INVERSE PROBLEMS FOR REAL PRINCIPAL TYPE OPERATORS
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ABSTRACT. We consider inverse boundary value problems for general real principal type differential
operators. The first results state that the Cauchy data set uniquely determines the scattering
relation of the operator and bicharacteristic ray transforms of lower order coefficients. We also give
two different boundary determination methods for general operators, and prove global uniqueness
results for determining coefficients in nonlinear real principal type equations. The article presents
a unified approach for treating inverse boundary problems for transport and wave equations, and
highlights the role of propagation of singularities in the solution of related inverse problems.
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1. INTRODUCTION AND MAIN RESULTS

1.1. Motivation. This article studies inverse boundary value problems for linear and nonlinear
differential operators with variable coefficients. In many works in the theory of inverse boundary
value problems, it has been customary to focus on specific problems (e.g. the Calderén problem
for Laplace type equations, the inverse boundary problem for the wave equation that we will
call Gel’fand problem due to the roughly equivalent formulation posed in | |, boundary and
scattering rigidity problems for transport equations, or geodesic X-ray transforms). However, there
have been unexpected connections between problems having different character, such as

e the explicit appearance of geodesic X-ray transforms in the Calderén problem [ l;

e a reduction from the Calderén problem to the Gel’fand problem involving the boundary
control method for the wave equation | |; and

e a direct relation between the boundary rigidity problem and the Calderén problem | ].

In this article we will work in the spirit of a general point of view to linear partial differential
equations, as advocated in | ]. The objective is to find structural conditions that allow us to
consider large classes of operators, and to identify fundamental principles that make it possible to
solve related inverse problems. In addition to obtaining results for general equations, we hope that
the new point of view will yield a better understanding of the methods that are currently available,
the connections between different problems, and the extent to which it is possible to push the

methods. Of course this is a large program and we view the present work as a starting point.
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Here, we will consider operators of real principal type and the consequences of propagation of
singularities for related inverse problems. This will include inverse problems for transport equations
(boundary and scattering rigidity) and wave equations (Gel’fand problem) as special cases. As an
example, if one knows the outgoing Dirichlet-to-Neumann map for the operator P appearing in the
wave equation on a Riemannian manifold (M, g) with time-independent magnetic potential A and
electric potential V', then up to suitable gauge transformations it is possible to recover

the Taylor series of the coefficients at the boundary, up to the natural gauge,
the scattering relation for the metric g,

the geodesic X-ray transform of the magnetic potential A up to 27Z, and
the geodesic X-ray transform of the electric potential V.

We refer to | |, where these results are obtained for Lorentzian wave equations, including
classical ones with time-dependent coefficients, and to references therein for earlier results. This
reduces the problem of finding the coefficients of P to the well studied boundary/lens rigidity one
and to the problem of inverting the geodesic X-ray transform on functions or more generally on
tensor fields.

In this work we prove counterparts of the above results for any real principal type differential
operator P. The scattering relation for the metric (i.e. for geodesic flow) will be replaced by the
scattering relation for the null bicharacteristic flow for P. The geodesic X-ray transform will in
turn be replaced by the relevant null bicharacteristic ray transform. In order to recover the actual
coefficients it remains to solve the related scattering rigidity and bicharacteristic ray transform
problems, if possible. These issues are left to forthcoming works. However, we will also prove
boundary determination results for real principal type operators (these can be used to recover
real-analytic coefficients), and interior determination results for related nonlinear operators.

1.2. Real principal type operators. Before stating the main results, we will need to give some
facts concerning real principal type operators. First we recall the definition of these operators from
[ , Definition 26.1.8 in Section 26.1].

Definition. Let X be an open C'° manifold. A properly supported pseudodifferential operator
P € ¥"(X) is of real principal type if it has real homogeneous principal symbol p,, of order m,
and if no complete null bicharacteristic of P stays over a compact subset of X.

Examples. Any real vector field with no trapped integral curves is of real principal type. The
wave operator 07 — Ay, in a space-time cylinder R x My, with (M, go) a Riemannian manifold,
is of real principal type, and so are more general Lorentzian wave operators and higher order
hyperbolic operators if the nontrapping condition is satisfied. Tricomi type operators x28§1 + 8%2
are real principal type, but Keldysh type operators xlc?%l + 832 are not. Elliptic operators with
real principal symbol are real principal type, but they have no null bicharacteristics so for such
operators most of our results are void. Our results do apply to operators with elliptic factors such
as (07 — Ag,) (0% + Ay,). Of course, lower order terms with complex coefficients can be included
(heuristically, principal type operators are those whose main behaviour is described by the principal
symbol alone). We remark that different definitions of real principal type exist in the literature
(e.g. the stronger local condition d¢p # 0 appears, ensuring that null bicharacteristic curves have no
cusps). Moreover, operators such as the Schrédinger operator id; — A or the plate operator 92 + A?
are not real principal type, but using a suitable (anisotropic) weighting for the time derivative
makes it possible to treat such operators in a similar way as real principal type operators, although
new phenomena appear (see e.g. [ ]). One could also consider systems of real principal type,
and there are several interesting physical examples (e.g. Maxwell and elastic wave equations).
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A major feature of operators with real principal symbol is the fact that singularities propagate
along null bicharacteristics (i.e. integral curves of the Hamilton vector field H,, in the characteristic
set Char(P) := {(z,&) € T*X \ 0; pm(z,&) = 0}): if u solves Pu = 0 in X, then the wave front
set of u is contained in Char(P) and it is invariant under the bicharacteristic flow there. In the
definition of real principal type operators, the condition that no complete null bicharacteristic of
P stays over a compact subset of X is a nontrapping condition for the bicharacteristic flow. It
ensures that the equation Pu = f can be solved in any compact set if f satisfies finitely many
linear constraints. These facts from | | and | , Section 26.1] are recalled in Section 2.

We wish to study inverse boundary value problems for real principal type operators. In order
to avoid technicalities related to the presence of a boundary, we will mostly focus on differential
operators on compact manifolds with smooth boundary. We will next examine the real principal
type condition and introduce several related definitions in the boundary case.

Let M be a compact manifold with smooth boundary and let P be a differential operator of order
m > 1 having smooth coefficients on M. Assume that P has real principal symbol oy, [P] = pp,.
Then for any (z,&) € Char(P), there is a maximal interval [—7_(z, &), 74+ (z,&)], where 74 (z,&) €
[0, 0], such that the null bicharacteristic curve

Y=Y f - [—T—(ﬂfaf)aﬁt(%f)] - T*M\O

with 7,.¢(0) = (x,£) cannot be extended to a strictly larger closed interval as a smooth bicharac-
teristic curve in 7*M \ 0. A bicharacteristic curve is called mazimal if it is defined in its maximal
interval. The null bicharacteristic flow for P is called nontrapping if 74(x,§) < oo for every
(z,£) € Char(P). The operator P is said to be of real principal type on a compact manifold M
with boundary if it has real principal symbol, and if the null bicharacteristic flow is nontrapping.
We remark that the above definition is compatible with that of real principal type operators on
an open manifold, in the sense that any real principal type differential operator P on a compact
manifold M with boundary can be extended smoothly as a real principal type differential operator
in some open manifold X containing M (see | , proof of Theorem 26.1.7]).

We now define the (null bicharacteristic) scattering relation for P. This will be a map that takes
the initial point of a maximal null bicharacteristic to its end point, and vice versa. The definition
is chosen so that it allows the bicharacteristics to have arbitrary tangential intersections with the
boundary.

Definition. Let M be a compact manifold with boundary, and let P be a real principal type
differential operator in M. The (null) incoming and outgoing boundaries are defined as

O (T*M) := {(z,€) € Char(P) ; 7(x,£) = 0}.

null

We set 0 (T*M) = 0

null

(I*M) U o, (T*M). The scattering relation for P is the map
ap : (T M) — Fu(T™ M),

OCP(ZL' é.) — { 796,£(T+(x7£))’ (x7£) € 8rTull(T*M)7
’ ' 737,{(_7_—('%'75))7 (l‘,f) € an_ull<T*]M)'

It is immediate that 0! (T*M) C 9(T*M) N Char(P), and that the scattering relation has the
following properties:

aP(ailu( “M)) :ailu( M),

apoap =I1d.
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The next step is to consider boundary measurements for P. For second order operators it is
customary to consider a Dirichlet-to-Neumann map, which maps the Dirichlet boundary value (on
a suitable part of the boundary) of a solution of Pu = 0 in M (the outgoing one for wave equations)
to the Neumann boundary value. For a general real principal type operator P of order m > 1, it
is not clear if there is a suitable well-posed boundary value problem or a corresponding boundary
map. However, one can always define boundary measurements in terms of the Cauchy data set.

For the next definition and for later purposes, we fix an auxiliary smooth Riemannian metric g
on M and let V be the covariant derivative with respect to g. Then V¥*u is the kth total covariant
derivative of u, and the Cauchy data set below encodes the derivatives of solutions of Pu = 0 in
M up to order m — 1 on the boundary.

Definition. The Cauchy data set of P is defined as
Cp = {(uloar, Vulonr, - -, V™ tularr) ; uw € H™(M) solves Pu = 0in M}.

We say that two differential operators P; and P> agree to infinite order on OM, if (P — Py)w
vanishes to infinite order on M for any w € C*>°(M).

Note that even though Cp depends on the choice of g, the property Cp = C for two operators
is independent of g.

1.3. Determining the scattering relation and bicharacteristic ray transforms. Let P be
a differential operator of order m on M and let p be a nonvanishing half density on M. We obtain
a differential operator P* acting on half densities by the following definition

(1.1) Pt = pPu,

where the operators u : u + up and p~' : up — u give an isomorphism between functions and
half densities. Writing Z?:o p;f for the polyhomogeneous full symbol of P in a local coordinate
system, the subprincipal symbol

. n
1
(1.2) Oain[P!] =Dy + 5 Y Oy Pl
=

is an invariantly defined function on T*M \ 0, see e.g. | , Theorem 18.1.33].
We can now state the first main theorem, showing that the boundary measurements for any real
principal type differential operator P uniquely determine the scattering relation which depends on

the principal symbol p,,. Moreover, if p,, is known then the integrals of the subprincipal symbol
Osub|P*] over maximal null bicharacteristics are uniquely determined modulo 27Z.

The result assumes that the coefficients of P have already been determined up to infinite order
on OM (after suitable gauge transformations); this is typically done using boundary determination
results, which are discussed later.

Theorem 1.1. Let M be a compact manifold with smooth boundary, and let P;, Py be real principal
type differential operators of order m > 1 on M. If

C(P1 = CPQ
and if Py = Py to infinite order on M, then
a/ull,Pl (T"M) =0,

n null, Py (T*M)7
ap = ap,.
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Moreover, if the principal symbols of P1 and P» coincide, then for any nonvanishing half density p
on M one has

(1.3) exp [Z /O ' asub[P{‘](y(t))dt} ~ exp {z /O ' asub[PQ”](y(t))dt]

whenever v : [0, T] — T*M is a maximal null bicharacteristic curve for P;.

Remark. The equation (1.3) can be formulated equivalently without half densities as

exp [Z /OT(pm—Ll — Pm—1,2)(7(1)) dt] =0,

where > pj1 and > pj2 are polyhomogeneous full symbols of Py and P, acting on functions,
in a local coordinate system. The above expression is coordinate invariant by Lemma 3.2 under
the assumptions above, and the equivalence follows from (3.2) below.

The conclusion (1.3) is of course equivalent to

T T
/ osub| P{'1(7(t)) dt = / osub| P31(v(t)) dt  modulo 27Z.
0 0

This nonuniqueness modulo 277 is related to the Aharonov-Bohm effect, which appears when one
tries to determine subprincipal terms on domains with nontrivial topology (see Lemma 2.6).

The next result shows that it is also possible to determine bicharacteristic ray transforms of the
coefficients of order < m — 2, and that no nonuniqueness modulo 277 appears in this case.

Theorem 1.2. Let M be a compact manifold with smooth boundary, let P be a real principal type
differential operator of order m > 2 on M, and let Q1 and Q2 be differential operators of order
<m —2 on M with Q1 = Q2 to infinite order on OM . If

CP+Q1 = CP+Q27

then

T T
(1.4) /0 ooel Q] (1(1)) dt = /0 ooe Q] (1(1)) di

whenever v : [0,T] — T*M is a maximal null bicharacteristic curve for P.

Remark. Note that o,,[Q;](z,§) = qgl"'j’“ ()&, -+ &j,, is a polynomial in £ in local coordinates.
Hence (1.4) may be written as

T

/0 a7 (@))€, (1) - & () dt = /0 " (@))€, () - &, (1) dt
where A(t) = (a(t), £(1)).
Note that the above theorems are rather general, in the sense that they are valid for

o differential operators of any order, with real principal symbol and satisfying the nontrapping
condition (in particular, no wellposedness assumptions are required); and
e any maximal null bicharacteristic, possibly with cusp points (such as for Tricomi operators)
or tangential intersections with the boundary.
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The proofs of the above theorems extend in a straightforward way to the case where one only
has access to measurements on a subset I' C M. Then one obtains information along null bichar-
acteristics that do not meet M away from I'. We refer to Section 4 for precise statements.

Another related case is that of hyperbolic operators, for instance the wave operator in a space-
time cylinder My x (0,7), where the boundary measurements are typically given on the lateral
boundary My x (0,7") for outgoing solutions that vanish near ¢t = 0. This case can also be
included with small modifications, and it is a special case of the following result.

Consider a differential operator P of order m on a smooth open manifold X equipped with a
smooth function ¢. We say that P is strictly hyperbolic with respect to the level surfaces of ¢ (see
[ , Definition 23.2.3]) if, writing p,,, = op:[P], one has p,,(z,d¢(z)) # 0 for x € X and if the
polynomial 7+ py, (2, & + T7dp(z)) = 0 has m distinct real roots for all (z,£) € T*X such that & is
linearly independent from d¢(x). Without loss of generality we may assume that p,, is real valued
(see [ , Lemma 8.7.3]).

Let M7 C X be a compact domain with smooth boundary and let 7" > 0. We consider the
cylinder

(1.5) M={xeM;0<¢x)<T}

and write ' = 0M NOM;, T_ =0MN{x € M;; ¢(x) =0} and 'y =M N{x € My; ¢(z) =T}.
If ¥ C OM, we use the shorthand notation

trntu = (uly, Vuls, ..., V™" uls).
Finally we define the lateral Cauchy data set
CEt = {trl" " u; u € H™(M) solves Pu =0 in M and trf' ' u = 0}.

We have the following analogue of Theorems 1.1 and 1.2.

Theorem 1.3. Let M be as in (1.5), and let P1, Py be differential operators of order m > 1, strictly
hyperbolic with respect to the level surfaces of ¢. Suppose that Py = Ps to infinite order on .

If C’}%lt = C’}ﬁ‘;, then
ap, (I’, 5) = ap, (l', 5)

for any (x,8) € 0y p,(T*M) such that both for j = 1,2, the mazimal null Pj-bicharacteristic
curve through (z,€) does not meet O(T*M) away from T.

Moreover, if the principal symbols of P and Py coincide, then for any nonvanishing half density
w on M one has

(1.6) exp [z /0 ! osub[Pl“](fy(t))dt} — oxp {z /0 " s [PAI(0) dt

whenever vy : [0, T] — T*M is a maximal null bicharacteristic curve for Py whose spatial projection
does not meet OM away from T.

Finally, if m > 2 and if P; = P + Q); where QQ; has order < m — 2 for j = 1,2, then

T T
/ ool Qi) (4 (1)) dt = / 0o Q] (4(8))
0 0

whenever v : [0, T] — T*M is a maximal null bicharacteristic curve for P whose spatial projection
does not meet OM away from I.



1.4. Boundary determination results. We proceed to the statement of boundary determination
results. Given (z,§) € T*(0OM), the boundary determination results at x will depend on properties
of the characteristic polynomial in the normal direction, i.e. on the polynomial

T = pm(z, € + V),

where v is the inward pointing unit conormal to OM with respect to the auxiliary metric g. This
is a polynomial of order m with real coefficients, and hence has m complex roots counted with
multiplicity so that the non-real roots occur in complex conjugate pairs. We will employ two
methods for determining boundary values at x:

e (Elliptic region) If 7 — p,,(z,§ + 7v) has a simple non-real root, we use exponentially
decaying solutions that concentrate near x to give an analogue of boundary determination
results for second order elliptic equations.

e (Hyperbolic region) If 7 +— py,, (z, £+ 71) has at least two distinct real roots, we use solutions
concentrating near two null bicharacteristics through = and obtain an analogue of boundary
determination results for the wave equation.

In fact the regions could be mixed, and we will use a combination of both methods. The terminology
above is analogous to the case of second order operators | , Section 24.2]: if P is of second order
with real principal symbol ps and the boundary is noncharacteristic, then the elliptic region (resp.
hyperbolic region) is the set of those points in (z,&) € T*(0M) such that the map 7 — pa(z,E+7V)
has no real zeros (resp. has two distinct real zeros).

The next result proves that the Cauchy data set determines the Taylor series of the principal
symbol of P at x, modulo a natural gauge invariance given by Cp = C.p where ¢ € C*°(M,R) is
nonvanishing. The result assumes that there is some £ € T (0M) such that 7 — py, (2, + 7v) has
only simple roots, with an additional geometric condition for the real roots.

Definition. We say that two smooth curves v; = (x;,&;) : [0,T;] — T*M intersect nicely at
x € OM if 21(0) = 22(0) = 2 with £1(0) and £2(0) linearly independent, if the curves x;(t) never
intersect at the boundary again, and if &;(t) # &2(s) when z1(t) = z2(s).

Example. Let P = 07 — Ay, be the wave operator in the space-time cylinder M = M x (0,7T") where
(Mo, go) is a compact Riemannian manifold with smooth boundary, and let (xq,ty) € OMy x (0,T).
Consider two null bicharacteristics 71 and ~2 through (zg,tg) so that v; goes forward in time and
~v2 backward in time. Then 77 and ~9 intersect nicely at (xg,%y). A similar picture holds for strictly
hyperbolic operators.

Theorem 1.4. Let M be a compact manifold with smooth boundary and let Py, Py be real principal
type differential operators of order m > 2. Assume that

Cp, = Cp,.
Suppose that xo € OM is noncharacteristic for P;, and for some § € T, (OM) the maps T

Pm,j (20,80 + TV) have only simple roots. Moreover, assume one of the following conditions:

(1) some root is non-real, and no bicharacteristic corresponding to a real root returns to xqy; or
(2) all roots are real, and whenever pp, 1(xo,&0 + T1V) = Pm.2(x0, &0 + Tov) = 0 for 71 # T the
bicharacteristics through (xo, &y + T1v) and (xo,&o + Tov) intersect nicely at x.

Then there is a nonvanishing function ¢ € C*°(M) so that in boundary normal coordinates (x',xy)
(with respect to the background Riemannian metric) one has

(1.7) & (pm2(x,m) — c(2)pma (2, 1)) |e=z0 = 0, j >0, neTy M.
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The next result considers boundary determination of Taylor series of lower order terms. It turns
out that to determine coefficients of order r, one needs that 7 — pp,(xo,&o + 7v) has at least r + 1
simple roots, with an additional geometric condition for the real roots.

Theorem 1.5. Let M be compact with smooth boundary, let P be a real principal type differential
operator of order m > 2, and let Q1,Q2 be differential operators of order r < m — 1. Assume that

Cp+q@, = Criq,-

Suppose that for some (xo,&) € T*(OM) the map T +— pm(x0,&0 + TV) has at least s simple roots
Ti, ..., Ts With nonnegative imaginary parts, and assume one of the following two conditions:

(1) s > r+1, one of the 7j is non-real, and no bicharacteristic corresponding to a real T; returns
to xo; or

(2) s > max(r+1,2), each 7j is real, and for j # k the bicharacteristics through (xo, & + Tjv)
and (xo, & + TkV) intersect nicely at xg.

Then in boundary normal coordinates
&, ope[Q1](0,m) = &, ope[Q2] (20, M), Jj>0, neT, M.

Moreover, if Q1 — Q2 has real principal symbol, the result is valid without the assumption that the
roots T; have nonnegative imaginary parts.

The results above give an immediate consequence for determining zero order terms.

Theorem 1.6. Let M be a compact manifold with smooth boundary, and let P be a real principal
type differential operator of order m > 2. Let Vq, Vo € C°(M), and assume that

Cpivi = Cpivy.

Then the Taylor series of V1 and Va agree at any point x € OM so that for some & € T (OM), the
map T — pm(x,& + TV) either has a simple non-real root, or two distinct real roots 71 and T2 so
that the corresponding bicharacteristics intersect nicely at x.

In particular, if M, V1 and Vo are real-analytic and one such point x exists, then Vi = Vo in M.

The approach for proving the above results yields the following, perhaps surprising observations:

e It is possible to perform boundary determination for general real principal type operators,
including wave operators, just as for the Laplace operator by working in the elliptic region.
The method also works for elliptic operators of any order if sufficiently many roots are
simple.

e Boundary determination in the elliptic region is local in character (one does not need any
global assumption on behaviour of bicharacteristics).

e Boundary determination in the hyperbolic region may be local or global in character. If
two null bicharacteristics only meet at their initial point (e.g. they go in opposite time
directions), one recovers the Taylor series at that point. If they meet at two distinct
boundary points, then one recovers a sum of contributions from these two points.

e Boundary determination for the wave operator is possible also at the bottom of a space-
time cylinder, and this argument is global in character. Measuring local Cauchy data at
the bottom is not enough to determine the Taylor series of coefficients, since the Cauchy
problem is well-posed (i.e. Cauchy data at the bottom does not carry any information about
the coefficients). However, it is possible to use two null bicharacteristics intersecting at a
point in the bottom, and information measured at the lateral boundary can be used to
determine the Taylor series of coeflicients at the bottom.
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1.5. Nonlinear equations. We will next state our results for nonlinear equations whose principal
part is a linear real principal type operator. In this case, instead of obtaining conditional results
that reduce the problem of recovering coeflicients to inverting a scattering relation or ray transform,
we can actually determine the unknown coefficients at all points satisfying a geometric condition.
Here we adapt the methods initiated in the case of Einstein equations and nonlinear wave equations
[ , , , |, which are based on higher order linearizations and use the fact
that the presence of nonlinear interactions may make the inverse problem easier to solve.

The model equation that we consider here is
Pu+a(zx,u) =0in M
where P is a linear real principal type differential operator of order m and a(z,u) is a nonlinearity
satisfying the following conditions: for a fixed integer s > max(m,n/2),
(1.8) a(x, z) is analytic in z near 0 as a H*(M )-valued function,
(1.9) a(z,0) = d,a(z,0) = 92a(x,0) = 0.

The condition 8§a(x, 0) = 0 simplifies the proof, and possibly could be removed with extra work.
The condition d,a(x,0) = 0 however is important, since it ensures that the equation is not linear
(if one removes this assumption then one could only determine the genuinely nonlinear parts, i.e.
&a(x,0) for j > 2).

We consider boundary measurements given in terms of the Cauchy data set with 6 > 0 small,
Cas = {(ulonr, Vulonr, - - - V" Yulon) s w e HS(M), Pu+ a(x,u) =0, and 1wl s (ary < 0}

Here it is instrumental to work in the regime of small solutions, since the argument relies on
higher order linearizations around the zero solution. We will also need to make a weak uniqueness
assumption for the linearized equation and its adjoint. The space

N(P)={ue H*(M); Pu=0in M}

is always finite dimensional (see Proposition 2.2). We will assume that this space is trivial, which
roughly means that the linearized equation does not admit nontrivial compactly supported solu-
tions.

Theorem 1.7. Let M be a compact manifold with smooth boundary, and let P be a real principal
type differential operator on M. Let a, a satisfy (1.8)—(1.9), and assume that a and @ agree to high
order on OM in the sense that

a(-,z)—a(-,z) € H5(M) for z near 0.

Assume also that
N(P) = N(P*) = {0}.
If for any sufficiently small 5 > 0 there is §1 < § so that
Cas, C Cags,
then
a(xo, z) = a(zo, z) for any xo € B and any z near 0,
where
B={x € M™ : there are two mazimal null bicharacteristics whose spatial
projections x;, j = 1,2, only intersect once at xo and

the tangent vectors of x; are linearly independent at xo}.
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Example. Let M be a compact subdomain of the space-time cylinder My x (0,7") where (M, go)
is a compact Riemannian manifold with boundary, and let P = 97 — A, be the wave operator. If
(z0,t0) € M and if there is a geodesic n(s) in My so that n(0) = x¢ and some Jacobi field along
1 only vanishes when s = 0, then by looking at the corresponding variation through geodesics one
can show that (xo,%p) is in the set B of Theorem 1.7. In particular, (zo,t9) € B if there is at
least one geodesic through zp with no conjugate points, but one may have (zg,tg) € B even if
all geodesics through zy have conjugate points as long as some variation field only vanishes when
s = 0. A similar argument can be given for general real principal type operators by looking at
variation fields of null bicharacteristic curves. However, this argument fails in the special situation
when z¢ € My and every My-geodesic through ¢ has a conjugate point y of maximal order (i.e.
the space of normal Jacobi fields vanishing both at x¢ and y has maximal order dim(Mp) — 1).
The sphere is the standard example of a manifold where any point is maximally conjugate to its
antipodal point. If My contains a neighborhood of the hemisphere, then the set B in Theorem 1.7
would be empty.

1.6. Special cases. We next give a few basic examples illustrating the above results, related to

e the boundary / scattering rigidity problem; and
e the inverse boundary problem for the Lorentzian wave equation.

Example 1.8. (Boundary / scattering rigidity) Let (M, go) be a compact Riemannian manifold
with strictly convex boundary, and assume that the geodesic flow in (M, go) is nontrapping. Let
M = SMy = {(xz,v) € TMy; |v|g, = 1} be the unit sphere bundle of My, and let

P=X+A

where X is the geodesic vector field in SMy and A € C°°(SMj). Since P is a first order operator,
projections of null bicharacteristic curves to M are integral curves of P (i.e. geodesics in SMjy)
and the nontrapping assumption ensures that P is of real principal type. Moreover, the scattering
relation ap induces a corresponding relation g : 9(SMy) — O(SMy) so that fomy = 7wy o ap
where 7 is the projection T*M — M. Thus [ is just the scattering relation for the metric gy in
My. The Cauchy data set is

Cp = {ulasay) ; (X +A)u=0in SMp}.

Theorem 1.1 states that Cp determines ap, and hence 3, as well as the quantities
/A(n(t)) dt modulo 27Z
n

whenever 7 is a maximal geodesic in SMy. Conversely, the above information uniquely determines
Cp (see Theorem 4.4). These results are quite elementary since P is of first order, but it is instruc-
tive to observe that the inverse boundary problem for X + A is equivalent to the scattering rigidity
problem of determining a metric gg up to gauge from its scattering relation 5, and to determining
A from its geodesic X-ray transform. It is well known that a general function A € C*°(SMp) is
not determined uniquely by its X-ray transform. In fact, the kernel of the X-ray transform on
C>°(SMy) consists precisely of the functions A = XB where B € C*°(SMy) with B|asa, = 0 (the
proof is an elementary argument combined with [ , Proposition 5.2]). However, in applica-
tions A often arises from a function or a tensor field on the base manifold My and there are many
available results in this case.
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Example 1.9. (Lorentzian wave equation) Let (M, g) be a compact Lorentzian manifold with
boundary, and consider the canonical wave operator L], on M. In local coordinates,

Ogu = —|g| ™20, (19" ¢ 0 ),
where |g| = det(g;x) and (g7%) is the inverse of (g;x). The principal symbol ps of O is
(1.10) pa(,8) = ¢77¢&k = (€, €y

In this case, results similar to Theorems 1.1-1.6 are contained in [ ], with stability estimates.

The operator [, is not necessarily of real principal type if no further assumptions on the geometry
is made. Writing S™ for the unit sphere of dimension n, a counter-example is given by M = S* x M,
where Mj is a compact domain with boundary on S™, containing a closed geodesic, and g(¢,z) =
—dt? + go(x) for (t,z) € S x My with dt and go the natural metrics on S' and S™, respectively.
Indeed, in this case there is a closed null geodesic on M, and [, is not of real principal type.

If all null geodesics exit M, then [, is of real principal type. This is the case, for example,
if (X,g) is a globally hyperbolic Lorentzian manifold and M C X is a compact domain with

smooth boundary. We refer to the books | , | for the definition and properties of globally
hyperbolic Lorentzian manifolds. The classical case where M = My x (0,T') for some T > 0 and
(111) g(xat) = —dt2—|—go(l'),

with (Mo, go) a Riemannian manifold with boundary, is covered in Theorem 1.3.

Let a be a one form on M, and consider the wave operator P = (d + ia)*(d + ia). Here the
adjoint is induced by the Lorentzian inner product g and d is the exterior derivative. Then the
principal symbol of P is given by po in (1.10). Defining a half density in a local coordinate system
by p = |g|"/*|dx1 A ... A dx,|'/?, consistent with the volume form, yields that

O—sub[PM](x>€) = gjkajfk’ = <a7£>g'

The expression exp [z fOT Osub[P*]((t)) dt] , cf. (1.3), gives the parallel transport map with respect

to the connection d+ia along the bicharacteristic v : [0, 7] — T*M of P as follows: if z(t) = w(~(t))
where 7 : T*M — M is the natural projection, and if S(t) is a parallel section of the trivial bundle

M x C along z(t) (i.e. S(t) 4+ ia(2(t))S(t) = 0), then S(T) = exp {—i fOT ogsub[P*](7(t)) dt| S(0).

Let V' € C°°(M) have principal symbol vy (z, &) = V(z), and suppose that P has principal symbol
po in (1.10). Then the map in (1.4) corresponds to

T T
LV(y) = /0 vo((t))dt = /0 V(m(y (),

where v : [0,7] — T*M is a maximal bicharacteristic of P. This is the light ray transform of
V. It is known that L is invertible in the case of certain stationary, globally hyperbolic manifolds
[ ], and in the case of certain real analytic manifolds [S5t17]. We refer also to [ | for the
case of product geometries of the form (1.11).

We remark that the gauge invariances in Theorems 1.1-1.6, when specialized to the Lorentzian
wave equation, are slightly different from those in | ]. In the boundary determination result
in Theorem 1.5 there is no gauge invariance a — a — di) where p € C*°(M) satisfies ¥|gpr = 0,
whereas such a gauge invariance appears in | , Lemma 2]. This is due to the fact that our
boundary measurements (Cauchy data set) for P are defined in terms of a reference Riemannian
metric on M, whereas [ | defines boundary measurements in terms of the Lorentzian metric g
and 1-form a appearing in P. The gauge invariances are discussed in more detail in Section 2.
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1.7. Methods. The proofs of our theorems are essentially based on propagation of singularities
for real principal type operators. If P is such an operator, propagation of singularities is often
understood as a regularity result stating that if a solution u of Pu = 0 is smooth at some point
on a null bicharacteristic curve, then u has to be smooth at all points on this curve. This result
has a complement stating that for any suitable non-trapped null bicharacteristic segment ~ for P,
there is a function u solving Pu = 0 away from the end points of v so that the wave front set of
u is precisely on 7, see [ | and | , Theorem 26.1.7]. This complementary result, which is
basically a quasimode (or approximate solution) construction, produces interesting special solutions
to the equation Pu = 0. It is this result and its variants that will be useful in the solution of inverse
problems.

It is natural to define the Cauchy data set for sufficiently smooth solutions of Pu = 0. Thus the
singular solutions mentioned above are not directly useful, but rather we will use a semiclassical
version of such a quasimode construction. There are various methods for constructing quasimodes.
If the null bicharacteristic segment has no cusps, a classical geometrical optics or Gaussian beam
type construction is sufficient (see e.g. | , ]). The general case with cusps is
more involved, and in [ | it is dealt with by conjugatlng P microlocally in a full neighborhood
of the null bicharacteristic segment to the normal form D,, using Fourier integral operators. In
principle the quasimode construction in this article could be done by implementing a semiclassical
version of the Fourier integral operator conjugation argument (see | | for a special case).
However, in the proofs of the main theorems we need to perform various computations with these
quasimodes on manifolds with boundary. To handle the boundary effects it is beneficial to have
a more direct construction. We will use a modification of the Gaussian beam construction based
on representing the quasimode as an integral of Gaussian wave packets (coherent states) over the
bicharacteristic as in | , ]. This approach resolves the problems near cusps and gives
an elementary and direct construction. In | |, which describes a general framework, such
quasimodes are called semiclassical states associated with isotropic submanifolds of phase space.

Given a quasimode v concentrating near a null bicharacteristic, we employ the solvability theory
of real principal type operators to produce exact solutions of Pu = 0 that are close to v. We use
these special solutions to pass from the Cauchy data set C'p to the scattering relation or null bichar-
acteristic ray transform by using two different methods: a mix-and-match construction combined
with semiclassical propagation of singularities, or an integral identity (Lemma 2.8) analogous to
standard identities used in the Calderén and Gel’fand problems. For the boundary determination
results we again use integral identities and solutions concentrating near null bicharacteristics in the
hyperbolic region. However, in the elliptic region we need different special solutions that concen-
trate near a boundary point and are exponentially decreasing in the interior (Theorem 5.1). These
solutions are analogous to those used in boundary determination for elliptic second order equations.
Similar arguments appear in the construction of a boundary parametrix for the wave equation in
the elliptic region (see e.g. | , Chapter IX]). The coefficients are eventually recovered via the
complex stationary phase method, see [ , Section 7.7] or | | for the original approach.

The proof of Theorem 1.7 for nonlinear equations is based on higher order linearizations. The
idea is that given solutions vy, ..., vy of the linearized equation (i.e. Pv; = 0) and small parameters
€1,...,EN, there is a small solution u of the nonlinear equation Pu + a(z,u) = 0 so that wu is close
to eqv1 + ... + envn. Taking suitable derivatives with respect to €; and using the knowledge of
the Cauchy data of small solutions, one recovers information about Taylor coefficients of a(z,u)
integrated against products of the solutions v;. The key point is to use special solutions v; that
concentrate along different null bicharacteristic curves, which leads to the geometric condition in
Theorem 1.7.
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1.8. Previous literature and outlook. There is a large literature on inverse boundary problems
of the above type, and we only give a few relevant references. The prototype for Theorems 1.1-1.3
are corresponding results for the wave equation, going back to | , , | in the Euclidean
case. The scattering relation was considered in | ], and [ | outlines how to determine the
scattering relation for a Riemannian metric from the hyperbolic Dirichlet-to-Neumann map. The
case of Lorentzian wave equations is discussed in | |, together with references to earlier work.
Boundary determination results for wave equations may be found in | , , , ].
Boundary determination for second order elliptic equations goes back to | , ], with [ ,
| considering the geometric case.

Inverse problems for nonlinear hyperbolic equations have been studied in [ , ,

], and we have also used ideas from related results for elliptic equations [ ; .

We also mention the work [Is91] studying inverse boundary problems for certain general equations

of the form P(D)u + Vu = 0, where P(D) is a constant coefficient operator. The present article
addresses similar questions for operators with variable coefficients.

As mentioned above, we consider this article to be a starting point in approaching inverse prob-
lems from a more general point of view. This point of view, in addition to the particular theorems
stated here, is one of the main contributions of this article. It suggests many future directions
including the following:

1. What kind of information about P (more precisely, about the principal symbol oy, [P]) can
be determined from the null bicharacteristic scattering relation ap? If P is the geodesic
vector field on the unit sphere bundle of a compact Riemannian manifold with boundary,
this is the scattering/lens/boundary rigidity problem studied in [ , , .

2. For which operators P and for which classes of functions on 7% M is the null bicharacteristic
ray transform invertible? If P is the geodesic vector field, this transform is the geodesic

ray transform for which there is a substantial literature, see the survey paper [ . If
P is the wave operator on a Lorentzian manifold, this transform is the light ray transform
studied in [ , , , , ].

3. The real principal type condition includes a nontrapping assumption for the null bicharac-
teristic flow. Can one obtain results in the presence of (sufficiently mild) trapping? For the
geodesic vector field and hyperbolic trapping, this has been studied in detail in [ ].

4. We have only considered uniqueness results stating that Cp uniquely determines some
information about P. Is it possible to study stability, reconstruction, range characterization,
or further partial data cases? Moreover, instead of looking at scalar operators, can one give
similar results for real principal type systems?

5. In this article we have studied the consequences of propagation of singularities for inverse
problems for real principal type operators. What other classes of operators or general
mechanisms for inverse problems could be studied in this way?

6. In examples such as the Calderén or Gel’fand problem, knowing the Cauchy data set is
equivalent to knowing a boundary map (Dirichlet-to-Neumann map) which is a pseudo-
differential or a Fourier integral operator. In these cases one can determine information
about the coefficients by symbol computations. Our proofs are similar, but we use integral
identities as a substitute for symbol computations. If P is a general operator, is it possible
to associate a symbol or Lagrangian manifold directly to the Cauchy data set Cp?

7. The symbol computations mentioned in the previous item only use the singularities of the
integral kernel of the boundary map. The arguments in this article are in a similar spirit.
Is it possible to extract information from the C* part of the integral kernel? This is what
happens in the Calder6n problem, see e.g. | ] for a related discussion. Also the Boundary
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Control method, originating from [ |, uses the smooth part in the case of wave equations
with time-independent coefficients.

The rest of the article is organized as follows. In Section 2 we collect some preliminaries related
to real principal type operators, semiclassical wave front sets, and Cauchy data sets. Section 3 gives
the construction of semiclassical quasimodes associated with null bicharacteristic segments. Section
4 proves Theorems 1.1-1.3 related to determining the scattering relation and bicharacteristic ray
transforms from the Cauchy data set. The boundary determination results, Theorems 1.4—1.6, are
established in Section 5. Finally, Section 6 considers semilinear equations and proves Theorem 1.7.
The proofs of some auxiliary results are given in Appendix A.
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2. PRELIMINARIES

Real principal type operators. We begin by recalling basic facts about real principal type
operators from | , Section 26.1].

First assume that P € U™ (X) is properly supported and has real homogeneous principal symbol
p = op[P] of order m. The bicharacteristic curves of P are integral curves of the Hamilton vector
field H, on T*X \ 0. In local coordinates, a bicharacteristic curve v(t) = (x(t),{(t)) solves the
Hamilton equations

(t) = dep(x(t), £(1)),

§(t) = —dap(x(t), £(2))-
The function p is constant along any bicharacteristic curve. In particular, the bicharacteristic curves
in the characteristic set p~1(0) are called null bicharacteristic curves. A major feature of operators
with real principal symbol is the fact that singularities propagate along null bicharacteristics: if
Pu= fin X, then WF(u) \ WF(f) is contained in p~!(0) and is invariant under the flow of H,.

The operator P is of real principal type if it additionally satisfies a nontrapping assumption: no
bicharacteristic curve stays over a compact subset of X infinitely long. Combined with propagation
of singularities, this implies that any solution of Pu € C'*™ in X with a compact singular set has to
be smooth.

Remark 2.1. Several different conditions related to real principal type operators appear in the
literature, such as d¢p # 0, or that dp and the canonical 1-form ¢&; dx’ are linearly independent
(equivalently, Hy, is not radial, i.e. proportional to the radial direction &; ng). We wish to clarify
the relations between these conditions. Clearly

d¢p # 0 = H,, is not radial.
Moreover, if dep(xg,&) # 0 then the bicharacteristic through (xg, ) moves away from . Thus

dep # 0 at any (v0,£) € p~'(0) = P is real principal type near .
14



In the converse direction,
P is real principal type = H), is not radial anywhere on p1(0),

since if H,, were radial at some (z9,&) € p~'(0), then there would be a bicharacteristic y(t) =
(w0, &(t)) staying over x¢ for infinite time. The Tricomi operator P = x90? + 02 is of real principal
type, but does not satisfy dep # 0 on p~1(0) (in fact null bicharacteristic curves may have cusps).

We will next give a solvability result for real principal type operators. This is a direct adaptation
of | , Theorem 26.1.7], but we will state it in a form adapted to manifolds with boundary.

Let us introduce some notation for Sobolev spaces and distributions. Let X be an open manifold
and let M be a compact subdomain with boundary. We fix some Riemannian metric on X with
volume form dV, and consider Sobolev spaces H*(M) and Hj (X) with respect to the L? norm
induced by dV. Here we slightly abuse notation and write H*(M) instead of H*(M™"), where the
latter space can be defined as the restriction of Hf (X) to M,

The distribution space 2'(X) is the set of continuous linear functionals on C°(X), and we
identify functions u € L} _(X) with distributions using the pairing

(u,) =/ wpdV, e CP(X).
X

We continue to write (u, ) for the distributional pairing. Here we deviate from standard practice
by requiring that the pairing is conjugate linear in the second variable. This convention will be
helpful below.

Write Ep(X) = Ej for those elements in some space E(X) that are supported in M. With
respect to the distributional pairing, one has for any s € R the duality statements (see e.g. | ,
Section 2])

(HY(M))"=H,/,  (Hy)"=H (M), (C™(M))" =Ty.
We also write (u, ¢) for the pairings for spaces on M. Any differential operator P on M induces
amap P: 2, — ), via
(Pv,¢) = (v, PYp),
where P* is the formal L? adjoint of P. Finally, given a set S C C57, we consider its annihilator

St ={vePy; (v,p)=0forall pc S}

Proposition 2.2. Let P be a real principal type differential operator of order m > 1 on a compact
manifold M with smooth boundary, and let s € R.

(a) If u € 7}, solves Pu= f in X where f € Hj,, then u € Hﬂmfl.
(b) The set
N(P)={v e Py; Pv=0}
is a finite dimensional space contained in C3y.
(c) Define the space
Y, ={veg)y; Pve Hy}.
Then Y, C Hf\jm_l, and for some Cs > 0 one has the estimates

(2.1) [ollggzms < CallP ol + [olgggns),  vEYa
and
(2.2) ||v]|H]sW+m4 < C’s||P*v||Hsz, veYnN N(P*)L.
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(d) Given any f € H*(M) N N(P*)*, there is a solution u € H**™ 1 (M) of the equation
Pu=f1in M.

Moreover, there is a bounded linear operator Eg : H*(M) N N(P*)* — Ht™=1(M) such
that PEsf = f.

Proof. Parts (a) and (b) follow from | , Theorems 26.1.4 and 26.1.7], after extending P as a

real principal type operator to a slightly larger open manifold X. To prove part (c), note that

by part (a) one has Yy C H5™ !, and Yy with norm |v|ly, = [[v]| gs+m-2 + | P*v| g, becomes a
M

Hilbert space. The inclusion map ¢ : Y — Hﬂm_l has closed graph, and the closed graph theorem
yields (2.1). This in turn implies (2.2). Indeed, if (2.2) were false one would have a sequence (v;) in
Y, N N(P*)* with ij\|HL+m4 =1 and |[P*vj|l g5, — 0, and by compact Sobolev embedding some

subsequence would converge strongly in Hﬂm*Q to some v € }IJS\/;”T“2 N N(P*)* with P*v = 0.
Then (2.1) would give [|v||s+m-2 > 1/C, and we would obtain a contradiction since v would be a
M

nonzero element of both N(P*) and N(P*)+.
Finally, we prove part (d). Given f € H*(M) N N(P*)*, we define the (conjugate) linear
functional
Uy P*CY — C, Lp(P*v) = (f,v) for v e Cf;.
This is well defined by the assumption on f. One has

0 < Wl llol e < Ul Pel yon—n, v € CFF,

since this holds for v € C$$ N N(P*)L by (2.2) (with s replaced by —s —m — 1) and both sides
remain the same when a function in N(P*) is added to v. Thus, denoting by W the closure of

P*C%7 in H&(Hm*l), ly extends uniquely to a bounded functional on W such that

[r(w)] < CHfHHS(M)||wHH;{(S+m71)7 we W.

Let @ be the orthonormal projection from H]\;[(Hm*l) to W, and define

O Hy ) €, 2 (u) = £4(Qu).

Then ¢ r is a bounded linear functional on H ]\_4(8+m_1), and it depends linearly on f by construction.

By duality there exists uy € HT™~1(M) with sl gs+m=1(ary < Cll fll s (ary such that
(up, Prv) = (f,v),  veChy.

In particular Puy = f in M int Tetting Esf = u ¢ concludes the proof. O

Semiclassical wave front sets. Next, we will consider the action of real principal type operators
on functions depending on a small parameter 2 > 0. We recall certain semiclassical notions following
[ J. A family u = up C L} (X), 0 < h < 1, is called L?-tempered if for any y € C>°(X) there
is N > 0 so that

Ixunll > = O(h™)

as h — 0. We say that wy, is semiclassically smooth at (xg,&) € T*X if, in some local coordinates
near z, there is ¢ € C2° with x = 1 near zp and ¢ € Cg° with ¢ = 1 near &y so that

Y Fn(pun) = Or2(h™)
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where %, is the semiclassical Fourier transform,

Fif(€) = @mh)™ / 5 f (o) do.

n

The definition is independent of the choice of local coordinates. The semiclassical wave front set
WFq(up) is the complement of those points (xg,&y) € T*X at which wy, is semiclassically smooth.
Roughly, one can think of WF(uy) as the set where the family wuy, is localized in phase space as
h — 0.

We will need the following characterization of the semiclassical wave front set in terms of FBI
(Fourier-Bros-lagolnitzer) transforms. This is a local statement and reduces to the corresponding
result in Euclidean space | , Theorem 13.14].

Proposition 2.3. Let u = uy, be L%-tempered in X. One has (zo,&) € WFsa(u) if and only if
[ wlp T ) av () = 0k)
X

uniformly over (x,&) near (xg,&p), where ¥ = W(-;x,&) and b = b(-) are smooth functions in X
so that, in some local coordinates near xg,

U(y;z,8) =€ (y—x) + %|y —xz|% supp(b) is close to xg, b =1 near xg.

If uj, and vy, are L2-tempered, the semiclassical wave front set has the following simple properties:

e If uy and vy, are semiclassically smooth at (xg,&p), then so is up + v. Thus
WEet (un) A WEgei (v) € WFger(up, + vi) € WEger(un) U WFgei(vg),

where AAB = (A\ B)U (B\ A).
o If || xvnll2 = O(h™®) for x € C°(X), then WFy(vy) = 0 and WFgq(up, + vi) = WFge (up).

The following result is a semiclassical version of the propagation of singularities theorem.

Proposition 2.4. Let P be a real principal type differential operator in an open manifold X, and
let uy, be L?-tempered. If

Pup = fr in X
where fy is L*-tempered, then WF g(up) \ WFe(fr) is invariant under the Hamiltonian flow of
the principal symbol of P.

Proof. Define Py, := h'™ P, so that the semiclassical principal symbol of P, is precisely the same
as the classical principal symbol of P. Then Ppu, = h"™fy, and the result follows from | ,
Theorem 12.5]. O

Cauchy data sets. Next we will discuss Cauchy data sets, starting with three basic invariance
properties.

Lemma 2.5. Let P be a differential operator of order m, and let ¢ € C°°(M) be nonvanishing.
Then

Cp =C.p.
If additionally cloar = 1 and Vielgyr =0 for 1 < j <m —1, then

Cp= CP+C— L[Pc]-
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Moreover, if ® : M — M is a diffeomorphism such that ® and Idy; agree to order m — 1 on OM,
then

Cp =Corp.
Here ®*P is the differential operator on M defined via ®*P(®*v) = ®*(Pv) forv e C®(M).

Proof. The first part is clear, and the second part follows from the formula
P(cv) = cPv + [P, c]v.
The third part holds since v and ®*u agree to order m — 1 on M by the assumption on P. ([l

It is instructive to verify how these invariances affect the scattering relation and bicharacteristic
ray transforms. The next lemma shows that Theorem 1.1 is consistent with the above invariances. It
also shows that if M is simply connected, then changing P to P+ ¢~ '[P, c] changes the subprincipal
symbol by a term O¢,ppm0,¢ for some ¢ € C>°(M) with p|ayr = 0. If P is a second order operator
and A is a 1-form encoding the first order coefficients, this corresponds to the standard invariance
A — A+ dyp obtained by conjugating P with e¥?. See e.g. | ) | for the Riemannian
and Lorentzian cases. However, if M has nontrivial topology, there is a more general invariance
(corresponding to A — A+dp+h in the second order case) described by harmonic 1-forms h whose
integrals over closed loops are in 2m¢Z. This is related to the Aharonov-Bohm effect where in fact
the Cauchy data sets may differ if the integrals of h over closed loops are not in 27miZ, see [ ]
and the review | ]. This fact also explains the nonuniqueness modulo 27Z in Theorem 1.1.

Lemma 2.6. All three invariances in Lemma 2.5 preserve the scattering relation ap (for the third
one one needs to assume m > 2). Moreover, if M is connected and if ¢ € C*°(M,C) satisfies
clonr = 1, then

n
(2.3) Taun[(P + ¢ [P c))!] = ogun(P*) =i Y _ D¢, m (D + ha)

a=1
for some ¢ € C(M,C) with ¢|apr = 0, and for some harmonic 1-form h = hy dx® on M (with
respect to the auxiliary Riemannian metric) whose tangential part vanishes on OM and which
satisfies

/h € 2miZ for any closed loop n in M.
n

The integral of > 0'_ O¢,pm(9ap + ha) over any null bicharacteristic segment between boundary
points is in 2wi.

Proof. Note that if P has real principal symbol and ¢ € C*°(M, R) is nonvanishing, then changing
P to cP or P+c [P, | does not change the null bicharacteristic flow. Replacing P by ®* P changes
the null bicharacteristics in the interior, but not at the boundary if ® and Id,; agree to first order
on OM. Thus the three invariances above preserve the scattering relation at least when m > 2.

If P has full symbol with polyhomogeneous expansion > 7", p;j(z,&) in some local coordinate
system, then the order m — 1 term in the corresponding expansion for P + ¢ [P, ] is

Pm-1(,€) —ic™" > O, pm(, £)Dac(x).

a=1
Thus (2.3) follows if we can prove that

clde=dp+h
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where ¢ and h are as stated. This is just the Hodge decomposition for the 1-form ¢~ 'dc, which can
be obtained by using the auxiliary Riemannian metric g on M and solving

~Ayp = dy(cde) in M, eloar = 0.

It follows that h := ¢~ 'dc — dy is harmonic (i.e. dh = §;h = 0) with vanishing tangential part on
OM. If n is a closed loop in M, we have

/h:/c_ldc:/ %
n n con %

The last quantity is 27¢ times the winding number of the curve con in C\ {0}, and hence belongs
to 2miZ.

Finally, using that M is connected, we may fix o € M and define the function
v: M — C/2miZ, Y(x)= / h modulo 27iZ
Nz,
where 7, , is any smooth curve from z¢ to x in M. This is well defined by the condition on h, and
e*¥ are well defined smooth functions M — C\ {0}. Moreover,
d(ce™?e ™) = (¢ tdec — dp — h)ce e ¥ = 0.

Thus ce %e~¥ is a constant. Evaluating at zo gives that ¢ = e®e? and that e¥|gy = ce™?|onr = 1,
ie. Y¥(y) = 0 modulo 27miZ whenever y € OM. Now, if v : [0,T] — M, v(t) = (x(¢),£(t)) is a null
bicharacteristic segment between boundary points, the fact that O, pm(x(t),£(t)) = @4(t) yields

T T d
/0 (3§apm0as0)(7(t))dt=/0 —(p(a(t)) dt =0

since p|gnsr = 0. For the part involving h we have

T T
/0 (Og,Pmha) (v(1)) dt = /0 h(i(t)) dt.

Now we may write ¢ (z(t)) = fn h+ fg h(z(s)) ds modulo 2miZ, leading to

z(,2(0)

T
| @eupuh) (0 dt = () = 9(a(0) = 0 modulo 2riz

since 1 (y) = 0 modulo 27iZ for y € OM. d

Note also that the gauge invariances in Lemma 2.5 are formulated in a different way compared
to the usual invariances in the Calderén or Gel’fand problems for second order operators. For
instance, if g is a Riemannian metric, A is a 1-form and ¢ is a function on M, the corresponding
second order operator (written in local coordinates) in the Calderén problem is

Pu = g7 *(Dj + A;)(|g]"*g7" (Dg + Ap)u) + qu.

In this case one typically defines a normal derivative with respect to g and A, leading to the Cauchy
data set

Cp = {(ulons, (du + i Au)(vg)|onr ; Pu=0in M},
see | ]. The Cauchy data set in this article is instead defined in terms of a (known) reference
Riemannian metric g on M as

Cp = {(ulonr, Vgulonr) ; Pu=0in M}.
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Of course, if g and A are known on dM, then Cp determines Cp and vice versa. However, the
difference between C'p and Cp implies for instance that there is no analogue of the gauge invariance
A — A+ diy with 9|gpr = 0 in our boundary determination result for the subprincipal symbol.

Finally, we discuss a simple but fundamental integral identity. We first give a characterization
of the inclusion Cp, C Cp, in terms of an estimate for a certain inner product.

Lemma 2.7. Let P, and P» be differential operators of order m. One has Cp, C Cp, if and only
if for any uy € H™(M) solving Pyuy = 0 in M, there is Cy, > 0 so that

(2.4) [(P1 — P)u,v)peany| < Cuy |1B5v | -mary, v € H™(M).
Proof. Assume that Cp, C Cp, and that uy € H™(M) solves Pyu; = 0 in M. Then we can find

tp € H™(M) with Pytg = 0 in M so that uy — 4y € HJ*(M). For any v € H™(M), one has in
terms of L?(M) inner products

((Pl - Pg)ul,v) = —(Pgul,v) = —(Pg(ul - 17,2),1)) = —(u1 - ﬂQ,P;'U).
The inequality (2.4) follows from the duality of Hy*(M) and H™™(M).

Conversely, let u; € H™(M) solve Piu; = 0, and assume that (2.4) holds. Then f := —Pou;
satisfies

(2.5) [(f,0)] < ClPsvllg-man, v € H™(M).
Define a linear functional
by PAH™(M) = C, lp(Pyv) = (f,v).

This is well defined and bounded with respect to the H~"*(M) norm by (2.5). By the Hahn-Banach
theorem ¢ extends continuously to H~"™ (M), and by duality there is w € Hg*(M) so that

(f,0) = (3(Pv) = (w, Bjv),  ve H™(M).
It follows that Pow = f = —Pyuy. Thus 4y := u; + w solves Patip = 0 with u; — g € Hy*(M).
This proves that Cp, C Cp,. O

If we choose v in (2.4) to be a solution of Pyv = 0, we immediately obtain an integral identity
from the condition C'p, = Cp,. For our applications we indeed need P; — P, to appear on the left
hand side, and thus one of the functions needs to solve the adjoint equation.

Lemma 2.8. If Cp, = Cp,, then
((Pl — PQ)’LLl,’LLQ)LQ(M) =0

whenever uj € H™ (M) solve Piuy = Pyus =0 in M.

3. QUASIMODE CONSTRUCTION

We will now proceed to the construction of approximate solutions that concentrate near an
injective segment of a null bicharacteristic curve. This can be done for any operator with real
principal symbol.
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Theorem 3.1. Let P be a differential operator of order m on a smooth manifold X, with real
valued principal symbol py,. Let v : [0, T] — T*X \ 0 be a segment of a null bicharacteristic curve.
If v is injective on [0,T], there is a family u = up € C°(X) for 0 < h <1 such that

WFaa(u) =7(0,77),  WFsa(Pu) =~(0) Uy(T).
Moreover, if P is another differential operator on X with the same principal symbol as P and if

v = vy, is the analogous family for P*, then for any differential operator Q of order £ > 0 on X
whose coefficients vanish near the end points of v one has

1 T t
BU T [ Qoo —a [ at@)er [—z’ [ s = )00 s

where ¢y # 0 is the constant in (3.37), g is the principal symbol of Q, and Z}n:o pj and Z}n:o Dj

are the polyhomogeneous full symbols of P and P in a local coordinate system.

Note that the statement about WFg(Pu) implies that Pu = O(h*>) away from the end points
of v, and hence u is an approximate solution for P. The formula (3.1) is related to the semiclassical
limit measure for the family w. In fact, one could also prove that for any a € C2°(T*X) vanishing
near the end points of v one has

T
lim b= (Opp (@), un) 2y = / v (Daly(2) dt
h—0 0

where Opy,(a) is the semiclassical Weyl quantization of a, and for any nonvanishing half density p

r4(t) = co exp [—i /Ot(asub[P“] — osub[(PY)H])(v(s)) ds] .

The formulation (3.1) will be convenient for our applications, and it does not involve semiclassical
quantization. The expression on the right hand side of (3.1) must be coordinate invariant since the
left hand side is, however, this can also be seen directly as follows:

Lemma 3.2. Let P and P be two differential operators of order m on X with the same principal
symbol, and denote by Z?L:O pj and Z;n:o Dj their polyhomogeneous full symbols in a local coordinate
system. Then pp—1 — Pm—1 @s an invariantly defined function on T*X \ 0.

Proof. Let u be a half density on X and write Z;ﬁ:o q; and Z?:o g; for the polyhomogeneous full

symbols of P* and P* in a local coordinate system. Then g, = p, and
dm—-1 = Pm—1 — wagjpm &Tj,u_l.

Analogous statements hold for P*, and recalling the definition of subprincipal symbol in (1.2), we
see that the function

(32) Usub[PM] - Usub[Pu] = Pm—1 — Pm—1
is defined invariantly on 7% X \ 0. O

In the following, we will assume that P has order m > 1 and its principal symbol is denoted by
Pm € C°(T*X). We will write in local coordinates

V() = (x(1),£(1))

so that (z(t),&(t)) satisfies the Hamilton equations
() = depm(2(t),€(1)), () = —dupm(2(8),£(1)).
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More invariantly, we define x(t) = w(y(t)) where 7 : T*X — X is the natural projection.

We will use the following standard result related to conjugating a differential operator by expo-
nentials. This is the ”fundamental asymptotic expansion lemma” stated in | , Section VIIL.7] or
[ , Section VI1.3] for pseudodifferential operators and real valued phase functions, and in | ,
Section X.4] for complex valued phase functions. In our case of differential operators, the proof is
just an elementary computation in local coordinates.

Lemma 3.3. Let ® be a smooth real or complex valued function. Then
m

e/ p(ei®/hy) = Z h ="M Rju, h >0,
§=0

where each R; is a differential operator of order j. In particular, Riu = %Lu + bu where L is a
(possibly complex) vector field and b = bp is a function. In local coordinates one has

Rou = pp(z, VO(2))u,
Lu = Og;pm(z, VO(2))0ju,

1
b= o 0c6.pm (2, VO(2))0j5P(x) + pm1 (2, V(2)),

where pm_1 is the order m — 1 term in the polyhomogeneous expansion of the full symbol of P in
these coordinates.

There are several methods for constructing quasimodes concentrating near an injective null
bicharacteristic segment v : [0,7] — T%X \ 0 where v(t) = (z(t),&(t)). We first give a brief
discussion of such methods, to motivate the construction given in this paper.

Local case. To construct a quasimode u locally near xz(tg) with &(tg) # 0 it is enough to use the
geometrical optics ansatz u = €'?/"a where ¢ is a smooth real valued phase function solving the
eikonal equation p,,(x,dp(x)) = 0. If &(tg) # 0 this equation can always be solved locally near
x(tp), but global solutions do not exist in general if there are caustic points (i.e. points where the
projection A — X fails to have bijective differential where A C T*X \ 0 is a Lagrangian manifold
associated with the eikonal equation, see | , Section 6.4]).

Global case without cusps. More generally, if v is injective on [0,7] and has no cusps in the
sense that @(t) # 0 for t € [0,7T], one can use a Gaussian beam type construction. If z(t) is also
injective on [0, 7], this amounts to looking for a quasimode u = ¢®/hq where ® and a are complex
valued (more generally if z(t) is not injective the quasimode will be a finite sum of such functions).
The phase function @ is required to solve the eikonal equation only on the bicharacteristic in the
sense that

(3.3) Pm(z,d®(x)) = 0 to infinite order on z([0, 7).

The construction of ® and a can be carried out very explicitly in global Fermi type coordinates
near z([0,7]). This boils down to solving one nonlinear ODE (matrix Riccati equation) for the
Hessian of @ on x([0,77]), and linear ODEs for the derivatives of ® and a along z([0,T7).

These Gaussian beam type constructions are very classical and go back at least to | , ]
with further treatments e.g. in | , , ]. A version of this construction is also given
in | , Section 24.2], where the existence of the required complex phase function is explained
in terms of properties of complex Lagrangian planes in the complexification of T*X. However,
the construction always breaks down when the bicharacteristic has a cusp. In fact, if (3.3) holds
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near z(tg) where #(tp) = 0, then looking at first order derivatives in (3.3) and using the Hamilton
equations implies that

0= —{(to) + " (x(t0))d(to) = —E(to).

Hence one would have dp,,(v(tg)) = 0 and ~(t) = v(t¢), which contradicts the assumption that ~
is injective on [0, 7.

We mention also the related construction of the propagator for hyperbolic equations as a global
oscillatory integral with a complex-valued phase function [ , , .

General case. Let us now assume that v is injective on [0, 7] but #(¢) may vanish. In the classical
case (i.e. without a parameter), a construction of a quasimode u associated with 7 such that
Pu € C* was given in | | and | , Section 26.1]. The argument proceeds by constructing a
canonical transformation x near ([0, T]) that straightens « in phase space into the curve n(z;) =
((z1,0),e,) in T*R™, and by quantizing x using suitable amplitudes to obtain Fourier integral
operators A and B such that BPA roughly corresponds to D,, microlocally near v([0,77]). One
then constructs an explicit quasimode U for D,, in R™ associated with 1, and v = AU will be the
required quasimode for P. This phase space construction is not affected by the presence of cusps.

A semiclassical version of the above construction could be used to prove Theorem 3.1. However,
we will give a direct proof based on a modification of the Gaussian beam construction. This
construction is motivated by the fact that a standard semiclassical quasimode U for D, associated
with 7,

U(z1,2") = eian/h=1z'|*/h
can be thought of as a superposition of Gaussian wave packets along n. If A is a semiclassical

Fourier integral operator quantizing y, then u = AU would be a superposition of Gaussian wave
packets along the curve x(t). We will thus look for the quasimode u directly in the form

T
"= / (@0 Mg (3 1) dt
0

where ® and a are smooth complex valued functions in M x [0,T], and each '®(:)/hg(. 1) is a
Gaussian wave packet at x(t) oscillating in direction £(¢). The same idea appears in [ , .
The phase function ® will be chosen to satisfy

(3.4) Pm (-, dg®(-,t)) + 0:P(-,t) =0 to infinite order at x(t) for ¢ € [0, T].

This generalizes (3.3) to the case where ® may depend on ¢. The construction boils down to solving
the same matrix Riccati equation as in the usual Gaussian beam construction, but it is not affected
by the presence of cusps. By (3.4) we have that pp,(z,d;®(z,t)) is small near z([0,7]) modulo
terms of the form 0,®(z,t), but such terms can be dealt with using integration by parts in the
formula for u.

After this motivating discussion, we will give a proof of the theorem. This will be done in detail
since we will need to use the precise form of the quasimodes, including formulas within the proof,
in the computations required for studying the inverse problems.

Proof of Theorem 3.1. The proof will be carried out in several steps.

Step 1. Setup.
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We look for an approximate solution of Pu = 0 in the form

T
(3.5) u(x):/ @/ g (g 1) di
0

where ® and a are smooth complex valued functions in X x [0,7]. By Lemma 3.3, we have
T .
(3:6) Pulw)= [ o [hmpm@,dggcb(x,t))a(x,t)
0

1 LA
+ TS La+ba)(x,t) + Y W Rja(w, t)] dt.

j=2
We wish to find ®(z,t) so that
(3.7) (x(t),t) =0,  de®(x(t),1) = (1),
and so that
(3.8) Pm (-, dg®(-,1)) + 0:®(-,t) =0 to infinite order at x(t).

Moreover, we wish to find a(z,t) ~ > 272, h/a;(z,t) so that each a; is smooth and independent of
h, and one has the transport equations

1
(3.9) (0 + L)ap + bag = 0 to infinite order at x(¢),

| =

(3.10) (0r + L)ay + ba; = —Raay to infinite order at z(t),

S|

(3.11) (Or + L)aa + bag = —R3ap — Raa; to infinite order at x(t),

Step 2. Local construction of ®.

Fix ¢ty € [0,7]. We first construct ® in a small neighborhood of (z(ty),%y). Computing in local
coordinates, we have (writing 0z, pm = O, pm (7, Vo @(7,1)) etc):

(3.12) Oz, (Pm (2, Va®)) = Oz, pm + Oz, PmOzoz, P,

(3.13) Oz, (P (T, Vu®)) = 02, Pm + 06, Dm0 P + Oy, POy P
+ Oto,PmOza; POy, @ + Ot POy oy, P,

(3.14) 8 (pm(x, Vo)) = 9g, pm e, 01® + FV(VII7p,, V1) Vhie
+G(VNp,, VI-1®), |y > 3.

In the last statement (which is easily proved by induction) V¥ f collects all derivatives of f up to
order k, and F? and G7 are polynomials in their arguments.

Motivated by (3.7), we look for ® locally having the form
1
O(z,t) =€) - (z —2(t)) + SH()(z — 2(2)) - (2 — 2(t)) + 3(2, 1)

where H(t) is some complex symmetric matrix depending smoothly on ¢, and ®3(-,¢) vanishes to
third order at x(¢). Then

(3'15) (I)(x(t)a t) =0, qu)($(t)> t) = §(t>7 8xjwk¢)(x(t)7 t) = ij<t)'



One has £(¢) - ©(t) = 0 by the Hamilton equations and homogeneity. Thus it also follows that
(3.16) 08 (,t) = (£(t) — H()i(t)) - (x — 2(1)) + G(z,t)(x — z(1)) - (& — z(t))
for some matrix valued function G(z,t).
We first show that (3.8) holds to first order. By (3.15) and (3.16), one has
Pm (2, V@) + 0,P(z, t)‘ 0.
We next use (3.12), the Hamilton equations and (3.15) to obtain
Oz, (P (@, Va®))| ) = —&5(8) + Haj(t)ira(t)

r=x(t) =

By (3.16) we also have
Or; (012 (x, 1)) }:czx(t) = &;(t) — Hja(t)Za(t)
and therefore (3.8) holds to first order.
To show that (3.8) holds to second order, we rewrite (3.13) as

Oy, (Pm (1, qu’mm:m@) =(D+BH + HB'+ HCH) ji(t) + &a(t)Oroa,2, P(x(t), t)
where B(t), C(t) and D(t) are the matrices
(3‘17) Djk(t) = 8xjxkpm(’7(t))a Bj (t) = a:ﬂjgapm(’)/(t))a Cab(t) = afafbpm(V(t))'
Moreover, we note that

O, (01 (2, 1)) |,y = 0000, P((8), 1)) — Fa(t) D, P( (1), ).

Adding these two identities and using (3.15), we have
(3.18) O (P (2, Vo @) + 0,®(, 1)) = (H+ HCH + BH + HB' + D) jx(t).

z=x(t)
Given any complex symmetric matrix Hy with Im(Hj) positive definite, the matrix Riccati equation
(3.19) H+HCH+BH+HB'+D=0,  H(ty) = Hy,

has a smooth complex symmetric matrix solution H(t) where Im(H (t)) is positive definite, see
[ , Lemma 2.56]. The solution exists globally in the set where B, C' and D are smooth, i.e.
in the whole coordinate patch. Choosing such a solution ensures that (3.8) holds to second order.

Finally, let » > 3 and assume that we have prescribed 65@(1"(15),7&) for |8] < r —1 so that (3.8)
holds to order r — 1. Let |y| = r. Evaluating (3.14) at z(t) gives

0 (P, Va®))| ) = #a(t)00, 032 + (VI py, VI ) VDD 4 G7/(VD Iy, VDI )|
Moreover, one has

010, (x(t),t) = 0, (O] P(x(t), 1)) — q(t)Dy, 7P (x(1),1).
Adding the above two equations gives
(3:20) O (pm(z, Vo) + @),
= (8 ®(x(t),t)) + FY(VI=1p,, VIIFte)Vhle + G (Vlp,,, VII-1e))|
Thus (3.8) will hold to order r provided that
(0] 0(x(t), 1)) + FY (VN p,,, VI 0y Whle + GY(VDp,, VI ) =0, |y =1

These equations over all v with |y| = r can be understood as a linear system of ODEs for the
vector (02®(x(t),t)) and given any initial data at to this system has a smooth solution. Thus
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we have constructed the formal Taylor series of ® at (x(t),t), and applying Borel summation gives
the required function ® locally.

Step 3. Global construction of ®.

We wish to glue together the local constructions in Step 2. To do this, we cover [0, T by finitely
many open intervals Ii,...,Ir so that 0 € I, T € Ig, I; N Ij41 # 0, and each z(I;) is contained
in some coordinate patch (Uj,y;). We first construct ®; near z(I;) as in Step 2 with Im(H(0))
positive definite. Choosing some t; € I N I, we then construct ®, near z(I2) as in Step 2 so that
the initial data for the ODEs for ®5 at (x(¢1),t1) matches the Taylor series of ®; at (z(¢1),t1) when
®; is written in the yo coordinates.

We claim that one has
(3.21) ®; = ¥y to infinite order at any (x(t),t) where t € Iy N I.

This holds to first order since ®;(z(t),t) = 0 and d,®;(x(t),t) = £(t). For the higher order case, it
is enough to use the invariant statements

Pm( 5 de®i(-,1)) + 0 ®;( -, )[4y = 0 to high order for ¢t € I; N I and j = 1,2

and the formulas (3.18) and (3.20), which imply that in some local coordinates y, both 9, ®1(z(t),t)
and 0y P2 (z(t),t) satisfy the same first order ODEs and have the same initial data when ¢ = t;.

Repeating the above process finitely many times, we see that the formal Taylor series of ®( -, )|,
varies smoothly with ¢ for ¢t € [0,T]. We can obtain a global smooth function ® with this Taylor
series by a Borel summation scheme that is compatible across coordinate patches. To do this, we
use the auxiliary Riemannian metric on X with covariant derivative V. Then the tensor fields

TJ(t) = vgcq)( ’ vt)‘x(t)a
defined in terms of the formal Taylor series of ®, are invariantly defined and depend smoothly on
t €[0,T]. The map E(t,v) = (expy((v),t) for t € [0,T] and v € T,;) M is a local diffeomorphism
near each (¢,0) and it is injective on [0, 7] x {0}. Hence it is a diffeomorphism onto a neighborhood

of {(z(t),t); t € [0,T]} (see e.g. | , Lemma 7.3]). We may define a smooth function ® as the
Borel sum

d(z,t) = Z Ti(t)(V(z,t),...,V(z,1))

; X(IV (@ 1)1/2,)

§=0
where V(x,t) is the projection of E~1(z,t) to the v component, x € C°(R) satisfies ¥ = 1 near

0, and €; are suitable small numbers (see | , Theorem 1.2.6]). To check that ® indeed has the
right Taylor series, observe that for small s

(o)

T(t)(v,...,v) .
Blexpeg (). 0) = 3 O ol )
=0 ‘
If n(s) is a geodesic, the formula H(f(n(s) = Vi) (Vi) (- (Vi) = V(). i(s)
shows that ® defined as above satisfies V2@ (-, )|, = Tj(t).
Step 4. Construction of a.
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Recall that we wish to find a(xz,t) ~ 372 hla;(z,t) so that a; solve the transport equations
(3.9)—(3.11). Evaluating the first equation at x(t) gives that

1 1
S0+ Lao + baol, ) = S0uan(a(t). 1) + blz(®)ao(a(). 1).
This will vanish provided that

t
(3.22) aop(z(t),t) = exp |:—Z/ b(x(s)) ds}
0
where, for the sake of definiteness, we have chosen the initial value
a(x(0),0) = 1.

Taking first order derivatives in (3.9) gives
1 1
Oz, 2@ + L)ag + bag ‘x:x(t) = ;@(E)xjao(x(t), t)) + qf(t)@xkag(az(t), t)) +rj(t)ao(z(t),t)

where qf,’rj are independent of ag. Requiring this to vanish leads to a linear ODE system for
(0z;a0(x(t),t))7—1, which can be solved as above. Continuing this process gives the formal Taylor
series of ag( - ,t) at z(t) within a coordinate patch. As in Step 4, covering x([0,T]) by finitely many
coordinate patches and solving the ODEs for ag in the next coordinate patch with initial data
obtained from the previous coordinate patch, we see that the formal Taylor series of ag(-,t)|)
depends smoothly on ¢ € [0,7]. Applying Borel summation as in Step 4 yields a smooth function
ap satisfying (3.9). The amplitudes a1, ag, ... are constructed analogously. The support of a can
be chosen to be contained in any fixed small neighborhood of {(z(t),t); t € [0,T]}.

Step 5. Further properties of ®.

Here we collect some further properties of the phase function ®(x,t) for later use. Again, in
order to have coordinate invariant statements, we use the auxiliary Riemannian metric g on X. We
also equip X X [0, 7] with the product metric g @ e, where e is the Euclidean metric on R.

First we fix the choice for the initial data for H(¢) by assuming that the quasimode near z(0)
is constructed using Riemannian normal coordinates at x(0), and when H(t) is written in these
coordinates one chooses in (3.19) the initial value

H(0) = 1d.
Next recall from (3.7) that
(3.23) O(e(t), 1) =0, d®(@(t),t) = (1), Dy ®(a(t), 1) = Hyp(t).
In particular, Im(®(-,¢)) vanishes to first order at x(t). Consequently the Riemannian Hessian

VaIm(®)| (). = (Orje, Im(®) — szaxllm(Q)) dr? ® da* is equal to Im(Hj,(t)) da/ ® dx®. This
shows that Im(H (¢)) is an invariantly defined 2-tensor field along x(t), and

Vi Im(®) ’(:C(t),t) =Im(H(t)).

Now Im(H (0)) is positive definite, and this property is preserved for solutions of the matrix Riccati
equation. This shows that there is ¢ > 0 with

A Im(®)] (1)) (v, ) > clv|?, uniformly over ¢ € [0, T].
Thus if supp(a) is chosen sufficiently small, we will have

(3.24) Im(®(z,t)) > cd(x,z(t))?, (x,t) € supp(a).
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We will next consider derivatives of ® with respect to ¢. By (3.16) one has

(3.25) 0@ (x(t),t) = 0.

Differentiating (3.16) further, we have

(3.26) do0p®(x(t),t) = (§(t) — Hji(t)a"(1)) da?

which is an invariantly defined 1-form along z(t) since the left hand side is invariant. Similarly
(3.27) OpD(a(t),t) = —(&(t) — Hju(t)a"(1))3 (t).

Step 6. Wave front set of Pu.

We now study the wave front set of Pu using the formula (3.6). By (3.8) we have
pm(2,dy®(z,t)) = =0, P (2, t) + r(x,t)
where r(-,t) vanishes to infinite order at z(t). We observe that
T Tp .
/ @/ (8,8 (2, 1))a(x, t) dt = —hm/ ;@(e"p(x’t)/h)a(w,t) dt
0 0

T 1 1 . )
= hlm/ elq)(x’t)/hf(?ta(m, t)dt + fhlfm(e@(x’o)/ha(x, 0) — e@(x’T)/ha(:E, T)).
0 1 2
Thus, using the formula for Pu in (3.6), we have

Pu(m) — lhl—m(ez@(m,O)/ha(x’O) _ eifb(m,T)/ha(:C’T))
7

T m
+ / @O/ B (r) (2, 1) + hl—m(%(ata + La) + ba)(z,t) + Y W " Rja(x,t)| dt.
0 .
j=2

By (3.9)—(3.11) we further have

1 —m(  1P(x 1P(x 4 1P (x - j—m
(3.28) Pu(z) = ghl (e!®@0/hg (g 0) — @D/ P (2, T)) —i—/o '@ )/h E)hj ri(z,t)| dt
j:

where each r; is a smooth function with supp(r;) C supp(a) and r;(-,t) vanishes to infinite order
at x(t). By (3.24), for any N there is Cy so that

T m
0

J=0

where y is the characteristic function of supp(a). Thus the L?(X) norm of the last term in (3.28)
is O(h™). Since the first two terms on the right of (3.28) are Gaussian wave packets at (0) and
~(T) with nonvanishing amplitudes, it follows (see | , Section 8.4.2]) that

WFSC](PU) - 7(0) U 7(T>

Step 7. Wave front set of u.
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Let (x0,&) € T*X. We will test whether (z,&p) is in WFg(u) by integrating u against the
wave packet e'Y/"b, where U = W( - x0,&) and b are as in Proposition 2.3. Note in particular that

U(xo) =0,  d¥(zg) =&,  V2Im(¥)(zg) >0,  bxg) #0.
Moreover, since b is supported close to xg, we have
d¥ # 0 in supp(b) \ {zo}, Im(0)(x) > cd(z,20)* in supp(b).
We thus need to study the integral

- T )
I(h) := / ue/hbdV = / / @O/ My (1 1) AV dt
X 0o Jx
where o
O(z,t) := ®(x,t) — V(x), r(z,t) = a(x, t)b(z).

We will show that I(h) = O(h*) if (x0,&0) ¢ 7([0,T]) (see cases Ta and 7b below), and I(h) ~ hUE
if (z0,&o) € ([0, T7]) (see case 7c below). Then Proposition 2.3 proves that WFgq(u) = ([0, T]).

Case 7a. First assume that xo ¢ x([0,7]). By the properties of ® and ¥ and by the triangle
inequality,
(3.29) Im(O(z,t)) > c(d(z, z(t))* + d(x, 29)?) > gd(:v(t),rvo)2 >d >0

uniformly over supp(r). Thus in this case I(h) = O(e~¢/"),

Case 7b. Let xg € z([0,T]), but & # £(t) for any t € Iy where Iy = {t € [0,T]; z(t) = x¢}. Note

that

d 1 O(x(t), 1) = (£(t) — dx ¥ (2(1)),0).
It follows that dg;©(x(t),t) is nonvanishing for any ¢ € Iy. Thus if we choose x € C2([0,T1])
supported close to Iy with y = 1 near Iy, then nonstationary phase | , Theorem 7.7.1], together
with its boundary version [ , Theorem 7.7.17(i)] if 0 € Iy or T € I, implies that

/ / O@t/hp (2, t)x(t) dV dt = O(h™).
If we replace x by 1 — x in the integrand, we are in the region where d(z(t),z¢) > ¢ > 0 and by
(3.29) the resulting integral is O(e=¢/").

Case 7c. Let now (xg, &) = (z(to),&(to)) for some ty € [0,7]. The phase function satisfies
Im(©) >0,  O(x(lo), o) =0,  dssO(x(to), to) = 0.

In order to use stationary phase, we need to show that the Hessian V2 1Ol(2(to),10) 18 invertible.

Computing in Riemannian normal coordinates at (z(t),%o) and using (3 26) (3 27 ), we have
H+G §— Hi

3.30 V2.0 = ; .

( ) x,t ‘(x(to),to) ( (5 _ H.%')t (HCL‘ _ é-) .3 >

where everything is evaluated at t = ¢y and G := —V?V¥(x) satisfies Im(G) > 0. If (me@)g =0
where ( = < z > € C"*! with v € C" and z € C, looking at imaginary parts gives

0 = Tm(V2,0)¢ - & = [Tm(G)/20[? + [Tm(H)Y2(0 — 32)
Thus v = 0 and &z = 0. If ©(¢p) # O this implies that ¢ = 0, showing that V§7t®|(1(t0)7t0) is
invertible. If i(tg) = 0 we additionally use that 0 = V2,0 < 2 ) = ( 502 ), so £(tg)z = 0. But
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the condition & (tg) = 0 implies that £(tg) # 0 (otherwise dp would vanish at ~(to) so v(t) = y(to),
contradicting the assumption that v is injective). Thus z = 0, showing that v920,t6|(1(t0),t0) is
invertible also when @(¢y) = 0.

Now if x € C2°([0,T]) is supported near to and satisfies x = 1 near to, then stationary phase
[ , Theorem 7.7.5], or its boundary version | , Theorem 7.7.17(iii)] if to = 0 or tx = T,
implies that

T
/ / 0Tz, )x (1) dV dt = coh™T + O(h™F 1)
0 X

where ¢y # 0 since r(zg,t9) # 0. When we replace x by 1 — x in the integrand, then we are either
in the region where z(t) is away from x (case 7a) or x(t) is close to xg but &(¢) is away from &g

(case 7b), and the resulting integral is O(h*°). Combining these facts gives that I(h) ~ B
Step 8. Semiclassical measure.

Let u be as above, and let v be the corresponding quasimode for P*. Then v and v have the
form

T T
u(x) :/ @/ (g 1) dt, v(z) :/ e ®*@3/hg (5, ) ds.
0

0
Note that u and v have the same phase function ® since both P and P have principal symbol py,.
Moreover, ( is an amplitude analogous to a satisfying

t
B(x(t),t) = exp [—i/o bps(2(s)) ds} + O(h).
Using Lemma 3.3, we have
T l
Qu(zx) = / e'®@t)/h [h_g%(m,dfp@(x,t))a(x,t) + Zhj_eRja(ac,t)] dt
0 j=1

where R; is now defined in terms of (). We only need to consider the h~* term, since the argument
below will show that the other terms will be lower order as h — 0. Then

T T
/ Qui dV = h“/ [/ / @0 Mgy (2, d®(x, 1) )a(z, 1) @)/hB(z, 5) dth} ds
b o Lo Jx

+ lower order terms.

For any fixed s € [0, T] we will study the integral inside the brackets, i.e. the integral

T
Is(h) 1:/ /eies(x’t)/hrs(x,t) dV dt
0o Jx

where

Oy(z,t) := ®(z,t) — ®(x, 5), rs(z,t) = a(x,t)B(x, s)q(x, dyP(z,1)).
Using the conditions for ®, one has
Im(O5) > 0 on supp(rs), Os(z(s),s) =0, dy1©s(x(s),s) = 0.
The formula (3.30) with the choices ¥(z) = ®(z, s) and typ = s shows that
2ilm(H)  £—Hi >

(§—H)' (Hi—¢)-@
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Again, this is the representation of V2 ,04(;(s)s) in Riemannian normal coordinates at (z(s), s).
The argument after (3.30) shows that M (s) is invertible and hence we can use stationary phase to
evaluate I5(h). However, since there is an additional integration over s, we need to ensure that all
constants are uniform over s € [0,7]. To do this, first we show that there is ¢ > 0 with

(3.32) |M (s)C] > ¢[¢], uniformly over s € [0, T.
In fact, it is enough to prove that
(3.33) det(M(s)) = ag det(Im(H (s)))

for some constant oy # 0. The computation below will show that

ao = 5(20)" (0 + £(0) ).
Since Im(H (s)) is positive definite for s € [0, 7], (3.32) is a consequence of (3.33) and the Cramer
rule for computing M (s)~L.
For proving (3.33), we write
p(s) = H(s)i(s) —E(s),  R(s):=Re(H(s)),  T(s) = Im(H(s))

Here R(s) and Z(s) are real symmetric matrices. The Schur complement formula for the determi-
nant of a block matrix yields
det(M(s)) = det(2iZ(s))f(s)

where

f(s) = p(s) - (@(s) — (26L(s)) "' p(s)) = %I(S)_lp(S) - p(s).

In the last equality we used the fact that & = Im(Z~!p). We thus have
. 7 e _ 1. _ =
(3.34) f(s):§[—I IT Y 5+ T - 5+T - p|.

To compute p, note that from the Hamilton equations and (3.17) we obtain the formulas
i=B'i+C¢,  £=-Di— B¢

Using these formulas together with the matrix Riccati equation (3.19), we obtain

(3.35) p=—(HC + B)p.
Finally, taking the imaginary part of the matrix Riccati equation (3.19) we have
(3.36) T4+ ICR+RCI+ BI+1IB!'=0.

Inserting the formulas (3.35) and (3.36) into (3.34) proves that f(s) = 0. This shows (3.33), where

ag = (2i)" f(0) and f(0) = £p(0) - p(0) = £(12(0)[* + [£(0)[).
Having proved (3.32), the Taylor formula shows that there is § > 0 with
c

TOGEe

In normal coordinates at (z(s), s) this means that
<Ca |($—$(S),t—8)|§5, SE[OvT]'

|(z — x(s),t — s)]
O4(z, )]

This is precisely the condition in the stationary phase theorem | , Theorem 7.7.5] that will

make the constants uniform over s € [0,7]. Note that since @) vanishes near the end points of 7,

we do not need to worry about boundary contributions. Thus, if x € C2°(R) satisfies y = 1 for
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[t| < 6/2 and supp(x) C (=9, 9), and if the support of 5(z, s) is chosen sufficiently small depending
on ¢, then the stationary phase theorem implies that

n+3

T
/ / 0@/ (1 )\ (t — ) dV db — b5 (det(M(s)/2mi)) Y 2ry(a(s), s)| < Ch™F
0 X

uniformly over s € [0, 7). There is no |g|'/? term coming from dV since the computation is done in

Riemannian normal coordinates. Moreover, if we replace x(t — s) by 1 — x(t — s) in the integrand,
then one is either in the region where x(t) is close to z(s) but |t — s| > §/2, so that the integral
will be O(h*) uniformly over s € [0,7] by nonstationary phase as in Case 7b above, or one is in
the region where x(t) is away from z(s) and one can use Gaussian decay as in Case 7a above. It

follows that
n+3

|In(s) — = (det(M (s)/2mi)) " 2ry(2x(s), s)| < Ch™ 2
uniformly over s € [0,7]. By (3.33) this may be rewritten as

In(s) = coh™" det(Z(s))~"/? exp [—i/os [bp(:v(a)) - W)] da] g0(7(s)) + O(h"3")

uniformly over s € [0, 7], where

n+1

(|&(0)[> + £(0)[2)1/2

n+1 —

(3.37) co=(2mi) 2 ay® =

(ST

This proves that, as h — 0,

e /X Quv dV — cq / Tdet(I(s))_1/2 exp [—z’ /0 5 [bp<x<o>>—m>} da} qe(v(s)) ds.

0

Using the properties of ® and the notation (3.17), the function b = bp in Lemma 3.3 satisfies

1
bp(z(t)) = 5; tr(C)H () + pm-1(7(t)).
AS P = P is real, the adjoint P*, defined with respect the L?(M) inner product associated to g,
has in some local coordinates the full symbol

1 ¢ _ —
Dm + n Z(axjﬁjpm + \g\ 1/28§jpmamj ’9’1/2> + DPm-1+T,
j=1

where r contains the terms of order < m — 2. Thus, in normal coordinates at x(t),

bp. (2(1)) = o tr(COH(D)) + + tr(B(1)) + B A(7(1).

It follows that

bp(x(t)) — bp.(x(t)) = %tr(c(t)R(t) + B(t) + pm-1(Y(1)) = Pm—1(7(2))-

Moreover, using (3.36) and symmetries of trace,
d(logdet Z) = tr(Z7 1) = —tr(CR + T 'RCZ + I 'BI + B') = —2tr(CR + B)
which gives, using that Z(0) = Id,

det Z(t) = exp [—2/0 tr(C(s)R(s) + B(s))ds| .
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These facts imply that

aet(z0) 2 exp [~i [ [op(e6) =57 GO0 ds] = ex0 [ =1 [ ns2(6D) = sl 5]

This finally proves that

Wt [ Quav e | " (D) exp =i s (1(5)) — B (1(9))) 5] a

where ¢ # 0 is given in (3.37). O

Remark 3.4. For later purposes, we observe that if M is a compact subset of X disjoint from the
end points of «y, then for £ > 0 one has

ndl
(3.38) lull g (ary = O(R7F7F).

This follows from (3.1) upon taking P = P*, u = v and Q = R*x?R where R is elliptic of order k
(one can take k even) and x € C2°(X) satisfies x = 1 near M and x = 0 near the end points of ~.

Remark 3.5. It is possible to view the construction in Theorem 3.1 formally in terms of a quasi-
mode construction in X x R for the operator

Q(iU,t, vaDt) = hl_th + P(l‘, Dl‘)

If v(s) = (x(s),&(s)) is an injective null bicharacteristic segment for P, then (z(s),s,&(s),0) is a
similar bicharacteristic segment for () and its spatial projection 7(s) = (x(s), s) satisfies 7(s) # 0
everywhere. One can then think of e/®@!/hq(z t) as a quasimode for @ near the curve 7, and
integrating in ¢ produces a quasimode for P.

We will also formulate a result related to computing the values of w at x(t) away from cusp
points. This involves stationary phase in the ¢ variable. Near cusp points the phase function will
have a degenerate critical point in ¢ and the behaviour is more complicated. For example, if P is
the Tricomi operator, one can check from the construction that the phase function will have cubic
behaviour near cusps. For such phase functions, at least if they are real valued, the asymptotics
involve Airy functions | , Theorem 7.7.18].

Lemma 3.6. If u is the function in Theorem 3.1 and if to € (0,T") is such that &(to) # 0 and
x(t) # x(to) fort # to, then

1 o

u(x(to)) = h'/?———exp [—z/ bp(w(s))ds} +O(n*?)
¢4 (to) 0

where cy is a smooth function depending on vy that is nonvanishing at any to satisfying the assump-

tion abowve.

Proof. We will give the proof under the more general assumption that #(t) # 0 for any ¢ with
x(t) = z(to), and x(to) is not one of z(0) or z(7T"). Write xg = z(to), and recall that

T
u(zg) = / @0/ hg (50, 1) dt.
0
Let I;, = {t € [0,T]; x(t) = xo}. Since @(t) # 0 when ¢ € I, points of I, are isolated and hence
Iiy = {s1,...,sn} where s1 < s3 < ... < sy and one of the s; is to.
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Note first that if ¢ is away from Iy, then x(¢) is bounded away from z and thus by (3.24) the
contribution of this region to u(zg) is O(e~¢/"). At points of I,, since x(s;) = xo, the formulas
(3.23)—(3.27) imply that

(@(x()a 5]) = 07 at(P(.’Eo, Sj) = 07 atQ(I)(x()v S]) = (HLIT - 5) : jj|5j

where H, i, € are written in terms of Riemannian normal coordinates at . Since Im(H(s;)) > 0
and since i(s;) # 0 by assumption, we have 9?®(zo, s;) # 0 and hence we can use stationary phase
[ , Theorem 7.7.5] near each s;. This implies that

N

1

u(wo) = b/ ——alzo,s;) + O(™")
j=1 “v\°3

where

(“”:<H@mgyﬂm)m

and, since zg = x(s;), by (3.22) one has

a0, ;) = exp {—z’/osj bo(2(s)) ds] .

Now if £y satisfies the assumption of the theorem, then N = 1 and the result follows. ]

4. DETERMINING THE SCATTERING RELATION AND RAY TRANSFORMS

We will next prove Theorem 1.1. The main idea for recovering the scattering relation is the
following: if 1 is a maximal null bicharacteristic for P} in M starting at (xg, &), one constructs a
solution u1 of Pyu; = 0 in a neighborhood X of M so that WFg.(uy) is on the extension %1 of v,
to X. Using the assumption Cp, = Cp,, there is a solution @ of Pytip = 0 in M having the same
Cauchy data as u; on OM. In fact one can extend s so that Potis = 0 near M and uy = @y outside
M (this is the mix-and-match construction mentioned in the introduction). One then considers the
maximal null bicharacteristic v2 of P» in M going through (z, ).

The above construction ensures that WFg(u1|x\as) contains a part near (zo, &) and also a part
near ap, (7o, &p). Since u; = Gz outside M, also WF (2| x\ar) contains these two parts. On the
other hand, since Psiip = 0 near M and since 2 contains (xg, &), by semiclassical propagation of
singularities W) (2| x\ ps) must also contain parts near the start and end points of 2. Combining
these conditions eventually leads to the fact that ap, (xo,&y) = ap,(x0,&). In the proof we need
to deal with the possibility of tangential contacts with M, which adds some technicalities.

If the principal parts of P; and P, agree, the recovery of subprincipal information in Theorem
1.1 is also based on constructing solutions concentrating near a maximal null bicharacteristic.
However, instead of using the mix-and-match construction, it is more convenient to employ the
integral identity in Lemma 2.8 and the formula for the semiclassical limit measure in (3.1).

Proof of Theorem 1.1. The proof will be done in several steps.
Step 1. Preparation.
We begin by extending both P; and P» smoothly to a slightly larger manifold X, in such a way

that P, = P, in X \ M (this is possible since P, = P, to infinite order at 9M). The principal
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symbols p; = p;jm, of P; then satisfy
(4.1) p1 = po in T*(X \ M™Y.

In particular, the null directions on 9(7T*M) are the same for P; and P>. Note also that if X is
chosen sufficiently small, both P, and P, will be real principal type in X (i.e. the nontrapping
condition will hold in X), see [ , proof of Theorem 26.1.7].

Let (w0,%0) € Oy p, (T*M), and let 71 : [0,T1] — T*M \ 0 be the maximal null bicharacteristic
for P; with v1(0) = (x0,&p) (the case where v, (T1) = (x0,&p) is analogous). We denote by ¥, the
maximal continuation of v; as a null bicharacteristic of P; in X. Since 7; is maximal, there is a
strictly increasing sequence (t;)]o‘;l with ¢, — 0 and a strictly decreasing sequence (t;r);’il with
tj — T1 such that

n(ty) € T(X \ M).
Since d(m(t}t), M) — 0 as j — oo, where x1(t) = 7(71(t)), after passing to subsequences we may
choose a strictly decreasing sequence (x;) with

(4.2) d(l’l(t;-t_i_l), M) <K; < d(.rl(t;»t), M), Kj — 0.
Then X; := {z € X ; d(z, M) < k;} is an open manifold so that M C X; CC X and
(43) () € T X\ ).

Let 2 : [=S2, To] — T* M \ 0 be the maximal null bicharacteristic for P» in M with v2(0) = (x0, &)
and 82, TQ > 0.

Step 2. Strategy.

We wish to show that Sy =0 or Ty = 0, i.e. (x0,&0) € Oy p,(T"M), and that

{711(0),71(T1)} = {r2(=52),72(12)}-
This will imply that 0] p (T*M) C 0, p,(T*M) and ap, = ap, on 9, p (T*M). Changing
the roles of P, and P then implies that 0] p, (T"M) = 0}y p,(T*M) and ap, = ap,.

Below we will work with j fixed, and we will suppress j from the notation of u; etc.
Step 3. There is u; € H™(X;) with Pruy = 0 in X; and WFea(u1) = 1([t7,£7]) N T*X;.

Let v; be the quasimode associated to ’3’1|[t_— ] in X constructed in Theorem 3.1, satisfying
3773

WFa(v1) = 5([t7,t71),  WFsaa(Pro1) = 51(t5) U (t)).
Then ||Pyv1gs(x,) = O(h™) for any fixed s since WFgi(Piv1) is away from X; using (4.3). Let
Uy = vl\Xj + r1, where r| € H”m*l(Xj) is the solution given in Proposition 2.2 of the equation
Piry = —Pyv1 in X
with
[Pl gssm=1(x;) S Prv1ll s x;) = O(R).
Then WFgq(u1) = WF(v1]x;) = %1([t7,¢7]) N T* X}, and Piuy =0 in X;.

1777

Step 4. There is 4y € H™(X;) so that Potip = 0 in X, g = uy in X; \ M, and 4 is L?-tempered.
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To prove this we invoke the assumption Cp, = Cp,, which implies that there is wy € H™(M)
such that
Prws, =0in M, kaQ‘aM = VkulfaM for k<m—1.

Define the function

~ wa, in M,
27w, in X\ M.

Then @y € H™(X;), and Patp = 0 in X since this holds separately in M and X; \ M. It remains
to show that s is L?-tempered. First note that u; — @s is in H]\“}(Xj) and solves

Pg(ul — fLQ) = —Pgul.
We may add a function in N (F») to @g so that one still has Pytip = 0 in X and Gy = uy in X;\ M,
and additionally u; — @iz € N(P2)*. Then (2.2) implies that

(4.4) lur =tz 2, S [[P2(ur — t2)ll 2, = [Powallp2, < [lwallgmar)-

Thus ||112HL%4 S v llgmary = O(hnTH_m) by (3.38). It follows that i is L?-tempered.
Step 5. y1(0-) = 72(=52) and y1(04) = 72(T3) for some o+ € {0,T1}.

By Step 3 we have WFgei(u1) = %1 ([¢; tj]) NT*X;. Since Uy = uy in X; \ M, we further have
(4.5) WFsa (2] x,\ar) = (F1([t;,0)) U (Te, £]) N T*(X; \ M).

Using (4.2) we have '“yl(tki) € WFa(ti2|x;\ar) for k > j, and since the wave front set is closed this
implies that v1(0),71(T1) € WFgq(t2). However, since v1(0) = v2(0), semiclassical propagation of
singularities for the solution @ of Patis = 0 in X, together with the maximality of v, implies
that WQ(T,z,’i) € WFga(t2|x,\ar) for some increasing sequence 77~ — —S3 and decreasing sequence
T,g”L — T where 5 is the continuation of 72 to X. After passing to subsequences, we may assume
that —So — 1/k <707 < =Sy and Th < 7" < Th + 1/k.

Up to now we have been working with a fixed j. Next we consider the diagonal sequences 7’; o+

as j — oo, and note that by (4.5) one has

o o gEy s
(4.6) So(7)%) = F1(o7)
for some oji with a;t € [t;,0]u Ty, t;r]

It follows that Tj’f — —5% and Tj’+ — Ty, as well as (possibly after passing to subsequences)

U;-t — o for some o4 € {0,71}. Thus by (4.6) one has

(o) = 72(=52), 11 (o4) = 72(T3).
Step 7. Oy p, (T*M) = 0}y p,(T*M) and ap, = ap,.

Now if o_ # o, then necessarily 773 > 0 and {o_,04+} = {0,71}. Thus
{71(0),71(T1)} = {72(=52), 72(12) }-
In particular, (zg,&) = 71(0) = 72(0) is one of the endpoints of vs, so either So = 0 or Ty = 0.

On the other hand, assume that o_ = o = 0 (the case o+ = T} is analogous). Then v2(—S3) =
Y2(T2) and consequently Sy = Th = 0 (since y2|_g, 7, is injective by the real principal type
36



assumption). We wish to prove that also 77 = 0. If this is not true, then 77 > 0 and v (0) # ~v1(71)
using that v1jo7y) is injective. Returning to (4.6), after passing to subsequences if necessary, it
follows that a;t < 0 for all j. Now in local coordinates in T*M, the curves 7;(t) for small ¢ are
very close to the line (zg, o) + t91(0) where 41(0) = 42(0) # 0 by (4.1) and the real principal type
assumption. Since Tj’_ < 0, 7'5-"Jr > 0 and UJ‘J-E < 0, this leads to a contradiction with (4.6). This
proves that 77 = 0 and

{71100),7(T1)} = {72(=52),72(12)}

also when oy =o_.

We have now proved the claims stated in Step 2, and thus Step 7 is complete.

Step 8. If P; and P> have the same principal symbol and if i is a half density on M, one has

exp [z /0 ! asub[Pl“](fy(t))dt} — exp {z /0 ' asub[PQ”]('y(t))dt]

whenever v : [0,7] — T*M \ 0 is a maximal null bicharacteristic in M.

By the Remark after Theorem 1.1, it is enough to prove that

exp [Z /OT(pml,l — Pm—1,2)(7(%)) dt] =0.

Write Q = P; — P,. Since Py = P» in X \ M, the operator @) is a differential operator with smooth
coefficients in X that vanishes in X \ M and has principal symbol

dm—-1 = Pm-1,1 — Pm—1,2-
We denote by ¥ the continuation of v as a null bicharacteristic curve in X.

We now use Theorem 3.1 with P = P; and P = P and construct quasimodes vy, v associated
with ¥|(_¢, 74¢,) With &; chosen so that the end points are outside M. Then [Piv1|gsar =
| Psva|lgrs(ary = O(h™). As in Step 3, we construct solutions u; = v; +r; of Piu; = 0 and
Pyug = 0 in M with [|rj|| gstm-1(ar) = O(h™).

Since Cp, = Cp, and ) = P, — P> vanishes outside M, the integral identity in Lemma 2.8 implies
that

0= (Quy,u2)r2(ary) = (Qui,v2)r2(x) + O(h™).

Multiplying this identity by B =1 and using (3.1), we obtain
T t
/ Gm—1(7(t)) exp [—2/ Gm—1(7(s)) ds} dt = 0.
0 0

The integrand is equal to i0;(exp [—i fg am—1(7(9)) ds] ), hence it follows that

exp [—i /O ' Gm_1(7(t)) dt] =1

This is the required statement. ]

Remark 4.1. If the maximal null bicharacteristic v : [0,7] — T*M \ 0 is sufficiently nice, e.g.

#(t) # 0 and x(¢) is injective on [0, T], one can give an alternative proof of Step 8 by using the mix-

and-match construction and a similar argument as in Steps 3—5. That is, one constructs solutions

of Pjuj = 0 associated with ~, and defines another solution of Pt = 0 in X; so that 4y = ug
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outside M. By semiclassical propagation of singularities, ug — g is O(h*°) at the end point z (7).
Comparing the values of u; and wug at x(T") using Lemma 3.6 proves Step 8.

Proof of Theorem 1.2. The proof is the same as in Step 8 in the proof of Theorem 1.1. By Lemma
2.8, the assumption Cpiq, = Cp4q, implies the integral identity

((Q1 — Q2)u, u2)L2(M) =0

whenever u; € H™(M) solve (P + Q1)u1 = (P*+ Q3)uz = 0 in M. We wish to find such solutions
u; that are close to the quasimodes constructed in Theorem 3.1.

Let v : [0,7] — T*M \ 0 be a maximal null bicharacteristic in M. We extend P as a smooth
differential operator to some slightly larger open manifold X and let 4 be the continuation of ~
to X. We also extend (; smoothly to X so that the coefficients of Q1 — Q2 vanish outside X.
Choose some €; > 0 so that §(—¢e1) and (T + e2) are in X \ M. Let v; = vy € C°(X) be the
quasimode given by Theorem 3.1 related to ¥||_, 74, satisfying [|(P + Q1)v1l|gsar) = O(h™),
and let va = vy}, be the corresponding quasimode satisfying ||(P* + Q5)val| gs(ar) = O(h™).

We define u; = v; + rj, where r; are correction terms satisfying
(P+Qu)r1 = fiin M, (P*+@Q3)r2 = f2 in M,
where fi = —(P + Qi)vi|m and fo = —(P* + Q5)va|m. Note that f; € C°(M) with f; €
N(P;+ Q)+ and fo € N(P+ Q2)*. By Proposition 2.2, there exist solutions r; € H**™~1(M) of
the above equations with the norm estimates
7l gstm—1ary S 1 filles(ary = O(R™).
Then uj € H*T™~1(M) also solve (P + Q1)u; = (P* + Q%)uz = 0 in M.

Inserting the solutions u; in the integral identity, we obtain that

/ (Q1 — Q2)v192dV = O(h™).
M

Using Theorem 3.1 and the fact that the coefficients of @1 — @2 vanish outside M, this implies that

T
[ owli@i - @ula®)a o

Here we also used that the subprincipal symbols of P+ and P+ Q)2 agree, so that the exponential
factor in (3.1) goes away. O

We next consider the case of strictly hyperbolic operators and prove Theorem 1.3. First we verify
that strictly hyperbolic operators are indeed real principal type (this should be well known, but we
give a proof for completeness in Appendix A).

Lemma 4.2. Let X be an open manifold, let ¢ € C°(X,R), and let P be a strictly hyperbolic
differential operator of order m in X with respect to the level surfaces of ¢. Then P is of real
principal type in X.

Proof of Theorem 1.3. We begin by establishing suitable analogues of Proposition 2.2 (see Step 1
below) and Lemma 2.8 (Step 2 below), and then indicate the minor modifications required in the
proofs of Theorems 1.1 and 1.2 by giving a proof of (1.6) (Step 3 below). The other claims can be
proven using analogous modifications.
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Choose an open manifold Y; C X so that M; C Y} and Y7 is compact. Define
Xi={zeY;0<¢(x) <T}.

Step 1. Given any f € H(X1), with s > 1, there is a solution u € H*™™ 1(X}) of Plu = f

satisfying tr}”__l u =0 and

(4.7) [wl frsem—1(x,) < Clfllms(x0)-

We define the space
H={uec HXy); Pruc Hy(Xy), tr tu =0},
equipped with the norm defined by
ull3; = lullFesm—1 5,y + 1 PrullFrs x,)-

Now # is a Hilbert space and writing P = Pi|y, P : H — H§(X1) is clearly continuous. Let
us show that P is surjective. Let f € H{(X;). We may extend f by zero to obtain a function
in H*(X), still denoted by f. By | , Theorem 23.2.4] there is u € H™ 1(X) such that
supp(u) C ¢~ 1([0,00)) and Piu = f on X;. Hence P is surjective.

It follows now (see | , Proposition 2.3 and 2.4]) that the pseudoinverse P' of P is continuous
Pf . H§(X1) — H and PPl f = f. Thus u = P!f solves Pu = f with the continuous dependence
(4.7).

Step 2. If Clalt = C}%;, then
(4.8) (P1 — Py)ur,ug)p2(ary = 0
whenever u; € H™(M) solve Piu; = Pyup =0 in M, tr’llljl u; = 0 and tr’lltl uy = 0.

As C}%lt C C’}i‘; we can find ug € H™(M) such that Petis = 0 in M and tr%}{ Uy = trlt”JF{ uy.

1

Then, using also tr?l: ug =0,

(P — Py)ui,uz) = —(Pour,uz) = —(Pa(uy — u2),u2) = —(u1 — tg, Pyug) = 0.

Step 3. If P; and P» have the same principal symbol and if p is a half density on M, one has

exp [z /0 ! asub[P{‘](fy(t))dt} ~ exp {z /0 " o PE () dt

whenever «y : [0,7] — T*M \ 0 is a maximal null bicharacteristic in M that does not meet 9(7* M)
away from I'.

It is again enough to prove

(4.9) exp [z /0 g (1(0) dt] =1,

where ¢,,_1 is the principal symbol of Q = P; — P». We denote by ¥ the continuation of v as a null
bicharacteristic curve in X.
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We use Theorem 3.1 with P = P; and P = P, to obtain quasimodes v, v associated with
'?|[_517T+52] with €; chosen so that the end points are outside X;. Observe that, when X; is chosen
small enough, v; can be constructed so that, writing ¥ = ¢~1(0)U¢~(T'), one has supp(v;)N% = 0.
We choose x € C*®°(X;) so that x = 1 in M and that x = 0 near 0X; \ ¥. Finally we choose
r1 € H™(X;) so that Pyr; = —xPioy, tr%"jl r1 = 0 and that (4.7) holds with s = 1. Then

711z (xy) < ClixPro1l g x,) = O(h™),
and setting u; = vy + r1, it follows that Piu; = 0 in M.

Note that Ps is strictly hyperbolic also with respect to the level surfaces of —¢. Repeating
the argument in Step 1, with P; replaced by P» and ¢ by —¢, we see that there is a solution
ro € HT™ 1(X1) of Pyry = —xPyvy satisfying tr?:l r2 = 0 and ||r2|[g1(x,) = O(h™). We set
Ug = V2 + To.

Since Cp, = Cp, and Q = P} — P, vanishes outside M, the integral identity (4.8) implies that

0= (Qu1,u2)r2(ary) = (Qu1,v2)r2(x) + O(h™).

Multiplying this identity by h="5+m=1 and using (3.1), we obtain (4.9) as in the proof of Theo-
rem 1.1. ]

We will show next that by small modifications of the above proofs, one can obtain partial data
results in the corresponding inverse problems. Let I' C M be a nonempty open set. We use the
notation

—_

3

et wllFomer oy = D IV ulr 22
i

Il
o

and consider the partial Cauchy data set
Cpr = {(ulr, Vu|r,..., V"™ tu|r) ;u € H™(M) solves Pu =0 in M and

||trglj\}<p wllzgm—1oanry < 1l ullggm-1 () }-

The last condition means that we are only using solutions of Pu = 0 whose Cauchy data on OM \T'
is not much larger than the Cauchy data on ' (the constant 1 in the inequality is quite arbitrary
and could be replaced by any other fixed constant). For simplicity we do not consider the scattering
relation in the following result, whose proof is given in Appendix A.

Theorem 4.3. Let M be a compact manifold with smooth boundary, let Py, Po be real principal
type differential operators of order m > 1 in M, and let I' C OM be a nonempty open set. Assume
that P, = P, to infinite order on OM. If the principal symbols of P1 and Py coincide, then for any
nonvanishing half density p on M one has

(4.10) exp [z /OT osub | PL'(v(¢)) dt} = exp {z /OT osub| Py ] (v(2)) dt

whenever 7y : [0, T] — T*M is a maximal null bicharacteristic curve for Pi whose spatial projection
intersects I' transversally and does not meet OM away from T.

Finally, if m > 2 and if P; = P + Q; where Q; has order < m — 2 for j = 1,2, then then

T T
(4.11) /0 ooe Q1] (4(£)) dt = /0 oo Q) (1)) dt

whenever v : [0, T] — T*M is a mazimal null bicharacteristic curve for P whose spatial projection
intersects I' transversally and does not meet OM away from T.
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Finally, we show that for first order operators a converse of Theorem 1.1 holds: the scattering
relation and integrals of the subprincipal symbol modulo 277 determine the Cauchy data set, at
least under a strict convexity assumption. The result is stated for C*° Cauchy data sets since
we use a regularity result from [ , | stated in the C*° case. Note that any first order
differential operator with real principal symbol in M is of the form P = %L + V, where L is a
real vector field in M and V € C°°(M). Let X be an open manifold containing M, and extend L
smoothly to X. We say that M is strictly convex for L if

d2

O] <o
whenever p € C*(X) is a boundary defining function for M (i.e. M = {p > 0} and dp # 0 on
OM), and z(t) is an integral curve of L so that z(0) € OM and #(0) € T(OM). A local coordinate
computation shows that this condition does not depend on the extension or on the choice of p. The
proof of the following theorem is in Appendix A.

Theorem 4.4. Let M be compact with smooth boundary, and let P; = %Lj + Vj be real principal
type differential operators of order 1 in M. Assume that is M is strictly convex for Li and Lo.
Suppose that

Ty

O Vl(:cl(t))dt] — exp [—i /0 " Vg(xg(t))dt]

whenever x; : [0,T;] — M are mazimal integral curves of L; with x1(0) = x2(0). Then the C*>
Cauchy data sets of Py and Py are equal:

{ulopr; w e C°(M), Pru=0 in M} = {ulgrp; u € C°(M), Pyu=0 in M}.

ap, = ap,, exp |:_2

5. BOUNDARY DETERMINATION

In this section we assume that M is a compact manifold with smooth boundary and that P is a
real principal type differential operator of order m > 2. We consider the problem of determining the
boundary values of coefficients of P and their derivatives (possibly up to gauge) from the knowledge
of Cp. For (z9,&) € T*(OM), we give two arguments for determining boundary values at x (these
arguments were already described in the introduction, recall also that v is the inner unit conormal
vector to M with respect to the auxiliary Riemannian metric on M):

e (Elliptic region) If ¢t — p,,(z0,& + tr) has a simple non-real root, we use exponentially
decaying solutions that concentrate near x( to give an analogue of boundary determination
results for second order elliptic equations.

e (Hyperbolic region) If ¢ — p,,(z0,& + tr) has at least two distinct real roots, we use
solutions concentrating near two null bicharacteristics through ¢ and obtain an analogue
of boundary determination results for the wave equation.

In fact the regions could be mixed, and we will use a combination of both methods. Here are
some examples:

o If P =072 — A, is the wave operator in M := M x (0,7, then the elliptic region (resp.
hyperbolic region) at (xg,to) € dMy x (0,T) is the set of spacelike covectors (resp. timelike
covectors) in T(Zo,to)((?M).

e If P is elliptic, then all roots of ¢t — py,(zg, & + tv) are non-real.

e If m is odd, the map t — py,(x0, & + tv) always has a real root unless xz is a characteristic

boundary point.
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e If P is strictly hyperbolic with respect to the level surfaces of ¢ € C*°(X,R) (see Section 1),
and if g in an interior point of 9MN{¢$ = c} for some ¢, then by definition t — py, (zo, {o+tv)
has m distinct real roots.

o If P = (02 — Ay) (0% + Ayy) in My x (0,7T), there can be both real and non-real roots.

The special solutions in the hyperbolic region will be the ones constructed in Theorem 3.1. In
the elliptic region, new special solutions will be required. Their construction is based on the fact
that whenever x € OM and t — p,,(z, £ + tv) has a simple non-real root, there is an approximate
solution of Pu = 0 in M with complex phase that concentrates near z, decays exponentially in
the interior, and whose boundary value oscillates in direction £. The argument is similar to the
construction of a boundary parametrix for the wave equation in the elliptic region, see e.g. | ,
Chapter IX].

Theorem 5.1. Let P be a differential operator of order m > 2 in M (here the principal symbol

Pm 18 allowed to be complex valued). Let x € OM, and assume that for some & € T;OM the map

z2 v pm(x, &+ 2v) has a simple root z with positive imaginary part. Fiz s > 0. For 0 < h <1 there

exists u = up € C*°(M) having the form
u=e®"q

where d®|, = £+ zv, a is supported near x, aloy; can be prescribed arbitrarily near x independently

of h, Im(®) > 0 on supp(a), and

[l p2ary ~ B2, [l ey S BFF2, | Pull s (ary = O(h™).
Proof. Choose local coordinates near x so that = corresponds to 0, M is given by {x,, > 0} near

0, the unit conormal v corresponds to (0,1), and the cotangent vector £ corresponds to (¢,0) with
¢ e R" 1. Write u = ¢'®/"q. By Lemma 3.3, we have

Pu =" | h " (2, d®)a + B La + ba) + Z " Ria

We first construct a smooth complex function ® so that near 0,
®(a',0) =2’ - ¢,
(5.1) Im(9,®(2',0)) > 0,
Pm(x,d®) = 0 to infinite order on {z,, = 0}.
In fact, if we define ®(2/,0) = 2’ - &', then
pm(l', dé) |xn:O = pm(xl7 07 5/7 anq)(x/7 O))

This vanishes if 9,®(2',0) is a root of z — p,,(2/,0,&',2). By assumption there exists a simple
root with positive imaginary part when 2’ = 0, hence also for 2’ near 0, and we denote this root
by z(z'). Then z(2') depends smoothly on z’ since it is a simple root, and we may define

(5.2) On®(2',0) = z(2)).
Next we compute

O,y (P (2, dP))|2,=0 = Oz, pm(2",0,€', 2(')) + O¢,pm (2’0, €, 2(2))9jn ®(2', 0).
We wish to choose 92®(z’,0) so that this vanishes. However, writing

pm(xla 07 ‘5/7 fn) = (gn - Z(IB/))Q(.’II/, 5,7 gn)
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where g(2’, &', z(2")) # 0, we see that O, pm(2’,0,&, 2(2")) # 0, and hence we may define
n—1

1
82@({1;/, 0) = _85 ) (6xnpm + Z 8£apmaom¢))

(@08 ,2(a"))

a=1
With this choice we have 0y, (pm(x, d®))|z,=0 = 0. Continuing this process allows us to prescribe
OE@(2',0), Op@(2’,0), ... so that 92 (pm(z,d®)), O3 (pm(z,d®)), ... vanish on {z, = 0}. Using
Borel summation we obtain a smooth function ® with the required Taylor series at z,, = 0, so that
¢ satisfies (5.1).

We now construct the amplitude a by Borel summation in the form
o0
a ~ Z R a;
§=0

where the aj are smooth functions independent of h, and they satisfy the following transport
equations to infinite order on {z, = 0}:

1

—Lagy 4 bag = 0,

)

1

~Lay + ba; = —Raao,
7

1
—Las 4+ bas = —Rzag — Raaq,
(3

The first equation on {z, = 0} reads as
1
E@gjpm(:c’, 0,¢, z(a:'))(?jao(m’, 0) + b(2",0)ag(z’,0) = 0.

We define ag(z’,0) = n(2’) where 1 is any given function in C°(R"~1) supported close enough
to 0. We have seen that ¢, pm(2’,0,&, 2(2’)) # 0, hence we may solve dna(z’,0) from the above
equation as

8na0 (.T/, 0)

Z e PmIato + baO)‘(xf,o,g',z(:c’))'

85 pm 7

Continuing in this way, we may define A ag (x ,0) for j > 2 and apply Borel summation to obtain
a smooth function ag with the required Taylor series at {x,, = 0}, so that %Lao + bag = 0 to
infinite order on {z,, = 0}. The functions a; for j > 1 are constructed in a similar way (one may
set aj(2’,0) = 0 for j > 1), so that all the transport equations are satisfied to infinite order on
{z,, = 0}. This completes the construction of the amplitude.

We have now constructed a smooth function
u = e'®/hg

so that

o0

Pu ~ 67,4’/}1, Z h]fmfj

=0
where each f; vanishes to infinite order on {z,, = 0} and |f;| < 1 uniformly over » < 1. Near 0 one
has

ey, < Im(®(2', 2,)) < Cay
43



for some ¢,C' > 0. Thus if supp(a) is chosen to be sufficiently close to 0, one has

1
Wl ~ [ [ et

1
||U||%1k(M) Sh /{| /|<1}/0 e/ dg,, dx' ~ 12

and
HPUHHN(M) S h_m_NHe_CIn/hO(xSLO)HL2(supp(a)) = O(hoo)

The result follows. OJ

The next example gives a useful interpretation for a boundary determination result for the wave
equation. This will motivate the corresponding proof for general real principal type operators.

Example 5.2. Let (My, gp) be compact with smooth boundary, let V' € C*°(My x (0,T)), and
consider the Dirichlet problem for the wave equation

(53 — Ay, + V)u=0in My x (0,7), U|3M0x(0,T) =/, uli=0 = Oput—0 = 0.
The Dirichlet-to-Neumann map is given by

Av i f = dvulansyx(0.1)-

The boundary determination result in [ ] shows that for a small neighborhood I' C 9Mj X
(0,T) of a boundary point (zg,to), the localized map A}, : C2(T) — C=(T'), f — Ay flr is a
pseudodifferential operator and the Taylor series of V' at (xq, o) can be computed from the symbol
of AE.

Consider coordinates (x1,2/,t) and assume that I corresponds to {x; = 0}. The symbol of A‘F,
can be computed by testing against highly oscillatory functions f(z/,t) = x(a/, t)e!® €' +D/" where
X is a smooth cutoff and ¢’ is in the hyperbolic region (i.e. there are two null directions at (zg,t)
whose projection to T*(0My x (0,7)) is (0,£’,1)). The argument in | | gives roughly (when
the cutoff x is made to depend on h in a suitable way) that

lim 2%((Av — Ao) f, f) L2y = eV (2o, to)
h—0

where ¢ # 0 and « is a suitable number depending on n.

On the other hand, one has the integral identity

T
((Av = Ao) f, e :/M /0 Vutig dt dV

where u is the solution given above, and g solves (07 — Ay )ug = 0 in My x (0,T) with Dirichlet
data f and vanishing Cauchy data on {t = T'}. Since u has vanishing Cauchy data on {t = 0} and
highly oscillatory boundary data, it is related to a null bicharacteristic (possibly with reflections)
that starts at (xo,tp) and moves forward in time. Similarly, since ug has vanishing Cauchy data
on {t = T}, it is related to a null bicharacteristic starting at (x,%y) and moving backward in
time. Thus the product uty concentrates near the intersection of the projections of these two
bicharacteristics, i.e. near the point (xo,%p). Analyzing the integral over My x (0,7") when h — 0
then leads to a proof for recovering V' (xo, o).
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Proof of Theorem 1.4. Let Py, P, be real principal type differential operators of order m > 2.
Assume that

Cp, =Chp,.
The integral identity in Lemma 2.8 implies that
(5.3) (P1 = P)ur,ug)p2(ary = 0

whenever u; € H (M) are solutions of Piu; = 0 and Pyuz = 0 in M. Depending on the roots of
the characteristic polynomial, we will use different special solutions u; to prove the theorem. The
strategy however will be the same: the main point is to prove that py, 2(x,& + - ) vanishes at the
roots of pm1(z,§ + - v) whenever (x,&) € T*(0OM) is close to (zo,&p), i.e. that

(5.4) Pm2(x,& +71v) =0 for any 7 € C for which py, 1(z,{ + T7v) =0,
' whenever (z,§) € T*(0M) is close to (xg,&p).

Here and below, we will use the fact that the assumptions of the theorem remain true for any
(x,&) € T*(OM) that is close enough to (zo, &o).

Let us show how (5.4) implies the claim (1.7) for j = 0 (the case j > 1 will be done later). By (5.4)
the polynomial 7 — py, 2(z, § + 7v) vanishes at each of the m distinct roots of 7 — pp,.1(z,§ + 7v).
The fact that x is a noncharacteristic boundary point for P; implies that both maps are polynomials
of degree exactly m in 7. Thus one must have, for some c(x, &) # 0, that

pm,2($7£+7—y) :C(l‘7§)pm’1(l‘,§+7'1/), TeR.
Multiplying by 7~ and letting 7 — oo gives that

. pm,Z(xa Vx)
C(x7 g) B pm,l(xa Vm) ’

Thus in fact ¢(z,§) = c(x). For (x,§) € T*(OM) close to (zg, &) we obtain
Pm2(z, &+ Tvp) = c(X)pma(z, € + Ty), T€R.

For any x € OM near xg, the set {{ + 7v5; 7 € R and (z,§) is near (z9,&p)} is open in T M. By
real-analyticity in the fiber variable one then has

Pm2(z,§) = c(z)pma(x,§), x € OM near xg, & € Ty M,
where ¢ is a smooth nonvanishing function near xg on M given by
C( _ pm,Q(xayx)'
Pm,1 (wv Vz)
This proves the desired claim (1.7) for j = 0.

The proof of (5.4) will be divided in several cases.

Case (1). We first assume condition (1) in the theorem, i.e. that pp,o2(z,& + ov) = 0 for some
non-real o € C (if this holds for p,, 1 instead we obtain the result by interchanging P, and P;
note that the conclusion of the theorem remains invariant under this change). Since P, has real
principal symbol, the non-real roots come in complex conjugate pairs and hence we may assume
that Im(o) > 0.

Using Theorem 5.1 for Pj, there are smooth functions

vy = Vg = Bo1/26i%a/h,
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where d®s|, = £+ ov, as|gas is independent of h with as(x) # 0, ||va]| 2 ~ 1, and for any fixed but
suitably large s

| Pyva | 1= (ary = O(Rh).
By the solvability result for real principal type operators in Proposition 2.2(d), there exist smooth
solutions ug = ug p, = v + 12 of Pous = 0 in M such that

|72l grs+m—1(ar) = O(R™).
Let {71,...,7m} be the complex roots of 7 — pp,1(x,& + 7v). By assumption these are all

distinct. Let 7 be one of these roots. We wish to prove that py, 2(x,& + 7v) = 0, which establishes
(5.4). We will consider two subcases.

Subcase (1a). Suppose that 7 is non-real. We may assume that Im(7) > 0 (since if Im(7) < 0, then
7 is also a root and the argument below shows that p,, o(z,{+7v) = 0, and hence py, o(x,{+7v) =0
since the roots come in complex conjugate pairs).

Using Theorem 5.1 for P, we obtain solutions u; = wuy ; of Pyuq = 0in M of the form uy; = vi+r1,
and
v = h—l/Qeiq)l/hal

where d®;|, = £+ Tv, ai|oas is independent of h with a;(x) # 0, |jv1]|r2 ~ 1, and
Il gstm=1ary = O(h).

Inserting the solutions w1 and wug into (5.3), we obtain that
/ (Pl — Pg)(’l)l)f)g dV = O(hoo)
M
The explicit form of v; and vy together with Lemma 3.3 gives that

0 = lim hm/ (Pl — PQ)(Ul)’l_)Q av
h—0 M

(5.5) =limh™ [ (pma(z,d®) — pmo(z, d@l))ei(q)l_‘i)Q)/hal&g dv.
h—0 M

Write q(z) := pm.1(x,d®1(x)) — pma(z,d®1(z)) and © := &; — ®3. By the construction of the
functions ®;, see (5.1)-(5.2), in boundary normal coordinates (for g) near 0 one has

Oz, xy) = (1 — 0)xn + O(x,%)

Note that 7 and o depend on 2/, and Im(7 — &) > 0. If the support of a; is chosen small enough,
one has as h — 0

h_l/ eie/hqalang
M

_ h_l el‘(T—a')l’n/h'f'O(m?L)/
{zn>0}

_ / ei(T—&)mn‘FhO(x%) (qa1a2|g|1/2)(l‘/’ hxn) dl’
{zn>0}

hqa1&2|g|1/2 dx

— T (garag|g|V?) (', 0) dx
{zn>0}

:/ L (qaraslg|"/?)(2',0) da’.
R g

n—1T —
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In the last step we used that [;* €™ dz,, = L when Im(w) > 0. Since a;(z/,0) can be chosen

arbitrarily near 0, we obtain that g(«’,0) = 0 near 0. This means that

pm,l(xla 07 5/7 T(x,)) = pm,Q(xlv 07 5/7 7'(.%',>).
But 7(2') was a root of ¢t — py, 1(2,0,&,t), so it is also a root for py, 2, i.e. pm2(z,§ + 7v) = 0.
This proves (5.4) whenever 7 is non-real.

Subcase (1b). Now suppose that 7 is real. Let v : [0,7] — T*M be the maximal null P;-
bicharacteristic curve with v(0) = (zo,& + Tvz,). Extend M to a slightly larger open manifold
X, extend P} smoothly as a real principal type operator to X, and let §(t) = (x(¢),&(t)) be the
extension of . Choose t_ < 0 and ¢t > T so that §(¢4) are outside M, and let v; be the quasimode
in Theorem 3.1 associated with y|;;_ ;) with || Pyv1||gs(ar) = O(h°) for some fixed large s > 0. Use
Proposition 2.2(d) to find ry with [[ry[|gs+m-1(3r) = O(h*) so that u; = vy + 171 solves Piuy =0 in
M. Recall that v; has the form

+
vi(z) = / 1 @D/ g () di
t

Recall also from (3.23)—(3.25) that

(5.6) D (x(t),t) =0, de®1(x(t),t) = &(1), 0P (z(t),t) =0,
and
(5.7) Im(® (z,t)) > cd(z, x(t))?, (x,t) € supp(ay).

As discussed in (3.23)—(3.27), the quantity 7 = Im((0x;x, P1))|(z,0) 18 invariantly defined and we
may write

2 z —Ii
(58) V1’,1§IHl(<I>1)|(:co,0) = ( —(I:E)t Ti -
Inserting the solutions u; and wug in (5.3), we obtain that

/ ((Py — Py)vy)v2dV = O(h™).
M

Inserting the expressions for v; and vs and using Lemma 3.3, it follows that

t4 . _
/ / (Pm1 (2, de®i(2,1)) — pm2(2, dp @1 (2, 1)) P @0=P2@N kg, (3 1)ag(x) dt dV
M Ji—

+ lower order terms = O(h™).

Let 2/ be normal coordinates at xy on M (for the metric induced by g), and let (2/,z,) be
corresponding boundary normal coordinates so that xy corresponds to 0. Since ao is supported
near xg, the M-integral can be written in these coordinates and we have

t+
(5.9) / / @My (1) dt dz 4 lower order terms = O(h™)
{zn>0} Jt_

where q(z,t) = (pm.1(z, de®1(2,1)) — pma(z, de®1(2,1)))a1(x, t)az(x)|g(z)|/? and the phase © is

given by O(x,t) = ®1(x,t) — Po(x).
We wish to use stationary phase to show that the main contribution to the integral (5.9) comes
from the region near t = 0. Note first that

d,0(0,0) = £(0) — & — v = (r— ),  8O(0,0) = 0.
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We next study the Hessian of Im(0) in the (2/, xy,t) coordinates. By (5.8) we have
2 z —Ii 2
Vx7t1m(@)|(070) = < —(I{B)t Ti - i + V$7t1m(®2)’(070)

By (5.1) we have V2, ,Im(®3)[g0) = 0. If (' = (v/,2)" with v € C"™!, and if { = (¢/,0,2)", it
follows that

5100 VR0t ¢ = ( _gae zo )eo=mA( G ) -

If the right hand side vanishes, then i,z = 0 and v' = #’2. But the fact that 7 is a simple root of
t — pm.1(x0, o + tv) implies that

(5.11) ,(0) = 8§npm,1(l'0, &+ Tv) #0.
Thus we get z = 0 and v' = 0. This proves that Vi, +©l(0,0) is invertible.

If x(t) is a smooth cutoff supported near 0 with x = 1 near 0, the above discussion together with
stationary phase on manifolds with boundary | , Theorem 7.7.17(ii)] implies that

/{ ) / e©@/hg(x t)x(t) dtdz = coh ™3 q(0,0) + O(h"F"), ¢ #0.
Tn > t_

If we replace x(t) by 1 — x(¢) in the integrand, then the fact that the z-integral is over a small
neighborhood of xy and the assumption that v never returns to xg after ¢ = 0 implies that the
corresponding integral is over the region where x(t) is bounded away from xp, and hence the
corresponding integral is O(e~¢/"). Multiplying (5.9) by h="3" and letting h — 0 implies that
q(0,0) =0, i.e.

Pm1 (7, dp®1(7,1)) — pm2(, de®1(2,1))](0,0) = Pm,1(T0, &0 + TV) — Pm2(w0, &0 + TV/) = 0.

Since pm,1(x0, &0 + Tv) = 0, we obtain py, 2(xo, & + 7v) = 0. This also holds for (z,&) € T*(OM)
close to (xg,&p), which proves (5.4) for real .

Case (2). We now assume condition (2) in the theorem, i.e. that all roots for 7 — py, ;j(zo, &0 +TV)
are real and simple and have the stated properties. Let o be such that p,, 2(zo, & + ov) = 0, and
let 7 be any root of t — py,.1(x0,&o + tr) = 0. We want to prove that py, 2(xo, o + 7v) = 0, which
would imply (5.4).

We again use the integral identity (5.3) with suitable special solutions ;. Let v; : [0, Tj] — T*M
be the maximal null Pj-bicharacteristic curves with v;(0) = (zo, &0 + 7v) and v2(0) = (zo, &0 + ov),
and let ¥;(t) = (x;(t),&;(t)) be extensions to a slightly larger manifold X so that the end points
of §j|[t.‘ i+ are outside M. As in Subcase (1b) above, let u; = v; 4+ r;j solve Piu; = 0 and

7
Pjus = 0 in M, where v; is the quasimode provided by Theorem 3.1 associated with '“yj|[t_7 ] and
37
75|l zrs+m—1(ary = O(h™) for some fixed large s. Then v; has the form

¢t

vj(z) = /t] eiq)f'(x’t)/haj(x,t) dt

where the phase functions ®; satisfy the counterparts of (5.6)—(5.8) with x(t), £(¢), and Z replaced
by z;(t), &(t), and Z;. Moreover, a; is supported in a small neighborhood of the curve (z;(t),t).
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Inserting the solutions u; in (5.3), we obtain
CENCES
(5.12) / / / @)/t s)ds dt dV (z) + lower order terms = O(h™)
M Jig

where ©(z,t,s) = ®(z,t) — ®y(z, s) and

Q(xa i, S) = (pm,l(-r: dz(bl(m: t)) - pm,2(£7 da:q)l(x7 t)))a1($7 t)a2(x7 5)'
The integral in (5.12) is over a fixed small neighborhood of the set

E :={(z,t,s); x € M, z1(t) = x2(s) = T}.

Again, we want to use stationary phase to show that the main contribution comes from t = s = 0.
First note that if x1(t) = z2(s) = Z, then

O(z,t,s) =0, d.O(Z,t,s) = &1(t) — &2(s), 0:s9(Z,t,5) = 0.
By the assumption that the bicharacteristics intersect nicely, one has £/ = {(zo,0,0)} UK where K
is a compact subset of M x [, T1] x [g, Ts] for some £ > 0, and in K one always has &;(¢) # &(s).

This shows that when (¢, s) is away from (0,0), and if the supports of a; were chosen small enough,
the integral in (5.12) is O(h®°) by nonstationary phase.

It remains to evaluate the integral

/ / ei@(:c,t,s)/hq(x7t’S)X(t,s) ds dtdV (z)
M JR?

where x(t,s) is a cutoff function with small support and with y = 1 near (0,0). Note that the
M-integral is over a small neighborhood of x5. Now

O(z0,0,0) =0, d;0(x0,0,0) = £1(0) — &(0) = (17— o)v, 01,s9(z0,0,0) = 0.

Let 2’ be normal coordinates on OM near xg, and let (z/, ;) be corresponding boundary normal co-
ordinates so that zg corresponds to 0. Let v’ € C*~! and write ¢’ = (v/, z,w)! and ¢ = (¢/,0, 2, w)*.
Arguing as in (5.10), we compute

Vi/,t,slm(g)’(o,o,o)C’ (' = V2, Im(0)0,0,0/¢ - ¢
/ /
() - aalme( ) -l

Assume that the last quantity vanishes. Using that 7 and o are simple roots, we have 1 ,,(0) # 0
and @2,(0) # 0 as in (5.11). Since Z; and Ty are positive definite, we obtain z = w = 0 and v’ = 0.
This proves that Vi/,t,s@‘(O,O,O) is invertible. Thus stationary phase [ , Theorem 7.7.17(ii)]
yields that

/ / @I My 1, 5)x(t,8) ds dt AV (x) = coh™T q(20,0,0) + O(R"F"), ¢y #0.
M JR?2

Multiplying (5.12) by h="3" and letting h — 0 we obtain that ¢(z¢,0,0) =0, i.e.

Pm.1(z0, &0 + TV) = pm 2(x0, &0 + TV).

Thus pp,2(x0, &0 + 7v) = 0. This remains true for (z,&) € T*(OM) close to (xg, o), which proves
(5.4).

Concluding the proof. We have now proved (5.4) in all cases. As discussed after (5.4), this gives
the claim (1.7) for j = 0. To prove this for all j, we assume that the claim has already been proved
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for j < k — 1. Extend the function ¢ as a smooth nonvanishing function to M, and replace P; by
c 1P (so Pm,1 is replaced by c_lpml). By Lemma 5.4 we still have Cp, = Cp,, and

(5.13) & (Pm1 — Pm2)(2’,0,m) =0 when j < k — 1, 2’ is close to 0, n € R".

Thus by the Taylor formula, for « near 0 one has
1

(5.14) Pma (@) = Pma(z,n) =z f(z,m),  f(@,0,0) = 05 (Pma — Pm2)(@',0,7).
k!

Let us assume that we are in Subcase (1a), with py, 1(z,& + 7v) = 0 and Im(7) > 0 where
7 = 7(2'). Multiplying (5.3) by A%, we have

0= lim h™* / (P, — Py)(v1)0o dV
h—0 M

= lim hik*l / (pmyl(x, d(I)l) — pm’g(x, d@l))ei(qhiéﬂ/halﬁg dV.
h—0 M

Note that py,1(z,d®1(z)) — pma(r,d®(z)) = zkr(z) where r(z) := f(x,d®1(x)). Arguing as in
Subcase (1a), we get

h_k_l/ eie/hxﬁraldng

M

_ hkl/ ei(T*&)lﬁ/h‘FO(l‘%)/hxﬁra]ld2|g|1/2 de
{zn>0}

_ / 2k iT=)EnthOER) (0. aolg V2 (!, har) d
{zn>0}

— ke T (ray o] | ?) (2, 0) da’
{zn>0}
I'(k+1) )2\ (o /
- S S A— d
L S ey il )0 ds
using that [ tFe! dt = (EEZJ{,}L when Im(w) > 0. Since a;j(z’,0) can be chosen arbitrarily near
0, we obtain that r(2’,0) = 0 near 0, i.e. that for (z,&) € T*(OM) close to (zg,&o)
(5.15) O (pma — Pm2)(x, &+ Tv) = 0.

This is true for each of the m distinct zeros 7 of t — py, 1(2/,0,&’,t), hence by real-analyticity in
the fiber variable it follows that
8;; (pm,l - pm,Q)(xlv Oa 77) = E(x/)pm,l (:LJ7 07 77)
where ¢(2') is smooth near 0/ and has the invariant expression
é( ) — 8:];:n(pm,1 _pm,z)(y7 Vy)
Pm1(Y;vy)

We now replace P; by (1 — x(z)é(z')z* /(k!))P; where x is a cutoff to a small neighborhood of 0
with x = 1 near 0. Then Cp, and condition (5.13) remain unchanged, and we have

By, (Pm,1 — Pmy2)(2',0,m) = 0.

The argument above shows that if (1.7) holds for j < k — 1, then possibly after replacing ¢ by
some cg, (1.7) holds for j < k. The Taylor coefficients of ¢ at x,, = 0 up to order k are uniquely
determined by (1.7). Thus we may use Borel summation to construct a smooth nonvanishing
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function ¢ € C*°(M) with this Taylor series at x,, = 0 near 0, and with this choice of ¢ the
condition (1.7) holds for all j. This concludes the proof if we are in Subcase (1a).

The arguments for Subcase (1b) and Case 2 are quite analogous, and we will only give a sketch
for Subcase (1b). Again we arrange so that (5.14) holds. Then (5.9) is replaced by
t+
/ / eO@N/h k(2 1) dt dx + lower order terms = O(h™)
{zn>0} Jt_

where r(x,t) = f(z,d,®1(x,t))ay (z,t)az(x)|g(x)|/?. As discussed in Subcase (1b), the main con-
tribution comes from the integral

/{ 0}Aeig(x’t)/hwﬁr(m,t)x(t) dt dz
Tp >

where x(t) is a cutoff to the region near t = 0. We write

6i@/h _ < h b )k (ez@/h)
- \i0,, 0 ™" '

Integrating by parts and noting that the boundary terms always vanish due to the mf; factor, we
see that the largest contribution with respect to h comes when all the 9., derivatives hit the z*
factor. This term has the form

(ih)E (k) / / @D/ @)Kz, 1)y (t) dt da.
{zn>0} JR

The stationary phase argument in Subcase (1b) gives that (0,0) = 0, i.e. that f(zq, d®1(x0,0)) =0,
which means that

8;?" (pm,l - pm,2)($07 o + TV) =0.
This is the counterpart of (5.15). The argument after (5.15) can now be repeated to conclude the
proof. O

Remark 5.3. The proof shows that even when the principal parts of P; have complex coefficients
(and if the equations Pju = f are solvable in a suitable sense), it is possible to obtain boundary
determination results when ¢ — pp,(x,§ + tr) has sufficiently many simple non-real roots whose
imaginary parts have suitable signs.

Finally, we give the proof of Theorem 1.5 on boundary determination for lower order terms. The
proof is very similar to that of Theorem 1.4, so we will only sketch the required modifications.

Proof of Theorem 1.5. Let Pj := P+ Q; and Q := Q1 — @2, and let ¢(z, §) be the principal symbol
of ). We need to show that
0,4(xo,n) =0,  j=0, neR"
The integral identity (5.3) becomes
(Qui,u2) 2y =0

for solutions of Pju; =0 and Pyup =0 in M.

NOW pm,1 = Pm,2 = Pm. By assumption t — pp, (o, {o+tv) has s distinct simple roots {7, ..., 7s},
and these roots have nonnegative imaginary parts. We want to prove that
(516) q(wo,&) + le/) = 07 1< j <s.
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Assume first that some root o € {7y, ..., 75} is non-real, with Im(o) > 0. This is the counterpart
of Case (1). Let 7 be one of the roots 7,...,7s. If 7 is non-real, then Im(7) > 0, and we argue as
in Subcase (1a) above. The counterpart of (5.5) is

0 = lim h_l/ q(:c,d@l(a:))ei(q’l_@)/hal@ dv.
h—0 M

Evaluating the limit as in Subcase (1a), we obtain that

q(x0,& +1v) = 0.

Thus ¢ — q(x0,& + tv) vanishes at each non-real root 7 in the set {r,...,75}. However, if T is
a real root, the argument in Subcase (1b) implies that ¢(zo,&y + 7v) = 0 also in this case. This
proves (5.16) if one of the roots is non-real.

Next assume that all roots in {7,...,7s} are real, and s > max(r + 1,2). Let o be one of these
roots, and let 7 # o be another one of these roots. The argument in Case (2) implies that
q(xo, &0 +7v) = 0.
Now ¢(zg, & + T7v) = 0 at each root 7 # o, and choosing o to be a different root (this is where we
need s > 2) implies (5.16).

Finally, if g(z, &) is real valued and if some 7 = 7; is such that Im(7) < 0, then the argument
above shows that q(zg, &y + 7v) = 0. Taking complex conjugates gives q(xg,&o + 7v) = 0. Thus
if @1 — @2 has real principal symbol, then (5.16) holds without the assumption that the roots 7;
have nonnegative imaginary parts.

Now, the polynomial ¢ — q(xo,&y + tv) has degree r, and (5.16) implies that it has at least
s > r + 1 distinct roots. Thus
q(xo, & + tv) =0, teR.

The same result holds when (xg, &) is varied slightly, and real-analyticity in 7 implies that
Q(J“Du 77) = O’ ne T;(]M
Arguing as in the end of proof of Theorem 1.4 gives that
8] a(zo,n) =0,  j>0, neTy;M.
This finishes the proof. ([l

6. SEMILINEAR EQUATIONS

In this section we prove Theorem 1.7 related to semilinear equations of the form
Pu+ a(z,u) =0in M

where a(z, z) is a nonlinearity satisfying the following conditions. Fix an integer s > max(m,n/2),
and assume initially that

(6.1) a(x, z) is analytic in z near 0 as a H*(M )-valued function,
(6.2) a(z,0) = 0,a(x,0) = 0.

The proof is based on constructing solutions u., .. ., to the semilinear equation that are close to
€1v1 + ... + &-v,, where v; are suitable solutions of the linearized equation Pv; = 0 concentrating
near null bicharacteristics, and on higher order linearization with respect to the parameters €;. The
following result will allow us to construct such solutions under the weak uniqueness assumption
N(P*) ={0}.
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Lemma 6.1. Let M be a compact manifold with smooth boundary, and let P be a real principal
type differential operator on M with N(P*) = {0}. Assume that a(x, z) satisfies (6.1)—(6.2). There
exist 6,C' > 0 such that for any v in the set

Xs={ve H*(M); |[v#sarn <6},

there is a solution u = S(v) € H*(M) of

Pu+a(x,u) = Pvin M
which satisfies
(6.3) lu = vll s (ary < CllolFrs ar)-
The map S : Xs — H*(M), v u is C*®. In particular, if we define

Us ={v € X5; Pv =0},
then for any v € Uy the function u = S(v) solves Pu + a(x,u) =0 in M.
Proof. Since N(P*) = {0}, Proposition 2.2 shows that there is a bounded linear map E : H*(M) —

H*+tm=Y(M) with PE = 1d. Given v € X; we wish to find a solution u = v+r of Pu+a(z,u) = Pv.
It is enough to find r solving the fixed point equation

(6.4) r="Ty(r)
where T, (r) = —E(a(x,v +71)).

We now study (6.4) for v € X, and show that T, is a contraction on Xy for § small enough. All
constants below will be uniform over v € Xs. Note first that by (6.1), for some dp, R > 0 one has

5 < R.

(6.5) iw%mwm%

|
j=0 I

Then (6.2) and the fact that H*(M) for s > n/2 is an algebra imply that

>, Halz,0) N 0ha@, 0) s ay iy i

66)  llatew)lmon < D IFE 0 s < Co 3 Gl
j=2 j=2

If 0 is chosen small enough, (6.5) yields

(6.7) la(z, )l zsar) < Cllwll3gs (ans w e X,

and similarly

(6.8) Oua(z, w)ll sy < Cllwllgsary,  w e Xs.

Now

(6.9) To(w)m= < | E(a(z,v +w))lgs+m—r < Clla(z,v +w)|zs < Cllv+wlfs,  w e Xs,

showing that T" maps Xj to itself when § is small. Similarly,
1Ty (w) = To(w)l[as < [E(a(z, v+ u) —a(z,v 4+ w))|| gssm < Clla(z, v+ u) — a(z, v+ w) | m

1
<C (/ |Owa(x, v+ (1 — t)u + tw)|| g= dt> llu — wl .
0
By (6.8), if 0 is small enough one has

1
(6.10) | Ty (u) — Ty(w) || gs < §||u —w|| g, u,w € Xs.
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We have proved that there is 6 > 0 so that for any v € Xj, the map T, : X5 — X; satisfies
(6.9)—(6.10). By the Banach fixed point theorem, there is a unique r = r, € X5 solving r = T),(r).
Writing u = S(v) = v 4 r we obtain a solution of Pu + a(x,u) = Pv. The estimate (6.9) yields

7l = | To(r)lls < Cllv + 7|3 < C(vl1Fs + 7l
and since r € X it follows that for § small enough
lu—vlls = |7l < CllollF-
To show that S is C*°, consider the map
F:X;xXs— X5, Fluoyr)=r—T,(r)=r+ E(a(z,v+71)).
Now F is C* by (6.1). It satisfies F'(0,0) = 0 and
Dy, F)(h) = h+ E(9ua(x,0)h) = h.
Thus D, F{g ¢y is @ homeomorphism, and the implicit function theorem | , Theorem 10.6] shows

that there is a smooth map G near 0 in X5 so that F'(v,r) = 0 near 0 iff r = G(v). But F(v,r) =0
iff r = r,, which shows that G(v) = r, and that v — r, is C*°. It follows that also S is C'°. O

The next technical lemma shows that if u is a small solution to Pu + a(z,u) = 0 depending
smoothly on a solution v of Pv = 0, and if the Cauchy data sets for nonlinearities a and a coincide,
then the corresponding small solution of Pu + a(z,a) = 0 with u — @ € HJ"(M) also depends
smoothly on v. The argument requires the uniqueness assumption N(P) = {0}.

Lemma 6.2. Let M be a compact manifold with smooth boundary, and let P be a real principal
type differential operator on M with N(P) = N(P*) = {0}. Suppose that a,a satisfy (6.1)—(6.2)
and they agree to high order on OM in the sense that

(6.11) a(-,z)—a(-,z) € Hi(M) for z near 0.
Assume that for any sufficiently small 6 > 0 there is 61 < d so that Cys, C Cgs.

If 6 is small enough, given any v € Uy and solution u = S(v) of Pu+a(xz,u) = 0 there is a small
solution t € H*(M) of Pu+ a(z,u) = 0 such that u—u € HY"(M), the map v +— @ is C* from Us
to H(M), and

(6.12) 1% = wll=any < Cllollzzs ary:

Proof. Fix any small 6 > 0. By assumption there is §; < § with C,5 C Czs. Moreover, by
(6.3) there is 62 < d; so that v € Us, implies that v = S(v) € Xs,. Thus for any v € Us, there
is u € X; solving Pt + a(x,%) = 0 such that u — 4 € HJ*(M). We need to show that the map
S :Us, — H*(M), v~ @ is smooth. In order to do this, write w = w, := u—a € H*(M)NHJ*(M),
and note that w solves
Pw = f, fi=alz,u —w) —a(z,u).

We wish to express w as the solution of a fixed point equation as in Lemma 6.1, and show that the
map v — w, is smooth.

We first prove that in fact w € Hit™ (M) and Pw = f € H§(M). Let M be contained in
some larger manifold X, let @ be some H,,,,(X) extension of u, and let w be the zero extension

of w outside M. Then w € H}j}(X) solves
Pw = a(z,u —w) —a(z,u) a.e. in X
since the right hand side vanishes outside M by the assumption (6.11). By the argument leading

to (6.6), the right hand side is in fact in Hy;(X) since Hlp,,,(X)NL>(X) is an algebra, see | ]
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for the latter fact. Regularity for real principal type operators (see Proposition 2.2(a)) then implies
that w € Hﬂ+(m_1)(X). Bootstrapping this regularity argument gives w € H]S\/J[m_l(X), which
yields w € HZ™™ 1 (M) and f € H§(M) as required.

Next we define the spaces
Vi={pe HS'" 1 (M); Py € Hj(M)}

and

Z :=A{f; f =Py for some ¢ € Y}.
Now Y with norm |[¢|ly = ||@||gstm-1 + ||Pe||gs is a Hilbert space. Moreover, Z is a closed
subspace of H*(M) (and of Hj(M)): if Po; — f in H*(M) where ¢; € Y, then the condition
N(P) = {0} and the estimate (2.2) imply that

105 = Prllstm-1 S 1Pe; — Pkl ms-

Thus (y¢;) is a Cauchy sequence in Hi™™ (M) and converges to some ¢ in this space. Since
Py; — fin H3(M), we have f = Py € H§(M) showing that Z is closed in H*(M).

The map P:Y — Z, ¢ — Py is linear, bounded and bijective by the assumption N(P) = {0}.
The open mapping theorem ensures that there is a bounded inverse G : Z — Y. Let @) be the
orthonormal projection to Z in H*(M). We may now rewrite the equation

Pw=a(z,u —w) — a(z,u), w ey,
equivalently as
(6.13) w=GQ(a(x,u —w) — a(z,u)).
Consider the map
F:XsxXs— H(M), F(v,w)=w—-GQ(a(x,S(v) —w) —a(z,S(v))).

Then F'is C*° and Dy, Fg0)h = h, hence by the implicit function theorem there is a smooth map
H near 0 in X so that F(v,w) = 0 near 0 iff w = H(v). But F(v,w,) = 0, showing that the map
v — w, is smooth. Moreover, writing u = v + r where r satisfies

Il S NollFe,
the equation (6.13) together with (6.2) implies that
lwllrs S lJo+7r = wlfps + o+ 71Hs S lwllFs + vl
Since ||w]|| g+ is small, this gives |w| gs < ||v||%s, and (6.12) follows. O
Proof of Theorem 1.7. We begin by fixing solutions v, ve,v3 € H*(M) of Pv; = 0 (we will later

choose v; to concentrate near certain null bicharacteristics). Let € = (e1,¢€2,€3), and define u. =
S(e1v1 + €2v2 + €3v3). Then u. depends smoothly on each €5, and by (6.3) one has

u0:07 agju€|5:0:'vj.

Differentiating the equation Pu.+a(z,u.) = 0 and using the conditions d¥a(x,0) = 0 for k = 0, 1,2,
we see that v123 1= Oz cpesUe|e=0 satisfies
(6.14) P93 + 03a(x, 0)vivavs = 0.

We now let 4, = 5(51111 + e9vg + €3v3) be the function in Lemma 6.2. Then 4. depends smoothly
on the ¢;, and using (6.12) we have
ﬁo = O, (95jﬁ5|€:0 = Vj.
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Similarly, differentiating the equation Piu. + a(x,w.) = 0 shows that 0123 1= Oz, cpe4Ue|-=0 satisfies
(6.15) P93 + 03a(x, 0)vivavg = 0.

Since ue — @ € HY'(M), also vig3 — v123 € H'(M). Subtracting the equations (6.14) and (6.15)
and integrating against vy where P*vy = 0 (so that P*v4 = 0) yields that

(6.16) / (D3a(z,0) — d3a(x,0))vivavgvy dV = 0.
M

We have proved that (6.16) holds for any solutions v; with Pv; =0 for 1 < j < 3 and P*vy = 0.
We now assume that xy € B, i.e. there are two maximal null bicharacteristics v; : [-S;,T;] —
T*M\ 0, vi(t) = (z;(¢),&(t)), j = 1,2, so that the curves x; and zo only intersect at o when
t =0 and ©1(0) }f 2(0). Let ~v3(t) = (x3(t),&3(¢)) be the null bicharacteristic with x3(0) = ¢ and
§3(0) = =£1(0) (if m is odd 3(t) = (21(t), =€1(t)), while if m is even y3(t) = (z1(—1), —&1(—1))).
Similarly, let y4(t) = (24(t),&4(t)) be the null bicharacteristic with 24(0) = xg and £4(0) = —&2(0)
(this is a null bicharacteristic for P* since P has real principal symbol). We consider solutions

Vj =45t

where ¢; is a quasimode given by Theorem 3.1 associated with +; extended slightly outside M, so
that || Pg;l| gs(ar) = O(h™) and g; is supported in a small neighborhood of the curve z;(t), and r; are

solutions of Pr; = —Pg; in M obtained from Proposition 2.2 and satisfy ||| gs+m-1(ar) = O(h™).
Then (6.16) gives
(6.17) / (D3a(z,0) — d3a(x,0))q1q2q3q4 AV = O(R™).

M

Since z1(t) and x2(t) only intersect at xg, the product q1g2¢3qs is supported in a small neighbor-
hood of zy. By (3.5) each g; has the form

T,
qj(x) = /; i) ha; (2, t;) dt;
—Rj

where the maximal null bicharacteristic 7; is defined on [—S;, Tj] with z;(0) = zo for 1 < j < 4.
Using (3.23)—(3.27), the phase functions satisfy

Im(@j) > 0, (Pj(CCO, 0) = 07 dx,tj @j(l‘o, 0) = (5]'(0)7 0)7

and )
v2 ,(I)'(:E()O):< .J . 'J]_ J. )
T (—Hjij + &) (Hjdj = &) - &
where the last expression is computed in Riemannian normal coordinates at xy and evaluated at
t; = 0. Recall that Im(H;) are positive definite matrices.

Inserting the formulas for ¢; into (6.17) and writing t = (¢1,...,%4), we obtain that
(6.18) / / (03a(z,0) — Oz, 0))e®EO/My(z ) dt dV = O(h™)
M JR4

where b(z,t) is supported in a small neighborhood of (xg,0) in M x R* by the assumption that
x1(t) and z2(t) only intersect once at ¢t = 0. Here we have written

@(.%', t) = (I)l(.%', tl) —+ ...+ @4(1’, t4>, b(a:, t) = a1($, tl) cee a4(x, t4).
Since we have arranged that

£1(0) + &2(0) + &3(0) + £4(0) = 0,
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the properties of ®; above ensure that

Im(@) >0, 6(1:07 O) =0, dz,tg(xmo) = 0.

To show that the Hessian of © is invertible at (g, 0), we write z = (z1,..., z4) and observe that
4 . :
2= Hj(v = #525) + €524
—(Hyz1 — (v —1212
(6.19) V2 ,.6(x,0) ( Z > — (Hyd 51.) ( 121)

—(Hydy — &) - (0 — E424)
If (6.19) vanishes, this would imply that

v .
0=V2 +Im(0)(z0,0) ( z ) ( > Z Tm(H. 1/2 (v — 2;2)|?
and hence v — #j2; = 0 for 1 < j < 4. Thus in particular T121 = Z9z9, and the condition
#1(0) Jf #2(0) implies that z; = 22 = 0. But the choice of 3 and 4 implies that when ¢; = 0,
iy = (—1)" iy, €3 = (—1)™&y, g = (—1)" iy, &= (—-1)"&,.

Since v — &;z; = 0 and since #1(0) and #2(0) are nonvanishing, this yields z3 = (—1)™ "z and
zg = (—1)""12z. Thus z; = 0 for 1 < j <4 and also v = 0, showing that V2 ;0(x0, 0) is invertible.

m—1

Now using stationary phase in (6.18), we obtain

n+t4 L""‘l_’_l)

co(D3a(xo,0) — B3a(wo,0))h 2 = O(h 2

where cg # 0 since the amplitudes a;(x, ;) are nonvanishing at (o, 0). This proves that d:a(zg,0) =
d3a(xo,0) whenever xg € B.
We have proved that
oFa(zo,0) = d%a(xp,0), k<3
To prove that this holds also for k = 4, we consider u. = S(e1v1 + ... + €4v4) where Pv; =0 and
repeat the above argument (now looking at the O, c,eq¢, derivative at € = 0) to obtain that

/ (Dta(x,0) — dla(z,0))vivavzvavs dV = 0
M

whenever P*vs = 0. We now let v; be a solution related to 7; above for 1 < j < 4, with the
difference that now vy solves Pvy = 0 instead of P*vy = 0. We also choose v to be any solution of
P*vs = 0 with vs(zo) # 0 so that v5 is independent of h. For instance, it is enough to choose vs to
be related to the null bicharacteristic 71 through z¢ = z1(0), so that #1(0) # 0 and z1(t) # x1(0)
for t # 0 by the assumption that o € B. Then Lemma 3.6 gives that vs(zg) # 0, when h = hg
and hg is fixed but sufficiently small. The argument above now gives that

(Dta(xg,0) — dta(zo,0))vs(z0) = 0.
Since vs(xg) # 0, we have proved that
oFa(xg,0) = a(xo,0), k<4

Continuing in this way shows that all derivatives of a(xq, -) — a(xg, - ) vanish at 0, which implies
that a(xo, -) = a(zg, - ) by analyticity. O
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APPENDIX A. ADDITIONAL PROOFS

In this appendix we give for completeness the proofs of some auxiliary results used in the article.

Proof of Lemma 3.3. Fix some local coordinates and write

m n
Pu=73 Y, Pjri(@)Dj - Dj,.

r=07j1,....jr=1

In terms of these local coordinates

Pu(@,8) = D Djrju @Gy s

emdm=1
Oe, ()00 = D Pitgin @) 01 G+ o+ &y 1 V),
lendm=1

O, Dm (1,00 = Y Dy () | (Vg + 0inji )5 - &
j17~"7jm:1

+ (Vjy s + Uj3j1)fj2§j4 “Ejm - - (v]m vim T Vjmim-1)8i1 * Ejma | -

One also has pm—1(z,§) = Z;Ll Gm_1=1Pi1jm=-1 (x)fh “+&jpr- We now compute

.....

_1cp/hP( z<I>/h Z Z Dis- ]T l)]1 +h~ 18]1@) (Djr + h—lajﬁb)u
=0 j1,....Jr=1

= i ™M Ru
j=0

where each R; is a differential operator of order j and
Rou = pp(z, VO)u,

Riu=ppn1(2,V®) + > pjij(2)[D}y (95,0 05, Pu)
jl) :]m

+ 6j1<I>Dj2(8j3<I> v aijID u) + ...+ 8]»1(1) cee 8jm—1®Djmuj|

1 1
= pm—1(z, VP) + ;6£apm<37v V®)o,u + Zafagbpm(x, V)0, ®. O

Proof of Lemma 4.2. We argue by contradiction and assume that there is a maximal null bichar-
acteristic v : I — T*X \ 0 and a compact set K C X with y(I) C T*K. As before, we write
x(t) = w(y(t)) where 7 : T*X — X is the standard projection.

We fix an auxiliary Riemannian metric g on X and consider the projection 7(t) of v(¢) to the
unit cosphere bundle S*X. We think of £(¢) (i.e. of y(t)) as a covector field on x(t), and then n(t)
corresponds to w(t) = £(t)/|€(t)|. Note that n(I) is contained in the compact set S* K Np~1(0). The
metric g induces the Sasaki metric on T* X and corresponding horizontal and vertical subbundles,
see [ |. The Hamilton vector field H, on T*X decomposes in horizontal and vertical parts as

Hy = (d¢ep, —Vzp)
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where d¢p = 7, (Hy) € TX and V,p € T*X. By the Hamilton equations and homogeneity
&(t) = dep(v(1)) = [€()[" dep(n(t)),
Dig(t) = =Vap(y(t)) = =€) Vap(n(t)).
Here Dy is the covariant derivative along x(t).
If [t1,t2] C I, we have

o(a(t2)) — dla(tr)) = /

t1

to d to

o)t = [ doldepr(t) e = [ lelo) dolden(n(t)) dr

t1 t1

Note that since 7 — p(y, (o + 7d¢(y)) has only simple zeros, differentiating in 7 yields that

dp(dep(y,¢)) #0,  (y,¢) € p(0).

Now 7(I) is contained in a compact set, so |dp(dgp(n(t)))| ~ 1 uniformly over ¢ € I. Taking limits
where t; converge to the endpoints of I, we see that

(A1) /I|§(t)|m_1dt < 0.

On the other hand, we compute

a1 DEmEn) .
et = —m = DS — (- 1)(.p(n(6), (0).

Again, since n(I) is contained in a compact set, we have 1/[£(t)|™~! < C(1 + [t|). In other words,
for some ¢ > 0 one has

(a2) €O >

Now the combination of (A.1) and (A.2) implies that I must be a finite interval.

tel.

We have also
d _ <Dt§<t)7§(t)> _ m m
iltf(t)\ = el =€ (Vap(n(t)),w(t)) < ClE@)™, tel.

Hence using (A.1) we see that In|¢(¢)| is bounded from above on I. Due to this and (A.2) one
has C~' < |€(t)] € C for some C > 0 and all t € I. It follows that v(I) is contained in a
compact set of T*X \ 0. This again implies, together with 4(t) = H,(v(t)), that v: I — T*X is
uniformly continuous. Hence v extends to I as a continuous function. We may assume without
loss of generality that inf/ = 0. Then lim; ,05(t) = Hp(y(0)) and also 4 is continuous up to O.
Therefore « is the bicharacteristic from ~(0) and thus it can be extended on (—¢, 0) for small € > 0,
a contradiction with maximality of ~. O

Proof of Theorem /.3. Let us show (4.10). The proof is similar with Step 8 in the proof of Theorem
1.1, and it is enough to show

(A.3) exp [z /OT am—1(7(%)) dt] =1,

where ¢,,—1 is the principal symbol of Q = P —P,. We denote by ¥(t) = (z(t),£(t)) the continuation
of «v as a null bicharacteristic curve in X.

We use Theorem 3.1 with P = P; and P = P, and construct quasimodes w1, vy associated
with ¥|(_¢, 74e, With &; chosen so that the end points are outside M and x|_., 74, does not

intersect OM \ I'. As z(t) was assumed to intersect I' transversally, we can also arrange that
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T|[_¢, T4e,) Only intersects OM at x(0) and x(T). The quasimodes v; can be constructed so that
supp(vj) N (OM \T') = 0. Then || Prv1||gsary = 1Py v2llgsary = O(h™). Using Proposition 2.2, we
construct again solutions u; = v; +r; of Prug = 0 and Pjuz = 0 in M with [|rj|| gm ) = O(h™).

Let us show that tr%”_l up € Cp, 1. As

e wllaem—1anry = g p 71llm—1 om0y = O(h™),
it is enough to show that [|v1|r|[z2(r) is not O(h*°). Since x||_., 14c,) only meets M at z(0) and
z(T), it is enough to show that |[vy |72 ~ h"s where I C T is a small neighborhood of x(0).

We argue similarly to Step 8 of the proof of Theorem 3.1. One has
T+eo T+eo )
/ lv1]? dS = / @)/ hg (g ¢, 5)dS dt ds,
f —€1 —€1 f‘
where a does not vanish at (z(s), s, s) and
O(z,t,s) = ®(x,t) — P(z,s),

with @ as in the proof of Theorem 3.1. Note also that if x(¢, s) is a cutoff function supported near
(0,0) one has

T+eo T+eo )
/ lv1|? dS = / @)y (1t 5)x(t, s)dS dt ds + O(e~ /")
r r

—e1 —e1
since Im(©) > ¢ > 0 when z € I and either s or ¢ is bounded away from 0. We have
Im(©) > 0 on supp(a), ©(x(0),0,0) =0, dyt,s0(2(0),0,0) =0,

and ||v|z| L2(f) ™ h"3" follows from the method of stationary phase after we have shown that

V2, .0 is non-singular at (2(0),0,0). Analogously to (3.31), the Hessian of © is given by

z,t,s

2ilm(H) §— Hi —¢+ Hi
vg,t,s@|(z(0),0,0) = (& - fﬁ:)t (H: —¢) -z 0
(=€ 4+ Hi)t 0 —(Hi—§) -

Let ¢ = (v, z,w)!, with v = vy + dvg, v € TyT, 2,w € C, be in the kernel of the above matrix,
then

0=Im(V2, 0(0).00)¢ ¢ = m(H)?(v - z&)* + [Im(H)"? (v — wi)|*.

z,t,s
As Im(H) is positive definite and @(0) ¢ Ty )[, we see that v = 0 and z = w = 0. Hence V3, .©
is non-singular at ((0),0,0) and [lv1|g | 2 ~ pE

We have now proved that trf”_1 ur € Cp, . We will need the following variation of Lemma, 2.8,

(A4) [((P1 — Pa)ut, u2)r2(ar)| = O(R™).

To show (A.4), we observe that due to Cp, r C Cp, r there is 4y € H™(M) such that
(A.5) Pyiiy =0 and VFu|p = V¥a|p for k=0,1,...,m — 1.
Therefore

[(P1 — P2)ur, u2)pzan | = [(P2(un — @2), u2) L2 (|

1 _ 1
< Clltrgynr(wr = @2)llzem=1on\r)lltrgin p w2llzm-1anr)-
60



We have Htrg‘ﬂzip uz|lggm-1oan\ry = O(h°). The definition of Cp, r, together with (A.5), implies
that

||trg§\}<F(u1 — G2)|lggm-1oanr) < 20687 i flpgm-1 (.-

n+1

Finally, for k large the trace theorem gives that [|trj’~* utllggm—1(ry S Null groary = O(h™+ %) by
(3.38).

As Q = P, — P, vanishes outside M, the identity (A.4) implies that
O(h™) = (Quy,u2)2(ar) = (Qui,v2)r2(x) + O(A™).
Multiplying this identity by h= 2 +m=1 and using (3.1), we obtain (A.3) as in the proof of Theo-

rem 1.1.

We omit giving a proof of (4.11). The modifications needed in the proof of Theorem 1.2 are
analogous to those above. O

Proof of Theorem 4.4. We first give some initial remarks related to a first order real principal type
differential operator P on M. Note that P is of the form P = %L + V where L is a real vector field
on M and V € C°°(M). The null bicharacteristic curves for P are of the form v(t) = (x(t),&(¢))
where x(t) is an integral curve for L in M. The real principal type condition implies that for any

zo € M, the maximal integral curve = : [—7Z(x0), 7¥(z0)] = M of L with 2(0) = =z, has finite

length, i.e. 7£(x9) < co. Moreover, the equation Pu = 0 in M becomes an ODE along each fixed

integral curve, and thus any solution u satisfies

w(z(t)) = u(z(0)) exp [—i/OtV(:n(s))ds} . 0<t<T

whenever z : [0,7] — M is a maximal integral curve of L.

Now suppose that P; = %Lj +Vj are as in the theorem. The assumption that ap, = ap,, together
with the fact that the spatial projections of null bicharacteristics are integral curves, implies that

21(Th) = 22(T>)
whenever z; : [0,T;] - M are maximal integral curves of L; with x1(0) = x2(0).

Let f1 € Cp,, so that fi = ui|gps where uy € C°(M) and Pyu; = 0. For any maximal Lo-integral
curve xg : [0, To] — M, define

t
wlaa(0) = FleaO)exp i [ Vitea(o)ds].
0
This defines a function ug : M — C that is smooth along integral curves of Ly and satisfies Pouo = 0.
We claim that
uzlom = uilonm-

In fact, this holds at any z € M with 722(z) = 0 by definition. On the other hand, if z € M
and TfQ (x) =0, then z = x9(T3) for some maximal Lo-integral curve xs : [0, 2] — M, and

Ts
ua(2) = 1w (@5(T3)) = fo(22(0)) exp [—z’
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By assumption, if = : [0,71] — M is the maximal Lj-integral curve with z;(0) = 22(0), then also
21(Th) = 22(T») and exp [—i fOTl Vi(z1(s)) ds} = exp [—i f(;[z Vo(z2(5)) ds] It follows that

T
ualz) = f1(21(0)) exp [—z’ | vt ds] = ur(1(Th)) = i (2).

Thus we have proved that u;(z) = us(z) at each 2 € M so that 722(z) = 0 or TfQ () = 0, but
this covers all points of OM by strict convexity.

For any f; € Cp,, we have produced a function uz in M that is smooth along integral curves of
Lo and satisfies Pyug = 0 with uz|gps = f1. If we can show that uy € C°°(M), then we have

Cp, C Cp,.

The converse inclusion follows by changing the roles of P, and P,. Thus it remains to prove a
regularity statement: if M is compact with smooth boundary, if L is a nontrapping real vector
field in M so that M is strictly convex for L, and if u : M — C solves %Lu 4+ Vu=0in M with
ulgpr € C°(OM), then uw € C°(M). This is proved in | , Lemma 1.1] when M is the unit
sphere bundle, L is the geodesic vector field and V = 0, and in [ , Lemma 5.1] for V' # 0.
However, inspecting the arguments in | , | shows that the proofs also give the more
general result stated above. The details will appear in [ . O
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