510")
Xg(sy—s1—7_(x — 510", 0"), 2 — 510" — 7_(x — s10", 0" )0 V) dv'dsydv”

with |
E(S xr,v ’U/) =e fOS Ua(m—Pvm)dpe— fOTf(z sv,0) Oa(z—sv—pv’ v')dp
s Ly Uy ‘

Set ¢y = x — s1v”. Then

-y / r—y ror T ' /
(A)(sawv) = [ [ s B T (e, T 0k ey
1

Xg(sy—s1 —7_ (v, 0",y — 7_ (v, 0" )0 dy dv'dsy

Let us make the change ¢y +— (2/,x1), where 2’ = ¢ — 7_(y/,v')v' € 0X, x; = 7_(y, 7).
This change is smooth except on a closed set of measure zero corresponding to vy’ such
that the ray {y' — pv’, p € (0,7_(¥/,v’))} is tangent to 0X at some point. One can first
integrate outside a neighborhood of the singular set with measure ¢ > 0, where we have
dy' = |n(y') - v'|du(x')dxy, and then let € — 0. Thus we get

(Agur)(s2,z,v)
e / e /
_ S1 S1

r— 2 —x0

xk(z' 4+ 10,0, Vg(se — 81 — 1,2, v") dE' dxy dsy. (5.13)

51
Here d¢' := |n(2’) - v'|dp(z")dv’. Denote

M(s1, 89, w0, 2", 0") = s7"E(sy,x,v",v")k(x,v" v)k(x' + 510", 0", 0")0(x, 2" + (89 — s51)0"),



where we have set v" = (x — 2’ — (52 — s1)v')/s1. It is easy to see that
/‘//n]\/[(sl,ég,z,v,z’, v)dr dv < ||op|| 3. (5.14)

By (5.12) and (5.13) we have

Us / / / /U (t —s9)M(s1,80 —t', -, -, 2/, 0" )g(t', ', v")dt' dE' dsy dss
/11 /dg(t —t' z,v, 2 ) gt 2 v)dt dp(x')do'
with
(T, 2,0, 2", 0) |/ / (T — 82)M(s1, 89, -, -, 2',v")ds1d5,. (5.15)

By (5.14),
n(a') 0| 'as € C (Res L¥(05 LN(Xa x V,))) - (5.16)

By (5.16) and the remark after the proof of Proposition 5.1 we obtain
In(z") 'U/|_1/_ | Ryd(T, -, '>$/>U/)||L1(F+,d§)d7‘ < C(a)

for any @ > 0 and all (2/,v") € I'_. Setting a(r, -, -,2/,v") = Rya(r, -, -, 2',v") we complete
the proof of the theorem. O

We proceed with explicit formulae relating the kernel of A and o,, k. Next two proposi-
tions are analogues of Proposition 3.1 and Proposition 3.2. Recall again that for each v the
set of x, for which 7_(x,v) has a jump, is of measure zero. Thus the function 7_ is smooth
on I'; outside of a closed set of measure zero. Choose 0 < xy € C(I';) supported outside
that singular set. Let ¢, ¢1 be as in (3.9) and for € > 0 sufficiently small set

¢ (1, z,0,2',0") = gp(ip i GA) G ZE/) gp(v ; Ul) o1(1 — 7_(z,v))Xx(7,0).

3

Proposition 5.3 With ¢. as above we have

T_(z,v)
“m/ / (7, 0,2, 0)be (7, 2, v, 2, 0) dr dp(a)do' = e~ Jo T Ty (g 4y (5.17)
ry

e—0
in LY(Ty,d§), where the integral is to be considered in distribution sense.

Proof. We have o = o + a1 + a» with o as in Theorem 5.1. It is clear that «q satisfies
(5.17). For vy we have (compare with (3.3))

0 S‘/ / /041(’7',1’,'11,1’/, 'U/)QSE(T,I,'U,ZE/, 'U/) dr dﬂ(l’/)dvl d€
r. Jr



< /m//S0<SU+T_($_SU’:/)U/_T_(I’U)U>¢<U;U/>

Xp1(s+7_(x — sv,0") — 7_(x,v))k(z — sv, v, v)x(x,v) ds dv' dE

C/ /F+ /X (z,v) (U —Y ) k(x — sv,v',v)ds |n(z) - v|du(z)dv dv’

< /// (”‘”) k(z, o', v) dz dv' dv

— 0, ase—0, (5.18)

IN

by the same arguments as in the proof of Proposition 3.1. Finally,
/1“ /1“ /ag(T,:E,v,:B', V) (T, 2, v, 2" 0" dr du(x')dv' |dE
L
< /1“ /1“ /|n(a:') | How(r, 2,0, 2, 0) ¢ (1, 2,0, 27 0 dr dE dE
LJr
< /E In(z’) - V| Hao(r, z, v, 2, 0")| dr d¢’ dé

€

— 0, ase—0, (5.19)

where E. = {(r,z,v,2/,v") € R x Ty xT'_;|7] < A, (z,v) € suppy, |v — V| < e} with
some A = A(x, 1) > 0. Clearly, meas(E.) — 0, as ¢ — 0, where meas(FE.) is associated
with d7 d¢' d§. On the other hand, by Theorem 5.1 the integrand in the last integral is a
L'-function. As before, we conclude from this that the limit in (5.19) is zero, as stated.
Combining (5.18), (5.19) we complete the proof. O

By Proposition 5.3 one can recover the X-ray transform of o,(z), provided that o, is
independent of v and therefore one can recover o, itself.

We proceed with the recovery of k. Next proposition is an analogue of Proposition 3.2.
Let 9., ¢, and W be the same as in Proposition 3.2.

Proposition 5.4 We have
lim lim G ( )/ / alt =t z,v, 2", 0" ) oy (2 — to, v, 2" — 0 0" du(2) dt!
R Jox

e1—0e9—0

7 (z,0")

— e o Ua(m—pv’7v/)dpk(z’vl’v)’ (520)

where the integral is to be considered in distribution sense and the limit holds in L, .(X x W).

Remark. The restriction of 9., o, (v — tv,v, 2’ —t'v',v") on Ry x 'y x Ry x '\ {v ="}
is not necessary a function of compact support on that variety, but as will be seen from the
proof of Proposition 5.4, the formal integral above is well defined. Operator G, (0) above
(see (5.4)) is applied to the formal integral considered as a function of ¢, z, v.

Proof. Note first that for v # v’ we have ag = 0. Next, for a; we get
/ / ar(t =t z,0, 2", 0" e, oo (x — to, v, 2" — 0 V") du(a’) dt’
R Jox

1 t—
= /E(s, 2,0, 0)k(x — sv,v",v)0(x — sv, z)g—gpl( . S) ds,
1 1




7_(z—sv,0’)

where E(s,z,v",v) = e~ Jo oale—pv)dpo— [, ale=so=p" )P Pynction s — E(s, z,v',v)
k(x — sv,v',v)0(x — sv,x) is integrable with values in L*(I'y x Vi, ddv'). Therefore, as
g1 — 0, the limit above exists in L'(R, x T’y x Vi, dsd€ dv') and we have

lim lim / / ar(t —t 0,2 )b, o, (2 — tv, v, 2" — 0 V) du(x’) dt!
e1—0e2—0 JR JOX
= E(t,z,v,v)k(z —tv, v, v)0(x — tv, ). (5.21)

By applying G (0) to both sides of the equality above we get that (5.20) holds with a = aj.
Finally, let us fix a compact set K C I' x V,, that does not intersect the varieties v = v,
v’ = 0. Then for any a > 0 we have

L. Je

// ag(t =tz 0, 2" 0 e, ey (X — to, v, 2 — 0 V") du(2") dt'|dE dv' dt
R Jox

< [ [ @) aslt — e ) dE dg €l de, (5.22)
—a JFe,

with F., a set of measure tending to 0, as e — 0 (compare with (3.13)). By performing the
change 7 = t —t' and using Theorem 5.1, we see that (5.22) tends to 0, as e5 — 0. Therefore,
(5.20) with o = ap converges to 0 in L} (Ry; L'(K)). A straightforward generalization of

(5.5) implies that G (0) : LL (R x 'y, dtdf) — L (X x V) is continuous. Thus, applying
G+ (0) we get from (5.22)

lim G (0) /R /ax alt —t,x,v, 2" 0 )W, o (x — tv, v, 2" — 0 V) du(z)dt' =0 (5.23)

e9—0

. 1
in L .

(X xW). Combining (5.21) and (5.23), we complete the proof of Proposition 5.4. U

Now the reconstruction of o, and k goes along the following lines. Given the albedo oper-
ator A, we first recover o,(x) (provided that ¢, depends on x only) by using Proposition 5.3.
Next, since o, is already known, we know G (0) and the exponential factor in (5.20), so by
Proposition 5.4 we can recover k(x,v’,v) almost everywhere in X x V x V.

Finally, we note that one can rewrite Propositions 5.3, 5.4 in terms of the operator A
rather than in terms of its distribution kernel in a manner similar to that at the end of
Section 3.
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