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Abstract

We give a generalization of the nonexistence of level structures as in [23], [25] and [12] for quasi-
projective manifolds uniformized by strongly Carathéodory hyperbolic complex manifolds. Examples
include moduli space of compact Riemann surfaces with a finite number punctures and locally
Hermitian symmetric spaces of finite volume. This leads to the nonexistence of a holomorphic map
from a Riemann surface of fixed genus into the compactification of such a quasi-projective manifold
when the level structure is sufficiently high. To achieve our goal, we have also established some
volume estimates for mapping of curves into these manifolds, extending some earlier result of [12]
to a more general setting. A version of Schwarz Lemma applicable to manifolds equipped with
nonsmooth complex Finsler metric is also given.
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Introduction
A complex manifold is said to be strongly Carathéodory hyperbolic if and only if its infinitesimal
Carathéodory pseudo-metric gC is nondegenerate and its Carathéodory pseudo-distance function dC,M
is complete nondegenerate (for detail definitions, c.f. [31] or [16]). These manifolds are known to have
many nice hyperbolicity properties. As a continuation of [31], we study in [32] complex hyperbolicity
on a tower of quasi-projective manifolds, which include in particular the cases of genus 0 and 1 algebraic
curves. In this paper, we study algebraic curves of genus at least 2 in quasi-projective manifolds that
are uniformized by strongly Carathéodory hyperbolic complex manifolds, which requires a completely
different set of techniques comparing to genus ⩽ 1 cases as in [32]. The arguments in this paper make
use of the results of [31] and is parallel to those in [32].

A manifold M is said to support a tower of coverings {Mi}∞i=1 with M1 = M if for each i, there
is a finite unramified covering Mi+1 → Mi such that the fundamental groups π1(Mi+1) ◁ π1(M1) as
normal subgroup of finite index, and that ∩∞

i=1π1(Mi) = {1}.
Our first main result is a generalization of [23], [25] and [12]:

Theorem 0.1. Let M =M−D be a quasi-projective manifold uniformized by a strongly Carathéodory
hyperbolic manifold M̃ , or a Carathéodory hyperbolic manifold equipped with a smooth bounded plurisub-
harmonic exhaustion function. Suppose M supports a tower of coverings {Mi}∞i=1. Assume the fol-
lowing properties hold:
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Carathéodory Hyperbolicity

(i). There exists a complete Kähler-Einstein metric gKE negative scalar curvature on M̃ satisfying

c · gC ⩽ gKE ⩽ 1

c
· gC (1)

for some constant c > 0.

(ii). For i ⩾ 0, Mi+1 → Mi extends to a finite ramified covering M i+1 → M i between projective
manifolds, where the boundary divisor Di =M i −Mi is of simple normal crossings.

Let g0 ⩾ 2 be a fixed nonnegative integer. Then there exists i0 ⩾ 0 such that for i ⩾ i0, and any
Riemann surface S of genus g0, any non-constant holomorphic map f : S →M i has image f(S) ⊂ Di.

Remark. (a) In condition (i), if the projective compactifications Mi of Mi’s are not smooth, then one
may take a resolution of singularities M ′

i of Mi and apply the result for the smooth case to see that
the image f(S) lifts to lie in M ′

i −Mi, which blows down to Di =Mi−Mi. Hence the conclusion also
follows.

(b) If the fundamental group π1(M) is residually finite, i.e. the intersection of all normal subgroups of
finite index of π1(M) is trivial, then we know that M supports a tower of covering. In general we don’t
know if the strong Carathéodory hyperbolicity would imply the residually finiteness of the fundamental
group π1(M).

(c) As is considered in [7], if π1(M) admits a linear representation ρ to a reductive group, then there
is an induced mapping from M to a locally symmetric space. If the image ρ(π1(M)) is non-trivial or
finite, then ρ(π1(M)) will automatically be residually finite and hence corresponding to a tower.

Note that the existence of such f corresponds to existence of a level structure over the function
field of S as a projective algebraic curve. The statement of the Theorem can be understood as a
statement that M has no level structure over a function field as above when the level is sufficiently
high.

Examples satisfying the conditions in Theorem 0.1 include finite volume quotients of HHR/uniform
squeezing domains introduced in [17] and [37], see also [36], which on the other hand include examples
of a moduli space of compact Riemann surface with a finite number of punctures and any locally Her-
mitian symmetric spaces MLS . The fact that the Carathéodory distance is complete for HHR/uniform
squeezing domains can be found in [39].

Remark. Suppose M is a bounded domain in Cn with complete Carathéodory distance, then M is
complete Kähler hyperbolic [39, Theorem 1]. The same proof applies in case that M is a strongly
Carathéodory hyperbolic complex manifold.

Our second main result is confined to Hermitian locally symmetric space or a moduli space of
Riemann surfaces:

Theorem 0.2. Let g0 ⩾ 2.
1). Let M =MLS be a Hermitian locally symmetric manifold of finite volume and complex dimension
at least 2. Write M =M0.
(a). If MLS is arithmetic, consider MLS the Baily-Borel-Satake compactification of MLS, and a tower

of coverings {Mi}∞i=0 coming from a level structure ; or
(b). If MLS is a nonarithmetic complex ball quotient, consider MLS the Siu-Yau compactification of

MLS and a tower of coverings {Mi}∞i=0.
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Carathéodory Hyperbolicity

Then there exists ko ⩾ 0 sufficiently large such that if k ⩾ ko, Mk does not contain an algebraic curve
of genus ⩽ g0.
2). Let Mg be the moduli space of Riemann surfaces of genus g ⩾ 2 and Mg be the Deligne-Mumford
compactification of Mg. Write M0

g = Mg. Let {Mk
g }∞k=0 be a tower of coverings. Then there exists

ko ⩾ 0 sufficiently large such that if k ⩾ ko, we have:

(I). Mk
g does not contain any embedded curves of genus g0 intersecting non-trivially with Mk

g ; and
(II). The set of genus g0 curves on ∂M

k
g are contained in the fiber of a puncture forgetting projection

map on an irreducible component of a stratum of the boundary ∂Mk
g .

Similar to the earlier remarks after Theorem 0.1, related to [23], [25] and [12], the statement of
Theorem 0.2 can be understood as a statement that the compactification M of M has no level structure
over a function field when the level is sufficiently high in the cases of Baily-Borel-Satake or Siu-Yau
compactification of a locally Hermitian symmetric spaces. For the Deligne-Mumford compactification
of moduli of Riemann surfaces of genus g ⩾ 2, the possible appearance of a curve of genus g0 can be
read off from the discussions in the proof of Theorem 0.2. See also [5] for some related results, for
which the authors thank Soheil Memariansorkhabi for bringing to their attention after the acceptance
of the paper.

The proof of Theorem 0.1 depends on a crucial estimate in the volume of a curve in the coverings
of the manifold. Due to its relation to other problems of interests, we state it as separate result.

Theorem 0.3. Let M = M − D be a quasi-projective manifold supporting a tower of coverings as
given in Theorem 0.1. Let S be a compact Riemann surface genus gS ⩾ 2 and f : S → M i be a
nonconstant holomorphic map. Write V = f(S). Suppose V ∩Mi ̸= ∅. Let x ∈ V ∩Mi, we consider
the volume VolKE (V ∩ BKE (x;R)) with respect to gKE , where BKE (x;R) ⊂ Mi is the geodesic ball of
radius R > 0 centred at x with respect to gKE . Write π : M̃ →Mi as the universal covering map. Let
x̃ ∈ M̃ be such that π(x̃) = x. Ṽ ⊂ M̃ is a local lifting of V ∩Mi near xThen given any L > 0. For
R sufficiently large, VolKE (Ṽ ∩BKE (x̃;R)) ⩾ L on M̃ .

For Hermitian locally symmetric spaces, it is observed in [12] that Theorem 0.3 is crucial for a
proof of Theorem 0.1. The proof of Theorem 0.3 for locally Hermitian symmetric spaces was given
in [12]. The proof of Theorem 0.3 for horizontal slices of period domains was given in [4]. Both
of these results play significant roles in the functional transcendence, such as the Ax-Lindemann or,
more generally, Ax-Schanuel type problems, see for example [4, 13, 22]. The results of [12] makes use
of the non-positivity in the Riemannian sectional curvature of the Bergman metric in the Hermitian
symmetric spaces, and the results of [4] makes use of the fact that on the horizontal slices of the period
domains, the natural Hermitian metric has holomorphic sectional curvature bounded from above by
a negative constant. Our contribution is to show that appropriate volume estimates still hold when
such strong metric and curvature conditions were not available, replacing by milder conditions from
the perspective of Carathéodory metric.

For the proof of Theorem 0.1, we have also established a version of Schwarz Lemma (Lemma 2.5)
in which the target is a not necessarily smooth complex Finsler manifold, a result that we need but
cannot find in the literature. The other ingredients include a general deformation theoretic argument
taken from [12], which guarantees an injectivity radius lower bound of curves (Proposition 3.2), and
the argument to exploit the ramification at boundary divisors along the tower of coverings [23, 25].
The essential observation here is that these methods are general enough to be applicable to our case
in view of our previous work [31].

Theorem 0.2 illustrates possible applications of Theorem 0.1 by two series of examples, namely the
Hermitian locally symmetric spaces and the moduli space of Riemann surfaces. The proof of Theorem
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0.2 follows from an appropriate understanding of the structure of strata in the compactification and
repeated iteration of Theorem 0.1.

The organization of the article is as follows. In §1, some basic facts of compact Riemann surface
are recalled in order to fix notations. In §2, the volume estimates are derived, first with the lower
estimates and then the upper estimates. The argument for lower bound of injectivity radius and
ramification are given respectively in §3 and §4. The proof of Main Theorem 0.1 and 0.2 are given in
§5.

1 Compact Riemann surface
Let S be a compact Riemann surface of genus g. Suppose h is a complete Hermitian pseudo-metric
on S. In local coordinate z, h = 2λdz ⊗ dz with the associated Kähler form ωh = λ

√
−1
2π dz ∧ dz̄. The

Gaussian curvature of h is given by
Kh := −1

4

∆ log λ

λ
,

where the Laplacian ∆ = 4 ∂2

∂z∂z̄ is interpreted in the sense of distribution in general. Let χ(S) be the
Euler characteristic of S. If S is of genus g = g(S), then χ(S) = 2− 2g. By Gauss-Bonnet Theorem,∫

S
Khωh = χ(S) = 2− 2g.

On the other hand, the holomorphic tangent bundle TS is a line bundle equipped with metric h. The
first Chern class of S is given by

c1(S) = c1(TS) = −
√
−1

2π
∂∂ log λ = Khωh.

It follows that the degree of line bundle

deg(TS) :=

∫
R
c1(TS) = 2− 2g.

2 Volume estimates
In the following, we adopt the notations as in the assumptions of Theorem 0.1 and 0.2.

On the universal covering M̃ of M , there is a Kähler-Einstein metric gKE of negative scalar curva-
ture, which is unique if the Einstein constant is fixed. From uniqueness of the Kähler metric with fixed
Einstein constant as above, gKE is invariant under Aut(M̃) so that it descends to M . Since both gC
and gKE are invariant under Aut(M̃), they descend to Mi and will be denoted by the same notations.

2.1 Lower bound in volume
Let S be a compact Riemann surface genus g ⩾ 2 and f : S →M i be a nonconstant holomorphic map.
Write V = f(S). Suppose V ∩Mi ̸= ∅. Let x ∈ V ∩Mi, we consider the volume VolKE (V ∩BKE (x;R))
with respect to gKE , where BKE (x;R) ⊂ Mi is the geodesic ball of radius R > 0 centred at x with
respect to gKE . Write π : M̃ →Mi as the universal covering map. Let x̃ ∈ M̃ be such that π(x̃) = x.
Denote by ρi(x) the injectivity radius at x ∈ Mi with respect to gKE . For 0 < R < ρi(x), there is a
biholomorphic isometry π : (BKE (x̃, R), gKE ) → (BKE (x,R), gKE ). To find VolKE (V ∩ BKE (x;R)), it
suffices to find VolKE (Ṽ ∩BKE (x̃;R)), where Ṽ ⊂ M̃ is a local lifting of V ∩Mi near x. For simplicity,
from now on we write Ṽ = V and x̃ = x.
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Proposition 2.1. Given any L > 0. For R sufficiently large, VolKE (V ∩BKE (x;R)) ⩾ L on M̃ .

For the proof of Proposition 2.1, we start with some preparations.
Let R > 0. Denote by [V ] the closed (n − 1, n − 1)-current corresponding to V . For the purpose

of obtaining a lower estimate of the volume

VolKE (V ∩BKE(x;R)) =
∫
B

KE
(x;R)

[V ] ∧ ωKE ,

it suffices to consider a smooth point x ∈ V . From assumption (i) in Theorem 0.1, BgC (x; cR) ⊂
BKE (x;R) ⊂ BgC (x;

1
cR). The distance function obtained by integrating gC is exactly the inner

distance function with respect to dC and thus must always ≥ dC (c.f. [16, Theorem 4.2.7]). Therefore

BdC (x; cR) ⊂ BgC (x; cR). (2)

For z ∈ ∆, the infinitesimal Poincaré metric is defined by ds2∆ = dz⊗dz
1−|z|2 . The corresponding Poincaré

distance between 0 and z is given by ℓP (z) := ℓP (0, z) = 1
2 log

1+|z|
1−|z| . Consider the Carathéodory

distance
dC(x, y) = sup{ℓP (f(x), f(y)) | f ∈ Hol(M,∆)}, x, y ∈ M̃.

Let x ∈ M̃ be fixed. By homogeneity of ∆ and Arzela-Ascoli Theorem, dC(x, y) = ℓP (h(y)) for some
holomorphic map h : M̃ → ∆ such that h(x) = 0. For y ∈ M̃ , write

ℓC(y) := dC(x, y).

We define
rC(y) = tanh(ℓC(y)), y ∈ M̃. (3)

Note that for fixed x ∈ M̃ ,

rC(y) = tanh

(
1

2
log

1 + |F (y)|
1− |F (y)|

)
= |F (y)|, y ∈ M̃,

for some F ∈ Hol(M̃,∆) such that F (x) = 0. It follows that

rC(y) = sup{|f(y)| : f ∈ Hol(M,∆), f(x) = 0}.

Lemma 2.2. 1) rC is a Lipschitz continuous, bounded plurisubharmonic function on M̃ . It is also
an exhaustion function on M̃ if dC is complete.
2) r2C and log r2C are plurisubharmonic .

Proof. 1) The boundedness of rC follows by its definition. To see that that rC is exhaustion, note
that the Carathéodory distance function dC,M on M̃ is complete by assumption. Here ℓC actually
approaches +∞ and thus rC approaches 1. It is well-known that ℓC is continuous (c.f. [16, Proposition
3.1.13]). Its Lipschitz continuity of rC follows from that of ℓC , which may be found for example from
[39, §1.2].

Write ℓ = ℓC , r = rC . To see that r is plurisubharmonic, note that dC is obtained by taking
supremum among a set of plurisubharmonic functions, ℓ is a plurisubharmonic function on M̃ . In fact,
we have

√
−1∂∂ℓ =

1 + tanh2 ℓ

tanh ℓ

√
−1∂ℓ ∧ ∂ℓ = 1 + r2

r

√
−1∂ℓ ∧ ∂ℓ ≥

√
−1∂ℓ ∧ ∂ℓ,
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c.f. [39] or [31]). In above, we have used the fact that ∂ℓ∧∂ℓ exists as a current, cf. the first paragraph
of [39, 1.3]. Then by direct computation,

√
−1∂∂rC =

√
−1∂(∂ tanh ℓ) =

√
−1∂(sech2 ℓ∂ℓ)

= −2 tanh ℓ sech2 ℓ
√
−1∂ℓ ∧ ∂ℓ+ sech2 ℓ

√
−1∂∂ℓ

=

(
− 2r(1− r2) + (1− r2)

1 + r2

r

)√
−1∂ℓ ∧ ∂ℓ

=
1− r4

r

√
−1∂ℓ ∧ ∂ℓ

⩾ 0.

2) Observe that at points where the following expressions are twice differentiable,

∂r2 = ∂ tanh2 ℓ = 2 tanh ℓ sech2 ℓ∂ℓ = 2r(1− r2)∂ℓ
√
−1∂∂r2 = 2(1− r2)

[
(1− 3r2)

√
−1∂ℓ ∧ ∂ℓ+ r

√
−1∂∂ℓ

]
= 2(1− r2)

[
(1− 3r2) + (1 + r2)

]√
−1∂ℓ ∧ ∂ℓ (∵

√
−1∂∂ℓ = 1+r2

r

√
−1∂ℓ ∧ ∂ℓ)

= 4(1− r2)2
√
−1∂ℓ ∧ ∂ℓ

⩾ 0.

So

√
−1∂∂ log r2 =

√
−1∂(

∂r2

r2
) =

−1

r4
√
−1∂r2 ∧ ∂r2 + 1

r2
√
−1∂∂r2

=
−1

r4
· 4r2(1− r2)2

√
−1∂ℓ ∧ ∂ℓ+ 1

r2
4(1− r2)2

√
−1∂ℓ ∧ ∂ℓ

= 0.

In general, the above arguments work for the Poincaré disk ∆. In expressions such as ∂∂ℓ2, ℓ is
taken as supremum of f∗ℓP for the corresponding Poincaré length function ℓP on ∆ for f : M → ∆
as defined earlier, and hence is plurisubharmonic. The expression ∂∂ℓ2 is considered as a current.

Remark. In [39], it is also shown that − log(r2 − 1) is plurisubharmonic.

Let a = a(R) = tanh(cR). Then

BdC (x; cR) = {y ∈ M̃ | ℓC(y) < cR} = {y ∈ M̃ | rC(y) < a}. (4)

Recall the notations in Proposition 2.1. It is reduced to the following lemma.

Lemma 2.3. There exists a constant α0 > 0 such that VolKE(V ∩ BKE (x;R)) ⩾ α0 · 1
1−a = α0 ·

1
1−tanh(cR) , for R > 0 sufficiently large.

The proof will be similar to [11, (2.3.13)] once we have the appropriate setting. We will use the
following facts which may be found for example from [11, Proposition 2.2.1]:

Proposition 2.4. Let V ⊂ M̃ be a k-dimensional complex analytic subvariety and [V ] be the closed
(n − k, n − k)-current corresponding to V . Denote by νx(η) the Lelong number at x of a function
η which is plurisubharmonic on some relative compact open subset W ⊂ M̃ containing x; and by
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multx(η) the multiplicity of η at x. Then
(i) ∫

W
[V ] ∧ (

√
−1∂∂η)k ≥ multx(V ) · νx(η)k.

(ii) Let ρ be function smooth on W such that ρ ≡ η on W −W ′, where W ′ ⊂W is a relative compact
open subset. Then ∫

W
[V ] ∧ (

√
−1∂∂ρ)k =

∫
W
[V ] ∧ (

√
−1∂∂η)k.

Proof of Lemma 2.3

Proof. Let ϵ = 1 − a. Consider a smooth cut-off function χ : [0, 1] → [0, 1] having the following
properties: (i) χ is supported on [0, 1 − ϵ); (ii) χ(t) = 1 for t ⩽ 1 − 2ϵ; (iii) χ is decreasing; (iv)
|χ′| < 2

ϵ ; and (v) |χ′′| ⩽ 2
ϵ2

. For t ∈ (0, 1], consider the function

l(t) := χ(t) log t.

It follows that l is increasing on [0, 1], i.e., l′(t) ≥ 0 on [0, 1]. For 1
2 > ϵ > 0 sufficiently small and

t ∈ (1− 2ϵ, 1− ϵ),

|l′| ⩽ |χ(t)
t

|+ |χ′(t)|| log t|

⩽ 1

1− 2ϵ
+

2

ϵ
· | log(1− 2ϵ)| ⩽ 2 + 2

| log(1− 2ϵ)|
ϵ

⩽ 6

|l′′| ⩽ |χ(t)
t2

|+ 2|χ(t)
t

|+ |χ′′(t)|| log t|

⩽ 1

(1− 2ϵ)2
+ 2 · 2

ϵ
· 1

1− 2ϵ
+

2

ϵ2
| log(1− 2ϵ)|

⩽ 4 +
2

ϵ

(
4 +

| log(1− 2ϵ)|
ϵ

)
⩽ 14

ϵ
.

Consider now
ψ := l(r2C).

For r2C < 1− 2ϵ,
√
−1∂∂ψ =

√
−1∂∂ log r2 ⩾ 0 by Lemma 2.2.

For r2C ∈ [1− 2ϵ, 1− ϵ),
√
−1∂∂ψ =

√
−1∂∂l(r2C)

=
√
−1∂(l′(r2C) · 2rC∂rC)

= l′′(r2C) · 4r2C ·
√
−1∂rC ∧ ∂rC + l′(r2C) · 2 ·

√
−1∂rC ∧ ∂rC + l′(r2C) · 2rC ·

√
−1∂∂rC

⩾ 4r2C · l′′(r2C) ·
√
−1∂rC ∧ ∂rC (5)

where we have used the fact that l is increasing and that i∂∂rC is a positive current (Lemma 2.2).
Then

l′′(r2C) · 4r2C ≥ −14

ϵ
· 4(1− ϵ) ⩾ −56

ϵ
.

Similar to the Kähler form of the Poincaré metric on ∆, define

ω̃ :=

√
−1∂rC ∧ ∂rC
(1− r2C)

2
.
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Note that for r2C ∈ (1− 2ϵ, 1− ϵ),

1

(1− r2C)
2
=

1

(1 + rC)2(1− rC)2
>

1

4
· 1

4ϵ2
=

1

16ϵ2
.

For rC ∈ (1− 2ϵ, 1− ϵ), let α > 56 · 16 be a constant, we get

√
−1∂∂(

1

αϵ
ψ) + ω̃ ⩾

[
1

αϵ
l′′(r2C) · 4r2C +

1

(1− r2C)
2

]√
−1∂rC ∧ ∂rC

>

[
1

αϵ
(−56

ϵ
) +

1

16ϵ2

]√
−1∂rC ∧ ∂rC > 0. (6)

By definition, for x ∈ M̃ and v ∈ TxM̃ ,

gC(x; v) ⩾ sup
f∈F

{f∗g∆,P (x; v)},

where we have denoted by F the family of holomorphic functions f : M̃ → ∆ with f(x) = 0; and by
g∆,P the Poincaré metric on ∆.

Write ωKE as the Kähler form associated to gKE . Together with (1), we get

ωKE ⩾ c · sup
f∈F

f∗ω∆,P = c · sup
f∈F

f∗
(

|dz|2

(1− |z|2)2

)
= c · |drC |2

(1− r2C)
2
= c · ω̃. (7)

Define on M̃ the function
ϕ :=

1

cα(1− a)
ψ,

which is compactly supported in {rC < 1− ϵ = a} ⊂ M̃ . It follows from (6) and (7) that

i∂∂ϕ+ ω̃ ⩾ 0 on M̃.

On M̃ , which is simply connected, we may write

ωKE =
√
−1∂∂Φ (8)

in terms of a potential function Φ. Then we conclude that

ϕ+Φ

is a plurisubharmonic function on M̃ .
Now note that

νx(ϕ) =
1

c · α(1− a)
. (9)
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Then

VolKE (BKE (x;R) ∩ V )

=

∫
B

KE
(x;R)

[V ] ∧ ωKE (by definition)

⩾
∫
BdC

(x;cR)
[V ] ∧ ωKE (by (2))

=

∫
{rC<a}

[V ] ∧ ωKE (by (4))

=

∫
{rC<a}

[V ] ∧ (
√
−1∂∂Φ) (by (8))

=

∫
{rC<a}

[V ] ∧ (
√
−1∂∂(ϕ+Φ)) (by Proposition 2.4 (ii), since ϕ has compact support)

⩾multx(V ) · νx(ϕ+Φ) (by Proposition 2.4 (i) and the plurisubharmonicity of ϕ+Φ)

=multx(V ) ·
(
νx(ϕ) + νx(Φ)

)
(by the definition of Lelong number)

=multx(V ) · 1

cα(1− a)
, (νx(Φ) = 0 since Φ is smooth at x)

where α > 56 · 16.

Remark. By using [10, Proposition 3.1.2], it is possible to obtain a sharper volume estimate in Lemma
2.3. The above gives a more direct construction sufficient for our purpose. In the Appendix, we will
give another possible construction for ϕ given by ϕ = ψε(rC), where ψε is as in [10, Proposition 3.1.2].

Proof of Proposition 2.1. It is an immediate consequence of Lemma 2.3.

Proof of Theorem 0.3. This now follows from Proposition 2.1.

2.2 Upper bound in volume
To obtain an upper bound for the volume of curves, an important step as in [12, Proposition 3.1] is
to apply Royden’s Schwarz Lemma [27] to get a comparison between the pullback canonical metric
and the hyperbolic metric on a Riemann surface. In our situation, we will need to replace Royden’s
Schwarz Lemma by a more general Schwarz Lemma applicable to nonsmooth complex Finsler metrics:

Lemma 2.5. Let X be a complex manifold equipped with a nondegenerate infinitesimal Carathéodory
metric gC . Let R = ∆/Γ be a compact Riemann surface of genus ⩾ 2, equipped with the Hermitian
metric gR obtained by descending the Poincaré metric on ∆. Suppose ϕ : (R, gR) → (X, gC) is a
nonconstant holomorphic map. Assume that the following conditions are satisfied:
i) the Gauss curvature of gR is bounded from below by −kR for some kR > 0;
ii) the holomorphic sectional curvature of gC is bounded from above by −kC for some kC > 0.
Then ϕ∗gC ⩽ kR

kC
gR.

Proof. Let w be the local coordinate on R. Write ϕ∗gC := dσ2 = 2λdw ⊗ dw. For the Kähler metric
gR, we write gR = 2µdw ⊗ dw. Both λ and µ are nonnegative. Let u = ϕ∗gC

gR
= λ

µ . It suffices to show
that u ⩽ kR

kC
on R.

The infinitesimal Carathéodory metric gC is upper-semicontinuous, so the pullback ϕ∗gC := dσ2 is
an upper-semicontinuous Hermitian pseudo-metric on the compact Riemann surface R = ∆/Γ. Thus

9
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λ is upper-semicontinuous on R and so is u = λ
µ . Since R is compact, there exists w0 ∈ R such that

u attains its maximum at w0. Since gC is plurisubharmonic (thus so is λ and u), we can take the
Laplacian of u in the sense of a current, or a distribution. Hence as M has complex dimension 1, we
understand in the following that for functions f relevant to our discussions,

∂2f

∂w∂w̄
(w0) :=

1

4
lim inf
r→0

1

r2

∫ 2π

0
(f(w0 + reiθ)− f(w0))

dθ

2π
.

With this interpretation, as w0 is also a maximum point of u, the Maximum Principle implies that

0 ⩾ ∂2 log u

∂w∂w̄
(w0) =

∂2 log λ

∂w∂w̄
(w0)−

∂2 log µ

∂w∂w̄
(w0) = −λ(w0)Kdσ2(w0) + µ(w0)KgR(w0).

Note that the holomorphic sectional curvatures

Kdσ2(v) = Kϕ∗gC (v) ⩽ KgC (dϕ(v)) ⩽ −kC < 0, v ∈ TR,

see [16, p. 31-32] or [30]). It follows that

u(w0) =
λ(w0)

µ(w0)
⩽ KgR(w0)

Kdσ2(w0)
⩽ kR
kC
.

Since w0 is a maximum point of u on S, it follows that u ⩽ kR
kC

on R.

We give an alternate argument using the technique of Ahlfors on the proof of Schwarz Lemma [2].

Alternative proof of Lemma 2.5. Let π : R̃ → R be the universal covering map. Denote by Φ : R̃ ∼=
∆ → X the lifting of ϕ : R→ X. We also let g

R̃
to denote the Poincaré metric on R̃.

(R̃, g
R̃
)

(R, gR) (X, gC)

π
Φ

ϕ

Suppose w0 is a point on R where u = ϕ∗gC
gR

has maximal value. Let z0 = ϕ(w0). From definition of
Carathéodory metric and a normal family argument, there exists a mapping hz0 : X → ∆ such that
hz0(z0) = 0 and gC(z0) = h∗z0gP,∆(z0). Here gP,∆ denotes the Poincaré metric on ∆.

Let w̃0 ∈ R̃ be a point so that π(w̃0) = w0. Note that g
R̃
= π∗gR, so

Kg
R̃
(w̃) = KgR(π(w̃)) ⩾ −kR, ∀w̃ ∈ R̃.

Consider now the function
ũz0(w̃) :=

π∗ϕ∗h∗z0gP,∆

π∗gR
(w̃)

on R̃. If ũz0 achieves a maximum at a point w̃1 ∈ R̃, applying ∂∂ and arguing using Maximum
Principle as in previous proof shows that ũz0(w̃) ⩽ ũz0(w̃1) ⩽ kR

kC
all w̃ ∈ R̃. This implies in particular

that for all w ∈ R,

u(w) ⩽ u(w0) =
ϕ∗gC(w0)

gR(w0)
=
ϕ∗gC(π(w̃0)

gR(π(w̃0))
=
π∗ϕ∗h∗z0gP,∆

π∗gR
(w̃0) = ũz0(w̃0) ⩽

kR
kC
.

10
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In general, to find a maximum point, we apply the trick of using barrier as Ahlfors [2]. For
1 > a > 0, the Poincaré metric on ∆a := {z ∈ C : |z| < a} is given by

g∆a(w) =
|d(wa )|

2

(1− |wa |2)2
=

a2|dw|2

(a2 − |w|2)2
.

Note that in the above discussion, π∗gR = g∆. Instead of ũz0(w̃) =
π∗ϕ∗h∗z0gP,∆

π∗gR
(w̃), we consider

ũa,z0(w̃) :=
π∗ϕ∗h∗z0gP,∆

g∆a

(w̃).

As |w̃| → a, π∗ϕ∗h∗z0gP,∆(w̃) is bounded while g∆a(w̃) → ∞. We see that the supremum of ũa,z0 has
to be achieved at a point w̃a lying in the interior of ∆a. Hence the above argument implies that for
any w̃ ∈ ∆a,

ũa,z0(w̃) ⩽ ũa,z0(w̃a) ⩽
kR
kC
,

where the right hand side is independent of a. Letting a → 1, we conclude that ũ(w̃) ⩽ k for all
w̃ ∈ ∆ ∼= R̃. The rest of the argument is the same as before.

Recall the notations of Theorem 0.1. Write M =Mi for simplicity. We may now state the following
slight modification of [12, Proposition 3.1]:

Proposition 2.6. Let S = ∆/Γ be a compact Riemann surface of genus g(S) ⩾ 2. Suppose f : S →M
is a nonconstant holomorphic map such that f(S)∩M ̸= ∅. Let w ∈ S such that x = f(w) ∈ f(S)∩M .
Then there exists a constant k > 0 such that for any R > 0,

VolKE

(
f(S) ∩BKE (x;R)

)
⩽ k(2g(S)− 2).

Proof. Equip S = ∆/Γ with a Kähler metric h, which is obtained by descending the Poincaré metric
on ∆. We may suppose h is of constant Gaussian curvature −kh for some kh > 0. Since gC ⩽ −kC for
some constant kC > 0 [6], we may apply Lemma 2.5 to f1 := f |f−1(M) : (f

−1(M), h) → (M, gC) to see
that f∗1 gC ⩽ kh

kC
h. By the assumption (1) that gKE ⩽ 1

c · gC for some c > 0 on the universal covering
M̃ of M . Since both gKE and gC are invariant under Aut(M̃), the last inequality descends to hold on
M . But then f1(p) = f(p) for any p ∈ f−1(M). Thus

f∗gKE ⩽ 1

c
f∗gC ⩽ kh

kC
h, on f−1(M).

Letting k = c · khkC , we have

VolKE

(
f(S) ∩BKE (x;R)

)
=

∫
f(S)∩B

KE
(x;R)

ωKE

⩽
∫
f−1(M)

f∗ωKE ⩽
∫
f−1(M)

kωh ⩽ k

∫
S
ωh = k(2g(S)− 2).

11
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Remark. In the case that M is a Hermitian locally symmetric space, gKE is the canonical metric
induced by the Bergman metric on M̃ , whose holomorphic sectional curvature is bounded from above
by some constant −kM for some kM > 0. One may apply Royden’s Schwarz Lemma [27] to f1 :=
f |f−1(M) : (f

−1(M), h) → (M, gKE ) to conclude that f∗1 gKE ⩽ kM
kh
h. In our case, the required negative

holomorphic sectional curvature upper bound on (M, gKE ) is not clear.

Write V = f(S). As is discussed at the beginning of this section, for finding volume bounds, it is
equivalent to consider local liftings Ṽ of V ∩M to the universal covering M̃ of M . We would use the
notation V = Ṽ on M̃ for the such local liftings for simplicity. Combining Proposition 2.1 (or Lemma
2.3) and Proposition 2.6, we have on M̃ and for R > 0 sufficiently large,

(∗) : α0

1− tanh(c ·R)
⩽ VolKE

(
V ∩BKE (x;R)

)
⩽ B

A
(2g(S)− 2).

3 Injectivity radius lower bound
Suppose f(S) ∩Mi ̸= ∅. Denote by ρi(x) the injectivity radius at x ∈ f(S) ∩Mi with respect to gKE .
If (∗) hold for R = ρi(x), then there exist fixed real numbers α, β, γ such that

ρi(x) ≤ α log(βg(S) + γ) =: τ0. (10)

This implies that if w ∈ S with f(w) = x is such that ρi(x) > τ0, then x ̸∈ f(S) ∩Mi. For proving
Theorem 0.1, it suffices to use this observation on sufficiently large coverings Mi →M . We first need
the following:

Proposition 3.1. Fix g ⩾ 2. There exists a compact subset Y ⊂ Mi = M̃/Γi having the following
property: for any subgroup Γi ◁ Γ of finite index, if there is a compact Riemann surface S of genus
g and a nonconstant holomorphic map f : S → Mi, then there is a compact Riemann surface S′ of
genus g′ ⩽ g and a nonconstant holomorphic map f ′ : R′ → Mi such that πi ◦ f ′(S′) ∩ Y ̸= ∅. Here
πi :Mi →M is the covering map.

Proof. By assumption, M = M̃/Γ is quasi-projective variety with ample canonical line bundle. By
Proposition 2.6, V = f(R) is a projective curve in M of degree bounded by C1 · g(R) for some C1 > 0.
Then the deformation theoretic argument in the proof of [12, Proposition 3.4] may be applied.

Following [12, §2], a set of subgroups {Γi ≤ Γ : i ∈ Λ} in Γ is said to be separating if for each
infinite subset J ⊂ Λ,

⋂
j∈J Γi = {1}. Since M supports a tower of covering {Mi}i∈I , it follows that

Γ has a separating set of subgroups indexed by I.

Proposition 3.2. Let S be a compact Riemann surface of genus g. Suppose f : S → Mi is a
nonconstant holomorphic map . Then there exists a compact subset Z ⊂ Mi and i0 ⩾ 0 such that for
all i ⩾ i0, the injectivity radius ρi(x) > τ0 for any x ∈ Z, and there exists a curve S′ of genus g′ ⩽ g
and f : S′ →Mi such that πi ◦ f ′(S′) ∩ Z ̸= ∅.

Proof. We have the finite unramified covering πi : Mi → M . By Proposition 3.1, there is a compact
Riemann surface S′ with genus g(S′) ⩽ g(S) and a nonconstant holomorphic map f ′ : S′ → Mi

whose image πi ◦ f ′(S′) always cut a compact subset Y ⊂ M . Let Z ⊂ Mi be a compact set so that
Y ⊂ πi(Z). Since {Γi}i∈I forms a set separating subgroups of Γ, by [12, Proposition 2.3], there exists
a finite subset IZ ⊂ I such that for any x ∈ Z and any j ∈ I\IZ , we have ρj(x) > τ0. For i0 ⩾ 0
sufficiently large, we can make sure {Γi : i ⩾ i0} ∩ IZ = ∅ for all i ⩾ i0 since

⋂
i∈I Γi = {1}. Hence the

result follows.
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4 Ramification index lower bound
In this section, we are going to generalize [12, Proposition 4.4]. For π̄ :Mi →M extending π :Mi →
M , write Di =Mi−Mi and D =M −M . We will follow the strategy of [12, §4]. In the following, we
suppose i ⩾ 0 is sufficiently large.

Proposition 4.1. For any x ∈ Mi, there exists q0 ⩾ 0 such that whenever q ⩾ q0, we have a section
s ∈ H0(Mi, q(KMi

+Di)) so that s(x) ̸= 0 and s|Di ≡ 0.

Proof. By [31], M is of log-general type with respect to D, i.e. KM +D is big. In fact, there exists
q0 ⩾ 0 such that for q ⩾ q0, we have a nontrivial section σ ∈ H0(M, q(KM +D)) where the order of
jets of σ at π̄i(x) can be prescribed up to order cqn for some constant c > 0 (c.f. proof of [31, Theorem
0.6]). Write Di = ∪jDj

i as the union of irreducible components Dj
i ’s. Let rj be the ramification index

of π̄i at Dj
i ’s and m := minj r

j . Note that

π̄∗i

(
q(KM +D)

)
= q(KM +Di)−

∑
j

(rj − 1)Dj
i

≤ q(KM +Di)− (m− 1)Di

Therefore s := π̄∗i σ ∈ H0(Mi, q(KMi
+ Di) − (m − 1)Di). Choose an i ⩾ 0 sufficiently large so that

m > q + 1. Then the above implies that s vanishes on Di.

For the quasi-projective manifold M =M−D, there exists a complete Poincaré-type Kähler metric
gP of bounded geometry on M whose construction is recalled as follows. In a neighbourhood U ∼= ∆n

of a point on D in M , there is the Poincaré metric ρ on ∆n whose associated Kähler form is

η :=

√
−1dz1 ∧ dz1

|z1|2(log |z1|2)2
+ · · ·+

√
−1dzk ∧ dzk

|zk|2(log |zk|2)2
+
√
−1dzk+1 ∧ dzk+1 + · · ·+

√
−1dzn ∧ dzn. (11)

for |zi| < 1
2 . The Poincaré type metric gP on M is obtained by patching up the above metrics ρ’s on

a finite number of such neighborhoods of D together with a smooth metric on the complement of the
union of the neighborhoods on M , by partition of unity. In the following, we also denote by ωP the
corresponding Kähler form of gP on M .

Proposition 4.2. Let f : S →Mi be a nonconstant holomorphic map such that f(S)∩Mi ̸= ∅. Then
there is a constant A0 > 0 depending on the holomorphic sectional curvature of gKE , such that

deg(f∗c1(KMi
)) + deg(f∗c1(Di)) ≤ A0 ·

[
deg(c1(KS)) + deg(f∗c1(Di))

]

Proof. The idea of proof is standard by now and can be found in [23] and [25]. We give outline here
in our setting, for completeness of presentation.

By the assumption in Theorem 0.1, Mi is equipped with a Kähler-Einstein metric gKE . Denote by
ωKE the associated Kähler form of gKE , normalized so that

√
−1

2π
∂∂ log det gKE = ωKE .

Let gP be the Poincaré-type metric on Mi with Kähler form ωP . We recall some facts about gP which
can be found for example from [31]. By Royden’s Schwarz Lemma [27], gKE ⩽ c′gP for some constant
c′ > 0.

13
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In view of (11), gP has pole along D of order ⩽ 2 and so is gKE . Let σ be a local holomorphic
section vanishes along Di. Let go be a smooth Kähler metric on M i. There exist a constant c0 > 0
such that

det go
|σ|2 det gKE

⩽ c0.

So
√
−1

2π
∂∂ log

(
det go

|σ|2 det gKE

)
⩾ f∗c1(KMi

) + f∗c1(Di)− f∗ωKE .

as current on S. Thus

deg(f∗ωKE ) ⩾ deg(f∗c1(KMi
)) + deg(f∗c1(Di)). (12)

Let Φ be a volume on S, which for instance could be taken as the volume corresponding to the
metric induced by the Poincaré metric on ∆. Then c1(KS) =

√
−1
2π ∂∂ log Φ. Note that there is c′0 > 0

such that
f∗(|σ|2ωKE )

Φ
⩽ c′0 on S,

again from the pole order estimate of ωKE near the compactifying divisor. Let

R := f−1(Di) ∪ {z ∈ S : dfz = 0}.

Since holomorphic sectional curvature is bounded from above by a negative constant −γ, we have
√
−1

2π
∂∂ log

f∗ωKE

dz ∧ dz
⩾ A1f

∗ωKE on S −R.

Here A1 = c′γ for some constant c′ > 0. Then
√
−1

2π
∂∂ log

f∗(|σ|2ωKE )

Φ
⩾ −f∗c1(Di) +A1f

∗ωKE − c1(KS),

which implies that
deg(f∗ωKE ) ⩽

1

A1

(
deg(f∗c1(Di)) + deg(c1(KS))

)
(13)

Combining (12) and (13) and take A0 =
1
A1

, we are done.

Let m be the smallest number among the ramification indices along Di’s.

Proposition 4.3. Let g ⩾ 0 be fixed. Suppose m > q0A0(2g − 1), where q0 and A0 are the constants
in Proposition 4.1 and 4.2. Suppose S is a compact Riemann surface genus g(S) = g and f : S →Mi

is a nonconstant holomorphic map, such that f(S) ∩Di ̸= ∅. Then f(S) ⊂ Di.

Proof. Suppose f(S) ∩Mi ̸= ∅, we can find a point x ∈ f(S) ∩Mi. Then π(x) ∈ M . By Proposition

4.1, there exists a section s ∈ H0

(
M, q0(KM + D)

)
such that s(π(x)) ̸= 0 and s|D ≡ 0. So the

pullback ξ := π̄∗s ∈ H0

(
Mi, q0(KMi

+ Di) −mDi

)
. Since s(π(x)) ̸= 0, we have ξ|f(S) ̸≡ 0 so that

14
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deg(f∗ξ) ≥ 0. It follows that

0 ⩽ q0

(
deg(f∗c1(KMi

) + deg(f∗c1(Di)))

)
−m deg(f∗c1(Di)

⩽ q0A0 ·
[
deg(c1(KS)) + deg(f∗c1(Di))

]
−m deg(f∗c1(Di)) (Proposition 4.2)

= q0A0 ·
[
2g − 2 + deg(f∗c1(D))

]
−m deg(f∗c1(Di))

= q0A0(2g − 2) + (q0A0 −m) deg(f∗c1(Di))

So the above implies

2g − 2 ⩾
(

m

q0A0
− 1

)
deg(f∗c1(Di))

>

(
2g − 2

)
deg(f∗c1(Di)) (since by assumption m > q0A0(2g − 1))

Since f(S)∩Di ̸= ∅, we have deg(f∗c1(Di)) ≥ 1. Therefore the above inequality leads to a contradic-
tion.

5 Proof of Main Theorems
Proof of Theorem 0.1

Proof. The proof of Theorem 0.1 follows from the same strategy as [12]. We consider in the following
g0 ⩾ 2.

By [32, Lemma 4.3], for i sufficient large, we may assume that the ramification index m is as large
as we want. Then by Proposition 4.3, it suffices to show that f(S) ∩Di ̸= ∅. Suppose this is not the
case, i.e. we have f(S) ⊂ Mi. Because f : S → Mi is nonconstant, by Proposition 3.1, we can find a
compact Riemann surface S′ of genus g′ ⩽ g0 and a nonconstant holomorphic map f ′ : S′ → Mi so
that f(S′) ∩ Z ⊂ Mi for some compact subset Z ∈ Mi. Now Proposition 3.2 implies that ρi(x) > τ0
for any x ∈ Z. Here τ0 is defined by the equality in 10. But by Proposition 2.1 and 2.6 (or by (∗)),
ρi(x) > τ0 cannot be satisfied for any x ∈ f(S′). Hence we reached a contradiction.

Proof of Theorem 0.2

Proof. 1). Note that (a) is already given in [12]. In our more general situation, we give a slightly
different arguments for both (a) and (b) using Theorem 0.1.

Given a genus g0 ⩾ 2 curve S and a holomorphic map f : S → Mk. In general Mk is singular
and Theorem 0.1 is not directly applicable. Consider a smooth toroidal compactification Xk ⊃ Mk.
It is well-known that Mk is a minimal compactification (c.f. [21] for the nonarithmetic case). There
exists a unique holomorphic map σk : Xk → Mk restricting to the identity on Mk. The holomorphic
map f lifts to a holomorphic map f̄ : S → Xk such that f = σk ◦ f̄ . Now since Xk is smooth, we
may apply Theorem 0.1 to f̄ and suppose k is sufficiently large to conclude that f̄(S) ⊂ Xk −Mk.
Therefore f(S) = σk ◦ f̄(S) ⊂ Mk −Mk =: Dk. Note that the boundary Dk is stratified by disjoint
unions of Hermitian locally symmetric spaces of strictly lower dimensions. So f(S) lies on exactly one
such stratum. The same argument above may be applied repeatedly to conclude that f must in fact
be a constant map.

2). The argument for Mg is similar but has some essential differences. Statement (I) follows from
Theorem 0.1. Focuses will therefore be put on (II).
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The Deligne-Mumford compactification Mg ⊃Mg is obtained by adding ∪[ g
2
]

i=0Ei, where each Ei is
a divisor on Mg. Here we write [g2 ] as the integral part of g

2 . By [18, p. 304],

E0 =Mg−1,2,

Ei ∼=M i,1 ×Mg−i,1, ∀ 1 ⩽ i <
g

2
,

E g
2

∼= (M g
2
,1 ×M g

2
,1)/Z2, if 2|g, (14)

where Z2 = Z/2Z acts by permuting the two punctures. Here Mg,n is the moduli space parametrizing
curves with unordered marked points. For each level m ∈ N, we write similarly Dm =Mm

g,n −Mm
g,n =

∂Mm
g,n = ∪[ g

2
]

i=0E
m
i .

We make the following observation:
Claim. Let F : S →Mm

g,n be a nonconstant holomorphic map and πn :Mm
g,n →Mm

g be the projection
given by forgetting the punctures. Consider Fn := πn ◦F : S →Mm

g . Then if Fn is nonconstant, F (S)
has to lie in ∂Mm

g,n for m sufficiently large.

Proof. Consider the induced Torelli map: jmg : Mm
g → Am

g , where Am
g is the Siegel modular variety

with canonical level k structure. The mapping jmg extends to jmg : Mm
g → Am

g , where Am
g ⊃ Am

g is a
toroidal compactification. Now by Theorem 0.1, jmg ◦ Fn(S) ⊂ Am

g −Am
g . Apply case 1) of Theorem

0.2, i.e. the case of Hermitian locally symmetric spaces, we see that jmg ◦ Fn is a constant map for
m sufficiently large. Therefore Fn(S) lies on a fibre (jmg )−1(b) ⊂ Mm

g −Mm
g = ∪[ g

2
]

i=0E
m
i . Here Emi is

given similarly as (14), which are essentially products of lower dimensional moduli. We may assume
Fn(S) ⊂ Emi for some 0 ⩽ i ⩽ [g2 ]. Finally, note that π−1

n (Emi ) ⊂ ∂Mm
g,n. ■

Now consider a nonconstant holomorphic map f : S → Mm
g . By Theorem 0.1, f(S) ⊂ ∂Mm

g =

∪[ g
2
]

i=0E
m
i for m sufficiently large. To simplify notation, we will drop the level ‘m’ in Mm

g ,M
m
g,n, E

m
i

etc, and suppose that m is taken to be sufficiently large in the following. Assume f(S) ⊂ Ei for some
0 ⩽ i ⩽ [g2 ]. By the claim above, either f(S) ⊂ ∂Ei or f(S) ⊂ π−1

n (x0) for some x0 ∈ πn(Ei − ∂Ei).
Suppose f(S) does not lie on ∂Ei. We consider each of the cases in (14):

(i). E0 = Mg−1,2. In this case, f(S) has to lie on a fiber of the forgetting map π : Mg−1,2 → Mg−1.
For x ∈ Mg−1, the fiber π−1(x) ∼= (Rx × Rx − ∆x)/Z2, where Rx is the Riemann surface of genus
g − 1 represented by x ∈ Mg−1 and ∆x is the diagonal in Rx × Rx. Then f(S) is biholomorphic to a
curve of genus g0 in (Rx ×Rx −∆x)/Z2, which lifts to a curve in Rx ×Rx −∆x since the quotient is
unramified. Note that for the case that f is an embedding, g0 ⩾ g − 1 by Riemann-Hurwitz Formula.
(ii). Ei ∼=M i,1×Mg−i,1, 1 ⩽ i < g

2 . In such case, the same argument as above shows that f(S) has to
lie on a fiber of the direct product forgetting map π :Mi,1×Mg−i,1 →Mi×Mg−i. Let x ∈Mi×Mg−i.
Then π−1(x) ∼= Rx × Tx, where Rx is a Riemann surface of genus i and Tx is a Riemann surface of
genus g − i. Again, if f is an embedding, g0 ⩾ min(i, g − i) by Riemann-Hurwitz Formula.
(iii). E g

2

∼= (M g
2
,1 ×M g

2
,1)/Z2, if 2|g. In such case, the same argument as above shows that f(S) has

to lie on a fiber of the projection

π :M g
2
,1 ×M g

2
,1 → (M g

2
,1 ×M g

2
,1)/Z2 →M g

2
×M g

2
.

Let x ∈M g
2
×M g

2
. Then π−1(x) ∼= Rx × Tx, where Rx, Tx ares Riemann surface of genus g

2 . Again, if
f is an embedding, g0 ⩾ g

2 by Riemann-Hurwitz Formula.
Combining the three cases, we obtain the statement (II) and we are done. Therefore it remains to

consider the case f(S) ⊂ ∂Ei. Note that the components of ∂Ei is a direct product of at most two
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factors (possibility with mod Z2), with factors of the from ∂Mg′,n′ or Mg′,n′ for some g′ < g, n′ < n.
By replacing πn in the claim above with the π in each of the above three cases, we obtain a similar
conclusion that f(S) has to lie either on the boundary of a component of ∂Ei, or f(S) lies in the fibre
of π. Hence by repeating the argument inductively, the image f(S) has to lie on a stratum of the
boundary.

6 Appendix: Sharp volume lower bounds
The following function taken from [10, Proposition 3.1.2] allows us to obtain a sharper volume estimate
similar to that of [11].

Proposition 6.1. Let ε > 0, 0 < t0 < 1 be given real numbers and N ∈ N be a fixed positive integer.
Then there exists a function ψε : (0,∞) → R such that:
i) ψε ∈ C2((0,∞)) and ψε(t) = 0 for t ≥ t0;
ii) ψε(t) is an increasing function for t ∈ (0,∞);
iii) ψ′

ε(t) + tψ′′
ε (t) ≥ − 1

(1−t)2 for t ∈ (0,∞); and
iv) t0

1−t0 ≥ limt→0
ψε(t)
log t ≥ t0

1−t0 − ε.

As in [11], the volume lower bound for subvarieties in the case of Hermitian locally symmetric
spaces obtained using Proposition 6.1 is sharp in the sense that such bound is realised by some totally
geodesic subvarieties. In our case for obtaining sharper volume estimate, we may also apply Proposition
6.1 to construct another function ϕ as in the proof of Lemma 2.3:

Lemma 6.2. Let ϕ(y) = ψε(r(y)). Then
√
−1∂∂ϕ+ ω̃ ⩾ 0.

Proof. Write ℓ = ℓC , r = rC = tanh ℓ . We drop i in below for convenience. By direction computation,
∂r = (sech2 ℓ)∂ℓ = (1− r2)∂ℓ, so that

∂∂r = (1− r2)∂∂ℓ+ (−2r∂r) ∧ ∂ℓ

=

(
1− r4

r
− 2r(1− r2)

)
∂ℓ ∧ ∂ℓ (∵ ∂∂ℓ = 1+r2

r ∂ℓ ∧ ∂ℓ.)

=
(1− r2)2

r
∂ℓ ∧ ∂ℓ = 1

r
∂r ∧ ∂r.

Here ∂∂ℓ = 1+r2

r ∂ℓ ∧ ∂ℓ is interpreted as current as in the proof of Lemma 2.2. Therefore
√
−1∂∂ϕ =

√
−1ψ′(r)∂∂r +

√
−1ψ′′(r)∂r ∧ ∂r

=
1

r

(
ψ′(r) + rψ′′(r)

)√
−1∂r ∧ ∂r

⩾
(
− 1

r(1− r)2

)√
−1∂r ∧ ∂r (by Proposition 6.1 (iii))

⩾
(
− 1

(1− r)2

)√
−1∂r ∧ ∂r

= −ω̃.
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