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Abstract

For a compact Riemannian manifold with boundary, endowed with a magnetic potential ¢, we consider
the problem of restoring the metric g and the magnetic potential « from the values of the Mafié¢ action po-
tential between boundary points and the associated linearized problem. We study simple magnetic systems.
In this case, knowledge of the Mafié action potential is equivalent to knowledge of the scattering relation
on the boundary which maps a starting point and a direction of a magnetic geodesic into its end point and
direction. This problem can only be solved up to an isometry and a gauge transformation of «.

For the linearized problem, we show injectivity, up to the natural obstruction, under explicit bounds on
the curvature and on . We also show injectivity and stability for g and « in a generic class G including real
analytic ones.

For the nonlinear problem, we show rigidity for real analytic simple (g, «), rigidity for metrics in a
given conformal class, and locally, near any (g, «®) € G. We also show that simple magnetic systems on
two-dimensional manifolds are always rigid.
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1. Introduction
1.1. Statement of the problem

Let M be a compact manifold with boundary, endowed with a Riemannian metric g, and let
7w :TM — M denote the canonical projection, 7 : (x,&) > x,x e M, E € Ty M.

Denote by wq the canonical symplectic form on 7'M, which is obtained by pulling back the
canonical symplectic form of 7*M via the Riemannian metric. Let H : T M — R be defined by

1
H®) = E|u|§, veTM.

The Hamiltonian flow of H w.r.t. g gives rise to the geodesic flow of M. Let £2 be a closed
2-form on M and consider the new symplectic form o defined as

w=wy+r7*R2.

The Hamiltonian flow of H w.r.t. o gives rise to the magnetic (or twisted geodesic) flow
Y!':TM — T M. This flow models the motion of a unit charge of unit mass in a magnetic field
whose Lorentz force Y : TM — T M is the bundle map uniquely determined by

2:(5,m) =(Yx(§), n) (1.1)

forallx e M and &, n e T M.

Magnetic flows were first considered by V. I. Arnold in [4] and by D.V. Anosov and Y.G. Sinai
in [3]. As shown in [5,18,25-28], they are closely related to other problems of classical mechan-
ics, mathematical physics, symplectic geometry, and dynamical systems.

It is not hard to show that the generator G, of the magnetic flow is

. 9
G;,L(-x’ E) = G(-x’ S) + Y,'] (x)sl @7

where G is the generator of the geodesic flow, and that every trajectory of the magnetic flow is a
curve of the form # — (y (), y(¢)), where y is a curve on M which satisfies the equation

Viy =Y (), (1.2)

which is nothing but Newton’s law of motion. Such a curve y is called a magnetic geodesic.
Note that time is not reversible on the magnetic geodesics, unless 2 = 0. If £2 = 0 we recover
the ordinary geodesic flow and ordinary geodesics.

When £2 is exact, i.e. £2 = do for some magnetic potential «, the magnetic flow also arises
as the Hamiltonian flow of H (x, p) = %( p+ a)§ with respect to the standard symplectic form
of T*M. The function H is the symbol of the semiclassical magnetic Schrodinger operator.

Since the magnetic flow preserves the level sets of the Hamiltonian function H, every mag-
netic geodesic has constant speed.

Unlike the geodesic flow, where the flow is the same (up to time scale) on all energy levels,
the magnetic flow depends essentially on the choice of the energy level. We fix the energy level



538 N.S. Dairbekov et al. / Advances in Mathematics 216 (2007) 535-609

H~'(1/2), thus considering the magnetic flow on the unit sphere bundle SM of M, in conse-
quence we consider only the unit speed magnetic geodesics. Note that fixing the energy level to
be SM is no restriction at all, since one can obtain the behavior in any energy level by considering
the flow on SM upon changing 2 by A£2, where A € R.

We define the action A (x, y) between boundary points as a minimizer of the appropriate action
functional, see (1.6) and Appendix A. In the case £2 =0, A(x, y) coincides with the boundary
distance function d, (x, y). In this case, we cannot recover g from d, up to isometry, unless some
additional assumptions are imposed on g, see, e.g., [9]. One such assumption is the simplicity
of the metric, see, e.g., [22,34,37,38]. We consider below the analog of simplicity for magnetic
systems.

Let A stand for the second fundamental form of 9 M and v(x) for the inward unit normal to
oM at x. We say that 0 M is strictly magnetic convex if

A, €) > (Yo (®), v(x)) (1.3)

for all (x,&) € S(0M) (see Appendix A for an explanation). Note that if we replace £ by —&,
we can put an absolute value in the right-hand side of (1.3). In particular, magnetic convexity is
stronger than Riemannian one.

For x € M, we define the magnetic exponential map at x to be the partial map exp} : T, M —
M given by

expt(t&) =m oy’ (§), >0, £ €S M.

It is not hard to show that, for every x € M, exp/ is a C'-smooth partial map on T, M which is
C°-smooth on Ty M \ {0} (see Appendix A).

Definition 1.1. We say that M is simple (w.r.t. (g, £2)) if M is strictly magnetic convex and
the magnetic exponential map exp’ : (expy)~!(M) — M is a diffeomorphism for every x € M

(cf. the definition of a simple Riemannian manifold [32]).

In this case, M is diffeomorphic to the unit ball of R" (so we can assume that M is this ball);
therefore, §2 is exact, and we let o be a magnetic potential, i.e., « is a 1-form on M such that

do=$2. (1.4)
Henceforth we call (g, o) a simple magnetic system on M. We will also say that (M, g, ) is
a simple magnetic system.
Given x,y € M, let

Clx,y)={y:[0,T1—> M: T >0, y(0)=x, y(T) =y, y is absolutely continuous}.

The time-free action of a curve y € C(x, y) w.rt. (g, @) is defined as

T
1 1
A(y):Ag,a(y)=§/|y(r)|§dt+5T—/a. (1.5)
0 14
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For a simple magnetic system, unit speed magnetic geodesics minimize the time-free action
(Lemma A.5 in Appendix A). More precisely,

A@,y):= inf AWy)=AWy,)) =Ty — / o, (1.6)
yeC(x,y)
Yx,y

where yy y :[0, T ,y] — M is the unique unit speed magnetic geodesic from x to y.

The function A(x, y) is referred to as Maiié’s action potential (of energy 1/2), and we call the
restriction Ay <am the boundary action function.

Now, we state the boundary rigidity problem in the presence of a magnetic field as follows:
To which extent is a magnetic system (g, «) determined by the boundary action function?

To be more precise, we say that two simple magnetic systems (g, @) and (g’, @) are gauge
equivalent if there are a diffeomorphism f:M — M, which is the identity on the boundary,
and a function ¢ : M — R, vanishing on the boundary, such that g’ = f*g and &’ = f*a + dg.
Observe that gauge equivalent magnetic systems have the same boundary action function.

Now, we rephrase the above problem as follows: Given a simple magnetic system, is any other
simple magnetic system on the same manifold gauge equivalent to the former as soon as it has
the same boundary action function? If so, we call the given magnetic system magnetic boundary
rigid.

Surely, this problem can be considered under various natural restrictions. For example, we
can consider it for a fixed Riemannian metric and try to restore a magnetic potential, or, vice
versa, fix a magnetic potential and try to restore a metric, or consider the problem for metrics in a
fixed conformal class, etc. In particular, for the zero magnetic potentials we recover the ordinary
boundary rigidity problem for Riemannian metrics (see recent surveys of the latter in [10,39]).

For simple magnetic systems, knowledge of the action A(x, y) between boundary points
is equivalent to knowing the scattering relation, see Section 2.2. For non-simple systems, the
problem of recovering (g, §2) from the scattering relation is the natural problem to study. The
scattering relation appears naturally in the study of the scattering operator in R" with g Euclid-
ean outside a ball, and & compactly supported. Namely, for non-trapping metrics, the scattering
operator associated to the semi-classical magnetic Schrodinger operator is a Fourier integral op-
erator with canonical relation that determines the scattering relation on a large sphere, [1,2,15].
(It should be noted that for magnetic Schrédinger operators the resolvent is also a Fourier integral
operator.)

1.2. Description of the results

In Section 2, we show that for simple magnetic systems, the action determines the jets of g
and « in boundary normal coordinates. We define the scattering relation and show that for simple
magnetic systems, it determines A(x, y) on the boundary, and vice versa. We also show that one
can recover the volume from A(x, y).

In Section 3, we study the linearized problem. This reduces to the magnetic ray transform /.
We show that potential pairs (see Definition 3.5) belong to the kernel of 7. We say that [ is
s-injective, if the kernel of I consists only of potential pairs.

In Section 4, we show that the normal operator N = I*[ is a pseudo-differential operator in
the interior of M, elliptic on solenoidal pairs that are an orthogonal complement of the potential
pairs. We construct a parametrix of N; near the boundary, additional arguments are needed. This
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parametrix recovers the solenoidal projection f* given Nf, up to a smoothing term. We show
that s-injectivity implies a stability estimate, uniform near any (g, «), in appropriate spaces, see
Theorem 4.3. We consider in this section and in Appendix B real analytic (g, «) and show that
then I is s-injective. A crucial element of the proof is that N is an analytic pseudo-differential
operator in the interior of M. This is delicate since the magnetic exponential map is only C!
smooth when £2 # 0, even in the analytic case. To handle this, the analysis is done in polar co-
ordinates. The s-injectivity for real analytic magnetic systems and the uniform stability estimate
imply s-injectivity of the magnetic ray transform for generic (g, «).

In Section 5, we show that [ is s-injective for simple magnetic systems with an explicit bound
on the curvature and §2. This relies on an analog of Pestov’s identity for our case, see [30,34]
that goes back to [23,24], see also the references there.

In Section 6, we consider the non-linear magnetic rigidity problem. We prove rigidity in a
given conformal class and rigidity within real analytic systems. We also show that if a simple
Riemannian manifold (M, g) is boundary rigid (within the class of Riemannian metrics), then it
is also magnetic boundary rigid. In this section we also study the local problem. We show rigidity
near any (g, «) in the generic class G using the analysis of the linear problem. This does not di-
rectly follow from the implicit function theorem, and the stability estimate in Theorem 4.3 plays
a crucial role. There is an essential difficulty compared to the Riemannian case o = 0 [37,38],
since we cannot decouple g and « in the linearization argument. This difficulty is resolved by
Lemma 6.7.

Section 7 is devoted to two-dimensional systems. Here we prove that two-dimensional simple
magnetic systems are magnetic boundary rigidity. This generalizes the boundary rigidity theorem
of [32]. Our proof essentially resembles that in [32], establishing a connection between the scat-
tering relation of a magnetic system and the Dirichlet-to-Neumann map of the Laplace—Beltrami
operator of the underlying Riemannian manifold.

2. Boundary determination, scattering relation, and volume
2.1. Boundary jets of the metric and magnetic potential

Here we show that up to gauge equivalence the boundary action function completely deter-
mines the Riemannian metric and magnetic potential on the boundary of the manifold under

study.

Lemma 2.1. If (g, a) and (g',a’) are simple magnetic systems on M with the same boundary
action function, then

i*g=i*g, ifa=i*d, 2.1
where i : OM — M is the embedding map.

Proof. Given x € 9M and & € T, (0M), let T(s), —e < s < &, be a curve on dM with t(0) = x
and 7(0) = &. It is easy to see that

li

A T(9)
lim ———— =[], —a(§).
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A similar equality holds for the magnetic system (g’, «’). Therefore,
&l —a(€) =I&ly — ().
Changing & to —&, we get
&g +a(€) = I&ly +a'(8),
whence we infer (2.1). O

Now, we prove that the boundary action function determines the full jets of the metric and
magnetic potential on the boundary. This generalizes the corresponding results of [20,22].

Theorem 2.2. If (g, o) and (g’, ') are simple magnetic systems on M with the same boundary
action function, then (g', &') is gauge equivalent to some (g, &) such that in any local coordinate
system we have 3" glay = 0" glay and 3" «e|gpr = 0™ &|gp for every multi-index m.

Proof. Denote by v the inward unit normal to M w.r.t. g. The “usual” boundary exponential
map expy(p, 1) =exp » (tv(p)), p € dM, t > 0, takes a sufficiently small neighborhood of the
set aM x {0} in 9M x R diffeomorphically onto some neighborhood of dM in M.

Let v" and exp’ denote the corresponding objects for the metric g’.

The map exp;,, o(exp) Mf1 is well defined in some neighborhood of dM in M and is the
identity when restricted to dM. We extend this map from a neighborhood of 9M in M to a
diffeomorphism f: M — M and put g = f*g’ and «” = f*o’. By Lemma 2.1, g and g induce
the same Riemannian metric on d M and, by construction, at each point of 0 M the inward unit
normal w.r.t. g coincides with the one w.r.t. g. Therefore, glop = glom -

Next, by Lemma 2.1, & and «” induce the same 1-form on d M. Applying Lemma 2.2 of [35]
to the form w = o — a” we find a function ¢ € C(‘)’O(M ) such that @ — d¢ induces the zero form
on every sufficiently short geodesic of g starting from d M in the normal direction. We now put
a=ca" +do.

Let us prove the equality of derivatives on the boundary. We will use the same argument as
in [20]. We fix xo € 8M and introduce boundary normal coordinates (x’, x") w.r.t. g near xo.
By construction, the same coordinates are boundary normal coordinates w.r.t. g. Thus, the line
elements ds? and d5? of these metrics are given by

2

n’

ds® = g, dx| dx + dx

d5? = g, dx! dx| + dx2,

where ¢, k vary from 1 to n — 1. Therefore, for h = g — g we have h;;, =0fori =1, ..., n. Also,
by the construction of &, for § = o« — & we have 8, =0.
It now suffices to prove that

N hiclx=xo =0, 3 Bilx=xy =0 form=0,1,...; t,k=1,...,n—1. (2.2)
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The case of m = 0 is granted. Assume that there is a least m > 1 such that (2.2) is not true.
The Taylor expansion of 4 and B then implies that there is a unit vector & € Ty,(d M) such that

1
Ehm(X)%“SK —B(x)E' >0 (or <0) (2.3)

for x" > 0 and x’ both sufficiently small and & close to &y. (Here ¢ and x vary from 1 to n — 1
because i1, = h,1 =0and 8, =0.)

For arbitrary x,y € OM,lety = yx y:[0, T]1 = M (y = ¥x,y:10, T]1—> M) be the unit speed
magnetic geodesic of the system (g, o) (system (g, &)) from x to y.

On the one hand, since y minimizes the time-free action w.r.t. (g, &), we have

T T
1

1 .
A(x,y)éifg‘i,( ®)y (t)y/(t)dr+5T / y )y (@) dt.

0 0

On the other hand, since y minimizes the time-free action w.r.t. (g, ),

T T
1 o 1 .
Alx,y) = E/[&y (y®)y' 0y’ @) dt + 5T - /cxi (y(t))a?’(t)] dt
0 0
Therefore,
T
1 . . .

/[Ehij (y®)y' Oy @) = Bi(y )y (t)} dt <0. (2.4)
0

Similarly, we derive the inequality

T
/ [ i (FO)F OF @) = Bi(F0)F (t)} (2.5
0

Continuing the proof of the theorem, we now choose x = xo and choose y = §(s), where
8:(—e, &) — OM is a smooth curve with 8(0) = xo and §(0) = &. Then for s > 0 sufficiently
small we see that, in view of (2.3), we cannot simultaneously have (2.4) and (2.5). This contra-
diction concludes the proof of the theorem. 0O

2.2. Scattering relation

Now, we define a scattering relation and restate our problem in terms of the scattering relation.
For (x,&) € SM, let yy¢:[£"(x,8),£(x,6)] — M be a magnetic geodesic such that
Ye,e(0) =x, 7, 6(0) =§&,and yy ¢ (€™ (x,8)), yx,e(£(x,§)) € M. Clearly, the functions £~ (x, §)
and £(x, &) are continuous and, on using the implicit function theorem, they are easily seen to
be smooth near a point (x, £) such that the magnetic geodesic yy ¢(¢) meets dM transversally
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att =€ (x,&) and t = £(x, &) respectively. By (1.3) and Lemma A.6 in Appendix A, the last
condition holds everywhere on SM \ S(0M). Thus, £~ and £ are smooth on SM \ S(OM).
Let 94 SM and 0_SM denote the bundles of inward and outward unit vectors over d M :

4 SM ={(x,8) e SM: x € 0M, (£, v(x)) >0},
I_SM ={(x,£) e SM: x € IM, (£, v(x)) <0},

where v is the inward unit normal to 9 M. Note that d(SM) = 0, SM U 9_SM and 0. SM N
0_SM =S(0OM).

Lemma 2.3. (Cf. [33, Lemmas 3.2.1, 3.2.2].) For a simple magnetic system, the function
L:9(SM) — R, defined by

€x, &) if(x,8) €0 SM,

L(x, &) :Z{Z_(X,E) l'f(x,g)eafSM,

is smooth. In particular, £:9,SM — R is smooth. The ratio (H;g)’% is uniformly bounded on

A(SM)\ S(OM).

Proof. Let p be a smooth nonnegative function on M such that 9M = p~'(0) and |grad p| = 1
in some neighborhood of dM. Put h(x, &, 1) = p(yx,£(t)) for (x,&) € 9(SM). Then

h(x,£,0)=0,

%(x, £,0 = (V(X), E),
ot

9%h

572 %+ &, 0) = Hess, P, )+ (v(x), Y (§)).

Therefore, for some smooth function R(x, &, 1),

1
h(x,&,1)=(v(x), &)t + E(Hessx p(E, &)+ (v(x), Y (§)))? + R(x, &, ).
Since h(x, &, L(x, &)) =0, it follows that L = LL(x, &) is a solution of the equation
1
F(x,& L) :=(v(x), &)+ E(Hessx P& &) +(v(x), Y &)L + R(x,£,0)L? =0. (2.6)
By (1.3), for (x, &) € S(OM)
oF 0)= (1 Y
a—L(x,E, ) = 5( essy p(€,8) +(v(x), Y (£)))
1
= (—Ax, &) + 1), Y(©)) <O.

2

Now, the implicit function theorem yields smoothness of L(x, £) in a neighborhood of S(dM).
Since IL is also smooth on a(SM) \ S(dM), we conclude that I is smooth on d(SM).
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Next, from (2.6) we get for (x,&) € 9(SM) \ S(0M)

B(Hessx P&, &) + V(). Y (&) + R(x, &, DL(x, s>} f‘jg—f;) = 1.

Again by (1.3) this yields boundedness of the ratio (Hv“((jf;) for (x, &) sufficiently close to S(d M)

(where L is sufficiently small), and clearly implies boundedness of the ratio on the whole set
aSM)\ S(oM). O

Definition 2.4. The scattering relation S:0,-SM — 0_SM of a magnetic system (M, g, ) is
defined as follows:

S(x,8) = (rre(Lx, ©)), yre (£(x, ).

The restricted scattering relation s: 9+ SM — M 1is defined to be the postcomposition of the
scattering relation with the natural projection of a_SM to M, i.e.,

s(x, &) =y e (E(x, 6)).

By the preceding lemma, S and s are smooth maps.
The next lemma generalizes the well-known assertion of [22].

Lemma 2.5. Suppose that (g, a) and (g, ') are simple magnetic systems on M such that g|yp =
&'lom- If the boundary action functions Algyxom and A |spxam of both the systems coincide,
then the scattering relations S and S’ of these systems coincide, S = S’.

In the opposite direction, we have the following:

Lemma 2.6. Suppose that (g, @) and (g, ') are simple magnetic systems on M such that g|yp =
&' lom and i*a = i*a’. If the restricted scattering relations s and 5" of the systems coincide, 5 = 5/,
then the boundary action functions of these systems coincide, Algpxom = A lomxom-

To prove these lemmas, we need one fruitful result.

Lemma 2.7. If (M, g, @) is a simple magnetic system, then for x,y € oM

%zyy)z_(?x,y(o)’f)*l-a(é) for& € Ty(IM),
oA (x, .
%:(V}c,yﬂw), 7)>—Ol(77) fOrneTy(aM),

where yx y :[0, T] — M is the unit speed magnetic geodesic from x to y.
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Proof. Fix x,y € OM, x #y,and £ € T,(0M). Let 7(s), —e < s < ¢, be a curve on dM with
7(0) = x and 7(0) = &. For every s, put y(f,5) = yi(s),y(t), 0 < t < T, denoting y = y (¢, 0)
and T = Ty, and consider

T
ct,s)=y ?t,s , 0<r«T.

Each curve c(, s) is defined on the interval [0, 7] and its length is exactly 7. We have

s 4
a& ds ds

s=0
Vs

Using the first variation formula for length and the fact that c(z, 0) = y (¢), we have

T
dT; . .
——=(0)= —(y(0), &) — /(Vy-y, V)dt,
0

where V(t) = % (¢, 0) is the variation field of c(¢, s). Using the equation of magnetic geodesics
(1.2) and the definition (1.1) of Y, we obtain

T

ary . .

s (0)——<J/(0),$)—/9(J/,V)dt-
0

On the other hand, it is easy to see that

T
i{/oz}:—oz(é)—i—[.Q(V,)})a?t.
ds

0

Vs

This gives the first formula of the lemma. A similar calculation gives the second formula. O

Proof of Lemma 2.5. By Lemma 2.1, a(v) = &’(v) for all v € T(dM). Using Lemma 2.7 and
the fact that both metrics are the same on the boundary, we easily conclude that the scattering
relations are the same. O

Proof of Lemma 2.6. Take x € 9M and define s, :9,SM \ S(OM) — OM \ {x} by 5,(¢§) =
5(x,&). This map is a diffeomorphism. Consider its inverse 5;1 :OM \ {x} - 0LSM. By
Lemma 2.7, for every y € 0M, y # x, we have for all £ € T, (0 M)

0A(x,y)
aE

The assumptions of the lemma imply that the right-hand side of (2.7) is the same for the second
magnetic system; therefore, so does the left-hand side. Now, the claim of the lemma is immedi-
ate. O

~{s1 (), §), +a(®. 2.7)
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Thus, for simple magnetic systems, the boundary rigidity problem is essentially equivalent
to the problem of restoring a Riemannian metric and a magnetic potential from the restricted
scattering relation.

2.3. Determination of volume

Here we show that the boundary action function determines the volume of the manifold. This
generalizes the well-known assertion of [22, Proposition 2.13].

Theorem 2.8. If (g, o) and (g’, ') are simple magnetic systems on M with the same boundary
action function, then the volume Volg M of M w.r.t. g equals the volume Volg M of M w.rt. g'.

Proof. By Santald’s formula (see (A.4) in Appendix A) we have

Volg M = — f 0(x, &) du(x, £).
)1—13+SM
Using
fa(x,s)dzzn—l(x,g)zo (2.8)
SM

and Santalé’s formula again, we obtain

Vol, M = / Ayeg)du(x, €). (2.9)

dySM

Wn—1

In view of Theorem 2.2 and Lemma 2.5, we may assume that the right-hand side of this equal-
ity is the same for the magnetic system (g’, «’). This yields the sought equality of volumes. O

3. Magnetic ray transform
3.1. Derivatives of the action function

Let (g, «) be a simple magnetic system on M. It is easy to see that there is an ¢ > 0 so that
every magnetic system (g + &, « + B), satisfying

hllc2 <é, 1Bllct <e, (3.1)

is simple.
Given h and B satisfying (3.1), consider the 1-parameter family (g*, «*) with

¢ =g+sh, o =a+sB, sel0,1].

Clearly, each of these systems is simple.
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Lemma 3.1. For x,y € oM,

dAg ot’(x y) 1
Ts /h v /ﬁ

where y; is the unit speed magnetic geodesic from x to y w.r.t. (g°, o).

If
hlom =0, Blam =0,
then

dZA s ax(x, y)
'8’7 CIRIZ + 1812,

ds?
with a constant C independent of h and B and C? locally uniform in (g, ).

Proof. Define

Ty
1
(s, 1) = Agr o (y5) = 5/ ’Vs(t)
0

Vs
Then

dAgs,as (x, y) a§0

0p
s ( s)+ a—r(s,S).

2 1 .
g,dl‘-ﬁ-in—/a .

547

(3.2)

(3.3)

(34)

(3.5)

By Lemma A.5, unit speed magnetic geodesics minimize the time-free action; therefore, for

a fixed 7, Agr,ar (¥s) has a minimum at s = 7, which yields
dg
—(t,7) =
3 (T, 7)

Next,

Ts
a¢_1/ a|,
ar 2 ) \ar "

0

Combining (3.5)—(3.7) gives (3.2).
Differentiating (3.2) and using (3.3), we obtain

Vs

5 T
d Ags,as (x, y)

ds?
0

2 [ d 1_1/ 2 _/
g,)dt /dta =3 (h,ys) B.
Vs Vs

:/ {E(Vy;hij)yslysj +hijs (Vi) = (Vg B — Bi (Vy“/y;)}dt’

(3.6)

(3.7)
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where y, = dy,/ds. Whence

dzAg‘,aS (x,y)

152 <C(llhlicr + 181 (vl +1Vyvslic)- (3.8)

By the equation of magnetic geodesics, we have

N

Vi, ¥s =Y (¥s), (3.9)

N N
where V stands for the covariant derivative related to g°, and Y is the Lorentz force associated
with g*, . The initial conditions are given by

v @) =x, (0 =(exp?) " ), (3.10)

where e>sgp & stands for the magnetic exponential map associated with g%, as. From (3.9) and
(3.10) we easily infer that

lville + 1V 9slle < C(IRller + 1Bller).- (3.11)

Combining (3.8) and (3.11) leads to (3.4). O
3.2. Magnetic ray transform

Let (M, g, «) be a simple magnetic system and ¢ : SM — R a smooth function on the unit
sphere bundle. We define the magnetic ray transform of ¢ to be the following function on the
space of unit speed magnetic geodesics going from a boundary point to a boundary point:

T
1¢(V)=[¢1=/¢(V(t),?(t))dt,
¥ 0

where y :[0, T] — M is any unit speed magnetic geodesic such that y(0) € 0M and y(T) €
oM. Assuming that the magnetic geodesics are parametrized by d4SM, we obtain a map
[:C®°(SM)— C(0+SM),

£(x,6)
Ip(x, €)= f (V' (x,8))dt, (x,&)€dLSM. (3.12)

0

In the space of real-valued functions on d;+SM define the norm
lp11* = / ¢*du
aLSM

and the corresponding inner product. Here du(x, &) = (§,v(x))d »2=2 (see A4 in Appen-
dix A). Denote the corresponding Hilbert space by Li(8+ SM).
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Lemma 3.2. The operator I extends to a bounded operator
I:L*(SM) — L2, (3, SM).

Proof. Indeed, it is easy to see that (/ (]5)2 <ClI ¢2, with some constant C independent of ¢.
Therefore,

f(1¢)2du<C / I¢2du:Cf¢2d22"‘1

84 SM 34 SM sM
by the Santal6 formula (A.4). O
3.3. Solenoidal and potential pairs

For a decomposition of a symmetric tensor field into a potential and a solenoidal part (relevant
when 2 = 0), we refer to [33,34].

In view of the linearization formula (3.2), we are mainly interested in / applied to functions
¢ that are of the form

G (x, &) =hij(x)EE) + B (x)E (3.13)

(and, more generally, that are polynomials in &). Then, given a symmetric 2-tensor # and a 1-
form B, we set for (x,&) € 0+ SM

T T

I[h,ﬂ](x,@=/hij(y<t))y"<t)y'f<t>dt+fﬂ,-(y<t))y'f(r>dt, (3.14)
0

0

where y =y, e, T =£(x,§).

If F is a notation for a function space (Ck ,LP, HF, etc.), then we will denote by F(M) the
corresponding space of pairs f = [, 8], with & a symmetric covariant 2-tensor and 8 a 1-form,
and denote by F (M) the corresponding space of pairs w = [v, ¢], with v a 1-form and ¢ a
function on M. In particular, L?>(M) is the space of square integrable pairs f = [/, 8], and we
endow this space with the norm

n—1
||f||2=f{|h|§+ T|,3|§}dV01, (3.15)
M

with the corresponding inner product. (The choice of the factor (n — 1)/2 will play its role in the
proof of Theorem 5.4.) In the space L£2(M) we will consider the norm

||w||2=/(|v|§+¢2)dw1. (3.16)
M
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Clearly, the norm of a pair [/, 8] in L?>(M) is equivalent to the norm of the corresponding
polynomial (3.13) in LZ(S M). Therefore, Lemma 3.2 implies that

I:LA2(M) — L7, (34SM)

and it is bounded.
Define Y : T*M — T*M by

Y =—(Y/n;), n=@)eT*M.

Note that this definition agrees with the map Y :TM — T M and the isomorphism between the
tangent and cotangent bundles via the Riemannian metric.

Clearly, I vanishes on functions ¢ (x, §) = G,y (x, &) if ¥ vanishes for x € dM. To find a
class of such functions that are polynomials of & of degree at most 2, assume that

Gplvi0)E + 9] = hij(0)E'E + B (x0)E7.
Since
Gu(vi()E + () =&/ [vi j& +vY| +¢,]= (dsv)ijéiéj + (g, —Y);)E, 317
we get
h=dv, B=dp—Y(v), (3.18)

where d°v is the symmetric differential of v. We used here the fact that the even part of (3.17)
w.r.t. & € Sy M determines the quadratic form (d°v);;& igJ, while the odd part determines B(£).
Next, knowing (d°v);;& igJ for n(n + 1)/2 generic & € Sy M is enough to recover v; similarly
knowing (&) for n linear independent £ € S, M is enough to recover . We have the following
stronger statement.

Lemma 3.3. Fix x € M. Given any open subset V of Sy M, there exist N =n(n + 1)/2 4+ n vec-
tors§m €V, m =1,..., N, such that [h, B] is uniquely determined by the values of ¥ (x,§) :=
hij(x)&'&7 + Bj(x)§) at§ =&, m=1,...,N.

Proof. Since x is fixed, we denote ¥ (&) = ¥ (x,&). We show first that v (£), known for all
& € Sy M, determines [A, B]. Since ¥ (£) is a linear functional of [4, 8], and the latter belongs to
a linear space that can be identified with RV it is enough to show that v/ (§) = 0 implies & =0,
B = 0. By replacing & by —&, we get that hijf;‘ié-/ =0, B; J'= 0. The second relation easily
implies that 8 = 0. The first one implies & = 0 easily as well (see, e.g., [33], where also a sharp
estimate is established).

Next, assume that ¥ (£§) =0 in V. Then ¥ (§) = 0 on S, M by analytic continuation, thus
[k, B] = 0. Finally, since for any fixed £, ¥ (£) is a linear functional belonging to (RV) = R¥,
and {1 (§); & € V}is a complete set, there exists a basis ¥ (&), k=1,..., N,init. O

Remark 3.4. We can say a bit more. Since the determination of [/, 8] is done by inverting a linear
transform, one can choose &,, continuously depending on x, if x belongs to a small enough set X,
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such that the map {¢¥ (x, &,(x)), m=1,..., N} — [h, B] is invertible with a uniform bound on
the inverse. Then this can be extended to compact sets X .

Definition 3.5. We call a pair [k, 8] € L2(M) potential if Egs. (3.18) hold with [v, ¢] € H(l) (M).

This can be written as follows:

h v d 0
(3)-2(5) =% 2)
where d* stands for the symmetric derivative acting on covector fields and d is the usual differ-

ential acting on functions (which coincides with the symmetric differential on functions).
Clearly, potential pairs satisfy

1(d[v, ¢1) =0. (3.19)

This follows from (3.17) if v, ¢ are smooth, and follows by continuity for general v, ¢, once we
establish the mapping properties of N = I*I below.

We will relate potential pairs to the non-linear problem. Let (g, «) and (g, @) be two gauge
equivalent pairs, i.e., g = f*g and o’ = f*a + dp with some diffeomorphism f: M — M,
fixing 9 M, and some function ¢ vanishing on d M. Linearize this near f =Id and ¢ = 0. In other
words, let f; be a smooth family of such diffeomorphisms with fy = Id and let ¢* be a smooth
family of such functions with ¢ = 0. Let g* = f¥g, oF = f¥a +d¢?, and we will compute the
derivatives at T = 0. It is well known [33, (3.1.5)] and is easy to calculate that dg®/dt|,—9 =
2dv, where v = df; /dt|,=o. Let dp* /dT|,—0 = . Since of = (e o f;)df7 /dx' + g7 /0x',
we get

— T __ ] j
Bi _d_ o; _vfajai+o¢j8,-vf+w,i
Tlr=0
=vlaj+ajvl + ¢,

=vla; ;i + (Oljvj)’l. —vaji+,
= —(doz)ijvj + (otjvj + 1//)’1..
Using (1.4), (1.1), and treating v as a 1-form (by lowering the index), we obtain
B=Y)+d({a,v) +¥).

This shows that

d
drt

1 d
[—gt,—at] =d[v, — (o, v) —¥], wherev= dfe
=0 d

do’®
2 T V=

=0 dt

(3.20)

=0

Since v can be arbitrary (as long as it vanishes on d M), we see that the linearization of (g’, «’)
near f =1d, ¢ =0 is given by d[v, Y] with v, ¥ that can be arbitrary.
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For future references, let us mention that by (3.17)

d
Gu(w, &) =(dw.§) — E(W(V), y)=(dw(y), y) (3.21)

for any unit speed magnetic geodesic y (), where w = [v, ¢], and we used the notation (f, &) =
(h,&%) + (B, &), where £ = [k, B], and similarly (w, &) = (v, &) + ¢.

Definition 3.6. We say that  is s-injective if I[h, 8] = 0 with [k, ] € L?(M) implies that [/, 8]
is potential, i.e.,

h=dv, B=-Y(v)+dg (3.22)
with [v, ] € H}(M).

Let [A, B] be orthogonal to all potential pairs. Then

/{(h, d*v) + nT_l(ﬁ, —Y(v) —i—dgo)}dVol =0

M

for all v, ¢ vanishing on dM. Then

n—1 n—1
—/{(M - Y(B), v) + T(Sﬁ)go}dVol:O,
M

2

where § is the divergence. Therefore,

n—

5 ! Y(B)=0, 88=0. (3.23)

8h —

Definition 3.7. We call a pair [k, B] solenoidal if Egs. (3.23) hold.

h s —i-ly
8(/3>_0’ 6'_<0 1) )
Thend = —§*.

In terms of the operators 8, d, the solenoidal pairs are defined as the ones in Kerd, and the
orthogonal complement of Keré is Rand, consisting of potential pairs. Next, we will describe
the projections to solenoidal pairs.

We will show first that the operator —é&d is an elliptic second order (and clearly, a formally
self-adjoint) operator, acting on pairs w = [v, ¢], where v is a 1-form and ¢ is a function on M.
First, notice that

This can be written as

(=8dw,w) = [ldw|?, ~weC5(M™); (3.24)
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thus, —4d is a non-negative operator. Let o, (P) stand for the principal symbol of P. Then (3.24)
implies that for any such w and a fixed x

(—o,Bd)w, w) = o, @w]7, (3.25)

where the inner product and the norm are in the finite dimensional space to which w belongs,
i.e., they are as in (3.16) before the integration. We will show that —o7,(8d) is in fact a positive
matrix-valued symbol for & # 0. Since it is homogeneous in the dual variable &, it is enough to
show that —o,(8d)w = 0 implies w = 0 for & # 0. In view of (3.25), if —o,(6d)w = 0, then
o, (d)w =0. Then o, (d*)v =0 (see (4.6)), E¢ =0, where [v, ¢] = w. It is well known [33,34],
and easy to see directly, that d° is elliptic, therefore v = 0. Next, £¢ = 0 implies ¢ = 0 as well.

Note that the Dirichlet boundary conditions are coercive for d, because the latter is positive
elliptic. We will show that the kernel and the cokernel of this elliptic problem are trivial. If w
belongs to the kernel of §d, and satisfies Dirichlet boundary conditions, it has to be smooth and
then (3.24) holds for it as well. Then dw =0 and w = 0 on d M. This easily implies w = 0 in
M by integrating (3.21) along magnetic geodesics connecting boundary and interior points, and
using Lemma 3.3. Using standard arguments, one easily checks that the cokernel of §d equipped
with Dirichlet boundary conditions, is trivial as well. Indeed, fix u in the cokernel. Since u
is orthogonal to ddw for all w € C;° (M™), we get that §du = 0. This in particular implies
that u has a trace on d M, and choosing w’s with a dense set of normal derivatives on d M, we
show that this trace vanishes. Therefore, u = 0 by what we proved above. Denote by (8d)p the
Dirichlet realization of dd on M. The arguments above show that (§d)p is an invertible self-
adjoint operator.

We define the following projections

P=d(d),'s, S=I1d—P. (3.26)
Then f* = St is solenoidal, Pf = dw is potential, and we have the orthogonal decomposition
f=f +dw

into the solenoidal and potential parts.

Since I vanishes on PL?(M), the s-injectivity of I is then equivalent to the following: I is
injective on SL2(M).
3.4. Adjoint of 1

For a fixed simple (g, «), consider

LA (M) — L7, (04+SM)
and consider its dual
I*: L7, (0, SM) — L*(M).

We will now find an expression for 7*. Let f = [A, 8] and ¢ (x, §) be asin (3.13). Let ¥ (x, &) €
C(0+SM). Then
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£(x,8)
(£ 9) = / Y e 8)du(x, £) / [ (76 )7 OFL o) + Bi (e e )71 (0] d.
9, SM 0

By Santalé’s formula (A.4) of Appendix A, we get

(If,9) = / [7ij(OEE + B (0)E Y (x, £) d 2 (x, &),

SM

where % (x, £) is defined as the function that is constant along the orbits of the magnetic flow
and that equals ¥ (x, &) on 1 SM. Let do, (§) be the measure on Sy M. Then

(If, ) = f i () / EEiyt(x, £) doy (8) d Vol (x)

M ScM

+fﬂ,-<x> / £y (x, £) doy (§) d Vol (x).

M SeM

Therefore, see also [35],

SxM

1*1/f=[ [ gevicoine = [ s’w%x,s)dm(s)] (3.27)
SxM

3.5. Integral representation for the normal operator

Let M; O M be another manifold with boundary (a domain in R", actually) such that
M}m D M. Extend g, « to M. Then (M1, g, «) is still simple if M is close enough to M.
Choose xg € M| \ M, and consider the map

(expﬁ0)71:M1 — (expﬁc‘o)*l(Ml).

It is C°° away from x = x, therefore it is a C* diffeomorphism to its image, if we restrict it to
any compact submanifold My, of M %m_ We can assume that M /> has a smooth boundary, and
that M il}tz D M. We denote My, by M again, and the map above gives us global coordinates in
a neighborhood of M that can be identified with a subset of R" with a smooth boundary. So in
this section, M is considered as a subset of R". If g, « are analytic, and M is analytic, then we
will also assume that 9 M is analytic.

Denote by /; the magnetic ray transform on L2(M),

I :L2(My) — L}, (. SM),
and denote by I its dual. Set

N=I1. (3.28)
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Extending all tensors as 0 on M1, we consider L2(M ) as a subspace of L2 (My). In this way
we may consider N as the operator

N:L2(M) = L>(M)).
We then define s-injectivity of N as in Definition 3.6.
Lemma 3.8. N :L2(M) — L2(M)) is s-injective if and only if I is s-injective.

Proof. Let N be s-injective. Assume that If =0 with f € L2(M). Then I;£=0 on 0+SM; as
well, therefore Nf =0, which implies that f is potential.
Now, assume that / is s-injective and let Nf = 0. Then

— _ 2
0= (N, f)LZ(Ml) = ”hf”Lﬁ(aJrSMl)’

therefore, /f = 0 as an element of LIZL(BJr SM) as well, hence f is potential. O

We will find an integral representation of N and will show that it is a ¥ DO in a neighborhood
of M, following [36-38].
Using (3.27), and replacing &€ by v, we get the following.

Proposition 3.9.
2
Nf=| Nah + N1 B, m(Nnh‘f‘Nll,B) , (3.29)

where

V1Y () = f o' doy (v) / Bi (v )71 (0,

Sy My

(N12h) (x) = / v do (v) / hij (e ) VL, (7L, (@) dt,

Sx M

(NaB)' 7 () = / v'v7 oy (v) / Bi (v )71 (0 dt,

Sy My

(Na2h)™7' (x) = f v v/ doy (v) / hij (Ve )7L, (O (@) dt. (3.30)
Sy M,

In each of the integrals above, split the 7-integral into two parts: /4 corresponding to ¢t > 0,
and /_, corresponding to ¢ < 0. In I, make the change of variables y = y, ,(¢) = expl (tv).
Then tv = (exp)~!(y), and ¢, v are C* functions of x, y away from the diagonal x = y. We
treat /_ in a similar way by making the substitution ¢ = —¢, v = —v. To this end, note that the
simplicity assumption implies that the map

expl " (tv) =moy I (—v), 120, veS M, (3.31)

is also a C! diffeomorphism for every x € M.
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We analyze the Schwartz kernel of N near the diagonal below, but at this point we just want to
emphasize that it is smooth away from the diagonal and therefore N has the pseudolocal property.

4. Analysis of the operator N. Generic s-injectivity

In this section, we analyze N and prove s-injectivity for analytic (g, ), and for generic ones.

Here we first assume that [g, o] € Ck (M). As a result, various objects related to g, o will
have smoothness /(k) such that [ (k) — oo as k — oo. To simplify the exposition, we will not try
to estimate [ (k) (actually, I(k) = k — ko with ko depending on n only). We will say that a given
function (or tensor field) f is smooth, or that f € C', if such an [ = I(k) exists, and [ may vary
from line to line. In particular, if k = oo, then [ = oco.

At the end of the section we analyze the case in which (g, ) is an analytic magnetic system.

4.1. More about the magnetic exponential map at the origin

In order to study the singularities of the kernel of N near x = y, we need more precise infor-
mation about the exponential map at the origin. One of the interesting features of the magnetic
problem is that the magnetic exponential map is not C2 unless £2 = 0 by Lemma A.7. On the
other hand, in polar coordinates, it is a smooth map. We are therefore forced to work in polar
coordinates.

Consider y = expﬁ (tv) = yx (1), where v € Sy My, and ¢ > 0 are such that y € M;. Recall
that M now is a subdomain of R"”. We are interested in the behavior of y for small |¢| near a
fixed xo, therefore, we can assume that we work in U = {x; |y — xo| < &} with 0 < & « 1 such
that U is strictly convex w.r.t. the magnetic geodesics as well as w.r.t. the Euclidean metric.

By Lemma A.7, the map tv = £ > y is not C? in general. On the other hand, the map (¢, v)
y is smooth, and respectively analytic, if g is analytic, and in fact extends as a smooth/analytic
map for small negative ¢ as well, by the formula y = y, , (¢). Similarly, the function m (¢, v; x) =
(Yx,v(t) — x)/t has the same smoothness, therefore

Ya(t) —x=tm(t,v;x), m(0,v;x)=v. 4.1
We introduce the new variables (r, ) € R x S, U by
r=t|m(t,v;x)}g, w:m(t,v;x)/|m(t,v;x)|g. “4.2)

Then (r, w) are polar coordinates for y — x = rw in which we allow r to be negative. Clearly,
(r, w) are smooth/analytic at least for ¢ small enough, if g is smooth/analytic. Consider the Jaco-
bian of this change of variables

J :=det o, w)'
(. v)

It is not hard to see that J|;—9 = 1, therefore the map R x S, U > (¢,v) > (r,w) e R x S, U is a
local C!, respectively analytic, diffeomorphism from (a neighborhood of 0) x S, U to its image.
We can decrease ¢ if needed to ensure that it is a (global) diffeomorphism on its domain because
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then it is clearly injective. We denote the inverse functions by ¢ =#(r, w), v = v(r, ). Note that
in the (r, w) variables

t=r+0(rl), v=w-+0(rl), Ve (@) =w+ O(r]). (4.3)
Another representation of the new coordinates can be given by writing
Eprf(t, V) = Y,0(@).

Then

Expff(t, V) —X

r = sign(t)[Exp/ (t, v) — x 1Exp(t, 0) — x|y
x s 8

= w = sign(t)

and

(t,v) = (Expﬁf)i1 (x +row)
with the additional condition that r and ¢ have the same sign (or are both zero).
4.2. Principal symbol of N

Since we showed that the Schwartz kernel is smooth away from the diagonal, and we want to
prove eventually that N is a ¥ DO, it is enough to study the restriction of N on a small enough
set U as above. We analyze N»,, for example. Perform the change of variables (¢, v) — (r, ) in
(3.30), to get

(szh)i/j/(x)z / /vi/(r,a);x)vj/(r,a);x)hij(x+rw)wi(r, w; X)w’ (r, w; x)
SxU R

X J_l(r,a);x) drdoy(w), 4.4)

where w(r, w, x) = yx (t), and supph C U.
This type of integral operators is studied in Appendix B. Applying Lemma B.1 and the remark
after it to N»z, see (4.4), and proceeding similarly for the other operators Ny;, we get

Proposition 4.1. Ny, k,1 = 1,2, are YDOs in M}“t with principal symbols

oy (N1 (x,8) = 21 / o' (0 &) doy (),
SyU

op(N12)" (x, ) =27 / o' o'W §(w-§)do (@) =0,
S U

op(Na1)' i (x, 6) = 27 / o o W@ €) doy (@) =0,
SyU

0p(N2)' ' (x, &) =27 f o o o §(w-E)doy(w). (4.5)

S U
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Here w - & = a)féj. The reason for 0,(N12) =0, 0,,(N21) = 0 is that they are integrals of odd
functions. We therefore get that, as a ¥ DO of order —1, 0,(N) = diag(o), (N22), %ap (N11)).
Note that the principal symbols of N1, N are the same as in the case of “ordinary” geodesics,
i.e., they do not depend on Y. Explicit formulas for o, (N11), 0, (N22) can be found in [36,37]
and they are based on the analysis of the Euclidean case in [34]. Similarly, the principal symbols
of d and § are independent of Y and are given by

1 . ;
op(@[v, p] = diag(i(éivj +&jvi), Si¢>, op®lh, Bl = (67 hij &7 8;).  (4.6)

It is well known [37,38], and follows immediately from Proposition 4.1, that Ny; is elliptic on
solenoidal tensors, i.e., 0, (N22) [, B] =0 and 6, (8)[A, B] = 0 imply [A, B] = 0. Similarly, N1y
is elliptic on solenoidal (divergence free) 1-forms. As a result, N is elliptic on solenoidal pairs.

We want to emphasize here that pairs solenoidal in M and extended as zero to M7 \ M (that
we always assume), may fail to be solenoidal in M| due to possible jumps at 9 M.

4.3. Parametrix of N

We proceed as in [37,38]. We will define the Hilbert space H 2(M 1) as in [37,38]. Let x =
(x’, x™) be local coordinates in a neighborhood U of a point on d M such that x” = 0 defines M.
Then we set

n—1
wmgmw=/(}:wﬂfﬁ+h%ﬂff+uﬁ)dwmm.
j=1

U

This can be extended to a small enough neighborhood V of d M contained in M;. Then we set

n
L W g2 any = D102 £l gy + 1F g oy - .7
j=1

We also define the H 2(My) space of symmetric 2-tensors and 1-forms, and also the H 2(M))
space of pairs f = [h, 8] which we denote by H2(M)). Clearly, the latter is a Hilbert space and
H2(M1) C H (M) C H! (M),

The space H2 (M) has the property that for each f € H! (M) (extended as zero outside M),
we have Nf € H2(M)). This is not true if we replace H2(M;) by H2(M)).

Lemma 4.2. Foranyt =1,2,..., 00, there exists k > 0 and a bounded linear operator
0 :H*(M;) — SL*(M) (4.8)
such that
ONf=f + Kf forallfec H' (M), (4.9)

where K :H' (M) — SH't'(M) extends to K :L>(M) — SH!(M). If t = oo, then k = oo.
Moreover, Q can be constructed so that K depends continuously on g in a small neighborhood
of a fixed gy € CK(M).
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Proof. We will first reconstruct the solenoidal projection f}v\/h from Nf modulo smooth terms.
Recall that we extend f as zero outside M, and fful is the solenoidal projection of the so-extended
fin M. Next, we will reconstruct f* from fj'ul . We follow [37,38].

As in [37,38], we will work with ¥ DOs with symbols of finite smoothness k& > 1. All op-
erations we are going to perform would require finitely many derivatives of the amplitude and
finitely many seminorm estimates. In turn, this would be achieved if g € C kyec k, k> 1, and
the corresponding ¥ DOs will depends continuously on g, Y.

Since N is elliptic on solenoidal pairs, we get that

W := N + NoPy, : C®(M) — C (M)

is an elliptic ¥ DO of order —1 in M™, where Ny is any properly supported parametrix of
(— )1/ (having principal symbol [£ [, ). Next, Wf, restricted to a small neighborhood of 8 M,
in M1, is smooth because suppf C M. Therefore, there exists a left parametrix P to W such that
PW —1d:L2(M) — H' (M) with z > 1, if k > 1. Then Sy, (PW —1d)Syy, has the same prop-
erty, therefore Py := Sy, P satisfies P1N = Sy, + K2, where K> has the smoothing properties
above, therefore,

PINf=1f}, + Kof. (4.10)

The next step is to compare f* and f§v11' We have ¥ = f‘jwl + du, where u = wy;, — w, and
the latter are the potentials related to f in M| and M, respectively. Notice that d commutes with
the extension as zero when applied to w because the latter vanishes on d M. Then u solves the
boundary value problem

(ddu=0 inM, ulom =wumlom- “4.11)
We need to express wyy, |gm in terms of Nf. Since f = 0 outside M, relation (4.10) implies that
—dwy, = PINf— Kof in Mi\ M. (4.12)

Let (x,&) e S(M }“‘ \ M inty pe such that the magnetic geodesic yy g(1), t > 0, can be extended
in M}m \ M™ for ¢ € [0, £; (x, &)) and yy g(£1(x,&)) € 0My; and moreover, Yy ¢ is transversal
to dMy. Such (x, &) clearly exist if My is close enough to M and if y, ¢ is close to the outgoing
magnetic geodesic normal to d M. Using (3.21), integrate (4.12) along such y, ¢ to get

£1(x,8)

(W, (), §) = /((Ple—Kzf)(yx,g),?x,g>dl- (4.13)
0

Here we denote (w, &) = vjéj + ¢, where w = [v(x), ¢(x)] with a 1-form v and a function ¢,
see also (3.21). Similarly we define (f, £). By Lemma 3.3, for a fixed x, one can reconstruct
v(x), ¢ from (w, &) known for finitely many &’s in any neighborhood of a fixed &, and this is
done by inverting a matrix. Moreover, one can do this near any fixed x, and the norm of the
solution operator is uniformly bounded in x, see the remark after Lemma 3.3. By a compactness
argument, one can construct an operator P, such that

Wi, (O lom = P2(PIN — K2)f. (4.14)



560 N.S. Dairbekov et al. / Advances in Mathematics 216 (2007) 535-609

Arguing as in [37], we see that
PP :H> (M) — HY>(9M) (4.15)

is bounded. Let R : H'~1/2(M) — H' (M) be the solution operator u = Rh of the boundary value
problem §du =0in M,u=hon dM. Then (4.10), (4.11), (4.14), and (4.15) imply (see also [37])

' = (Id+dR P>) P Nf + KT,

where K has the required smoothing properties. We apply S to the identity above and set Q :=
S(d+dRPy)P;.

To prove the last statement of the lemma, we note that all ¥ DOs we work with depend con-
tinuously on g, « if k 3> 1. The same appliesto S, R and P,. O

4.4. Main results for C* coefficients

Theorem 4.3. Let (g, ) be a simple C* magnetic system on M extended to a simple magnetic
system on M. Then, for k > 1,

(a) KerI N SLZ(M) is finitely dimensional and included in Cl(M), where ] — 00 as k — oo.
(b) Assume that I is s-injective for the pair (g, o). Then

HfS”LZ(M) < ClINEll g2 g, (4.16)

with a constant C > 0 that can be chosen to be uniform in (g, &) under a small enough C*
perturbation.

Proof. This theorem is an analog of [37, Theorem 2] except for the uniformity statement which
is similar to an analogous result in [38]. Part (a) follows directly from Lemma 4.2. Part (b),
without the last statement, can be deduced from Lemma 4.2 as well, as in [37]. Finally, the proof
of the statement about the uniformity of C is identical to that of [38, Theorem 2]. O

Without the assumption that I is s-injective, one has a hypoelliptic a priori estimate that
can be obtained from (4.16) by adding Cs|l fllg-sum,), ¥s > 0, to its right-hand side, see [37,
Theorem 2(a)].

Corollary 4.4. The set of simple C* magnetic systems (g, «) with s-injective magnetic ray trans-
form I is open in the C¥ topology, if k > 1.

The next lemma is a linear version of Theorem 2.2, see also [38, Lemma 4].

Lemma 4.5. Let (g, ) be a simple C* magnetic system on M. Let f € L>(M) be such that If = 0.
Then there exists a C' pair w, with | — 00 as k — 00, vanishing on dM, such that for f := f —dw
we have

flom =0, |m| <1, (4.17)

and if f=1[h, B, then in semigeodesic boundary normal coordinates,
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hin=B.=0 foralli. (4.18)
If k = oo, then | = 0o and, in particular, (4.17) holds for all m.

Proof. In view of Theorem 4.3(a), we may assume without loss of generality that f € CH(M).

We now show how to construct f satisfying (4.18). We refer to [13,35] for similar arguments.
Let (x/, x™) be semigeodesic boundary normal coordinates. Then g, = 8;,, I’ ”in = Fl’,’l =0 for
alli. Let f=[h, 8], w = [v, ¢]. Condition (4.18) is equivalent to

Vl Uy + ani = 2hin7 3n§0 - Y’i v, = ﬁn. (4.19)

The first system can be solved by setting first i = n and solving 9,v, = hy,,, v, =0 for x" =0
by integration. Then we solve the remaining system of n — 1 ODEs of the form

v, — 20K ve =20 — vn, t=1,...,n—1, (4.20)

with initial conditions v, = 0 for x” = 0. Finally, we solve the second equation in (4.19) with the
same zero initial condition. This defines w near d M. To define w in the whole M, we replace w
by xw, where x is an appropriate smooth cut-off function equal to 1 near d M and supported in
a larger neighborhood of d M.

To prove (4.17), we argue as in Theorem 2.2, following [20]. Assume that (4.17) is not true at
some xo € M. Then by studying the Taylor expansion of (f, &) = hy£'€* + BE* near x = xp,
we see that there is &y € T (d M) such that (f', &) is either strictly negative or strictly positive for
& lying in some neighborhood of &j. This contradicts the fact that / f=0if we integrate over

magnetic geodesics originating from x with directions close to §y. O

4.5. Analytic magnetic systems

Assume that M is an analytic manifold with smooth boundary d M that does not need to be
analytic (that can always be achieved by choosing an analytic atlas; and in case we have a simple
system, we can start with a fixed global coordinate system and do only analytic changes of
variables). We will show that then I is s-injective, if (g, &) are analytic. By “analytic,” we mean
real analytic, and we say that f is analytic in the set X, not necessarily open, if f is analytic in
a neighborhood of X. Then we write f € A(X). Notice that one can construct an analytic M; as
before.

The central result of this section is the following.

Theorem 4.6. If (g, o) is an analytic magnetic system on M, then I is s-injective.
We will give a proof at the end of this section.

Theorem 4.7. Let g, a be analytic in M. Then Ny, k,l =1, 2, are analytic ¥ DOs in M}m with
principal symbols as in Proposition 4.1.

Proof. Notice first that by (3.30) and the simplicity assumption, Nj; have Schwartz kernels
that are analytic away from the diagonal. Therefore, it is enough to prove the theorem for
N > restricted to an arbitrary small open subset of M. This, however, follows from (4.4) and
Lemma B.3 of Appendix B. O
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Lemma 4.8. Let g, « be analytic in My and assume that If =0, f € L>(M). Then £ € A(M).

Proof. Consider the solenoidal projection f} = f — dwyy, of f (extended as O outside M) on M.
Since Sfj'wl =0and N f‘j'wl =0 in M}™, and since § and N together form an elliptic system of
analytic ¥ DOs (we can apply an elliptic ¥ DO of order 2 to the left of N to make the new
operator and & of the same order, see also [37,38]), we get that fful € A(M}m). On the other
hand, wy, solves ddwy, =0in M i“t \ M, wy, =0on dMi, and by elliptic boundary regularity,
see [38, Lemma 3] and references therein, we have that wyy, is analytic up to d My, therefore
fj\/ll e A(My).

Next, we have ¥ = f‘jw + du, where u = wy;, — w, see also the proof of Lemma 4.2. Then u
solves the boundary value problem (4.11), and all we need is to prove that wyy, [ is analytic.
Note that in general, wyy, is not analytic across d M, because dwy,, may have a jump there but it
belongs to H ! because d is elliptic; therefore the trace on dM is well defined. Since dw M, = fj,,]
in M{“t \ M, and it is analytic in its closure, in the notation of (4.13), we have

£1(x,8)

wan (0 E)= [ (B3, ) e
0

for x € 9M and £ in a small neighborhood of the unit exterior normal to d M. This, combined
with Lemma 3.3 and the remark after it, shows that wyy, |5 is analytic. O

Lemma 4.9. Under the assumptions of Lemma 4.5, assume that g and o are analytic in a neigh-
borhood of M. Then £ =0 in a neighborhood of OM.

Proof. It is enough to notice that near M, w in the proof of Lemma 4.5 is obtained by solving
ODE:s with analytic coefficients. Therefore, f is analytic in a neighborhood of d M, and it must
vanish there by (4.17). O

Proof of Theorem 4.6. We first find w as in Lemmas 4.5 and 4.9 such that f = f — dw vanishes
near 0M, i.e.,

f =dw near M. 4.21)

Our next goal is to show that one can extend w = [v, ¢] to the whole M analytically; then (4.21)
would be preserved by analytic continuation (recall that f¥ is analytic by Lemma 4.8), and this
would imply ff = 0.

Let u(x,&) be the solution of the kinetic equation G u = (£, &) with u =0 on 0+5M.
Integrate to get

5(x,8)
ut(x, &) =7F / (£ (ve.6), vag)dt,
0
where £7 stands for £. Since If =0, we have u. + u_ = 0. For (x, ) such that x is close

enough to M and & close enough to —e,, (in boundary normal coordinates), we have u4 (x, &) =
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(dw, &) = (v(x), &) +@(x) by (4.21) and (3.21). This also implies —u_(x, &) = (v(x), &) + ¢(x).
If we replace & by —£, since —¢£ is close to e, we get by (4.21), —u_(x, —&) = —(v(x), &) +
@ (x); therefore, uy (x, —&) = —(v(x), &) + @(x).

In particular, for x close enough to 9 M and & € Sy M close enough to either e, or —e,,

(X)) = U4 even(x, §), v (x) = 8,7 nlgU+ o0da (X, ?’//Inlg)||,7|g:1, (4.22)
where 4 odd/even Stands for the odd/even part of u; w.r.t. §. The derivative on the right-hand
side of (4.22) can be written as Pu oqq, where P is a first order differential operator on Sy M
with coefficients analytically depending on x and &. A direct differentiation shows that (Pu); =
Ogju — éjéi Ogiu + &ju, and the first order part is clearly tangent to Sy M.

We define ¢(x,£&) and v(x,&) by (4.22) on the whole SM. Since uy(x,£) is analytic
on SM, so are ¢(x,&) and v(x,&). By (4.22), in some open set they are independent of &,
ie., grads d(x,€) =0, grads v(x, &) = 0 there, where grads stands for the gradient on S, M.
Those equalities extend to the whole SM by analytic continuation; therefore, (4.22) defines &-
independent ¢ and v in the whole M, and they are analytic functions of x. O

We are ready now to state the generic s-injectivity result.

Definition 4.10. For a fixed manifold M, we define G¥ to be the set of simple C k pairs (g, )
with s-injective magnetic ray transform [ = I 4.

Theorem 4.11. There exists ko > 0, such that for k > ko, the set G* is open and dense in the set
of all simple C* pairs (g, ) and contains all real analytic simple pairs.

Proof. By Corollary 4.4, G is open. By Theorem 4.6, it is dense. O
5. Energy estimates method
It is easy to see that if (M, g, ) is a simple smooth magnetic system and the magnetic ray

transform of a smooth function ¢ : SM — R vanishes, then ¢ is the flow derivative of a unique
function u which is continuous on SM, smooth on SM \ S(dM), and vanishes on 9(SM):

Guu=¢, ulasmy =0. (5.1
Indeed, u is defined by the formula

x8)
u(x, &) = — / (V' (x,6))dt, (x,) e SM. (5.2)

In this section we will analyze the linear problem (5.1) for ¢ (x, &) of degree at most 1 in &
(the linear problem for 1-tensors) and for ¢ (x, &) of degree at most 2 in £ (the linear problem for
2-tensors).
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5.1. Semibasic tensor fields

We recall the notion of semibasic tensor field and its derivatives (we prefer to adhere to the
notations of [12]).

Let w : TM \ {0} — M be the natural projection, and let 8 M := n*t] M denote the bundle
of semibasic tensors of degree (r, s), where t]/ M is the bundle of tensors of degree (r, s) over M.
Sections of the bundles g M are called semibasic tensor fields, and we denote the space of
smooth sections by C°°(8; M) (in particular, Coo(ﬂgM) = C%®(TM \ {0})). For such a field T,
the coordinate representation

T=(T;"7)(x. &)

holds in the domain of a standard local coordinate system (x’, £') on 7 M \ {0} associated with a
local coordinate system (x") in M. Under a change of a local coordinate system, the components
of a semibasic tensor field are transformed by the same formula as those of an ordinary tensor
field on M.

Every “ordinary” tensor field on M defines a semibasic tensor field by the rule T +— T o, so
that the space of tensor fields on M can be treated as embedded in the space of semibasic tensor
fields. o

For a semibasic tensor field (T;l'.'_'.'l:.;)(x, &), the horizontal derivative is defined by

o P 9 .

odp Uelr _ P gq fedr

Judslk ™ gk T~ gt dEP T

r r
im pileeln—1Plmt1---0r _ P .0y
+ Z ka T]l]s ijm lemjm—lpjerlm]'s ’
m=1 m=1
the vertical derivative by
0

ipedy i1...0r
JieJsk = ask JieJs?

and the modified horizontal derivative by

i1y _ ity Jopit.iy
Ty e =T o HIEIY TG

The operators
Vi:CZ(BIM) > C¥ (B M), Vi CX(BIM) — C= (B, M),
and

V.:C® (B M) — CX (Bl M),

are defined as
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ifeir iy . pil.dp
D) e = Vi =T e

iy ey igendy
V) = VT =T

and

ipedy [ P S 7
V1) e = VT = T3 e

For convenience, we also define V!, V', and V' as

h v
In [30,34], the operators V| and V. were denoted by V and V respectively.
Given u € C*(T M \ {0}), we define

Xu(x, &) =& uy =& (uy + 161/ u.j).
Note that X restricted to SM coincides with G,.
For V = (V') € C®(B} M), we set
h . m . v . . ki
divV := V|§" divVv =V, divv =V}, XV) =&V,
Note if y is a magnetic geodesic, then
W) (@), 7®) =V V(@) y(0)).

Given a function u: SM — R, we will also denote by u its extension to a positively homo-
geneous function of degree 0 on 7'M \ {0} (hoping that this will not yield any confusion). For
a smooth ¢ the smoothness properties of u defined by (5.2) are determined by those of £(x, &).
As mentioned in the beginning of Section 2.2, the latter function is smooth on SM \ S(dM). All
points of S(dM) are singular for £ as some derivatives of £ are unbounded in a neighborhood of
such a point. Nonetheless, some derivatives are bounded. Let p be a smooth function on M such
that 9M = p~1(0) and | grad p| = 1 in some neighborhood of d M. Define

Viu(x, &) =Viu(x, &) — (Viu(x, §), grad p(x)) grad p (x).

Note that V,u(x, §) is completely determined by the restriction of u to the level set of p that
contains (x, £).

Lemma 5.1. (Cf. [33, Lemma 3.2.3].) The semibasic vector fields V;)E and V' are bounded on
SM\ S(OM).

Proof. Clearly, V;)p =0. Let h(x,&,t) = p(yy,e(t)). Since h(x,&,0) = p(x), it follows that
V,h(x,&,0) =0 and therefore

V;)h(x,“g‘,t) =a(x,&, 1)t
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for some smooth field a. Differentiating the equality h(x, &, ¢(x,&)) =0 for (x,&) € SM \
S(0M), we obtain

) 0 .
Vih(r. 6. £0x8)) + 2 (.6, £0r §)V, b(x. §)
=V h(x,& £(x, §)) +(grad p(y), n)V, £(x, §) =0,

where (y, n) = ™8 (x, &) € 9_SM. Hence,

e, §) )a(x,é,ﬁ(x,é)).

Vil(x,§) = ——
R e P OR

Since £(x, &) < |L(y, n)|, boundedness of V:pﬂ(x, &) now follows from Lemma 2.3.
Boundedness of V"¢ is established similarly. O

5.2. Identities

The next identities are particular cases of those in [12, Lemmas 4.6 and 4.7]. For (x, §) € SM:

2Viu, V' (Xu)) = |Viul* + X((Viu, V) — d,;lv((Xu)V'u)
+ d?v((Xu)V:u) —(Re(V'w), Vi) + (Y (V'u), Viu), (5.3)

2AViu, V' (Xu)) = |Viul> + |V Xu)|* + (Y &), Vi) = [X(Vw)|,

5.4
where R¢(Z) = (Rj.,dgfslzk),
Rl =Ry + & (Y — Yip) + &is (VY = Y(Y)),

and (R’} ) 18 the Riemann curvature tensor.
For ‘a unit speed magnetic geodesic y, the operator C on smooth vector fields along y is
defined by (see [12, (45)])

C(Z)=Ry,2)y —Y(Z) = (VzY)(P),

where Z stands for the covariant derivative along y, Z = Vy Z.

The operator C on smooth semibasic vector fields on TM \ {0} is defined by (see [12, Sec-
tion 4.6])

C(Z)(x, &) =Re(Z) — Y(XZ) — (V2Y) (&),

where R¢ (Z) = (R; s J Sl Zk) is the curvature operator.
Notice that

C2)(ym), 7)) =C(Z(y@®),7®)).

In view of this identity, we henceforth omit the tilde in the notation of C, hoping that no confusion
will arise.
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Lemma 5.2. The following hold for (x,&) € SM:
IX(Vu)|* = (C(Vu), Viu) = (Y (€), V'u)
= |V Xw)|* - d’ijv((xu)viu)
- d}ilv((V:u, Vu)e — Xu)Vu)+ dli)v((V:u, V'u)Y (€)),
IX(V'uw)|* = 2(C(V'u), Vu)— (Y (&), Vi)’
= |V (Xu) |2 -2 dli)v((Xu)V:u) — |Viul* +2(Viu, V' (Xu))
-2 d}ilv((V:u, Vu)é — (Xu)V'u) + d'ijv((V:u, V'u)Y(&)).
Proof. Note that

X((Viu, V) (x,8) =& ((Viu, V) = ((Viu, Vig?),, — (Viu, Ve,

= d?v((V:u, V'u)E) — (Viu, V‘u)ij :d’?v((V:u, V'u)§),

because Y/ =0 by the skew-symmetry of Y.
Using (5.7), we first change (5.3) to

2AViu, V' (X)) = Vi + div V + div((Xu) Vi)
—(Re(V'u), Vi) + (Y (V'u), Vi),

with
V= (Vu, Vu)é —Xu)Vu.

Next,

m . . . h v

divV =V, =V;+Y/ V) =divV+div(Y(V))

h v . v
=div V 4+ div({(Viu, V'u)Y (&) — div(Xu)Y (V'u))

and

v .o . L.
div((Xu)Y(V'u)) = ((Xu)Yi]g’ku.k)_j = (Xu).jYijg’ku‘k + (Xu) g Yi]u.k.j

= (V' Xu), Y (V'u)),

567

(5.5)

(5.6)

(5.7)

(5.8)

because g~ Yl.j u..j = 0 by the skew-symmetry of ¥ and symmetry of mixed derivatives of u.
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Then (5.8) takes the form

2Viu, V' (Xu)) = |Viul* + d}ilv V+ dli)v((V:u, V)Y (&) —(V Xu), Y(Vu))
+ dli)V((Xu)V:u) —(Re(V'u), Vu)+ (Y (Vu), Viu). (5.9)
We have (see [12, Section 4.6]):
(CVu), Vu)=Re(Vu), Vu)+(VXu), Y (Vu) — (Viu, Y (Vu)
Y &), Vu’ = (Vv V)E), V).
Also,
(Re(V'u), Viu)= (R + & (Yiy — Yip) + &is (VY = VY] ))u*v'vlu
=(R(V'u, )&, Vu)+(VeY (Vu), Viu) = (Vv (), Vu)
+(Y (&), €)Y (Vu), Vu)— (Y(V'u),ENY (), Vu)
= (Re(V'u), Vi) = (Veg-iy Y)(E), Vi) + (Y (§), V'u)
Therefore,
(Re(V'u), Vu) = (C(V'w), Vi) — (V' (Xu), Y (Vi) + (Viu, Y (V). (5.10)

Using (5.10) in (5.9), we get

2AViu, V' (Xu)) = Vil + d}ilv V+ dli}v(w‘u, Vu)Y(€))+ dli)V((Xu)V:u)
—(C(V'u), Vu). (5.11)

Subtracting (5.11) from (5.4), we arrive at (5.5). Multiplying (5.11) by 2 and subtracting the
result from (5.4), we arrive at (5.6). O

5.3. Linear problem for 1-tensors

Theorem 5.3. Let (M, g, ) be a simple magnetic system, v a square integrable 1-form, and
¢ a square integrable function on M. If the magnetic ray transform of the function ¢ (x,§) =
v; (x)E' + @(x) vanishes, then ¢ =0 and v = dh for some function h € HO1 (M).

Proof. Recall that the space £2(M) consists of the pairs [v, ¢], where v is a square integrable 1-
form and g is a square integrable function on M, furnished with the norm (3.16) (see Section 3.3).
In £2(M), we consider the subspace SLZ(M) of solenoidal pairs [v, ¢], defined by the condition
sv =0, and the subspace PL2(M) of potential pairs [dh, 0], where h € H(} (M). Then £2(M)
decomposes as the orthogonal direct sum of S£>(M) and PL>(M).
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Associating each pair [v, ¢] € L2(M) with the function d(x,E)=v; (x)é;‘i + ¢(x), define

Ilv, @]l =1¢.

Clearly, Z vanishes on Pﬁz(M ) and, to prove the theorem, it suffices to show that kerZ N
SL*(M) =0.

By considerations similar to those in Section 4, one can prove, as in part (a) of Theorem 4.3,
that KerZ N SL*(M) c C'(M).

Thus, we may assume under assumptions of the theorem that [v, ¢] € c! M).

Define u: SM — R by means of (5.2). Then u satisfies the boundary value problem (5.1). As
before, we preserve the notation u for the extension of u to a positively homogeneous function
of degree 0 on T M \ {0}. Then for (x,&) € TM \ {0} we have

Xu(x, £) = v; (X)€" + |E|p(x).

Now, we wish to integrate identity (5.5) over SM. However, u has singularities on 7 (0 M),
and we need some precautions against them. We proceed in the same way as in the proof of
Theorem 3.4.3 in [33]. Let p: M — R be a nonnegative smooth function such that M = p~1(0)
and |grad p| = 1 near oM. For ¢ > 0, let My = {x € M: p(x) > ¢}. Then u is smooth on SM,.
Integrating (5.5) over SM,, we get

/{|X(V'u)|2—(C(V'u),V'u)—(Y(g),vu)z}d):z"—l(x,s)
SM,

= / }V'(Xu)|2d22”—1— / dli)V((Xu)V:u)dEZ"_l

SM, SM,

— / dlfv(wiu,vu)sg—(Xu)vu)dzz”*1

SM;

+ / dli)v((V:u, V)Y (£)dE(x, 8). (5.12)
SM,

Now, we transform the last three integrals on the right-hand side by using the Gauss—
Ostrogradskii formulas of [33, Theorem 2.7.1]. They give:

/d'{v((xu)VZM)dxznf‘:n /((Xu)vu,g)dzz"*‘(x,s)
SM; SM,

=n / (Xu)2 dz\zn—l
SM,

because (V'u, &) = Xu,
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f d}fv(<v’u, Vu)e — Xu)Vu)d x>
SM,

=(=1"! / ((Viu, Vuye — (Xu)V'u, grad p(x))d 222 (x, £)
d(SM,)
-1 : . : . 2n—2
=(-D" / ((Vpu, V'u)(§, grad p) — (V,u, §)(V'u, gradp))dE "
a(SM;)
because a straightforward calculation gives

<(V:u, Vu)e — Xu)Vu, gradp(x)) = (V;)u, V'u) (&, grad p) — (V;)u, EY(V'u, grad p),

and

/dli)v((V:u,V'u)Y(S))dEZ”_I(x,g)

SM,

=01 [V Vare.gldsw e =0

SM,

because (Y (£),&) =0.
Hence, (5.12) takes the form

/{|X(V'u)|2—(C(V'u),V'u)—(Y(g),V'u)z}dzz"*l(x,g)
SM,
- / |V'(xu)}2d22"*‘—nf(xu)zdzz"*‘
SM; SM,
+ (=" / ((Vou, V'u)(&, grad p) — (Viu, £)(V'u, grad p)) d£*" 2. (5.13)
d(SM,)

Observe that by Lemma 5.1 and (5.2), the derivatives V[’)u and V'u are bounded in SM \
S(0M). This fact allows us to pass to the limit in (5.13), arriving at the identity

/{|X(V'u)|2—(C(vu),vu)—(y(g),V'u)z}dzz"*l(x,g)

SM

:/|V'(Xu)|2d22”_l—n/(Xu)2d22"_l

SM SM

+ (=" / ((Vou, V'u)(&, grad p) — (Viu, £)(V'u, grad p)) d £*" 2,
I(SM)
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Note that the last integral on the right-hand side vanishes, because u|y(s)) = 0 and hence
Viulasmy =0. '

For (x,&) € SM, Xu(x,&) = v;(x)&" 4+ ¢(x). As follows from Lemma 4.5.3 of [34] (and is
easy to check directly),

/|V'(v,-(x)gf+<p(x))|2d22”*‘ <n/(v,-(x)s"+¢(x))2d22"*‘.
SM SM

Setting Z = V'u, we thus have

/{|XZ|2 —(c2),z)- (v, z)’}dz*" <o.
SM

By Santald’s formula (A.4) and the Index Lemma A.10 of Appendix A, this is possible if and
only if Z =0. So u(x, &) is independent of £, which clearly implies the sought conclusion. O

5.4. Linear problem for 2-tensors

For a magnetic system (M, g, «) and (x, &) € SM, put
ku(x, ) = sup{2K (x, 05.) + (Y (1), ) + (0 + 3)|Y (i) |* = 2{(V, V) (). n)}.
]

where the supremum is taken over all unit vectors n € Ty M orthogonal to &, and K (x, oz ;) is
the sectional curvature of the 2-plane o¢ , spanned by & and 7.

Define
k;(x,f) =max{0,k(x,$)}
and
TV
k(M, g, o) =supT, f kb (v @), y@®)dt,
Y
0

where the supremum is taken over all unit speed magnetic geodesics y : [0, T),] — M running
between boundary points.

Theorem 5.4. If (M, g, a) be a simple magnetic system with k(M , g, a) < 4, then I is s-injective.
Remark 5.5. Note that the condition k(M, g, @) < 4 holds if (M, g) is negatively curved and
the C'-norm of Y is small enough. Also, it is easy to see that this conditions is valid for every

sufficiently small simple piece of any magnetic system.

Proof. Assume that [k, 8] € ker 1 ﬁSLZ(M ). Then, by Theorem 4.3(a), the pair [/, §] is smooth.
Define u: SM — R by means of (5.2). Then u satisfies the boundary value problem (5.1). As



572 N.S. Dairbekov et al. / Advances in Mathematics 216 (2007) 535-609

before, we preserve the notation u for the extension of u to a positively homogeneous function
of degree 0 on T M \ {0}. Then for (x,§) € TM \ {0} we have

Xu = &7 hij(0)EE + Bj(x)E (5.14)

Now, we wish to integrate identity (5.6) over SM. Again u has singularities on 7' (d M). We
overcome this obstacle in the same way as in the proof of the previous theorem. Thus, we deduce

/{|X(V'u)|2—2(C(V'u),V'u)—(Y(g),vu)z}dz%”(x,g)
SM

v
=/|V'(Xu)‘2d22"’l —2/ div(Xu)Viu)d 2>~ — / IViul?dz*~!
SM SM SM

+2/(v¢u,v(xu))d>:2"*l —2/ (-1’11v(<v¢u,vu)g—(xu)vu)d>:2"*1
SM SM

—i—/d]ijv((V:u,V'u)Y(S))dZJz"_l.
SM

Again we use the Gauss—Ostrogradskii formulas to transform integrals of divergent form.
Denoting the leftmost side of the above formula by A, we obtain

A:/|V'(Xu)|2d22”’1—/{2n(Xu)2+|V:u|2}dE2"’1
SM SM

+2/(v¢u,v(xu))d22"*‘
SM

< / |V (Xu)|* d 52! —(2n+1)/(Xu)2d22"_1
SM SM

—G—Z/(V:M,V'(Xu))d)']z"—l, (5.15)

SM

where we have used the inequality |Xu| = |(V'u, &)| < |V-ul.
From (5.14) we have for (x,&) € SM

(Xu)y =2h;;E0 — ghi e + By

Therefore,

f|V'(Xu)|2d22”_1=/|2h(§)—(h,.§2>€+ﬂ|2d22"_1

SM SM
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=/{4|h<s>|2—S(h,52)2+|ﬁ|2+4(h(s>,ﬁ)—<h,52><ﬁ,s>}d22"—1

SM
=f{4|h<€>|2—3<h,52)2+|ﬂ|2}d22"—1, (5.16)
SM
/(Xu)zd)']z"’l =/{(h,§2)2+<ﬁ,g>2}d22"*‘. (5.17)
SM SM

Now, we transform the last integral in (5.15). Once
Vo= Viu—Y(Vu),
it follows that
(Viu, V' (Xu)) = (Vju, V.(Xw)) — (Y (Vau), V.(Xu)). (5.18)
Observe that
(Viw, V.(Xw)) = gMu (287 — &1hij' 7 + )
=2(ug" €’ — 2ug"hijrg’ — (ug"ni€'el)
+ug  (hij&'&7)  + (uB") , — uBl
= d?v(W) —2u(8h) ;& + uG(hi;&'€7) — ud(p)
=d}ilv(W) — (= D(uY(B), &) + uG((h, &%), (5.19)
with
WK =2ugh ;67 — ughh;g'e’ + upt.

Here we have used Eqgs. (3.23) for solenoidal pairs.
Integrating (5.19) and transforming integrals by means of Gauss—Ostrogradskii formulas, we
get

/<V|u, V.(Xu))d !
SM

=—(n—1)/(uY(/3),§)d22”_1 +/uG(<h,§2>)d22"_l
SM

SM

=—/d’i)v(uY(,3))d22"*1 —/G(u)(h,gz)dz%l

SM SM

:-/(Y(,B),V'u)dxz"_l—/G,L(u)(h,g)dxz”_l

SM SM
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+ [/ e)az>

SM

- /(Y(V'u),,B)dEzn_l - /(h,gz)szZ"—‘

SM SM

+ /(vu, Y(©))h, 2 d 2" (5.20)

SM

Next,

/(Y(V.u), V.(Xu))d 2!
SM

= /(Y(V-“)v (21§ — &ihij€'e! + py))d 2!

SM

:2/(Y(vu),h(g))dz%1 + /(V'u,Y(é))(h,éz)dZ‘Z””

SM SM

+ /(Y(V'u), p)dz* 1, (5.21)
SM

where h(£) = (gFh;;&7).
From (5.18), (5.20), and (5.21) we get

/(V:u, V' (Xu))d 2!
SM

B /(h,gZ)zdzz”—l —2/(Y(V'u),h($)>d22”_l

SM SM
2 2
<— h 2\2 21 / -1

/(,é)d +— |h(@©)|"d

SM SM
2

+%/|Y(V'u)|2d22"_l. (5.22)
SM

Using (5.16), (5.17), and (5.22) in (5.15), we find that

Ag/{4|h($)|2—3(h,§2)2+|ﬁ|2}d22”’1
SM

—(2n+1)/{(h,§2)2+(ﬁ,$)2}d22"_1—2/<h,$2)2d22”_1
SM

SM
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+i/ |h($)}2d22”’]+(n+2)/ Y (Vw)| d x>
n—+?2
SM SM

4("+3) / |n(&)|*d 52! 2(n+3)/ (h, €2 a x>

+/|ﬁ|2d>:2"*‘ —(2n+1)/<ﬁ,g)2d>:2"*‘

+(n+2) / Y (V| dz>.
SM

As follows from Lemma 4.5.3 of [34] (and is easy to check directly),

/]h(é)! dz>- 1<n;2/(h,§2)2d22”_1,

SM SM

/Iﬂl - 1<nf<;3 £)2d51,

SM

Therefore,

A<(n+2)/ Y (V)P az? !
SM

Setting Z = V'u, we rewrite this as follows:

/ [X(2)] —2(c(2), 2) - (¥ (2), &) = (n +2)|¥(2)[ }d=*~" <.

SM
We need the following lemma whose proof is given below.

Lemma 5.6. Let y : [0, T] — M be a unit speed magnetic geodesic. If

T
/k y (1), )/(t) dt <4/T,
0

575

(5.23)

then for every smooth vector field Z along y vanishing at the endpoints of y and orthogonal to y

we have
T
f{|z'|2 -2(C(2),z)- (v (2), ;})2 —(n +2)|Y(Z)|2}dt >0

with equality if and only if Z = 0.

(5.24)
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Continuing the proof of the theorem, observe that, by Santalé’s formula (A.4) and Lemma 5.6,
inequality (5.23) may hold if and only if Z =0. So V'u = 0, which means that u(x, &) is inde-
pendent of &. Since the pair [h, 8] is solenoidal, this readily yields the sought conclusion. O
Proof of Lemma 5.6. Denote the left-hand side of (5.24) by B. Since

C(Z)=Ry(Z) = Y(Z) — (VzY)(¥).

we have

T
B= f HZP =2(Ry(2), Z)+2(Y(2), Z) + 2((V2Y) (), Z)
0

(Y@, 7) = n+2|Y @)}

Lete;,i =1,...,n, be an orthonormal frame at y (0), with ¢, = y(0). Let E;(¢),0<t < T,
be a vector field along y satisfying the equation

Ei=Y(E)
with the initial condition E;(0) = ¢;. Surely, E,, = y. Since

d

S (B Ej) = (Ei, Ej) +(Ei, Ej) = Y(E)), E;)+ (Ei, Y(E))) =0,

we see that E(¢), ..., E,(¢) is an orthonormal frame for each ¢.
Consider the expansion of Z in this frame:

Z(t)=7()Ec(@), «ke{l,...,n—1}.

Then
Z=3Ec+7"Ec =#E + Y (E,) =“E. + Y(2),
1ZP =) 2 20 +
p
(Y(2), Z)= (Y (E) + YX(2), P E3) =~V = |Y(2)|
with

Y= <Y(EK)’ E)L)'

Therefore,
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T
v 2 \2
B= / { D —[2K 0y I Z1 +(Y(2), 7)
O K

+(+3)|Y @) =2((V21) (), Z)]}dt

T T
2/{Zi"i"—kﬂzﬁ}dt:fZ{é"é"—kuz’(z’(}dt.
0 K 0o -

Now, the claim follows from Lyapunov’s inequality [16, p. 346]. O
6. General rigidity theorems
6.1. Rigidity in a given conformal class

We first state a rigidity theorem, fixing the conformal class of a metric. The theorem below
generalizes the corresponding well-known result for the ordinary boundary rigidity problem, see
[9,23,24].

Theorem 6.1. Let (g, ) and (g', o) be simple magnetic systems on M whose boundary ac-
tion functions Alypxom and A |gyxam coincide. If g’ is conformal to g, i.e., g = w*(x)g for
a smooth positive function w on M, then w = 1 and o' = o + dh for some smooth function h on
M vanishing on 9M, hence (g, &') is gauge equivalent to (g, a).

Proof. In view of Lemma 2.1, w = 1 on the boundary of M. Next, using Lemma 2.5, we see that
the scattering relations S and S’ of both magnetic systems coincide.
Let us show that w = 1 on the whole of M. Note that for (x, &) € 04+ SM

£(x,§)
1 1
A <A o) =5 / 0 (veg ) dt + 00, €) = / o (6.1)
0 VYx.E

Using (2.9) and (2.8), whence we obtain

Volg (M) =

/ Ay, e)du(x, §)

3, SM

Wn—1

£(x,§)
1
/ { / W (yee @) di +£(x, &) | dp(x, &)

= 2wy—1
oM U0

1 1
- E/a)deol—i—EVolg(M).
M
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On the one hand, by Holder’s inequality

n=2

2
/ w?d Vol < { / a)”dVol} { f dVol} = Vol (M) Vol (M)"", 6.2)
M M M
with equality if and only if o = 1.
It follows that
1 2 a2 1
Voly/ (M) < 3 Vol (M) Volg (M) 5" + = Volg (M). (6.3)

However, by Theorem 2.8, Volg/ (M) = Volg (M), which implies that (6.3) holds with the equality
sign. This means that (6.2) holds with the equality sign. Thus, o = 1.
Now, (6.1) and the equality A/(y;’g) = A(yy,¢) yield

[az[a

VYx.€ VYx.E

In view of (A.4) and (2.8), we conclude now that

/(o/—ot):O
VYx.E

for all (x,£&) € 9 SM. By Theorem 5.3, we see that o’ — « = dh for some function 7 on M
vanishing on d M. This completes the proof of the theorem. O

6.2. Rigidity of analytic systems

Theorem 6.2. If M is a real-analytic compact manifold with boundary, and (g, o) and (g, a’)
are simple real-analytic magnetic systems on M with the same boundary action function, then
these systems are gauge equivalent.

Proof. Consider the diffeomorphism f: M — M constructed in the proof of Theorem 2.2. Re-
call that in a neighborhood of dM, f coincides with the map exp,,, o (exp), M)_l, which is
obviously analytic for analytic systems.

As shown in that proof, g and f*g’ have the same jets on d M. Hence, by analyticity, g and
f*g' coincide in some connected neighborhood of dM, and f is thus an analytic isometry of a
neighborhood of d M of the analytic Riemannian manifold (M, g) onto a neighborhood of M of
the analytic Riemannian manifold (M, g’), which is moreover the identity when restricted to d M.
Now, the same arguments as in the proof of [21, Theorem C(a)] show that f extends from a neigh-
borhood of 9 M to an analytic isometry f of (M, g) onto (M, g’). Now, the sought conclusion
follows from Theorem 6.1 applied to the magnetic systems (M, g, «) and (M, f*g’, f*a’). O
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6.3. Rigidity of reversible systems

A magnetic system (M, g, «) is said to be reversible if the flip (x, &) — (x, —&) conjugates
! with ¢, It is easy to see that a system is reversible if and only if do = 0, i.e., if and only
if the Lorentz force Y of the system vanishes. In this case magnetic geodesics are nothing but
the ordinary geodesics of the Riemannian manifold (M, g); moreover, simplicity of a reversible
magnetic system (M, g, o) is equivalent to simplicity of the Riemannian manifold (M, g).

It is interesting to know whether reversibility of a magnetic system can be established by
boundary measurements. Observe that if a system is reversible then

S(~8(x.8) = (x, —&) (6.4)
for all (x,&) € 94 SM. Let us call the systems satisfying (6.4) boundary reversible.
Theorem 6.3. A simple magnetic system is boundary reversible if and only if it is reversible.

Proof. Let (M, g, ) be a boundary reversible simple magnetic system. Consider the magnetic
system (g, —a) on M. Note thatif y : [0, T] — M is a unit speed magnetic geodesic of the system
(g, @), then the curve y :[0, T] — M, defined as y(t) = y(T —t), is a unit speed magnetic
geodesic of the system (g, —«).

For x,y € M, let yx y:[0, Ty y] — M denote the unit speed magnetic geodesic of the system
(g,«) from x to y. By Lemma A.5,

A(Vx,y) < A(fy,x%

ie.,

ny—/agnj+/w 6.5)

Interchanging x and y, we receive

nﬁ—/agny+/m (6.6)

Yy.x Vx,y

From (6.5) and (6.6) we get

/a+/a>0 (6.7)
Yx,y Yy.x

For (x,&) € 04 SM and y = y, ¢ (£(x, §)), we have in view of (6.4)

Yx,y = Vx.&> 77y,x = fx,é,
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where ¢ : [0,(x,£)] — M is the unit speed magnetic geodesic of the magnetic system
(M, g, —a) with initial conditions yx £(0) = x, ¥, £(0) =&, and with fx,g(f(x, £)) = y. There-

fore, (6.7) yields
/ot—/ot}O. (6.8)

Vx.§ Vr .k
By Santalé’s formula (A.4) and (2.8), we have
/ {/a—/a}d,u(x,é)zo. (6.9)
04.SM Vg 253

Combining (6.9) and (6.8) yields

foc:/a (6.10)

Vx.& )7,\’,6

for all (x, &) € 3, SM. From (6.5) we then obtain

0(x, &) < L(x,£),
and from (6.6),

0(x, &) < L(x, 8).
Thus,

U(x,8) = L£(x,&). 6.11)

Now, by (6.10) and (6.11)
Are) = Alyxe) = Ax, y).

This implies that y, ¢ is a unit speed magnetic geodesic of the system (g, ) which joins x to y.
By simplicity, we then have

)7x,§ =Vx£-

Valid for all (x,£&) € 04 SM, this equality means clearly that the magnetic system (M, g, &) is
reversible. O

Theorem 6.4. A simple reversible magnetic system (M, g, &) is magnetic boundary rigid if and
only if the simple Riemannian manifold (M, g) is boundary rigid.
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Proof. Suppose that a simple reversible magnetic system (g, @) on M is magnetic boundary
rigid. Let g’ be a simple Riemannian metric on M whose boundary distance function equals the
boundary distance function of g. We must prove that g’ is isometric to g by an isometry which
is the identity on the boundary.

Without loss of generality we may assume (see, e.g., [20, Theorem 2.1]) that

g'lom = glom- 6.12)

Then equality of the boundary distance functions of g and g’ and (6.12) are well known to imply
equality of the scattering relations of the Riemannian manifolds (M, g) and (M, g’) (see, e.g.,
[22]).

Consider the magnetic system (g’, @) on M. Since da = 0, this system is reversible as well. It
is trivial that for a reversible system, the scattering relation of the magnetic system coincides with
the scattering relation of the underlying Riemannian metric. Therefore, the magnetic systems
(g, ) and (g’, @) on M have the same scattering relations. In view of (6.12) and Lemma 2.6, the
boundary actions functions of these systems coincide. From the magnetic boundary rigidity of
(M, g, @) we infer that the metric g’ is isometric to g by an isometry which is the identity on the
boundary, as required.

Now, let (M, g, a) be a simple reversible magnetic system such that the simple Riemannian
manifold (M, g) is boundary rigid. Let (g’, o’) be a simple magnetic system on M whose bound-
ary action function A’|3p7x9s equals the boundary action function A|ypx9n of the magnetic
system (g, «). By Theorem 2.2, we may assume that g’|53 = glay and &'|yp = a|yn. Now,
Lemma 2.5 implies that the scattering relations of the magnetic systems (M, g, «) and (M, g, &')
are the same. Since (M, g, «) is reversible and hence boundary reversible, (M, g’, a’) too is
boundary reversible and hence, by Theorem 6.3, it is also reversible. This implies readily that
the scattering relations of the Riemannian manifolds (M, g) and (M, g’) are the same. Applying
Lemma 2.6 to the magnetic systems (M, g, 0) and (M, g’, 0), we see that the boundary distance
functions of the metrics g and g’ are the same. Hence, by the boundary rigidity of the Riemannian
manifold (M, g), there is a diffecomorphism f : M — M, f|sy = identity, such that g’ = f*g.
Then Theorem 6.1, applied to the magnetic systems (M, g, «) and (M, f*g’, f*a’), gives the
gauge equivalence of the magnetic systems (g, &) and (g’, @), as required. O

6.4. Generic local boundary rigidity

We will prove that near each (gg, ) in the generic set Gk of Definition 4.10, the action on the
boundary determines (g, «). Note that, by Theorem 5.4, this generic set Gk contains the magnetic
systems (g, «) with k(M, g, @) < 4, in particular magnetic systems in which the underlying

Riemannian metric is negatively curved and the magnetic field is sufficiently small.

Theorem 6.5. Let ko be as in Theorem 4.11. There exists k > ko such that for every (go, oo) € Gk,
there is € > 0 such that for any two magnetic systems (g, a), (g', a) with

g — gollcr ) + lle — aollcxary < €, lig" = gollckaary + lla" — aollckpry < &
we have the following:

Aga=RAy oy ondMxdM (6.13)
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implies that (g, a) and (g', ') are gauge equivalent, i.e., g = ¥*g, o' = Y*a + d¢ with some
C*1(M)-diffeomorphism - M — M, fixing the boundary, and some C**' function ¢ vanish-
ing on M.

Observe that g is solenoidal (with respect to itself), and if we replace « by its solenoidal pro-
jection o’ := o — d¢, where Ag¢ = da, ¢l =0, then Sa® = 0 as well. Therefore, [%g, —af]
is not necessarily a solenoidal pair in the sense of Definition 3.7, instead

1 s n—1 s
8|:§g, —a } = [TY(a ),0}. (6.14)

We will prove an analogue of [11, Theorem 2.1].

Lemma 6.6. Let (g, o) € ckr o< u <1,k > 2, be a simple magnetic system on M with o = 0.
Then for any other (g', &') close enough to (g, a), there exists a magnetic system (g', Q') gauge
equivalent to (g', &) and satisfying (6.14), i.e.,

5[%5)’, —&’] = [%Y(a), 0], (6.15)

where § and Y are related to (g, ).
Moreover, if ||(g', ") — (g, )| ckn < & with e K 1, then |(8',&") — (g, )| ckn < €1, with
g1=¢1(e) > 0ase— 0.

Proof. Our argument is much the same as that in the proof of [11, Theorem 2.1]. So we merely
sketch it.

We have to show that there exist a diffeomorphism f of M, fixing dM, and a function ¢,
vanishing on dM, such that g’ = f*g’, &' = f*a’ + dy, and (6.15) holds. If f is close enough
to the identity, we can identify f with a certain vector field v as follows. If v is a vector field
vanishing on M and |Vv|, < 1, the map

ey(x) = exp, (v(x))

is well defined on M, with image in M again, and it is a diffeomorphism for ||v||ck. small
enough. Then v — e, has an inverse defined as follows. If f is a diffeomorphism close enough
to the identity, set vy (x) = exp;l(f(x)), ie., vr(x) =y(0), where y :[0, 1] — M is the geo-
desic such that y (0) = x, y (1) = f(x). The existence of such a geodesic follows from the strict
convexity of the boundary, following in turn from the simplicity assumption. Clearly, the differ-
ential of the map v — e, at v = 0 is the identity transformation.

Leth = %(g’ —g), B=—(a/ — ). Condition (6.15) then takes the form

8(ej(g/2+h))—i—%Y(ej((x—l—ﬂ)—i—dga): %Y(a), (6.16)
—8(ef(a+ B) +dy) =0. (6.17)

We define the map (recall that (g, «) is fixed)
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F([v, ], [h, B])
= [5(e:(g/2+h)) + %Y(eﬁ(a +B)+dy), —8(ej(a+ B) —i—dgo)].

Then (6.16), (6.17) can be rewritten as

F([v.¢l.[h, B]) = [TY(“) 0} (6.18)

We want to solve this equation for [v, ¢] if [, §] are small enough and g, « are fixed. If [k, B] =
[0, 0], then [v, ¢] = [0, 0] is a solution by (6.14). To show solvability for [A, 8] small enough,
we apply an implicit function theorem in Banach spaces as in [11]. For this purpose, we need to
compute the derivative F, [’ (10, 01, 10, O).

Set [A, B] =01n (6.18) and use (3.20) to deduce

F[/Us(p] ([0’ 0]7 [07 0])[1), (p]
n—1
= |:8d“v + TY(Y(U) +d(v, ) +de), =5(Y (v) + d{v, @) +d¢)}

=8d[v, —(v, &) — 9],

where v is considered as a 1-form by lowering the index. Thus, the derivative above is the su-
perposition of the map [v, ¢] — [v, —(v, @) — ¢], which is an isomorphism (and this map and
its inverse preserve the zero boundary conditions), and 8d with Dirichlet boundary conditions,
which is also invertible in appropriate spaces. We refer to [11] for more technical details. O

The next lemma states, loosely speaking, that gauge equivalent pairs differ by a potential one,
modulo a quadratic term.

Lemma 6.7. Let (¢', &) and (g, @) be in CX, k > 2, and gauge equivalent, i.e.,
g/zw*g’ a/:w*a_'_d(p

for some diffeomorphism  fixing OM and some function ¢ be vanishing on oM. Set f =
[%(g’ — g), —(a’ — a)]. Then there exists w, vanishing on 9 M, such that

f=dw+1>,
and for (g, o) belonging to any bounded set U in C¥, there exists C(U) > 0 such that

If2ll x> < C)IIY —Td Il IWllci-1 < CW) Y —1d || cr-1.

Proof. As in the proof above, set v(x) = exp;1 (¥ (x)), which is a well defined vector field if v
is close enough to the identity in C? (it is enough to prove the claim in this case only) and v = 0
on dM. Set Y- (x) =exp,(tv(x)), 0 < v < 1. Let g* = v *g. Then the Taylor formula implies

/ d T s
g=g+E g +h=g+2d°v+h,

=0
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where

d2gr

1
h| < - max |——|,
|7] =

2 7€[0,1]

and 2d° v is the linearization of g7 at T = 0. To estimate %, write

81ﬁ'k 8wl
T _ T T
8ij = 8kl © —Bxi E
and differentiate twice w.r.t. . Notice that
3%y VY
| < Clvlii, | <CIvlig

This yields the stated estimate for the first component of f> for k = 2. The estimates for k > 2
go along similar lines by expressing the remainder /4 in its Lagrange form and estimating the
derivatives of &.

The analysis of the second component is similar, using (3.20). In particular, we get that w =
[v, —a(v) — ¢] which corresponds well with the linearization formula (3.20). O

Proof of Theorem 6.5. We can assume that (g’,@’) is replaced by its gauge equivalent pair
that satisfies the assumptions of Lemma 6.6 (where & and Y are related to (g, «)). Set f=[(g' —
g)/2, —(a/ —a)]. Then §f = 0. We assume that (g, ) belongs to a small enough neighborhood of
(g0, @), so that (g, @) € G, and the constant C in Theorem 4.3 is uniform in that neighborhood.
By the second statement of Lemma 6.6 and the assumptions of Theorem 6.5,

Ifll o < e1(e), (6.19)

where &1 — 0 as ¢ — 0, and k > 1 is fixed (this requires the original (g’, @’) to be in Gkt if
we want to avoid the Ck-* spaces). Moreover, [gllck + llallck < A, where A > 0 depends on
(g0, @p) and on an upper bound gq of . All constants C below will depend only on A and will
be uniform in ¢ < &g.

Let ¥ be a diffeomorphism in M that maps boundary normal coordinates w.r.t. g into bound-
ary normal coordinates w.r.t. g’ near dM, then extended to the whole M. In other words, if |
that maps a neighborhood of M into dM x [0, §] defines the semigeodesic normal coordinates
related to g and if v; is defined in the same way corresponding to g’, then v = Y 09/, I Clearly,

19 —1dllx1 < Cllg’ — gllcx < C'lifll . (6.20)

Set &' =vy*g’, @ = y¥*a’ + de, where ¢ is such that in boundary normal coordinates &, = 0,
see Lemma 4.5. Set f =[g'/2, —a'] — [g/2, —a]. By Lemma 6.7 and (6.20),

f=f+dw+h, |hjco <CIf2,, (6.21)

with W[y = 0; so, roughly speaking, f and f differ, up to a quadratic term, only by a potential
term. By Theorem 2.2, f vanishes on d M together with its derivatives up to any fixed order m,
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if k> 1. We will choose m below. We are going to prove that f = 0, and this would prove the
theorem.
Since Ag o = Ay v = Ay 5 on 0M x M, by the linearization Lemma 3.1

18] e < CIFIZ -

By (3.27), ||Nf||Loo(M1) C||If||Loo therefore,

INFl| Lo ary) < CIEI (6.22)
We apply Theorem 4.3 to get
”fs ”LZ(M) < CINEL g2y (6.23)

where we estimated Ehe I-:I 2 norm by the H 2 norm, which is finite for f. Note that for the
solenoidal projection f* of f we have, by (6.21),

f=f+h'; (6.24)
in particular,
180 2 r) = 181200y = 07 Lo agy = 18120ty — ClIEI- (6.25)

Using interpolation estimates in H¥(M1), see [41, Theorem 4.3.1/1], and (6.22), we get

1-2/s
L2(My) =

2-4/s

INEl 2, < CIINfIIH%Ml)IINfII <L, s>2 (6.26)

To estimate the first factor in the middle term, we used the fact that 3%, = O for |o| < m and
therefore, if m > s — 2,

IVl 25 vyy < CUEL s (ay < C Ml ot gy < C”

if k > s + 1. The last inequality follows by comparing f, f'using (6.21) and the estimate on w in
Lemma 6.7, combined with (6.20). Combine (6.23), (6.25), and (6.26) to get

2—4
£l 20ry < C OIS + 1£12.).

Using again the fact that [|f]| cxp) < C (kK >> 1), Sobolev embedding estimates, and interpolation
estimates in H*(M), one gets

2—4/s

||f||L2(M) L2(M)

with 0 < u < 1 that can be chosen as close to 1 as needed, provided that k > 1. It is enough now
to choose s > 2 and u so that (2 —4/s)u > 1 to deduce that f =0 if ¢ <« 1, see (6.19). O
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7. Rigidity of two-dimensional systems
The main result of this section is the following rigidity theorem for two-dimensional systems:

Theorem 7.1. If dim M =2 and (g, «) and (g', ') are simple magnetic systems on M with the
same boundary action function, then these systems are gauge equivalent.

This theorem generalizes the boundary rigidity theorem for simple Riemannian surfaces
which was established in [32]. Our proof of Theorem 7.1 mimics that of the mentioned theo-
rem in [32].

First of all, by Theorem 2.2 and Lemma 2.5 we may assume that g’ coincides with g on M,

/
glom =glom,
and that the scattering relations of the magnetic systems (M, g, @) and (M, g’a’) coincide:
S =8. 7.1)

The crucial step then consists in establishing that the scattering relation of a two-dimensional
magnetic system (M, g, «) determines the Dirichlet-to-Neumann (DN) map associated to the
Laplace—Beltrami operator of the Riemannian manifold (M, g).

It is proved in [19,21] for two-dimensional manifolds that the DN map determines the confor-
mal class of the Riemannian metric up to an isometry that is the identity on the boundary.

Afterwards, the proof of Theorem 7.1 is finished by applying Theorem 6.1 which claims
magnetic boundary rigidity within a given conformal class.

Derivation of the connection between the scattering relation and the DN map is based on the
properties of the magnetic ray transform and the commutation formula between the magnetic
flow and the fiberwise Hilbert transform.

We proceed with describing the needed properties of the magnetic ray transform.

7.1. More about the magnetic ray transform

We recall that, given a notation F for a function space (Ck, L?, H*, etc.), we denote by F (M)
the corresponding space of pairs [v, ¢], with v a 1-form and ¢ a function on M. Also, recall that
in the space L2(M) we consider the norm (3.16) defined as

||w||2=/(|v|§+go2)dVol.
M

Associating each pair [v, ¢] € L£2(M) with the function ¢ (x, &) =v; (x)éi + ¢(x), we may
consider £2(M) as a subspace of L2(SM).
Consider the restriction Z of the magnetic ray transform I to £>(M):

£(x,8) £(x,8)
TI[v, ¢](x, £) = / vi (e 0) 7L £ (D dt + / ¢(vre®) dt
0 0

=Tv(x, &) +Top(x, &), (x,€)€d SM.
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By Lemma 3.2, we receive an operator

T:L%(M) — L% (0:.5M).
Let

T*: L, (3.SM) — L*(M)
be its dual. The same calculations as in Section 3.4 show that

T*'w = [Tjw, Tjw]

with
Tiw= ( / siw%x,s)dox(@), qw = / w (x, §) doy ().
Sk M SxM
The following holds:
kerZ = PLA(M), (7.2)
ImZ* C SL*(M). (7.3)

Equality (7.2) is just the claim of Theorem 5.3. Equality (7.3) follows, as soon as ImZ* is in the
orthogonal complement to kerZ and the orthogonal complement to PL>(M) is SL>(M).
Consider the operator

N =T*T:L2(M) — L2(M),
which can be written down as
Nlv, o] = [N11v + Niog, Noiv + Noowl.
Considerations similar to those in the proof of 4.1 show the following:
Proposition 7.2. \ is a ¥ DO in M™ of order —1 with principal symbol
op(N) = diag (o (N11), 0p(Noo)),

op NI (x, 8) = ca €171 (8] —E78/181%),
op(Noo) (x, £) = cu £,

where |§1? = gV (x)&;&; and &7 = g/ (x)&;.
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Define
C(345M) = {w € C®(,.SM): w* e C®(SM)},
where w? is the function that is constant along the orbits of the magnetic flow and equals w on

04+ SM. This space can be described in terms of the scattering relation S alone; by the forthcom-
ing Lemma 7.6

CF(04SM) ={w e C®(LSM): Aw € C*(3(SM))}, (7.4)
where
Jwx, 8), (x,£) € 0,SM,
Awee s = { woS™'(x,8), (x,§)€d_SM.

The following is an analog of [29, Theorems 3.3.3, 3.3.4] (see also [32, Theorem 1.4], [31,
Theorems 4.1, 4.2]).

Theorem 7.3. Let (M, g, @) be a simple magnetic system. Then, for every pair [v, ¢] € C*°(M),
there exist w € C3°(0+SM) and f € C*°(M) such that

[v+ VS, ol=T"w.
(Note that if v is solenoidal then, in view of (7.3), f is harmonic in M.)

Proof. Our argument is the same as in [29,31,32]. Embed M into a closed manifold M and
extend g and o smoothly to a Riemannian metric g and a 1-form o on M.

If U C M is an open neighborhood of M with smooth boundary, then (U ,g,a) is also a
simple magnetic system if dU is close enough to d M. Henceforth such an U is assumed to be
fixed.

Denote the magnetic ray transform for (U, g, @) by Zy, and denote by ry, the operator of
restriction to M. We have the following analog of [29, Theorems 3.3.1, 3.3.2] (see also [32,
Theorem 3.1], [31, Theorem 4.3]):

Lemma 7.4. For every pair [v, ] € TV (M), s > 0, there exists a pair [u, V] € H*(U) and
f € HY2(U) such that

v+ V. el=rulyZylu, ¥l

Again, the proof is similar to the one in [29,31,32]; we will merely sketch it.

Cover M by finitely many open sets Uy such that U = Uy, Uy N M = for k > 2, and
(Ur, g, @) is a simple magnetic system for every k. Let {h} be a subordinate partition of unity
such that hq|y = 1. Cons~ider tl}e operators Z), ZEkk) for (Uk, g, «), and define the following
operator on the bundle TM & (M x R):

Plu, 1= miTao (lu. ¥1lu,).
k
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In view of Proposition 7.2, P is a ¥ DO of order —1 with principal symbol

dia (5{ £/ 1 )
Cn -+ — ,— ).
SRR

The operator A : C®(TM) — C®(TM),
A=—c,V(=2)"2%s,
is a ¥ DO of order —1 with principal symbol

EE;

Cn (TIER
Therefore, the principal symbol of the operator
P + diag(A, 0)
equals
cu diag(8] 15171, 1€17"),

which means that P + diag(A, 0) is an elliptic ¥ DO of order —1.
Now, the same arguments as in [29,31,32] show that the operator

ru (P +diag(A, 0)) : HS(U) — H (M)

has closed range and finite codimension.
Since on H¥(U)

rmP =ryZ;Iy,
(7.3) and the argument of [29,31,32] show that the equation
ru (P + diag(A, 0))[u, ¥ ] =[v, ¢]
has a solution [u, ] € H*(U) for every pair [v, ¢] € H**T!(M). Then by (7.5)
[v, ] + [V £, 01 =ruZZylu, ¥]

with f = cn(=A) 73284, which proves the lemma.

589

(7.5)

Continuing the proof of Theorem 7.3, observe that by Lemma 7.4, for every pair [v, ¢] €

C* (M) there exist [u, ¥] € C®°(U) and f € C*°(M) such that

v+ V£ ol=ruZjIylu, v

(7.6)
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For (x, &) € SU, define £* (x, &) by

x(y (. 8) edU, £ <0, £+ >0.

Define
£ (x.8)
W= [ )70 + ¥ (e @)
0
0
W= [ (s )0+ ¥ (s 0))
£~ (x,8)

These functions belong to C*°(SU). Let w = (w™ + w™)[y, sm. It is easy to see that (wt +
w™) is constant on the orbits of the magnetic flow; therefore, w® = (w* + w™)|sy and w? €
C*°(SM). Since Iy [u, 1= (wt +w7)ly, su, we see from (7.6) that T*w = [v+ V f, ¢], which
completes the proof of the theorem. O

7.2. Scattering relation and folds

The main aim of this section is to prove the characterization (7.4) for the space C°(0+SM)
(Lemma 7.6). We will proceed in the same way as in [32].
Preserving the notations of the previous section, define the map

®:9(SM) — 9_SU
by
D, &)=y V6, (x.6)cdSM). (17
Since ¢1 is smooth in SU, @ is smooth as well.
Lemma 7.5. (Cf. [32, Theorem 4.1].) ® is a fold map with fold S(dM).

We recall that a smooth map f: M — N between two smooth manifolds M and N of the
same dimension is said to be a Whitney fold (with fold L) at a point m € L if f drops rank by
one simply at m, so that {x: df (x) is singular} is a smooth hypersurface near m and ker(df (m))
is transverse to T, L.

Example. Let X' be a manifold, R a smooth function on X having O as a regular value, and
M = {R~1(0)}. Let X be a nonzero vector field on X such that XR(m) =0, and X XR(m) # 0
for a point m € M. Let N be a hypersurface in X transversal to X such that the projection
f : M — N along the integral curves of X is well defined. Then f is a Whitney fold at m with
fold M N {(XR)~1(0)}.
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Indeed, we may assume without loss of generality that ¥ is a domain in R”, X = 9/dx",
and  is the hyperplane {x, = 0}. In this case, we easily verify the claim by straightforward
calculations.

Proof of Lemma 7.5. Let p be a defining function of M in U with grad p(x) = v(x) forx € aM.
Then

Gu(pom)(x,§) =(£, grad p(x)),
G} (0 o) (x,§) = (§, Ve grad p(x)) + (Y2 (v), grad p ().

Therefore, for (x,&) € S(AM) we have G, (p o m)(x,&) = 0, while Gi(p om)(x,&) =
—A(x, &)+ (Y (§), v(x)) # 0 by strict magnetic convexity of 81\/{.

We arrive directly at the above example if we take ¥ = SM, R = p o, M = 3(SM),
N =09(SU), and X = G,,. This completes the proof of the lemma. O

Define the extension operator

A:C(0+SM)— C(SM)

by

U)(X,%), (X,%_)€8+SM,
woS M(x,8), (x,&)e€d_SM,

Aw(x, &) = {
where S is the scattering relation.
Lemma 7.6. (Cf. [32, Lemma 1.1].) If (M, g, @) is a simple magnetic system, then

CL0+SM) ={w e C®(04+SM): Aw € C®(d(SM))}.
Proof. If w® € C®(SM), then Aw = wn|3(5M) is smooth as well. Let us prove the converse. If
Aw € C*®°(3(SM)), then from Lemma 7.5 and [17, Theorem C.4.4] we deduce the existence of

a smooth function v on a neighborhood of the range @ (3(SM)) such that w =v o @.
Let ¥ :SM — 0_SM denote the map

W, §) =y 05, (8 eSM,
and ¥y : SU — 9_SU the map
vy ) =y 0 E),  (xn,8) esT.
Note that w? = S~ o W. Therefore, wf = vo ® o S~ o W. It is easy to see that @ o

S oW = Yy |su. Since ¥y is smooth on SM, we conclude that w! € C®(SM), ie., w €
CX(0+SM). O
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7.3. Hilbert transform

From now on, we let (M, g) be an oriented Riemannian surface. Given v € T, M, we will
denote by v, the vector obtained by rotating v by 7 /2 according to the orientation of M. In

coordinates (v ); = &;;v/, where
0 1
e =,/detg (_1 O) .

Consider the fiberwise Hilbert transform [32, (1.4)]

Hu(x, &) = — / L&D e mdost, & e SoM,
7 ] G

M

If we fix x € M and a reference point a € Sy M, any function on the fiber S, can be treated as a
function of an angular variable. Then

2

Hu(x,0) = — v =9 d
u(x, )_E/COt( 5 )u(x,ga) Q.

0

Define
(GLu)(x,§) = (€1, VIu) = (5, V_u),
where V, u = ¢V!u. The following commutation formula holds [32, Theorem 1.5]:
[H, Glu =G 1 (uo) + (G Lu)o, (7.8)

where

1
uo(x) = —— f u(x,§)doy(§)
T

SeM

is the average value on a fiber.
Let V be the infinitesimal generator of the action of S! on the fibers of the canonical projection
7 : SM — M. Then the generator of the magnetic flow ¥’ is given by

G,=G+1V,

where A is a function on M such that £2 = A£2,, with £2, the area form of g.
Since H commutes with AV, we get from (7.8)

[H, Gylu = GL(uo) + (GLu)o. (7.9)
Substitute u = w*, w € C3°(3;SM), into (7.9). This yields
GMHw11 = —GJ_(wu)O — (leﬁ)

o (7.10)
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Define the operator
B:C(SM)— C(0+SM)
by
Bu(x,&)=u(x,&) —uoS(x,&), (x,&)ecdrSM.
Clearly,
1G,u=—Bu.
Using (7.11), we deduce from (7.10) the identity
BHAw =I1(GL(w¥),) + I((GLw?),),

since w¥|ysp) = Aw.

Note that
1
G (w')y=—5-(6 ViTguw)
and
1
(Gj_wﬁ)o = —ESJ_ITU),
where

(SJ_U:—SUJ_.

Hence, we can rewrite (7.12) as
1
BHAw = —Z—I[vggw, 1T w].
b

7.4. Dirichlet-to-Neumann map

593

(7.11)

(7.12)

(7.13)

Given a compact Riemannian manifold (M, g) with boundary, denote the Laplace—Beltrami

operator associated with g by A,. Consider the Dirichlet problem
Agu=0 onM, ulogp = f.
The DN map is defined by

Ag(f) = (v, Vulym).

In the two-dimensional case, the DN map can also be described as follows. Let (%, i) be a

pair of conjugate harmonic functions on M,

Vh=V_h,, Vh,=—=V_h.



594 N.S. Dairbekov et al. / Advances in Mathematics 216 (2007) 535-609

Let 7Y and h? denote their traces on 9 M. Then
A(R) = (v, VAQlam) = ~(v. (ViW)los) = (vi. (VB)lom) = (vL. Vauh®).  (7.14)
where Vj)y is the gradient w.r.t. the induced metric on d M.

The following theorem is an analog of [32, Theorem 1.3] and states that the scattering relation
of a simple magnetic surface (M, g, «) completely determines the DN map of the metric g.

Theorem 7.7. Let (g, ) and (g, ') be simple magnetic systems on a compact surface M with
boundary such that glyy = g'|gm. Assume that the scattering relations S and S’ of these systems
coincide. Then Ag = Ag.

Proof. Assume that &, h, is a pair of smooth conjugate harmonic functions on M. Then G h =

Ghy = G hy. By Theorem 7.3, there are w € C3°(d4+ SM) and f € C°(M) satisfying Zgw = h,
Iiw =V f. From (7.13) we then obtain

1
BHAw = —ZBhS, (7.15)

since | V f = 0. Hence, the following holds:
Lemma 7.8. (Cf. [32, Theorem 1.6].) If h, h, is a pair of smooth conjugate harmonic functions
on M, then there is w € C°(d+SM) such that h = Zjw and Eq. (7.15) holds with hg the trace
of hy on dM.

In the opposite direction we have:
Lemma 7.9. (Cf. [32, Theorem 1.6].) Suppose hg € C®(M) and w € C(34+SM) satisfy
Eq. (7.15). Define h := Zjw and let hy be the harmonic continuation ofhg to M. Then h and h.,
are conjugate harmonic functions.
Proof. Let g be an arbitrary smooth extension of hg to M. Note that

Gug=Gqg=(,Vq).

Using (7.13), we can therefore rewrite (7.15) as

with ¢ =8, Z{w.
Thus,

IV h+Vq,¢]=0.
By (7.2) we then have ¢ = 0 and Vg + V h = V p for some smooth function p on M with

plam = 0. Therefore, h and g — p are conjugate harmonic functions. Since (g — p)|ay = hg, we
have ¢ — p = h,, which implies that & and 5, are conjugate harmonic functions. O
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Continuing the proof of Theorem 7.7, we have the following procedure to obtain the DN
map from the scattering relation. For an arbitrary given smooth function hg on dM we find a
function w € CJ°(3+SM) that solves Eq. (7.15). Then the functions 10 =27 (Aw)o (notice that
2n(Aw)g = I(’)‘w|3 M) and hg are traces of conjugate harmonic functions. This gives the DN map
by means of (7.14). O

7.5. Proof of Theorem 7.1

We end up with the proof of this theorem in the same way as in [32]. If two simple magnetic
systems (g, @) and (g’, ') on a compact surface with boundary have the same boundary action
functions, then by Theorem 2.2 we may assume that g|ypy = g’|lsm and, by Lemma 2.5, their
scattering relations coincide. Theorem 7.7 then tells us that the DN maps of the metrics g and
g’ coincide. Now, the result of [19,21] implies the existence of a diffeomorphism f: M — M,
which is the identity on M, and of a function w such that g’ = w? f*g. Next, Theorem 6.1
yields w =1 and &’ = f*a + d¢ for a smooth ¢ vanishing on d M. This concludes the proof of
the theorem.

Appendix A. Geometry of magnetic systems
A.l. Maiié’s critical value and simplicity

Here we adapt a certain part of the theory of convex superlinear Lagrangians to the case of
manifolds with boundary.

Let M be a compact Riemannian manifold with boundary and let L:TM — R be a C*®
Lagrangian satisfying the following hypotheses:

e Convexity: For all x € M the restriction of L to Ty M has everywhere positive definite
Hessian.
e Superlinear growth:

. L(x,v)
lim =

|v]—00 |v]
uniformly on x € M.

The action of L on an absolutely continuous curve y :[a, b] — M is

b

AL()/):fL(y(t),y(t))dt.

a

For each k € R, the Marié action potential Ay : M x M — R U {—oo} is defined by

Ar(x,y)= inf Apx(y),
yeC(x,y)

where C(x,y) ={y:[0,T]— M: y(0) =x, y(T) =y, y is absolutely continuous}.
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The critical level ¢ = ¢(L) is defined as

c(L) =sup{k € R: Ap4x(y) < 0 for some closed curve y }

= inf{k € R: Az (y) = 0 for every closed curve y}.

Proposition A.1. For k < c(L), Ap(x,y) = —o0 forall x,y € M. For k > c(L), Ag(x,y) eR
forallx,y e M.

Proof. The same as in [6, Proposition 2-1.1]. O

One more characterization of ¢(L) is useful. Recall that the Hamiltonian H : T*M — R asso-
ciated with L is defined by the Fenchel transform

H(x, p)= sup{p(v) —L(x,v):ve TXM},
and the supremum is achieved at v such that p = %(x, V).
Proposition A.2. If there exists a C' function f: M — R such that H(df) <k, then k > c(L).
Proof. The same as in [7, Lemma 5]. O

Recall that the energy function E: T M — R for L is defined by
aL
E(x,v) = a—(x, v) v — L(x,v),
v

and that the energy function is constant on every solution x () of the Euler—Lagrange equation

d aL( (1), X(1)) 8L( (1), X(1)) (A.1)
——(x(), x =—(x(1),x(2)). .
dt dv ax

Let ¥':TM — T M be the Euler-Lagrange flow, defined by v (x, v) = (v (¢), y (t)), where
y is the solution of (A.1) with (0) = x and y(0) = v. For x € M and k € R, the exponential
map at x of energy k is defined to be the partial map exp, : Ty M — M given by

expb(tv)=moy'(v), >0, veT M, E(x,v)=k.

Then expﬂ‘c is a C!-smooth partial map on 7, M which is C*°-smooth on T, M \ {0}.
The next proposition is similar to [8, Theorem D] and has a similar proof.

Proposition A.3. If expﬁ‘cz(exp];)_l(M) — M is a diffeomorphism for every x € M, then
k > c(L).

Proof. Fix g € M. Given x € M, let y, , :[0, T, x] — M be a solution of the Euler-Lagrange
equation with energy k, joining ¢ to x. Consider the function f(x) = A (yy.x). It is easy to see
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that the assumption of the lemma implies this function is smooth in M \ {g}. It follows from the
first variation formula of [8, Lemma 4] that for x € M \ {q}

oL .
dy f(w) = %(xv Vq,x(Tq,x)) - w,
which implies
H(x,de f) = E(x,74.:(Ty.»)) =k.

This last equation also implies that |d, f| is uniformly bounded for all x € M \ {g}. Thus f
is Lipschitz in M and a smoothing argument as in [7,14] shows that for any ¢ > 0 there exists
f € C*®(M) for which H (x, d, f) < k+e¢ forall x € M. Thus by Proposition A2,k > c¢(L). O

The next proposition is an analog of [6, Proposition 3-5.1] and has the same proof.
Proposition A4. If k > c(L) and x,y € M x # y, then there is y € C(x, y) such that

Ar(x,y) =Ar 1 (y).

Moreover, the energy of v is E(y,y) =k.

Now, we apply the above to the case of magnetic systems. For a simple magnetic system
(M, g, @), the magnetic flow can also obtained as the Euler—Lagrange flow with the correspond-
ing Lagrangian defined by

1 2
Lx.v) = SIoff - ax(v).
Lemma A.S. Let (g, o) be a simple magnetic system on M. For x,y e M, x # y,

A1/2()6,y)=AL+1/2()/x,y)=Tx,y_/""
Yx.y

where yx y : [0, Tx,y] = M is the unit speed magnetic geodesic from x to y.

Proof. It is easy to see that the simplicity assumption implies that for this Lagrangian the as-
sumptions of Proposition A.3 hold for all k sufficiently close to 1/2. Therefore, the proposition
gives 1/2 > c(L). Then Proposition A.4 shows that, given x £ y in M, there is y € C(x, y) with
energy 1/2 (i.e., y is parametrized by arc length) such that A(x, y) = A(y). Using simplicity,
one can then prove that y is a unit speed magnetic geodesic, i.e., y =yxy. O

A.2. Magnetic convexity

Let M be a compact manifold with boundary, endowed with a Riemannian metric g and a
closed 2-form £2. Consider a manifold M such that M i“t D M. Extend g and £2 to M smoothly,
preserving the former notation for extensions. We say that M is magnetic convex at x € OM if
there is a neighborhood U of x in M such that all unit speed magnetic geodesics in U, passing
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through x and tangent to dM at x, lie in My \ M It [f, in addition, these geodesics do not
intersect M except for x, we say that M is strictly magnetic convex at x. It is not hard to show
that these definitions depend neither on the choice of M| nor on the way we extend g and §2
to M.

As before, we let A denote the second fundamental form of dM and v(x) the inward unit
normal to dM at x.

Lemma A.6. If M is magnetic convex at x € dM, then
A(x,v) = (Y (), v(x)) forallve Sy (0M). (A.2)
If the inequality is strict, then M is strictly magnetic convex at x.

Proof. Suppose M is convex at x. Choosing a smaller U if necessary, we may assume that there
is a smooth function p on U such that |grad p| = 1 and 9M N U = p~'(0). Further we may
assume that all the above geodesics lie in U~ = {x: p(x) < 0}.
Let v € Sy (0M) and y (¢) be the magnetic geodesic with y (0) = x, y(0) = v. By assumption,
p o y(t) <0 for all small ¢. Therefore,
2

ﬁ[p oy ], <0.

Since

d? d .
Sl oy ] =—(eradp(y ),y ®)

= (Vi grad p(y (1)), v ()) + (grad p(y (1)), ¥ (1)

=Hess, () p(v (1), (1)) +(grad p(y (1)), Y (y (1))

and since A(x,&) = —Hessy p(v,v) and grad p(x) = v(x) when (x,v) € 9(SM), we arrive
at (A.2).

Now, assume that (A.2) is strict. Then there is § > 0 such that for every magnetic geodesic y
in N with y(0) =x and y(0) =v € S, (0M),

2

Talpor®]] g <o

Thus, there is a small &€ > 0 such that
1o
poy(t)g—z& forall r € (—e¢, ¢).

This implies the second statement. 0O
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A.3. Exponential map

Lemma A.7. The map expy : TyM — M is C' and C* on Ty M \ {0}. This map is C? if and only
if 2=0.

Proof. Recall that expﬁf(tv) =1 o Y (x,v) := y(t,x,v) where v has norm one and ¢ > 0.
Clearly this implies that exp} is C* on T, M \ {0}. Since

o ;:0” oY (x,v) =v

we see that the directional derivative of exp/ at 0 in the direction of v exists and equals v. In a
coordinate system around x write

exp (tv) = y' (1, x, v) (A.3)

where y! depends smoothly in (¢, x, v). Differentiating with respect to v we obtain

9 ay!
e"px (tv)r = Vj(t,x,v).
U

Since ¥/ (0, x, v) = x° (O x, v) = 0. Therefore,

) 3 7
dexp! 19y
lim S y = lim y.(t,x,v)
t—0+ ov/ 0+ t ov/
82 i 82yi .
= .O, 5 = - 09 ) 281'
ar907 0TV = g O x v =9;

since )}i (0, x,v) =v'. Since Sy M is compact, the above limit is uniform in v € Sy M and thus
expl has continuous partial derivatives at 0, i.e., exp} is C!.
Suppose now that exp’ is C2. Differentiate (A.3) twice with respect to 7 (v € S, M)

. 0%ex
vakajip)/i(t Y =7, x, ).

Using the equations of a magnetic geodesic
i ek i i <k
Vi vyi =Yy
we obtain

8% expl!
kﬁ(“’) -y’ )’ k+YkV

Lett — O01. Then

vjvk<886&(0) + Flk(x)) = Y (k.
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Since this holds for all v € S, M we must have Y,ﬁ (x)=0,1e.,£2=0. O
A.4. Santalo’s formula

If (M, g) is a compact Riemannian manifold with boundary, we endow its unit sphere bundle
S M with its usual Liouville (Iocal product) measure d ¥>*~!, and endow the bundle 3, SM with
its standard measure d ¥>"~2 (again a local product measure where the measure on the fiber is
the measure of a hemisphere). Denote by d i the measure on 9+ SM given by

dp(x,&) = (£ v(0)dZ* 2 (x, §),

where v(x) is the inward unit normal of 9 M at a point x.
The following version of Santalé’s formula holds for magnetic flows.

Lemma A.8. Suppose that (M, g, @) is simple. Then for every continuous function ¢ : SM — R
we have
£(x,8)
/ pd g = f dp(x, €) / @ (vee (), yre(0) dr. (A4)
0

SM 3 SM
Proof. The argument we use is the same as in [33]. We give it for the sake of completeness.
First, we recall the well-known fact that the Liouville measure is invariant under the magnetic
flow (for example, because w))" = (wp + 7*$2)"" while wy + 7*£2 is flow invariant). Now, let

D={(x,&1)€d,SM: 0<t<L(x,£)}, and define ¥ : D — SM by W (x,&;1) =¥’ (x,§),
where v/ is the magnetic flow. Then

f(de‘Z"_l:/((polI/)lI/*(dZ’zn_l). (A.5)
SM D

By construction, ¥ conjugates ¥ with the flow generated by 8/ on D. Since dX**~! is
invariant under ¥, ¥*(d X"~ 1) is invariant under the flow of 3/9¢. Then

wHadD? Y (x, £ =a(x, §)dZ* I Adt
for some function @ on 94+ SM, so that (A.5) takes the form

£(x,8)
/ pdX™ ! = / a(x,£)dE*2(x, &) f @(yee(®), yre(0)dt.
0

SM 3, SM

We are left with proving that a(x, &) = (£, v(x)). To this end, it suffices to show that

P dZ? ) (x, £;0) = (£, v(x))dZ?" 2 Adt.
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Note that d X2"~! = —dX?"=2 A dr on 3(SM), where r(x) = dist(x, dM) is the distance
function from x to dM. Since the differential of ¥ is the identity on Ty £)(d+SM) and takes
d/9t to the generator G, of the flow ¥, we have

w2 ") (x,£;0) = (GLr)dZ* 2 (x, &) Adt.
As soon as G,r = (§, Vr) = —(§,v(x)), we are done. O
A.5. Index form of a magnetic geodesic
Let (M, g, o) be a simple magnetic system. For every x € M, exp : T,M — M is a diffeo-
morphism restricted to a suitable set in 7, M which is diffeomorphic to a closed ball.
Let w : SM — M be the canonical projection and let for v € SM,
V(v) :=kerdym,
which is an (n — 1)-dimensional subspace of T7,,SM, and
E@):=V () @RG,(v). (A.6)
Lemma A.9. If y : [0, T] — M is a unit speed magnetic geodesic, then
dy ¥ (E)NV(y (1)) = {0}
foreveryt e (0,T].
Proof. Take v € SM and ¢ € (0, T]. From the definition of exp} one sees right away that
image(d;y expl!) = dy iy (dy) V' (E)).

Since d,, exp is a linear isomorphism for every w € T, M at which exp) is defined, the lemma
follows. O

Given a unit speed magnetic geodesic y : [0, T] — M, let A and C be the operators on smooth
vector fields along y defined by

AZ)=Z+R(y,2)y —Y(2) = (VzV)(P),
C(Z) =R, 2)y =Y(Z) = (VzV)(P).
A vector field J along y is said to be a magnetic Jacobi field if it satisfies the equation
A(J)=0. (A7)

Let A denote the R-vector space of smooth vector fields Z along y such that Z(0) =
Z(T) = 0. Define the quadratic form Ind: A — R by

T

nd(Z, 7) = /{lZ'l2 —(c@).2)~(Y(). 2} ar.
0
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Note that

T
Ind(Z, Z) = —[{(A(Z),Z)+(Y(?)vz)2}df~
0

Clearly, Ind(Z, Z) generalizes the index form of a geodesic in a Riemannian manifold. The
next lemma is an analog of a well-known assertion from Riemannian geometry.

Lemma A.10 (Index Lemma). If Z € A is orthogonal to y, then
Ind(Z,Z) >0,
with equality if and only if Z vanishes.

Proof. Note that the subbundle E defined by (A.6) is Lagrangian.
If &€ € E(v), then J: (1) =dm o dy! (&) satisfies the Jacobi equation (A.7). Since

dyoymleGay  E(y(©) = TyoyM

is an isomorphism for all ¢ € (0, T], there exists a basis {&1,...,&,} for E(v) such that
{Je, (1), ..., Jg, ()} is a basis of T), )M for all ¢ € (0, T]. Without loss of generality we may
assume that £ = G, (v), J;, =y and Jg (0) =0 fori > 2.

Let us set for brevity J; = Jg;. Then if Z is an element of A, we can write for ¢t € (0, T]

Zw) =) i@

i=1

for some smooth functions fi,..., f;. The functions f; can in fact be smoothly extended to
t = 0. Indeed, for i > 2, we can write J;(t) =t A; (t) where A; is a smooth vector field such that
A;(0) = j,- (0). Since {y (¢), Aa(t), ..., A, (1)} is now a basis for all t € [0, T], there exist smooth
functions g; such that for all 7 € [0, T]

Zt) =gy 1) + Y gi(Ai (D).

i=2

Therefore for r € (0, T], g1(¢t) = f1(t) and for i > 2, g;(¢) =1t f;(¢t). Since Z(0) =0, g;(0) =0
for all i and the f;’s smoothly extend to t = 0.
Now we can write

T

T
Ind(Z, Z) =—Z/(A(ﬁ]i),fjli)dt—/(Y())),Z)zdt. (A.8)
0

ij o
An easy computation shows that

Afidi) = fidi +2f:di — YD) + FAWD.
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Since J; satisfies Eq. (A.7), then A(J;) = 0 and hence,
(AT, T5) = fildin Iy +2£: i I — F{Y D, T)).
Observe that since E is a Lagrangian subspace,
(i Jj) = (i, Jj) + (Y (U, ;) =0,
and then
d , .
(Aids Jj) = 2 (filJis 7).

Now we can write

T T
/(A(ﬁJ,-ijJj)dt: (fidis F[INE —/<ﬁJ,~,f',-Jj>dz.
0

0

Combining the last equality with (A.8) we obtain

2 n
dt —<Zf}]i,Z>
i=1

Ind(Z, Z) = /

n
Y fidi
i=1

T T T
- /(Y()?), z) dr.
0 0 o

But Z(0) = Z(T) = 0, therefore

T

1(V, V):/

0

) T
dr — f (Y(), Z) dt. (A.9)
0

n

fiJi
1

i=

Now let
n
Wi=>"fili.
i=2
Since J; = y we have:
n n
<Zfi1i,2fi1i>= iy + W, fiy + W) = fE+2£00, W)+ (W, W).
i=1 i=1

Differentiating (Z, y) = 0 we get
(Z.y)+(Z,Y(7)=0.

But

(Z,7) =<Zﬁfi,y'>=f1 + (W, )
i=1



604 N.S. Dairbekov et al. / Advances in Mathematics 216 (2007) 535-609

since (j,-, y) =0 for all i. Therefore
Yy 2 2 3 . \2

Thus
n n )
<Z Fili Y fl-Jl-> —(Y(), Z2)" = (W, W) — (W, 7).
i=1 i=1
If we let W+ be the orthogonal projection of W to y*, the last equation and (A.9) give:

T
nd(Z, Z) =/ |wh|?dr >0
0

with equality if and only if W vanishes identically. But if W+ vanishes, then

—(W, )7+ fidi=0
i=2

which implies that the functions f; are constant for i > 2. Thus Z is of the form f1y + J where
J is a magnetic Jacobi field. But Z(7') = 0 implies J(T') = 0. Since the J/s are linearly inde-
pendent at 7', J must vanish identically and since Z is orthogonal to y, Z must also vanish. O

Appendix B. Study of a certain class of integral operators with singular kernels

As we mentioned before, the fact that the magnetic exponential map is smooth in polar coor-
dinates only forces us to work in polar coordinates as well. In this appendix we study a class of
operators that naturally arise in our analysis.

Let U C R” be open and g be a smooth Riemannian metric in a neighborhood of U.

Lemma B.1. Let A: Co(U) — C(U) be the operator

Af(x)= / [A(x,r,a))f(x+ra))drdox(a)), (B.1)

SxU R

with A € C®°(U x R x S,U). Then A is a classical ¥ DO of order —1 with full symbol
(0.¢]
ax,&)~ Y ar(x, £),
0

where

-k
ar(x, £) = 271;—‘ KA, 0, )80 (- &) do (w).
siu
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Proof. Notice first that if A is an odd function of (r, ), then A f = 0. Therefore, we can re-
place A above by Aeven (1, ®) = (A(r, w) + A(—r, —w))/2. Next, it is easy to check that we can
integrate over r > 0 only and double the result. Therefore,

Af(x)=2 / /Aeven(x, r,w) f(x +rw)drdoy(w). (B.2)

SxM 0

Consider now r, w as polar coordinates for z = rw, and make also the change of variables y =
x + z to get

1/2 —X (»)
Af(x) = 2(detg(x)) / /Aeven(x, ly —xlg, Y ) f yn_l dy, (B.3)
ly —xlg ly — xlg
where the subscript g refers to g(x). Let
N—1
Aeven(X,7,0) = Y Acvenk 0, @)rk +rV Ry (x, 7, ) (B.4)
k=0

be a finite Taylor expansion of Aeyen in 7 near r = 0 with N > 0. It follows easily that
2Aevenk (X, w) = Ap(x,0) + (—=DFAg(x, —w), where k!A; = 8%|,—0A, and in particular,
Aeven.k (x, w)rk is even w.r.t. (r, ). The remainder term contributes to (B.3) an operator that
maps Lgomp(U ) into HV~NM(U) with some fixed Ny. To study the contribution of the other
terms, write

— X

|y_x|g

Acvent f (x) = 2(detg(x)) / Acvenk (x, >|y —ximH f(dy. (8.5

The kernel of Aeyen  is therefore a function of x and z = y — x, with a polynomial singularity at
y —x =0, and it is therefore a formal ¥ DO with symbol that can be obtained by taking Fourier
transform in the z variable. Motivated by this, apply the Plancherel theorem to the integral above
to get

Acven e f () = 27) " f ¢ Eap(x, £) (&) dk,

where
—iv- —X _ 1/2
ak<x,s)=2fe ’ysAmn,k<x, T >|y—x|§ "+ (detg(x)) '/ dy
—Xlg
o0
:2[ e_i’“"sAeven,k(x,a))rkdrdcrx(a))
Se U

e Ot AL (x, ) dr doy (o)
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=27k / Ar(x, 0)8® (w - &) doy (). (B.6)
SxU

In the third line, we used the fact that Aeyen « (X, w)rk is even. Note that ay (x, &) is homogeneous
in & of order —k — 1 and smooth away from & = 0 but a distribution (in S’) near zero. To deal
with this, choose x € C3° supported in [£] < 1 and equal to 1 near & = 0. Write a(x,§) =
x@&)a(x, &)+ (A — x(&))a(x, ). The second term is a classical amplitude, while the first one
contributes the term

Aeven k X * f) (B.7)

to (B.5) that is smooth, as can be easily seen by making the change of variables z =y — x in
(B.5), see also (B.16). O

Remark B.2. If A(x, r, w) and g are smooth of class C k only, then A is an ¥ DO with an am-
plitude of finite smoothness /(k), admitting a finite expansion. If k£ >> 1, then / >> 1, and one can
still construct a finite order parametrix of an elliptic ¥ DO in this class and the usual H*!' — H*2
estimates still hold, if £ > 1, depending on s1, s2. This has been used already in [37,38].

We return to the analysis of the singular operator A introduced in Lemma B.1 under the
assumption that A and g are analytic. Our reference for the calculus of analytic ¥ DOs is [40].

Lemma B.3. Let A: Co(U) — C(U) be the operator (B.1) with A(x, r, w) analytic for (x,w) €
U x S;U, and r € R such that x +rw € U. Then A is an analytic ¥ DO of order —1 with a
symbol expansion as in Lemma B.1.

Proof. Notice first that A is analytic pseudolocal, see [40, Theorem V.2.1].

By performing the change of variables o’ = g!/?(x)w, we reduce the lemma to the case where
g is the Euclidean metric. Let U’ € U.

Let us estimate ax (x, &), see Lemma B.1. Since A(x, 7, ) is analytic, and a; is homogeneous
of order —k — 1, we have

Ja (e, §)] < ¢ kg 4
with some C > 0. Using the homogeneity, we get

|0g ar (x, £)] < CHHIH gkt ~F ! (B.8)

for £ is in a complex neighborhood of R and x in a complex neighborhood of U’. Therefore,
there exists a pseudoanalytic symbol a ~ ) ay, see [40]. This symbol is defined by

ax, &)=Y ear(x, &), (B.9)

k=0

where ¢ have the properties (see [40, V.2]): 0 < ¢ < 1, ¢ (&) =0 for || < 2R max(k, 1),
(&) =1 for |€] > 3Rmax(k, 1), |D%g| < (C/R) for |«| < 2k, where R > 1 is a large
parameter. We will prove next that a(x, D) differs from A by an analytic regularizing operator.
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Let u € £'(U’). Let s > 0 be such that u can be represented as a finite sum of derivatives of
continuous functions of order not exceeding s.
By (B.4), forany N > 1,

N—1
Au = Z ar(x, D)u + Ryu, (B.10)

k=0

where, despite the strong singularity of a; at £ =0, ai(x, D) have regular (integrable) Schwartz
kernels, and

7~3Nu(x)=2 / /rNRN(x,r,a))u(x—i—ra))drdo(a))
sn—1 0

- X—=Yy
=2f|x—y|N "“RN(x,|x—y|,m)u<y>dy. (B.11)

We express Ry in its Cauchy form as

1
1 _
Ry(x,r,w) = mfZJ,NAeven,k(x,m o)1 —nN"dr.
’ 0
‘We have
|D*Ryu| < CNa! in U’ for |a| <N —s. (B.12)

Splitting the sum (B.9) into two parts, we write

N—-1
a(x, D) = 0p< > @ ax, s>> + Op< Y @ ax, s)>. (B.13)

k=0 k=N

For the second term we have (see (3.15) in Chapter V in [40])

<CNa! inU'for|a| <N —s. (B.14)

D"‘Op( > gok@)ak(x,s))u

k=N

We are left to compare the first sum in (B.13) with the sum in (B.10):

N-1
Bnu :=OP<Z 1—<Pk(§) ag(x, 5))”— i+ Byu
k=0

where
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N-1

yu=0p Z (on (&) — @i (®))ar(x, )

N—-1
Byu=Op Z (1= on (@) ar(x, £) |u
k=l

On supp(pny — @k), we have 2Rk < |§| < 3RN provided that k < N and, as always, we assume
that R > 1. Using this and (B.8), we get

|DYByyu| < C(CRN)*='* in U’ for |a| < N — 1, (B.15)

compare with (3.17) in Chapter V in [40].
We write BY,u in the form (see (B.7))

N—-1
Bxu<x>=2Z/Aeven,k< - |>|Z|k_"+l(1—<,0N)V*f(z+X)dZ~ (B.16)
k=0

This implies
|D*Bfu| < CN(CRN)™H in U’ for |a| < N — 1. (B.17)
Combining (B.12), (B.14), (B.15), and (B.17), we get
|D¥(A—a(x, D))u| <CVN! inU’ for [a| < N —s.

For N > s, choose |a| = N — s to conclude that (A — a(x, D))u is analyticin U’. 0O
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