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1. Introduction

Let R be a Noetherian ring and let I be an ideal. The normalization of I is the integral closure A in R[]
of the Rees algebra A = R[It] of I. The properties of A add significantly to an understanding of I and of
the constructions it supports. The indez terminology refers to the integers related to the construction of

A=) "T" =R[t,...,Tot"].
n>0

In addition to the overall task of describing the generators and relations of A, we wish to understand the
following quantities:
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(i) Numerical indices for module generation: find s such that
(A)pys = (A), - (A)s forall n > 0.

(ii) Complexity of algorithms: estimate the number of steps that effective processes must traverse between
A and A,

A=Ay CA C---CA_1CA =A.
(iii) Generators of A: number and distribution of their degrees in cases of interest.

The main goal becomes the estimation of these indices in terms of invariants of I. This paper is a sequel
to [18], where some of the notions developed here originated. The focus in [18] was on deriving bounds
on the coefficient e;(A) of the Hilbert polynomial associated to ideals of finite co-length in local rings,
and its utilization in the estimation of the length of general normalization algorithms. Here we introduce
complementary notions and use them to address some of the same goals for more general ideals, but also
show how known initial knowledge about the normalization allows us to give fairly detailed descriptions

of A, particularly those affecting the distribution of its generators.

We now outline the organization of the paper. Section 2 gives the precise definitions of the indices
mentioned above and describes some relationships amongst them (Proposition 2.3 and Theorem 2.4). These
indices acquire a sharp relief when the normalization ) - I"t" is Cohen-Macaulay (Theorem 2.5). This
result, whose proof follows ipsis literis the characterization of Cohen—Macaulayness for the Rees algebras
of I-adic filtrations ([1], [15], [21]), has various consequences. It is partly used to motivate the treatment in
Section 3 of the Sally module of the normalization algebra as a vehicle to study the number of generators
and their degrees. In case the associated graded ring of the integral closure filtration F of a zero-dimensional
ideal I, gr(R), is Cohen-Macaulay or has depth at least dim R — 1, there are several positivity relations
on the Hilbert coefficients, leading to descriptions of the distribution of the new generators (usually fewer
as the degrees go up), and overall bounds for their numbers (Corollary 3.3 and Theorem 3.7).

In Section 4, we present one of the rare instances where the normalization of the Rees ring is computed
using an explicit expression as a colon. Our formula applies to homogeneous ideals that are generated by
forms of the same degree and satisfy some additional assumptions (Theorem 4.1).

2. Normalization of ideals

This section introduces auxiliary constructions and devices to examine the integral closure of ideals, and
to study applications to normal ideals.

2.1. Indices of normalization

We begin by introducing some measures for the normalization of ideals. Suppose R is a Noetherian ring,
F ={I,, n > 0} is a weakly decreasing multiplicative filtration of ideals with Iy = R, and J is an ideal
contained in I7. One says that J is a reduction of F if there exists an integer r > 0 so that I,,,1 = JI,, for
all n > r. The least such r is the reduction number of F with respect to J; it is denoted r;(F). Whenever
{I", n > 0} is an ideal adic filtration, we talk about a reduction J of the ideal I and its reduction number
r;(I) with respect to J. We will often deal with the integral closure filtration {I", n > 0} of an ideal I; if
this filtration is the I-adic filtration, we say that I is a normal ideal.

If I is an ideal of a Noetherian local ring R with infinite residue field k, then I has a minimal reduction.
The minimal number of generators of any minimal reduction of I is the Krull dimension of the ring k® g R[It];
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this dimension is called the analytic spread of I and denoted by £(I). For a proper ideal the analytic spread
satisfies the inequality ht I < ¢(I) < min{dim R, u(I)}.

Recall that if R is an analytically unramified Noetherian local ring then A = Y >0 I7t" is finitely
generated as a module over A = R[It], according to [19, Theorem 1.4]. Hence the following indices are well
defined integers.

Definition 2.1. Let (R, m) be an analytically unramified Noetherian local ring and let I be an ideal.

(i) The normalization index of I is the smallest non-negative integer s = s(I) such that
IntT=71.77% forall n > s.

(ii) The generation index of I is the smallest non-negative integer sg = so(I) such that

> T" = R[Tt,...,Tot*].
n>0

For example, if R = k[z1,...,24] is a polynomial ring in d > 1 variables over a field and I = (2¢,...,29),
then I = (z1,...,24)% which is a normal ideal. It follows that so(I) = 1, while s(I) =r;(I) = d — 1.

These indices have an expression in terms of the special fiber ring F of the normalization map A — A.

Proposition 2.2. With the above assumptions let
F=24/(m,It)A= Y F,.
n>0

We have

s(I) = sup{m | Fn # 0},
so(I) =inf{m | F = Fy[Fy,...,F,]}y ifA#A.

Furthermore, if the index of nilpotency of F,, is ry, then

so(1) so(I)
s(I)§<L 3 J+1)+ S - 1).

2
n=[20{0) |41

Proof. The equalities for s(I) and so(I) are a consequence of the Nakayama Lemma.

To prove the final inequality we use the equality for s(I). We write m = so(I) so that F = Fy[Fi, ..., Fp].
Let z =z, - - - z,, be a non-zero element of F', where each z, is a product of a,, > 0 factors from F),. First
let n < L%j In this case 2n < m, and if a,, > 2 we may replace 2 factors from F, in z, by 1 factor from
Fyy, in 2y, without changing z. Repeating this procedure, we achieve that a, <1 for 1 <n < [%]. Next
assume that L%j +1 < n < m. In this range a,, < r, — 1, since otherwise z,, = 0 and then z = 0. Therefore

e

J m

degz:Znang n+ n(rn1)<L7J+1>+ Z n(r, — 1),
n=1

2
1 n=[2]+1 n=|2]+1

n

as required. 0O
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It is not clear, even when R is a regular ring, which invariants of R and of I have a bearing on the
determination of s(I). An affirmative case is that of a monomial ideal I of a polynomial ring over a field in
d > 1 variables — when s < d — 1 (according to Corollary 2.6).

2.2. Zero-dimensional ideals
For zero-dimensional ideals there are relations between the two indices of normalization.

Proposition 2.3. Let (R, m) be an analytically unramified Cohen—Macaulay local ring of dimension d > 1 and
assume that m is a normal ideal. Let I be an m-primary ideal with multiplicity e(I) and write m = so(I).
Then

1) < ell)

((m 4 1)4H — (L%J - 1)d+1) + 2d<L%J2+ 1) —(2d - 1) <m; 1).

Proof. Without loss of generality, we may assume that the residue field of R is infinite. Following Proposi-
tion 2.2, we estimate s(I) in terms of the indices of nilpotency of the components F,,, for n < so(I).

Let J = (z1,...,24) be a minimal reduction of I. For each component I,, = I of A, we collect the
following data:

Jn = (27, ...,27), a minimal reduction of I,
e(I,) = e(I)n?, the multiplicity of I,

e(In)

vy, (In) < d —2d+ 1, a bound on the reduction number of I,, .
The last inequality follows from [27, Theorem 2.45 and Remark 2.46], once it is observed that I, C m® = m”,
by the normality of m.

We are now ready to estimate the index of nilpotency r,, of the component F,,. With the notation above,
we have I,,” 1 = Jp Il for r =1y (I,), hence I,”"* ¢ I I+ n_1. When this containment is read in F, it
means that r, <ry (I,)+ 1.

From Proposition 2.2 and the last inequality for the index of nilpotency we obtain

n=|%|+1
GRS “ e(I)n®d
CAR T SN UL
n=|%]+1
B T d 5] +1 m+1
=e()d Y n+2d< ) —@d-1( ", ).
n=|%|+1

Finally, approximating the sum with an elementary integral we get the assertion. O

We can do considerably better when I is a homogeneous ideal in a polynomial ring over a field of
characteristic zero.

Theorem 2.4. Let R = k[x1,...,x4] be a polynomial ring over a field of characteristic zero and let I be a
homogeneous ideal that is (x1,...,xq)-primary. One has
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st = (en = () < e -2 (LS°5I;J ).

Proof. We begin by localizing R at the maximal homogeneous ideal. We are going to prove that the indices

of nilpotency of the components F), as in Proposition 2.2 are bounded above by e(I). An application of the
proposition and delocalizing back to the original homogeneous ideals then implies the assertion.

Let J be a minimal reduction of I. We denote the associated graded ring of the filtration of integral
closures {I,, = I"} by G,

G=) I /T

n>0

This ring has dimension d, it is integral over Go[z1,. .., z4], where the z;’s are the images in G; of a minimal
generating set of J, and Gj is a finite dimensional vector space over k. It follows that C' = k[z1,...,24] is a
homogeneous Noether normalization of G.

There are two basic facts about the ring G. First, its rank as a C-module is the same as its multiplicity as
a graded C-module, which is equal to e(I). Second, since the Rees algebra of the integral closure filtration
is a normal domain, so is the extended Rees algebra

D= Z It

nez

where we set I,, = R for n < 0. Consequently the algebra G = D/(t~1) satisfies Serre’s condition S;. Since
this algebra is also equidimensional, it follows that it is torsionfree as a C-module.

We now apply the theory of Cayley—Hamilton equations to the elements of the components of G (see [26,
Chapter 9]): Write r = e(I). Recall that r» = ranke G and that G is a torsionfree C-module. Thus by [26,
Proposition 9.3.4], every u € G, satisfies an equation of integrality over C of degree at most r,

ur+a1uT—1+..._~_aT:O7

with a; € Cy;. Since k has characteristic zero, using the argument of [26, Proposition 9.3.5], we then obtain
an equality

Gr = C,G" 1.
At the level of the filtration, this equality means that

Il CJ I 4 Lo

As k has characteristic zero and I is the localization of a homogeneous ideal, we have It C (z1,. .., x4) It}
by [27, Corollary 7.15]. It follows that

INcl I+ (z1,...,24) I, for every n > 1.

Finally, in F, this equation shows that the indices of nilpotency of the components F,, are bounded by
r=e(l), as desired. O

2.8. Cohen—Macaulay normalization
Not surprisingly, normalization indices are easier to obtain when the normalization of the ideal is Cohen—

Macaulay. The following is directly derived from the known characterizations of Cohen—Macaulayness of
Rees algebras of ideals in terms of associated graded rings and reduction numbers ([1], [15], [21]).
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Theorem 2.5. Let R be a Cohen—Macaulay local ring and let {I,,, n > 0} be a weakly decreasing multiplicative
filtration of ideals, with I = R, I, = I, and the property that the corresponding Rees algebra B =" -, I,t"
is finitely generated as a module over R[It]. Assume that htI > 1, write £ = ¢(I), and let J be a reduction
of I.

If B is a Cohen—Macaulay ring, then

regB</{—1.
In particular, the R[Jt]-module B is generated by forms of degrees at most ¢ — 1,
Iy =JI,=1I, forn>/¢-1,
and
B =R[Iit,..., I, 1t*1]
unless ¢ =1, in which case B = R[It] = R[Jt].

By reg B we denote the Castelnuovo-Mumford regularity of B as a finitely generated graded module over
the standard graded Noetherian R-algebra R[It] or, equivalently, over R[Jt]. Notice that the above bound
for reg B also shows that the ideal defining the R-algebra B can be generated by forms of degrees at most /.

If R is analytically unramified, then the assumption that B is finitely generated as an R[I¢]-module
simply means that the filtration {I,,, n > 0} is a subfiltration of the integral closure filtration of the powers
of I, I, C I".

The proof of Theorem 2.5 relies on substituting in any of the proofs mentioned above ([1, Theorem 5.1],
[15, Theorem 2.3], [21, Corollary 3.6]) the I-adic filtration {I"™} by the filtration {I,,}. We provide an outline
here.

Proof of Theorem 2.5. We may assume that the residue field of R is infinite, that I # R, and that J
is a minimal reduction of I, which is necessarily generated by ¢ elements. Let G = 3 . I,,/I,,+1 be the
associated graded ring of the filtration {I,, n > 0}. One has dim B = d+1 and dim G = d, where d = dim R.
From the Cohen-Macaulayness of B and the exact sequences (originally paired in [12]),

0—-By —B—R—=0

0—-By(1)—-B—G—0,

one sees, as in the proof of [22, Theorem 1.1], that the local cohomology modules of G with support in
the maximal homogeneous ideal of G are concentrated in negative degrees. The same is true if one replaces
R by R, for any p € Spec(R). Thus by [15, Proposition 2.1(i)], also the local cohomology modules of G
with support in the irrelevant ideal G are concentrated in negative degrees. Since G is a finitely generated
graded module over R[Jt] and J is generated by ¢ elements, one has Hg+ (G) =0 for i > £. Tt follows that
reg G < ¢ — 1. Finally, reg G = reg B, as can be seen as in the proof of [14, Proposition 4.1]. O

Corollary 2.6. Let (R, m) be an analytically unramified Cohen—Macaulay local ring and let I be an ideal
of height > 1. If R[It] is Cohen—Macaulay, then both indices of normalization s(I) and so(I) are at most
I) — 1 (unless L(I) = 1, in which case so(I) = 1). In particular, if I" is integrally closed for n < £(I),
then I is normal.

A case this applies to is that of monomial ideals in a polynomial ring over a field, since then R[It] is
Cohen—Macaulay by Hochster’s theorem ([10, Theorem 1]) (see also [20]).
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Example 2.7. Let I = I(C) = (z12225, 12324, T2X3%6, T42526) be the edge ideal associated to the clutter

€1 X2

Ty .
e e
..... Ze
C
(4
T3

Consider the incidence matrix M of this clutter, i.e., the matrix whose columns are the exponent vectors
of the monomials of I. Since the polyhedron Q(M) = {z|zM > 1; x > 0} is integral, we have the equality
R[It] = R,(I), where Ry(I) denotes the symbolic Rees algebra of I ([7, Proposition 3.13]; see also [12,
Theorem 2.1]). The ideal I is not normal because the monomial m := 1 zox3x4x526 is in 12\ I2.

The minimal primes of I are:

p1 = (21,76), p2 = (72, 24), p3 = (23,25),
pa = (21,%2,75), p5 = (v1,23,%4), P = (T2,23,%6), P7 = (T4,T5,%6).

For any n,

7
10 = (Y py
=1

A computation with Macaulay 2 ([8]) gives that I2 = (I?,m) and I3 = IT2. Since /(1) < u(I) = 4,
Theorem 2.5 shows that 1"+l = IT” for n > 3. As a consequence,

R (I) = R[It] = R[It, mt?).

Question 2.8. Given the usefulness of Theorem 2.5, it would be worthwhile to look at the situation short
of Cohen-Macaulayness. For the integral closure of a standard graded affine algebra A satisfying Serre’s
condition Rj, it was possible in [24, Theorem 6.5] to derive a bound for the generation degree of the
A-module A assuming only that depth A > dim A — 1.

3. Sally modules and normalization of ideals

In this section, we apply the notion of Sally module to obtain, among other things, upper bounds for the

normalization index of an ideal I and for the number of generators of the integral closure R[It].

Let (R, m) be a Noetherian local ring of dimension d > 1 and I an m-primary ideal. Let F = {I,,, n > 0}
be a weakly decreasing multiplicative filtration of ideals, with Iy = R, I; = I. We will examine in detail the
case when the corresponding Rees algebra

B=R(F) =Y It"

n>0

is finitely generated as a module over R[It].
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There are several algebraic structures attached to F, among which we single out the associated graded
ring of F and its Sally modules. The first is

gr;(R) = Z ]n/InJrh

n>0

whose properties are closely linked to R(F). It is a finitely generated graded module over the standard
graded algebra gr;(R).

To define the Sally module, we choose a minimal reduction J of I (if need be, we may assume that the
residue field of R is infinite). Note that B is a module finite extension of the Rees algebra A = R[Jt] of
the ideal J. The corresponding Sally module S is defined by the exact sequence of finitely generated graded
A-modules,

0—ITA— By(1) — 8 = L1/ J"T 0. (1)

n=1

The Sally module S is annihilated by m! for some ¢ > 1, hence it is a finitely generated graded module
over A/m'A. Tt follows that dim S < d, with equality if S # 0 and R is Cohen—Macaulay. The Artinian
A-module

S/ JtS = @ Ins1 /1,

n>1

gives some control over the number of generators of B as an A-module via the exact sequence (1). Indeed,
the length of S/JtS bounds the number of generators of S as an A-module. If R and S are Cohen—Macaulay,
this number is also the multiplicity of the Sally module.

The cohomological properties of B, gr-(R), and S become more entwined when R is Cohen—-Macaulay.
Indeed, under this condition, the exact sequence (1) and the exact sequences from the proof of Theorem 2.5,

0— By(1) — B —gry(R)—0 (2)

0—-By —B—R—O0, (3)
together with the (inhomogeneous) isomorphism
By(1)= By,
give a fluid mechanism to pass cohomological information around.

Proposition 3.1. Let R be a Cohen—Macaulay local ring of dimension d > 1 and F a filtration as above.
Then

Proof. For (a), see the proofs of [11, Lemma 3.3 and Theorem 3.10]. Part (b) follows from the proof of

[11, Proposition 3.6]. To prove (c) one uses (a), the exact sequences (2) and (1), and the fact that TA is a
maximal Cohen-Macaulay A-module. Part (d) follows from (b) and the exact sequences (3) and (1). O
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3.1. Hilbert functions

Again, we assume that R is a Cohen—Macaulay local ring of dimension d > 1. Another connection between
F and S is realized via their Hilbert functions. Set

Hr(n) = MR/I,) and Hg(n—1)=\I,/IJ"").

The associated Poincaré-series

Pr(t) = % and
t
Ps(t) = (1g£ I)f)d

are related by
AR/T)-t AMR/I(1—-1)
(1 —t)d+1 (1 —t)d+1

AR/T)+ NI /JT) -t
(1 — t)d+1 o

Pr(t) — Ps(t)

Ps(t).

This fact follows as in [25, Proposition 3.1] (see also [29, Proposition 1.3.3]), replacing the I[-adic filtration
by the filtration F. It implies immediately:

Proposition 3.2. The h-polynomials f(t) and g(t) are related by
f@) = MR/T) + X/ JT) -t = (1 —1) (). (4)
In particular, if f(t) =35 a;t* and g(t) = D s b;t’, then fori > 2
a; =b;_1 — b;.
Corollary 3.3. If gr (R) is Cohen—Macaulay, then the h-vector of S is non-negative and weakly decreasing,
bi >0, by>by>---2>0.

Moreover, b, = 0 for some k > 1 if and only if B is generated as an A-module by homogeneous elements of
degree at most k.

Proof. That b; > 0 follows because S is Cohen—Macaulay by Proposition 3.1(d). For the same reason a; > 0.
Now the difference relation in Proposition 3.2 shows that b;_1 > b;.

For the other assertion, since S is Cohen—Macaulay, b; = A(I;41/J1;). The proof of this fact is a mod-
ification of [28, Theorem 1.1(iii)], using the filtration F instead of the I-adic filtration. Since the b;’s are
weakly decreasing, it now follows that by, vanishes if and only if I; = J*=*I} fori > k. O

Remark 3.4. The equality (4) has several useful consequences, of which we remark the following. For k > 2,
one has

f®) =kg* (1),
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that is, the Hilbert coefficients of grr(R) and S satisfy
61‘_‘_1(.7):62'(5) fOI‘iZ 1.

Observe that when depth gr (R) > d—1, S is Cohen—-Macaulay by Proposition 3.1(c), (d), so its h-vector
is non-negative, and therefore all its Hilbert coefficients along with it. As eg(F) and e;(F) are always
non-negative, it follows that all e;(F) are non-negative. This recovers [17, Corollary 2].

Corollary 3.5. If gr (R) is Cohen-Macaulay and g(t) is a polynomial of degree at most 4, then
ea(F) > e3(F) > eq(F) > es(F).
Proof. By our assumption
g(t) = byt + bot® + b3t + byt*.

As

we have the following equations:

D
N
Il
=
_|_
[\
=
3
+
w
S
[
_|_
S
S
iy

Now the assertion follows because b; > by > by > by > 0 according to Corollary 3.3. O
This considerably lowers the possible number of distinct Hilbert polynomials for such algebras.

Remark 3.6. The assumptions of Corollary 3.5 are satisfied for instance if dim R < 6 and B is Cohen—
Macaulay, as can be seen from Proposition 3.1(a), Theorem 2.5, and Corollary 3.3.

3.2. Number of generators

Another application of Sally modules is to obtain a bound for the number of generators (and the distri-
bution of their degrees) of B as an A-algebra or as an A-module.

Theorem 3.7. Let R be a Cohen—Macaulay local ring of dimension d > 1 and F a filtration as above.

(a) If depthgrz(R) > d — 1, the A-module B/A can be generated by e1(F) elements; in particular, the
A-algebra B can be generated by the same number of elements.

(b) If depthgr(R) = d, the A-module B can be generated by eq(F) elements; in particular, the A-algebra
B can be generated by eog(F) — 1 elements.

(¢) If B is Cohen—Macaulay, the A-module B/A can be generated by

w(I/J) + max{0,d — 2} A\(Io/JI)

elements; in particular, the A-algebra B can be generated by the same number of elements.
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Proof. (a) From the relation (4), we have

e1(F) = f'(1) =MI/J) + 9(1).

The sequence (1) defining S shows that
pa(B/A) < pr(I/J) + pa(S) < AI/J) + pa(S).

By Proposition 3.1(c), (d), S is a Cohen-Macaulay module over the standard graded ring A/m'A for some
t > 1. We factor out a system of parameters of this module consisting of linear forms to see that

1a(S) < eo(S) = g(1).

These facts combined imply the assertion.

(b) Since gr+(R) is a Cohen—Macaulay module over A/m®A for some s > 1, it is generated by e := eo(F)
homogeneous elements. Let x1, ..., x, be homogeneous lifts of these elements to B. For every ¢ and every
j > 1 one has

BiCASU1+...+A$e+Bi+j.

Since B is finitely generated as an A-module, there exists j so that B;; = JB;;;j—1 C JB;. Now Nakayama’s
Lemma shows that

B; C Axy + ...+ Ax. for every i.

(c¢) Since B is Cohen—Macaulay, the reduction number of F with respect to J is at most d — 1 by
Theorem 2.5. Recall that grr(R) is Cohen-Macaulay by Proposition 3.1(a). Thus the h-polynomial of
grr(R) has degree < d — 1, and consequently the h-polynomial of the Sally module has degree at most
d — 2 by Proposition 3.2. The Sally module S is Cohen—-Macaulay by Proposition 3.1(d), and its h-vector
(b1,ba,...) is weakly decreasing with by = A(Il2/JI) by Corollary 3.3 and its proof. It follows that its
multiplicity satisfies eg(S) < max{0,d — 2} A(I2/JI), and we conclude as in the proof of (a). O

Remark 3.8. A typical application is to the case d = 2 with F = {I",n > 0}.

Remark 3.9. An issue is to get bounds for e; (F). This is addressed in [18]. For instance, when R is a regular

d—1
local ring, e1(F) < % by [18, Corollary 3.4].

4. One-step normalization of Rees algebras

In this section we present one of the rare instances where the normalization of the Rees ring can be
computed in a single step using an explicit expression as a colon. Our formula applies to homogeneous
ideals that are generated by forms of the same degree and satisfy some additional assumptions.

Let I be an ideal of a Noetherian ring R. The G4 assumption in the next theorem means that the minimal
number of generators p(1,) is at most dim R, for every prime ideal p containing I with dim R, < d—1. In
the proof of the theorem we use the theory of residual intersections. Let s > 0 be an integer (for convenience,
we drop the usual requirement that s > ht I); the ideal a: I is an s-residual intersection of I if a is an
s-generated R-ideal properly contained in I and hta: I > s.

An ideal is said to be of linear type if the natural epimorphism from the symmetric algebra onto the
Rees algebra is an isomorphism. We will frequently use the fact that an ideal of linear type has no proper
reductions.
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Theorem 4.1. Let k be an infinite field, R = k[x1,...,2q4] a positively graded polynomial ring in d > 1
variables, and I an ideal of height g generated by forms of degree § > 1. Assume I satisfies G4, depth R/I7 >
dim R/T—j+1 for1 < j < d—g, and I is normal locally on the punctured spectrum. Let J be a homogeneous
minimal reduction of I and write o = Zle degx;. Then

R[It] = R[Jt] ‘R[] R>g5_5-0+1;
in particular, T = J :p R>g5—5—o41- Furthermore, I is a normal ideal of linear type if and only if 6 < "T_}
(=c0ifg=1) oru(I)<d-1.

Proof. We may assume g > 1 and d > 2. By ¢ we denote the analytic spread ¢(I) = ¢(J). As before we

write A = R[Jt]. Notice that R[It] = A.

Locally on the punctured spectrum of R, the ideal I is of linear type by [23, Theorem 2.9(a) and
Proposition 1.11], hence I and J coincide locally, and so J is locally normal. The ideal J is of linear type and
A is Cohen—Macaulay by [23, Theorem 2.9(a), Remark 1.12, and Proposition 1.11] and [9, Theorem 6.1].
Write m for the maximal homogeneous ideal of R. Since J is of linear type, mA is a prime ideal in A,
necessarily of height d + 1 — ¢, and every other prime ideal of smaller or equal height contracts to a prime
ideal of R properly contained in m. We write b = R>g5-5—o+1-

First assume that ¢ < d. Since A is Cohen—Macaulay, since J is normal locally on the punctured spectrum
of R, and since htmA = d + 1 — £ > 2, it follows that A = A. On the other hand A ‘ri b = A, because
htbA > htmA > 2 and A is Cohen—Macaulay. Therefore A = A :g[; b in this case. Also notice that I = J
is a normal ideal of linear type and u(l) = ¢ < d — 1. Thus we may from now on assume that ¢ = d, or
equivalently, ht mA = 1.

We prove the displayed equality A = A :r[y) b. Notice that A :gpy b= A :quot(rpe) b, as htb > d > 2 and
R is Cohen-Macaulay. Since the two A-modules A and A :quot(rps)) b satisfy Sz and since locally on the
punctured spectrum of R, J is normal, it suffices to prove the equality

Ama = (A :Quot(r[1]) B)ma -

Let f1,..., fa be a generating set of J consisting of forms of degree ¢ and let ¢ be a minimal homogeneous
presentation matrix of fi,..., f4. Notice that the entries along any column of ¢ are forms of the same
degree. As J is of linear type, one has A = R[T,...,Ty4]/I(T - ¢). Let K = k(T1,...,Ty) and B =
Klxy,...,zq]/I1 (T - ¢). Notice that

BmB = AmA .

Since B is a positively graded K-algebra with maximal homogeneous ideal mB, we conclude that B is a
domain of dimension one because Ay 4 is.

The elements 71, ..., Ty are non-zero in K; hence in the ring R’ = K{z1,...,z4], the ideal I; (T - ¢) can
be written as a : J, where a is generated by d — 1 forms in JR' of degree 4. Since this ideal has height d — 1,
it is a (d — 1)-residual intersection of JR'. On the other hand,

(a: J)(JR :I)Ca:ICa:J,

where ht JR' : I > d. Hence a : I is also a (d — 1)-residual intersection of I R’. Thus this ideal is unmixed of
height d—1 by [23, Theorem 2.9(a) and Proposition 1.7(a)], and applying the above containments once more,
we deduce that a: I =a: J. From this we conclude that I;(T - ¢) is a (d — 1)-residual intersection of IR’
Now [23, Theorem 2.9(b)] and [16, the proof of Proposition 2.1] imply wp = (I979R'/I?~97 a) ((d—1)§ —0)
(where I = R if n < 0). Thus the a-invariant of B satisfies
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a(By=(g—1)0 —o0.

We are now going to apply this information to compute the conductor of B.

Since B is a positively graded K-domain, it follows that B is a positively graded L-domain for some finite
field extension L of K. As dim B = 1, B is a principal ideal domain, hence B = L[t] for some homogeneous
element ¢ of degree a > 0. Since the conductor of B is a homogeneous B-ideal, it is of the form B :p B = B>.
for some ¢, where ¢ = max {i|[B/B]; # 0} + 1.

The sequence

0—B—B— B/B—0
yields an exact sequence
0— B/B— H.z(B) — H.5(B) —=0.

If B/B # 0, then a(B) > 0 since B/B is concentrated in non-negative degrees. On the other hand a(B) =
—a < 0. Thuse =a(B)+1=g6 — 0 — o+ 1, and we obtain B :p B = B>y5_5-s+1. If on the other hand
B/B = 0, then a(B) = a(B), hence g6 —§ — 0 = —a < 0. Thus Bs,5_5-o+1 = B = B :p B. Therefore in
either case B :g B = B> g5_s—0+1 = bB, or equivalently,

B=B :Quot(B) b.

Localizing at mB and using the equalities Byg = Bup = Ama = Ama, we conclude that

Ama = (A :quot(r[t]) )ma

as required.

As to the additional assertion of the theorem, recall that p(I) > ¢ = d by our standing assumption. By
the equality A = A : gy b and since J is of linear type, the ideal I is normal and of linear type if and only if
A = A:gpy b. This equality obviously holds if § < ;%i, since then b = R. Conversely, assume that § > ;%}.
Since ¢ = d, we have depth R/J"™ = 0 for some n > 1 by [4, Corollary, p. 373] (even for all n > 0 by [3,
Theorem, p. 36]). It follows that A C A :zy m. This colon is contained in A :gp b, because § > ‘;T_i and
sobCm. Thus A# A:gyb. O

Remark 4.2. Notice that if in the previous theorem R is standard graded then R>g5_5—c4+1 = myd—d—o+l

Remark 4.3. In the presence of the G; assumption the depth conditions in Theorem 4.1 are satisfied,
for example, if I is strongly Cohen—Macaulay, which means that the Koszul homology modules of I are
Cohen—Macaulay [23, Remark 2.10]. The ideal I is strongly Cohen—Macaulay if I is perfect and generated
by g + 2 elements [2, p. 259] or if T is in the linkage class of a complete intersection [13, Theorem 1.11].
Examples of ideals in the linkage class of a complete intersection are perfect ideals of height 2 [6] and
Gorenstein ideals of height 3 [30, the proof of Thm.].

In the presence of the depth assumptions in Theorem 4.1, the ideal I is normal locally on the punctured
spectrum of R if I is reduced and the G4 assumption is replaced by the condition ¢(I,) < dim R, — 1 for
every prime ideal p containing I with g+1 < dim R, < d—1 (see [23, Theorem 2.9(a) and Proposition 1.11],
[9, Theorem 6.1], and [5, Proposition 3.3]).

Another class of ideals satisfying the assumptions of the theorem are one-dimensional ideals:
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Example 4.4. Let k be an infinite field, R = k[x1, ..., z4] a standard graded polynomial ring with maximal
homogeneous ideal m, I a one-dimensional reduced ideal generated by forms of degree 4, and J an ideal
generated by d general forms of degree § in I. Then for every n,

T — gn . mld=206-1)-1
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