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1 Introduction and statement of the results

One of the basic inverse problems in anisotropic media is the determination of a Riemannian
metric in a domain by measuring the Dirichlet to Neumann map at the boundary of the
domain.

In this paper we consider the question of stability, that is, whether if two Dirichlet to
Neumann maps associated to two metrics are close enough in an appropriate topology then
the Riemannian metrics are close enough in an appropriate topology.

We now describe the problem and the main results.

Let Q ¢ R?® be a bounded domain with smooth boundary. Given a Riemannian metric
g(x) = (gij(x)) in €, consider the Laplace-Beltrami operator

3
| 0
Ay = (detg)2 > 5 (det g)

30 2
g Oz
ij=1 9Ti €

in Q. Here (¢”) = (g;;) 7", det g = det(g;;). Consider the following problem
(02— Ayu = 0 in (0,00) x £,
u|t:0 = atu|t:0 =0 in Q, (11)
uloccyxo0 = f,
where f € HZ., f =0 for t < 0. Denote by v = v(z) the outer normal to 9Q at z € Q. We
define the hyperbolic Dirichlet-to-Neumann (DN) map A, by

1 3 Z(‘)u
Ayf = (detg)2 Z Vigjﬁ—xj

4,j=1

(0,00)x02
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It is easy to see [S-U] that if

P —Q
is a diffeomorphism with ¢ |sq = identity, then Ay, = A,, where ¢*g denotes the pull back
of the metric g. Therefore the best one can do is determine the metric up to isometries that
leave the boundary fixed.

In this paper we prove that the hyperbolic DN map A, determines in a stable way g
up to isometries that leave the boundary fixed, provided that ¢ is sufficiently close to the
euclidean metric e.

Let ||A||l« denote the norm of A considered as an operator

A HY(0,T) x 0Q) — L2((0,T) x 09)

with T large enough (see (4.14) for a more precise estimate of 7" depending on the metric
g). Next, let ||Al|.«« denote the operator norm of

A eV HZ(Ry x 0Q) — eV LA(Ry x 09).

It is easy to see that ||Ay||.« is finite applying the trace theorem and standard energy esti-
mates. It follows from [CP] that ||A4]|, is finite as well.

Theorem 1.1 Let g, € C1°(Q), k = 1,2 be two Riemannian metrics and denote as above
by Ag,, Ay, the corresponding DN maps. Then there exists € > 0 such that if g1, g2 satisfy

lge — ellowny <& k=12 (12)
with some 1 > 0, one can find a C'* diffeomorphism 1) : Q — Q with |pq = Id, such that
V791 — gollr2(e) < C ([[Ag, = Agoll7 + [[Ag — Ag, [I7,) (1.3)

for any o < 1/5 with C = C(¢g,0).

Remark. We note that one can also obtain an L> estimate instead of L? estimates with
o < 1/6 by using interpolation techniques as in [Su].

Of course Theorem 1.1 implies identifiability of the metric from the hyperbolic DN map
up to isometries that leave the boundary fixed. We have

Corollary 1.1 Let g, € C'°(Q), k = 1,2 be two Riemannian metrics and denote by A,,, Ay,

the corresponding DN maps. Then there exists a constant € > 0, such that if g1, g2 satisfy
(1.2) with some p > 0 and if
Agl = A92>

then there exists a C*-diffeomorphism v : Q — Q with |sq = Id, such that 1*g1 = gs.



Corollary 1.1 is known under more general conditions. For smooth metrics (without a
smallness condition on the metric) it is a consequence of [B-K] and [T]. The paper [B-K]
uses the boundary control method introduced by Belishev [B]. This method requires that
the so-called observation operator is injective (see [B-K]). This, in turn, is a consequence
of the unique continuation theorem of Tataru [T] (see also [H II] and [R-Z]). Because of
the use of unique continuation in the proof, it seems unlikely that stable estimates of the
form (1.3) can be obtained using this method. We also mention that a linearized version of
Corollary 1.1 was discussed in [S-U] and [C-M]. See also the survey paper [U] for connections
between this problem and other inverse problems.

In this paper we give a proof of Corollary 1.1 first since the method used can be easily
extended to give the estimate (1.3). The Corollary is proven in Sections 2-4. The stability
estimate is proven in Section 5.

We remark that the condition that the metrics are close to the euclidean metric is used in
several places. First of all, to prove, say Corollary 1.1, we reduce the problem to an inversion
of a Fourier integral operator, similar to a generalized Radon transform, which we can invert
if the metric is close to the euclidean metric. Second, the diffeomorphism ¢ is constructed
using harmonic coordinates, i.e. if ¢ denotes a Riemannian metric we solve

Agw = 07 w|89 = ]d>

where /d denotes the identity. If g is close to the euclidean metric, then v is a diffeomor-
phism. Moreover one can use the condition that the hyperbolic Dirichlet to Neumann maps
associated to two metrics are the same to conclude that the harmonic coordinates can be
extended to be equal outside the domain.

We also mention that stability estimates for the Dirichlet to Neumann map associated
to the wave equation plus potential were proven in [A-S|, [I-S], [Su].

2 Construction of the singular solution

Proposition 2.1 Let uy, uy solve the following problems in (0,T) x Q with some T > 0:

(at2 - Ag1)u1 = 0> (at2 - Agz)u2 = 07
Utli=0 = Opurs=0 = 0, Usli=1 = Oruali—r = 0, (2.1)
u1|(0,T)xaQ = fi U2|(0,T)xaﬂ = fo,

where f; € H?, j =1,2. Then

! TS L g 1,1 Oug Ous
- = 5.Y _ 5 o
/0 /aQ fo(Ng, — Ag,) f1 dSy dt /0 /QZ; [(det 91)%g7 — (det g2)2 g5 } J2: 9z, dx dt
T 1 1 8u1 8u2
- A ‘/Q [(det gl) - (det 92) } Eﬁ dx dt.



Proof. We have

0 = // 82 Ay) ul) (detgl)%uzdzdt

— //8u1u2detg1 2 dx dt — //Z(

0
g £u1> Uo dx dt

J

8u18uz
= — Ouy ) (Oruz)(det gy) 2 dr dt + det g1)2 g
[ fromuaecataci s ['f) 55 et 20
_// (Agy f1)f2dS, dt. (2.2)
0 Joo

In the same way we get

— —// (Opug) (Oruy)(det g2)2 dzdt—l—// Z (det go)2 ”guzgul

i,7=1

_/0 /m Fi(A2, f2) dS, dt. (2.3)

Here A} is defined by the same formula as A, the only difference being that u[;—o = du|i=o = 0
is replaced by uli=r = Owuli=r = 0. By (2.2), (2.3) for ¢ = g1 = g2 we see that A is
the adjoint to A, (in fact, the adjoint to its restriction to t € (0,7")), in other words,

Jo Joo Fr(AS, f2) dSe dt = [) [5o(Ag, f1) f2 dS, dt. After subtracting (2.2), (2.3), we complete
the proof of the proposition. O

Assume that we are given a Riemannian metric g € C**1(Q) satisfying
lg —eller+i@y <€ (2.4)

with some k > 2 (compare with (1.2)). Let us extend it to a C*-metric in the whole R?
(which we will continue to denote by g) such that g = e outside B,. One can arrange that
the extended metric satisfies

lg — 6||ck+1(R3) < (Ce (2.5)
with C' > 0 depending on €, p and dist(2,0B,). We construct a phase function ¢(z,8),
0 € S? associated to g as the solution to the following eikonal equation

3 ij 0p 0  _
{ =19 503, = L (2.6)
¢|m,gg_p = x-0.

The Hamiltonian related to (2.6) is H = >3, " (x)&&; — 1. Let 0 € 5% be fixed. Then one
can assume that 6 = (1,0,0). Therefore, we get the following Hamiltonian system

{fsffm = 2%0, g7, e = —Sho 806G, m=123, (2.7)
I|s—0 = (_p>77)7 €|5:0 = (100)



where n € R? parameterizes the plane 3 = —p. If g = e, then the solution to (2.7) is given
by x = (2s — p,n), £ = (1,0,0). It is easy to see that for general g the solution exists for all
s. Estimate (2.5) implies immediately the following.

Lemma 2.1 Fiz a > 0. Then there exists C' > 0 such that for the solution r = z(s,n),
£ =¢&(s,m) of (2.7) we have

|z — (25 — p, 1) |lck 0,01 xm2) T 1€ — (1,0,0)|| o (0,01 xm2) < Ce.

In particular, Lemma 2.1 implies that under the smallness assumption (4.6) the Hamil-
tonian flow is non-trapping for small €, more precisely, z(s,n) € B, = {z; |z| < p} for
s > a with some a > 0. Moreover, the mapping (s,7n) — z(s,n) is a C*~diffeomorphism on
0,a] x {n € R?; |n| < 2p} and its range covers B, provided that ¢ is small enough. For tech-
nical reasons in the proof of Proposition 2.2 we will need in fact to work in a larger domain,
so let us assume that € and a are such that (s,n) — z(s,n) maps [0,a] x {n € R?; |n| < 5p}
into a compact covering By,.

The phase function satisfies £¢ = ¢ - H = 22‘%:1 g7&&;. Therefore,

oa) = —p+2 [ 3 gU(x)g; d. (238)

i,7=1

where we integrate along the bicharacteristic joining {x1 = —p, £ = (1,0,0)} and (z,§).
Since H = 0 along the solutions of (2.7), we get from (2.8)

o(r) = —p+2s. (2.9)

The change of coordinates z — (s,7) is e-close to = (25 — p,n) in C*, which implies that ¢
must be close to ¢ = 1. So far § € S? was fixed. One can easily investigate the dependence
of ¢ on 6. As a consequence of Lemma 2.1 and (2.9) we get the following.

Lemma 2.2 Assume that (2.5) holds with € > 0 sufficiently small. Then there exists Cy > 0
such that

[¢(x,0) — - 0l|or(B,,x52) < Coe.

We are going next to construct a singular solution to (97 — Ay)u = 0. Given 0 € S?
denote by v(t, x, 6) the solution (in distribution sense) of the following problem

@2~ Ao = 0 in R x R?,
{ Vhey = Ot—z-0) (2.10)
One can easily solve (2.10). Given j = 0,1, ..., denote
s s >0
hils) = { 0, otherwise. (2.11)



Then the following problem has unique solution w € HZ, such that dyw € HJ ..

(02— AJw = 0 in R x R?,
2.12
{ Wheey = halt—z-0). (2.12)
The solution to (2.10) is then given by v = d?w. Denote
Ty = p+ Coe, (2.13)

where Cj is the constant in Lemma 2.2.

Proposition 2.2 Assume that (2.5) holds with k > 9 and € > 0 sufficiently small. Then
there exists a constant C' > 0, such that for |t| < 37,, and for any 6 € S* we have

v(t,x,0) = a(z,0)0(t — ¢(x,0)) + B(x,0)ho(t — o(x,0)) + r(t,z,0),

where
o — 1||Ck*2(B4p><52) < Ck, ||ﬁ||ck*4(B4px52) < Ck, (2.14)

and
||T(t> K Q)HL‘X’ + ||8tr(t> ) Q)HLZ S Ce. (215)

Moreover, for R(t,x,0) = [*__r(s,z,60)ds we have
IVR(t,-,0)| 1~ < Ce. (2.16)
Proof. We look for a solution v of the form
v(t,x,0) = a(z,0)0(t — ¢(x,0)) + B(x,0)ho(t — ¢(x,0)) +v(x,0)hi(t — (x,0)) + 7(t, z,0).

Then o =1+ &, (3, v solve the transport equations

(2i ijaQSi—l—Agb)d—_Agb &| _0 (217)
iJ':lg 81’1 8l’j g - A z-0=—p = U, ‘
3. .90 0
2 ij — 1A - A P -
( ZJZZIQ 0x; 81’]. + 9¢>ﬁ g&, ﬁ| 0=—p 0 ( 8)
3. 09 0
2 ij — 1A - A —) -
( Z,JZZIQ 81'1 8$j + QQS)’}/ 967 ’}/| 0=—p 0 ( 9)
while 7 solves
(0F = Ag)7 = (Ag)a(t — ¢), Tlieo = 0. (2.20)

Note that we need to solve (2.17) — (2.19) in the compact x -0 > —p, ¢(z,0) < 375, 0| < p
(n is determined by « = z(s,n)) and for ¢ sufficiently small this compact is contained in By,,.
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It is easy to see by Lemma 2.1 and Lemma 2.2 that the solutions exist and «, (3, v satisfy
the required estimates if & > 6. Applying standard hyperbolic estimates we see that 7 is
compactly supported with respect to z (uniformly in € < 1, |¢| < 37,) and satisfies

|7l 72 + 107 [ 1 < Cee. (2.21)

By the Sobolev embedding theorem this proves (2.15) for r = yh;(t — ¢) + 7. In order to
prove (2.16) note that (2.21) implies ||0f R|| 1 < Ce. Since 97 R = AyR+ (Ayy)ha(t — ¢) and
1Ag7]lcr(y,) < Ce (k> 9), we get AjR € H' and [|[AyR||;n < Ce, which implies (2.16).

U

3 Moding out the group of diffeomorphisms

Recall that we have the freedom to change the metric ¢ — 1*g without changing the DN
map as long as 1 is a diffeomorphism that leaves the boundary fixed pointwise. In particular
we shall construct the diffeomorphism as a harmonic function with respect to the Laplace-
Beltrami operator A,.

Proposition 3.1 Suppose 1 : Q — Q solves the problem

Agp = 0 in €,
{Wgaﬂ = Id (8.1)

Then if g satisfies (2.4) with € sufficiently small and k > 2, ¢ is a diffeomorphism and
¥ — ]d||ck+2,u(ﬁ) < (e

with some C' > 0. Moreover, for g := 1*g we have

3

Z

92§ =0 inQ, a=12,3 (3.2)

Proof. For the components v, of ¢ we have Ayip, = 0, ¥q|oo = T4. Clearly, & == — Id
solves L .
{ Ag®, = —(detg) 237 5. 9 (det g)zg™ in Q,
Dulon = 0.

Condition (2.4) implies that [|®||cr+2. @) < Ce with some C' > 0. This in particular implies
that for € small enough the map ¢ = Id+ ® is a diffeomorphism. Let g := ¢*g, where ¥
solves (3.1). Under the change of coordinates © — () the operator A, transforms into A,
the function v transforms into x, therefore Ajz = 0, or Azz, = 0 for any a = 1,2, 3, which
is precisely (3.2). d



Proposition 3.2 Let g1, g2 be two metrics satisfying (2.4) with Ay, = Ay,. Then there exists
a C*21 diffeomorphism 1) : Q — Q with Y|sq = Id, so that Y*g1 = g» on 9. Moreover,
Y = Id+ O(g) in Ck+2,

Proof. This proposition has been proven in [S-U] under the assumption that ¢; and go
belong to C'*° and it is in fact shown that g; = g2 of infinite order at the boundary. Under
the finite smoothness assumption made here, the proof in [S-U] still works to show that
g1 = g2 on JS). Indeed, one can construct highly oscillating solutions as in [S-U], not as an
infinite series but as a sum of two leading terms plus a remainder that is easy to estimate
(very similarly to our construction in Proposition 2.2). Then one gets g; = go on 0f) by
comparing the action of the DN map on the leading terms of those oscillating solutions as
in [S-UJ. O
Proposition 3.3 Let g;, i = 1,2 satisfy the assumptions of Theorem 1.1. Let g; = }g,
where 1; solves (3.1) with g = g;, i = 1,2. Then if g1]oa = g2]aa, we have §1|sq = G2|s0-
Proof. Let w;(t,x), 1 = 1,2 solve
(0F — Ag,w;
'wi|t:0 = at'wi|t:0 =
Wil(o,000x00 = Xx(t)Idy,
where xy € C°(Ry), [ x(t)dt = 1. Since A,, = Ay,, we have
3

(det g)2 Z g”l/ = (det g) > g9

i,7=1 i,7=1

n (0,00) x €,

0
0 in €, (3.3)

8w2

— Q
Jr, n (0, 00) x 0L,

where g := ¢g; = go on the boundary. Since for any ¢t > 0 the tangential derivatives (with
respect to ) of w; coincide, i = 1,2, we conclude that

V.wy(t,x) = Vyaws(t,x), V>0, x€ . (3.4)

Set o
Wy(z, \) = / N, (t, ) dt. (3.5)
0

Since the energy ||V,wil||r2(q) + ||Ovwi|| 2(q) is bounded as ¢ — oo (in fact it is constant for
large t), the distribution ¥; is well defined as the Fourier transform of w; extended as zero
for t < 0. By (3.1) we get that away from the square roots of the Dirichlet eigenvalues of
—A,, in €, the distribution ¥; is a smooth (analytic) function of A solving

(Agl—l—)\z)\lfl = 0 in Q,

where X(\) = [ ey (t)dt. Since \* = 0 is not a Dirichlet eigenvalue of —A,,, we get that
U, (A, x) is smooth near A = 0 and in particular v;(x) := ¥(x,0) is well defined and solves
(3.1). By (3.4), V1 = Vu1h on 02 which directly implies that g3 = g2 on 0Q2. We would
like to mention here that in fact we can deduce that §; = g» on 92 of order 10. U



4 Proof of Corollary 1.1

Assume that we have two metrics ¢ and g, satisfying (2.4) with A, = A,,. We first apply
the results of Section 3. First, according to Proposition 3.2, there exist a diffeomorphism
@ which is identity on the boundary, such that ¢, := ¢*¢; and g, := ¢ coincide on the
boundary. Next, according to Proposition 3.1, f]l = 17 g; satisfy (3.2), where 1; solve (3.1),
i =1,2. And finally, since §; = g, on 92, by Proposition 3.3 we get g, = g, on 9Q. Notice
that g; and g;, i = 1,2 have the same DN maps. Moreover, they satisfy (2.4). In what
follows we denote §; again by g¢;, i = 1,2 and we have therefore

3.9 .
ax(detga)%ggg =0 inQ,j=123a=12, (4.1)
j=1 i
g1—g2 = 0 on 9. (4.2)

By Proposition 2.1, given 7" > 0 we have

T 3 1 s 1 ;5 8u1 8u2
oz// det g1)3 g — (det go)3 g ] S22 4o gt
0 9”2231 [( et g1)2gy — (det go) 92} d; Oz, x
T 1 17 Oug Oug
—/0 /Q [(detgl) — (det g9) } 5 Edzdt (4.3)
for any two solutions uy, ug of (2.1). Denote
mi; = (det g1)2gy — (det g2)2 g8 =1 — 7%, (4.4)

where v := (det go)2¢¥, o = 1,2. We aim to show that m = 0 which would easily imply

[en]

g1 = go. By (41)’ (42)’

Omi; 4
SN 0, j=1.23 and  mlpa=0. (4.5)
We have B , B )
det(7y) = (det go)? det(gy) = (det ga)?.
Thus, det g, = (det(7%¥))?. For the second integrand in (4.3) we therefore have
(det g1)* — (det g)# = det(31') — det(33).
Let us denote v = (7¥), dety = det(~y%).
Lemma 4.1

detyr —detye =tr (1 —2) + D dij(7 — %),
ij=1
where d;; are polynomials of degree 2 of the entries of y1 — Id, vo — Id with no zero-degree
terms.



Proof. Denote 7y = 8 +aij, 75 = 0ij+bij. Let F(z) := det(Id+z), z being a 3 x 3 matrix
which we can consider as a 9-dimensional vector. Then

F@ﬁ—F@%:@—y)%ﬁ?ﬁﬁz+ﬁ—ﬂ@db (4.6)

For V,F =V, det(Id+ x) we have

det(Id + ) = (=1)" det ((Id + ij)izis,jjo ) -
837@'07)'0 7
If 4o = jo, then Odet(Id + x)/0x;,j, = 1+ O(|z]), where O(|z|) denotes a polynomial

containing only linear and quadratic terms, while for ig # jo we get ddet(ld+ x)/0x;,  , =
O(|z|). Therefore, V,F(x) = (d;;) + O(|z|). By plugging this into (4.6), we get

3
det(Id 4 a) — det(Id+b) = tr (a — b) + Y _ dij(ai; — b)),

ij=1
where d;; = O(|a| + |b]). This completes the proof. O
By Lemma 4.1 we see that (4.3) can be rewritten as
T 3 8’&1 8’&2 8’&1 8’&2 3 8’&1 8’&2

e —trm——— — dijmij———— | dxdt =0 4.7
Aétgmmﬁwjrmﬁathﬁijt& v (4.7)

with
Idijl|cn = OCe). (4.8)

We are going to use in (4.7) the solutions u; and us to the following problems:

{(8,52—A91)u1 = 0 inRxR3 {(af—Agz)uz = 0 inRxR3 (4.9)

u1|tS0 = 5(t_p_$'91)7 u2|t23+2p = hO(S_t‘l‘p—l"eg),

where g; and g» are the extended metrics satisfying (2.5). Here 6; € S? j = 1,2, s are
parameters and
—2p<s<T—2p, (4.10)

where 7" > 0 will be chosen later. In other words, if v; denotes the solution to (2.10) with
g=9;j,J=1,2, then

ui(t, z,01) = vi(t — p,x,61), ug(t, z,02) = Vo(s —t + p, z,09), (4.11)

where Vi(t,z,0) = ffoo vo(s,z,0)ds. Note that wui|i=¢, Opu1]i=0 vanish in B,. Similarly,
Us|i=7, Opus|i=r vanish in B,, too, provided that (4.10) holds. Therefore, u; and uy solve

10



(2.1) with some f; and f, and we can plug them into (4.7). Since f; and f, are not H>-
functions as required, we could first integrate sufficient number of times w; and wuy with
respect to ¢t and then differentiate back (4.7) with respect to s, thus substituting u; and us
in (4.7) is correct. From now on, we assume that u; and uy in (4.7) solve (4.9).

By Proposition 2.2,

ur = aid(t —p—¢i(x,0h)) + Biho(t — p— ¢1(x, 0h)) + ri(t — p,x, 01),
Uo = agho(s—t+p—¢2(l’,92))+ﬁgh1($—t—|—p—¢2(l’,92))+R2(S—t+p,l’,92),

where Ry(t,-,-) := [*__72(s,-,-)ds. For the first term in (4.7) we get

8’&1 8’&2 8¢1 8¢2 ,
Il ”ZI Gar e it = |, wzl |G g 1039 (5 = 61 = 6a) + Buils = 61 — 60
+ Cij + A 8mi’f’1(t — p)@ijg(s —t+ ,0) dt| dz. (412)

Here a = ai(z,01), aa = aa(x,02), ¢1 = ¢1(x,01), g2 = ¢a(x,02), Cij = Cyj(x, 5,061, 02),
r1(t) = ri(t,z,01), Ro(t) = Ra(t,z,02). According to (2.14) — (2.16), ||anas — 1||gr—2 = O(e),
Bi; = O(e) uniformly in 6, 6y and [ C}(x,s,61,60y)de = O(c?) uniformly in s, 6, 6.
Similarly, the last term in (4.12) involving 71 and R, is also an L2-function of x with norm
O(e) uniformly in s, 01, 5.

For the second and the third term in (4.7) we get analogously

[ ) e

i,7=1

= /Q (trm + 23: dijmij> [0410425/(3 — ¢1— ¢2) + Bi(s — ¢1 — ¢2)

inj=1
T
+C+ /0 Ori(t — p)ra(s —t+ p) dt] dzx, (4.13)

where B, C and the last term in (4.13) have similar properties as above.

Recall the definition (2.13) of 7,. It is easy to see that diam,, (B,) < p+ 7, j = 1,2.
Here g; denotes the extended metric. Notice that the s-support of ¢’(s — @1 — ¢2) is contained
in s € [-2p, 7], where 7 := 75, + 7,4,. We will choose T" so that the latter interval is included
in the interval (4.10). To this end we set

To =2p +, (4.14)

and from now on we assume that 7" > Tj. Notice that Ty = 4p + O(e).
By (4.12), (4.13) we see that (4.7) can be rewritten as

Iy =1 + Iy, s € [—Qp, ’7‘], 0, € 52, 0, € 52, (415)
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where I; = I(s,0:,02), j = 0,1,2 are given by

3
I(] = ‘/QOQOQ(;/(S - ¢1 - ¢2) Z mij; (g¢1 g¢2 + 61) + le) dx (416)
1,j=
I = / Z Bijmigd(s — é1 — ) da, (4.17)
i,7=1
I — / Z s, 5,61, 02)myy () da (4.18)
i,7=1

with ||de||Ck = 0(8), ||Bij||00 = 0(8), and ||ézj(, 5,91,92)HL2 = 0(8) uniformly in S, 91, 92.
Notice that Iy and I; are defined for all s but vanish outside [—2p, 7]. Therefore, the same
is true for I5.

Let us take the Fourier transform fo = [e?*Iyds of Iy where we have denoted the dual
variable of s by A\. Then

~

Iy = —i\F, (4.19)
with
[ 0Py O
F= /Qe Q100 ”zjl( v O + 0ij —I—dw>mw dz, (4.20)

where ¢ := ¢y (x,0,) + ¢2(x, 02). Notice that ¢ is close to x - (61 + 02). Given £ € R3\ {0},
we are going to choose A = A(§), 01 = 01(§), 02 = 02(&) so that A\(01 + 02) = . Then the
phase function A\¢ will be close to x - £&. Denote by

§

w=—> €85 r=1£>0
€]
the polar coordinates related to &. Let p € S? be a parameter. Set
wt(—p+(-ww) o w—(—p+ @ ww) _
0, = SR 0y = € 5”. 4.21
o Crt o) S ot (w0 42

Notice that —p + (p - w)w is perpendicular to w. Further,

W (—p+ (prww)* =2—(p-w)* €[1,2].
We substitute in (4.15)

8, = 61 (w )—91(|§|> egzeg(w)zez(i>

with 6;(w) as in (4.21). Next, in (4.20) we will set

\/2— (p-w) :—\/2|g|2 (4.22)
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Notice that a priori I; = I(s,61,62), F = F(\,0:,05). After the substitution (4.21) we get
functions of (s,w) and (\,w), respectively that we will denote by I;(s,w), F(A\,w). Let us
estimate the L?-norm of Iy = Iy(s,w).

/SZ/RUO(S,w)fdsdw = %/52/ N2 F (N, w)[2dA dw
- _/52/ |22<% 2—(P'w)2>3d7’dw
B 8%/’ ( @) (*(%)) d. (4.23)

Let us denote F'(A\(&),&/[€]) simply by F(£). Recall that F' depends also on the parameter
p € S2. We have

2__ 2__
7||F||L2(R3 < | lollz2mxs2) = [HollL2((—2p,rxs2) < 7||F||L2(R3 (4.24)

We are going next to estimate the norm of I; = I;(s,w) in L*([—2p, 7] x S§?), j = 0,1,2. We
will show that co||m|| < || L] = ||I1 + L2|| < cie||m|| with ¢o, ¢ independent of m, p and ¢,

whence m = 0.
To estimate ||Iy||, it suffices by (4.24) to estimate the L?-norm of F. Denote

P(a.€) = M6 (o (w01 (7)) + ol a()) ).

Thus (4.20) can be rewritten as

B¢y O
F(¢) —/ Sy ay Z (ailai? + i +dw>mw dx (4.25)

i,7=1
with :
o a3($9(|€|)) O = gbj(:z@(m)) =12

We introduce next the following class S of symbols. We say that a = a(z, ) € C*(B, x
R3\ {0}) belongs to S iff there exists a constant C' > 0, such that

070la(e &) < Clgm T forz € B, R0}, ol +]f] <k (420)

The optimal constant in (4.26) defines a norm in S}". We say that a = O(e) in S}* iff a € S}
and the S}*-norm of a is O(¢), in other words (4.26) holds with C' replaced by Ce.
By Lemma 2.2 we have

oz, &) =x-£+ 0(e) in S}. (4.27)
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In (4.25) we have also

o = 1‘|‘O(5) in Sp_,,

a¢1 o i (_|€|pz |§|€z) .
o0 - ¢2|€|2 L0 S,
o6, & (- |§|pj m &) ,
al’j - \/2|€|2_ +O(€) m 52—17

dij = 0(8) in S,g
Proposition 4.1 Let P denote the operator

(PHE) = [ ez, €)f(x)do
where @(z,€) is homogeneous of order 1 in & and for x € B,, £ # 0 we have

10202 (p(x,6) —x-€)] < Aele]™ 1P Jal + (8] <9,
0200a(z, &) < MO, o +]8 <7

with some A >0, M > 0. Then for e > 0 sufficiently small P : L*(Q) — L*(R{) is bounded

and
[Pfllrzmy) < CoM||fllz2@)

with Co = Co(A). If, in addition, a =1+ O(e) in S?, then for e > 0 small enough

(27T)

[fllz20) < 1P fllz2mg)- (4.28)

Proof. Proposition 4.1 was proven in [St-U]. For the sake of completeness below we will
recall the proof. Consider P*P. We have

(P'Pf) (2) = [ [ e 020 Dae ay, ) £ ) dy de. (4.29)
The phase function above admits the representation

o(r,8) —p(y,§) = (v —y) n(z,y,8),

where

19, = [ (Vap)ly +ta — ). €)dt. (4.30)

Here 7 is a homogeneous function of £ of order 1. Let us extend the definition (4.26) of S}
to amplitudes a(z,y, &) depending on y as well by replacing (4.26) by |8§858ga(:£,y,§)| <

14



Clgm=h x € B,,y € B,, € #0, |a|+ B8]+ |7] < k. Then n = £+ O(e) in St. The equation
n = n(z,y,£&) can be solved for £ for € small enough. The Jacobian J := |Dn/D¢| satisfies
J =1+ 0(e) in S? and moreover, J is homogeneous in . After the change of variables
€ — nin (4.29) we get

P'Pf = // eI (x, y,m) f(y) I (x, y,m) dy dn, (4.31)

where j(17>?/>77) = J_l(l',y,g)k:g(m,y,n), 5(177?%77) = a($>€) (y €)|§ =¢(z,y.m)- ClearlY> bJ € SO
with norm C(A)M?. We are in a position now to apply to (4.31) Theorem A.1 in [St-U], say-

ing that a(z,y, D) is bounded in L? with norm not exceeding C M, if [ |8§85a(:v, y, &) |dxdy <
M, |a| + || < 7. This theorem is a straightforward generalization of a similar result for
operators a(x, D) (see Theorem 18.1.11" in [H I]). More precisely, we apply the above men-
tioned theorem to the operator with amplitude x(z)b(x,y,n)J(x,y,n)x(y), where x € Cse,
X = 11in 2, x = 0 outside B,. This yields the first part of the proposition.

To prove the second assertion, notice that if @ = 1+ O(e) in S?, then Jb = 14 O(¢) in
59 because we have the same for J. Therefore,

||P*P — (277)3[d||£(L2(Bp)) S 08,
which yields immediately (4.28) for £ > 0 small enough. O

By Proposition 4.1 and (4.25), F' can be represented as F' = Pm, where P is an operator
as above (acting on matrix-valued functions). The amplitude a;; is homogeneous in ¢ of
order 0, belongs to S?_, and

w=(2- (5E)) [+ ) -] [(1-5E) S en| v o) msts

If £ > 9, then by Proposition 4.1,
07 —1
i Q_ﬁ]llp_ﬁg_i]
= e Z(l ()| (g

X [(1 - %) fé +p ] —I—%)mw dz + O(e||m||) in L*(R}).

Using the fact that dp/0z; = & + O(e) in S;_; and m = 0 on the boundary (see (4.5)), we
get

& : 1 i 0P .
ﬁ Qewmijda: = E/ﬂewa—%mijdz%—O(eHmH) in Lz(Rg’)
= g e e+ Olelml) i 2RY. (482)
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Since by (4.5), >°2_, Om;;/0x; = 0, j = 1,2, 3, we get
. p-EN? 13 .
F = /Qew< — [2 - (W> ] -21 mipip; + trm) dr + O(e|lml]) in L*(RY). (4.33)
Z7J:

Moreover, Proposition 4.1 allows us to conclude that the estimate on the remainder above
is uniform in p € S?. By (4.24),

£l r2(ra) < Clllollr2((-2p,r1x52) + O(ellml), (4.34)

where Fj denotes the integral term in (4.33).
Let us estimate now the norm of I1 = I1(s,w).

| Tallz2-2pmisn < Cell [ mld(s = 6) doamse),

where ¢ = ¢1 + ¢, ¢j = ¢;(x,0;(w)), 7 = 1,2 (see (4.21)). Since for any f € C'(R) with
f =0 outside [—2p, 7] we have | f||z2 < C||f|| 12, after approximating [m| = (3;; [mi;]*)"/?
with smooth functions, we get

||Il||L2([—2p,T]><SZ) < 0/5” / |m|5/(3 ) diE||L2(Rx52)-

The integral above has a form similar to that of Iy (see (4.16)) and therefore the analysis of
Iy yields
||Il||L2([—2p,T]><52) S C//€||m||. (435)

And finally, for I we have
[ 12| 22(j=2p,7x52) < Cel|m| (4.36)

because (see (4.18)) I is obtained from m by applying a Hilbert-Schmidt operator with
kernel C;; having L*norm of the kind O(e), uniformly in the parameter p € S2.
Combining (4.15), (4.34) — (4.36) we obtain Fy = O(e||m||) in L?, in other words,

/Qew(m,ﬁ) (wz: ma; (2)pip; — (2 _ (%>2>trm(z)) dz = O(eljm|]) in L*(R}). (4.37)

Recall that ¢ depends on p € S? as well. As in the proof of Proposition 4.1 (we need here
k >9), let us apply the operator P* to (4.37) to get

//Q pil@=y)n (23: mi; (Y)pip; — ((2 — (%>2>trm(y)) dydn = O(e||m]|) in L*(y).
o (4.38)
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Here, as in the proof of Proposition 4.1 we have made the change p(z,§) — ¢(y,n) = (z —
y) n(x,y,€),n=E+0(e) in S}, and used that fact that J(x,y,n) = 1+ 0(e) in Sp_,. We
can choose now successfully p = ey, €2, e3 and sum up the corresponding equalities (4.38) to
get

4 [ [ () dydy = O|ml)) - in L2(RE).
Q
In other words,
[trm| = O(el[m]]).
Going back to (4.38) we obtain

3
> mipip; = O(e|lm|)) in L*(Q), Vp € S2.

ij=1
Setting p = ey, s, €3, we get

[miil| = O(elml]), +=1,2,3.
Setting p = %(ei +e;), 1 # j, we get

lmiyll = Oellmll), i #j.

Therefore, ||m| = O(e|lm||) which yields m = 0 for ¢ sufficiently small and & = 9 in
(2.4). Going back to the notations at the beginning of this section, we see that (p111)*g1 =
(02102)* g, therefore (505 ¢191)* g1 = go. This completes the proof of Corollary 1.1.

5 The stability estimate

In this section we prove Theorem 1.1. First we need the following geometrical optics solution.
For more details we refer to [CP].

Fix (t,2°) € (0,00) x 99 with ¢ sufficiently small and let x € C5°((0,00) x 9f) be a
cut-off function such that y = 1 near (%, 2°). Then there exists a solution u of (1.1) that
near (t°,2°) has the form

u =MD (A, w) +o(t,z,w, A)), (5.1)

where X > 0 is a large parameter, 37— g (1%)w;w; = 1, w - v(2°) < 0 and

C
||'U(t>'>w> )‘)HHZ < X (52)

The phase function solves (in a neighborhood of %) the eikonal equation

3 ij Op O¢

i,j=1 gwa_ziaTj = 1,
¢|8Q = T W, (53)
%bg < 0.
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Recall that v is the outer normal to 02 and the third equation above implies that V¢ points
into . Since w is not tangent to A near x°, (5.3) is non-characteristic and therefore well
posed. For the amplitude A we have A = X(t,:c) for x € 0N and A solves the standard
transport equations.

The construction of u is very similar to that of the solution v in Proposition 2.2 (see also
[CP], [S-U]). First we construct a local solution as in Proposition 2.2. Then we extend g
smoothly near 0f2 such that g = e outside a small neighborhood of 02 and ¢ satisfies (2.4)
with £ = 9. We propagate then the local solution backwards to t = 0, cut off the so obtained
initial data so that it is zero in {2 and propagate forward.

In [S-U] it is shown that if two metrics have the same DN maps, they coincide at the
boundary in suitable coordinates. We will adapt that proof to show a continuous dependence
on the boundary. Let us define boundary normal coordinates near 02 as follows. For x
sufficiently close to the boundary, set x3 = disty(x,0Q). If 2’ := (21, x2) are local coordinates
on 0, then in the new coordinates

Z 9&€; = Z 98 + &, (5.4)

i,7=1 i,7=1

Suppose that we have two metrics ¢g; and ¢, satisfying the assumptions of Theorem 1.1.
Fix 2° € 99 and let N, be a local diffeomorphism mapping the original coordinates into
its normal coordinates (z’,x3), corresponding to the metrics gg, kK = 1,2. Set hy = N{gx,
k =1,2. Then hy satisfies (5.4).

Proposition 5.1
|h1 — hallLe(0) < Cl|[Ag, — Agy ||«

where O is a small neighborhood of °.

Proof. Let uy, us be the solution (5.1) associated with hy, hy respectively defined in a
neighborhood of (#°, %) with some t° > 0. For (¢, z) close to (t°,2°) we have

3
Apup = ideA W) (det hy) _( Z ——I—O()\ )) in H%(ﬁﬂ)

y 96
— iINt—z-w) 5
ie ((det hi) 92

N

(A‘1)> in H(09), (5.5)

k = 1,2. Let us choose f € C§°(Ry x 99Q) supported near (t°,2°), such that suppg C
{(t,x); x(t,z) = 1} and consider
1 ,
G(\) = — e M@ (A g — Ap,ug) f dt dS,.
I\ JRy %00

18



By (5.5),

lim G(\) = 23: ((det hi)? g¢

A—00 /R+ X0 ij=1

€3

— (det hy)? a¢2> fdtds,. (5.6)
On the other hand,

1 1
(G < SN = Anallelfall | fllze + S Amg llsllur = walla [ £ 2,

where || - ||g1, || - |22 are the norms over (R x Q) Nsupp f. Since ||u1|| g1 = O(N), ||us —
uz||gr = O(1) uniformly with respect to g1, g» satisfying the assumptions of Theorem 1.1,
we get

G < C (1A = Aol + O (1 £ ]2 (5.7)
Combining (5.6), (5.7), we get

folol] 1 09
/RMQ ((dethl) o — (det hy)¥ 57 )fdtdS

< Ol Any = Any [l [[ 1] 2 (5.8)

The eikonal equation implies that on 0f2

[un

O 2
&53 (1 — Z hk wle> )

i,7=1

Picking suitable values of w and bearing in mind that (5.8) holds for any f € L*(R, x 0Q)
supported near (%, 2°), we complete the proof of the proposition. O

By Proposition 5.1, we have the same stability estimate at the boundary for g; and
(N7 ' N3)*gy. Choosing a partition of unity, we get

Proposition 5.2
||§1 - §2||L°°(89) < C1”‘/\91 - A92||*>
where 1 = g1, g2 = ©*ge and ||¢ — Id||cn < Ce.

We need here a modification of Proposition 3.1.

Proposition 5.3 Suppose 1 : Q — Q solves the problem

(—Ag+e)y = 0 inQ,
Y|oa = Id.

Then if g satisfies (2.4) with € > 0 sufficiently small and k > 2, 1) is a diffeomorphism and

(5.9)

|1 = Id|| crrom) < Ce (5.10)
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with some C' > 0. Moreover, for g :=1*g we have

3 a )
> (det §)25 = exo(det§)2 in Q, a=1,23. (5.11)
i—1 9Ti

Proof. As before, denote ® := 1 — Id. Then

{(—Ag—l—e)fba = (detg)~z Y3 i1 Do 9 (det g)2g"® — ez in O,
Dylon = 0.

Applying standard elliptic estimates, we get (5.10). Next, since (—Az + ¢)® = 0, we get
(—A, + ¢€)Id = 0, which implies (5.11). O

We prove next an analogue of Proposition 3.3.

Proposition 5.4 Let g1, g2 satisfy the assumptions of Theorem 1.1. Let g:]k = gk, where
gk, k = 1,2 are as in Proposition 5.2 and ¥y, k = 1,2 solve (5.9). Then

191 = gallz20) < C (1Agy = Agall + [[Agy — Ags 1) - (5.12)

Proof. Let wy, k = 1,2 solve (3.3) as in the proof of Proposition 3.3 with x € C5°(R;)
such that [5° e VElx(t)dt = 1. Define Wy(z, \) by (3.5) and set 1y (z) = Wi(z,i\/E), i.c.

Yp(x) = /Ooo e_‘ﬁtwk(t, x)dt,

k =1,2. Then vy, solve (5.9). We have

> by
(det g1)2 g1 l/l— — (det g2)2 g2 1/Z
H zyzl ' zyzl aIJ L2(0Q)

IN

H/ 6_\/Et(Am - Agz)X(t)[dr dt
< C||Ag1 - Agz”**-

L2(99)

Using Proposition 5.2 and the fact that the tangential derivatives of §; and gs coincide, we
get
191 — GallL200) < Cl|Ag, — Agy s

which implies Proposition 5.4. O

We are ready now to begin with the proof of Theorem 1.1. Let g1, g2 satisty the assump-
tions of Theorem 1.1. We define new metrics ¢, and g, as in Proposition 5.4 and in order to
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simplify the notations we denote them again by ¢;, go. Then gy, go still satisfy the smallness
assumption of Theorem 1.1. With m as in (4.4) we get by (5.11), (5.12),

3
> &E'J =O(e|m]|) inL%* j=1,2,3, and  ||mlaql 200y < C0, (5.13)

4,j=1

where
6= ||Ag1 - Agz”* + ||Ag1 - Agz”**-

Instead of (4.3) we have

8’&1 8’&2

/OT/aQuz(Agl— 2)dSzdt // Z detg1 (detgg)_gﬂ 9 01,

—// (det g1) %— detgg)%] 8;1%d dt  (5.14)

with w1, ug as in (4.11). Here the left hand side is treated in distribution sense. With the
notations of Section 4 (see (4.15) — (4.18)), (5.14) can be rewritten as

T
/ / UQ(Agl — Agz)ul dSmdt = I(] — Il — Ig, (515)
0o Joo
where I; = I;(s,61,62), j = 0,1,2. Let us set ¢; = 61(w,p), 6 = O5(w,p) as in (4.21) with
p € 5% a parameter. Then I; will depend on s, w (and p) and we denote for simplicity the

new function by I;(s,w) as before Denote by U, (t, z,w) the solution to the first problem in
(4.9) with § replaced by hq, thus in particular 92U; = u;. Then we get from (5.15)

T
8§A ~/<99 U2(Agl - Agz)Ul dSmdt = I(] — Il — Ig, V(S,W). (516)

We have for any s, w

o e = Ag)Us dSmdt’ < [luzloall 2 o r1x00) 1A = AgallllUrlo0ll 110 1y x00)- (5:17)

It follows from Proposition 2.2 that |lusloqll 2o 71xa0) [1Utloellmiorixaq) are uniformly
bounded for small €. Let us take Fourier transform F,_, of both sides of (5.16)

T N N ~
~XF | /a ws(Ay, — AUy dS,dt = fo— Ty — .
0 Q
By (5.17),

L2(Ry x52) < ||Ag1 - Agz”*-
A w

T
H}—s_»\ / / u2(A91 - Agz)Ul dsS,dt
0 JoQ
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Fix R > 0. Then
||fo||L2([_R,R]xsg) < O + | r2(—2pmxs2) + CR?||[Ag, — Agy ||+

By (4.35), (436),
[ Toll 2 r,m1xsz) < Cellm|| + CR?[[Ag, — Ag, s (5.18)

Reasoning as in Section 4 (see (4.19), (4.23), (4.24)), we get

~ R
Mollia-nameszy = [, [ NIFOL@)PdAdo > CIIF |, (5.19)

where we denote as before F'(&) := F(A(£),£/]€]). In this case m does not necessarily vanish
on 0f), as in Section 4 and instead we have (5.13). Nevertheless, this is enough to show as
in (4.32) that

3 ¢ ,
Z% Qfﬂgomij dz = O(e|/m[| + R%é) in L*(Bg), j =1,2,3.
i=1

So, (4.33) remains valid in our case and similarly to (4.34) one gets from (5.18), (5.19)
1Foll sy < Clellmll + R?9)

with Fy as in (4.33), (4.34). Similarly to (4.37),

XR(&)/

Q

eine) (23: mi;(2)pip; — (2 - (P . €>2>trm(iﬂ)) dx = O(el|m|| + R?*6) in L*(RY),

ij=1 ér
(5.20)
where xr(§) = 1 for [£] < R, xr(§) = 0 otherwise. As in (4.38), let us apply P* to (5.20) to
get

/ /Q 6““”'%3(6(%%@/))(;: mi; (y)pip; — ((2 - (%>2>trm(y)>dy dn
| — O(e|m| + R%) in L2(Q). (5.21)

Therefore,

//Q 6i(m_y)'nXR(77)< 23::1 mij(y)pip; — ((2 - (p.n>2>trm(y)>dy dn

5 Tl
= O(e||m|| + R*S) in L?(£2,)
(compare with (4.38)). This implies
Ixaxr(D)m|| < C(ellm| + R*3). (5.22)
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In order to estimate m(&) for large &, consider

- , - com(x) , -
iz ix-§ (LR
/nge m(x)dr = z/ﬂe or, dx z/me vi(x)m(x) dS,.

The first term in the right hand side above is O(¢) as a function in L*(R?), because of (1.2).
The second term belongs to L, with a > 1/2 and

L < Cllmlaqll 290 < C0.

H /aQ ey (z)ym(x) dS,

Therefore,

(R [ im©Pde < [ (1) e e

l¢I>R

3 . 2
< o210y |a+ |g|2)—a/2/ ¢y, (2)m(z) dS,
= o0 L2
< Cle +6)
Thus we get
. o 1
||m||L2(R3\BR) S CR 1(5 + 6), o > 5 (523)

Combining (5.22), (5.23), we get
Imll < C(ellmll + R*6 + R*(e + 9)),

therefore
|m|| < C(R25 + Ra_l).

Set R = 6~'/3=%_ Then we get
11—
[m[| < Cd3==.

Note that ¢ := (1 — a)/(3 — a) < 1/5 and can be chosen as close to 1/5 as we wish by
choosing suitable a > 1/2 close to o« = 1/2. This completes the proof of Theorem 1.1.
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