HYPERBOLICITY OF MODULI SPACES OF LOG-CANONICALLY
POLARIZED MANIFOLDS
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ABSTRACT. In recent years, there are quite a lot of interests and results related
to hyperbolicity properties of the base spaces of various families of projective
algebraic varieties. Not much is known for families of higher dimensional quasi-
projective varieties. The goal of this paper is address the problem for the case
of an effectively parametrized family of log-canonically polarized manifolds.
We construct a Finsler metric on the base manifold of such a family with the
property that its holomorphic sectional curvature is bounded from above by a
negative constant, and as a consequence, we deduce the Kobayashi hyperbol-
icity of the base manifold. The method relies on developing analytic tools to
investigate geometry of families of quasi-projective manifolds equipped with
Kéhler-Einstein metrics, which leads to an appropriate modification of the Weil-
Petersson metric on the base manifold.

1. Introduction

1.1. The study of the curvature properties of intrinsic metrics on moduli spaces
has long been an interesting problem from both differential geometric and al-
gebraic geometric point of view. In particular, people have been interested in
the curvature properties of the Weil-Petersson metric. A classical result along
this direction is that the Weil-Petersson metric on the moduli space of compact
Riemann surfaces of genus ¢ > 2 is of holomorphic sectional curvature bounded
above by some negative constant, which can be traced to the works of Ahlfors
([Ah1], [Ah2]), Royden ([R]) and Wolpert ([Wo]). Since non-compact Riemann
surfaces of finite invariant volume appear naturally in various geometric con-
texts, it is natural to make similar study for families of punctured Riemann
surfaces. Indeed, similar result also holds for the moduli spaces of punctured
Riemann surfaces, and this involves a study of harmonic Beltrami differentials
with growth conditions near the punctures (see e.g. [ToYel] and the references
therein).
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In higher dimensionsal situations, analogous study of the moduli spaces of
compact Kahler-Einstein manifolds of negative Ricci curvature from a metric
point of view started with the pioneering work of Siu in [Siu]. A Finsler metric
(known as an augmented Weil-Petersson metric in [ToYe3]) with negative holomor-
phic sectional curvature on such a moduli space was eventually found in [ToYe2]
Similar to the case of Riemann surfaces, a natural question is whether similar
result also holds for the moduli spaces of analogous non-compact manifolds,
and in particular, those of certain quasi-projective manifolds of log-general type,
which are of interest to complex and algebraic geometers. In fact, this question
was raised by several colleagues during the presentation of our work in [ToYe2].
In the language of algebraic geometry, this problem can be phrased in terms of a
tamily of pairs (Mt, D;) over a base space S, where Dy is an appropriate divisor in
a projective manifold M; for t € S. Our goal in this paper is to address this ques-
tion for the moduli spaces of certain quasi-projective manifolds equipped with
complete Kahler-Einstein metrics of negative Ricci curvature. Existence results
of such metrics on quasi-projective manifolds with certain numerical properties
would be recalled in Section 2.

Our main result in this article is as follows:

Theorem 1. Let 7w : X — S be an effectively parametrized holomorphic family of log-
canonically polarized complex manifolds over a complex manifold S. Then S admits a
C*® Aut(m)-invariant augmented Weil-Petersson metric whose holomorphic sectional
curvature is bounded above by a negative constant. As a consequence, S is Kobayashi
hyperbolic.

The result is a generalization of the corresponding classical result on moduli
of punctured Riemann surface mentioned earlier. We refer the reader to Section
2 and Section 6 for the definitions of the various terms in Theorem 1. Apart
from the result of hyperbolicity mentioned in Theorem 1, another purpose of
this paper is to develop and illustrate techniques to handle some difficulties
encountered in studying L? or integrable properties of tensors on non-compact
manifolds. The main contribution of the article lies in developing the machinery
needed to handle difficulties faced with families of non-compact manifolds as
outlined in the next paragraph. Once this is achieved, the formalism of [ToYe2] is
generalized to our current situation. Our formulation depends on the existence
of complete Kédhler-Einstein metrics on quasi-projective manifolds, which can be
found in [Ko], [TiYa], [Wu], [GuWu] and the references therein. In particular,
Theorem 1 utilizes the settings in [Wu] and [GuWu]. The theorem is not stated
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in its optimal form. For example, the reader will observe that the method here
applies to a more general family of quasi-projective manifolds as long as each
fiber supports a complete Kéhler-Einstein metric of negative scalar curvature
and the conditions in Remark 4 are satisfied.

1.2. Our approach is to adapt the methods in [ToYe2] (which treated the case
when the fiber manifolds are compact) to the current situation where the fiber
manifolds are non-compact (albeit still endowed with complete Kédhler-Einstein
metrics of negative Ricci curvature). There are two main obstacles that we need
to overcome. The first is to formulate the problem in a correct setting so that one
can take care of the issues (arising from non-compactness of the fibers M;’s) in
the arguments involving integration by parts. Hence formulation is part of the
problem itself. The difficulty is illustrated by the well-known fact that in general,
the tensor products of L? expressions are no longer L2. In our situation, we have
to consider various tensor products of the Kodaira-Spencer representatives in-
volved. We need to make sure that all the integrands involved are all integrable.
The second is related to the fact that we need to take harmonic projections of
various tensor at different stages and sometimes study potentials of o-closed
expressions. Again, integrability is an issue. In particular, we have to make
sure that we have the desired Hodge decomposition in the current non-compact
setting so that Green’s kernels for differential forms on each fiber M; exist and
have sufficient regularity with respect to t € S. Furthermore, we need to prove
that the Lie derivatives with respect to the base tangent vectors of the moduli
for some integrable tensors are still integrable. This requires getting back to the
basic formulations in Hodge theory.

1.3. The layout of this article is as follows. In Section 2, we collect some back-
ground information about K&hler-Einstein metrics of negative Ricci curvature
on quasi-projective manifolds and the Kodaira-Spencer deformation theory for
such manifolds, and describe the growth conditions for such metrics and the
harmonic Kodaira-Spencer tensors involved. In Section 3, we give a discus-
sion of the Hodge decomposition on bundle-valued forms on quasi-projective
manifolds; in particular, we give a proof that for the family of manifolds under
consideration, the Hodge decomposition varies in a smooth manner as the man-
ifold deforms, and that the relevant expressions involved are integrable. Finally
we apply these technical results in a crucial manner to show that the arguments
of [ToYe2] can be adapted to give a proof of Theorem 1, which forms the bulk of
Section 4 to Section 6.
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2. Complete Kihler-Einstein manifolds and their moduli spaces

2.1. Let M = M\ D be an n-dimensional quasi-projective manifold, where M
is a projective algebraic manifold, and D is a divisor on M with simple normal
crossings (meaning that D = Y-/_, D; with the irreducible components D;’s being
smooth and intersecting transversely). For each r > 0, we denote by A, := {z €
C||z| < r} (resp. Af := Ar\ {0}) the disk (resp. punctured disk) in C of radius
r and centered at the origin z = 0. When r = 1, we simply write A := A
and A* := A}. It is well-known that we may cover M by a finite collection of
coordinate open sets of the form A", whose restrictions to M give rise to a finite
open cover U := {U} of M consisting of coordinate open sets of the form

(2.1.1) U= (A" x An*

(so that U = A" N M and A" N D consists of the union of k coordinate hy-
perplanes), where 0 < k < n. Furthermore, one may assume that M is also
covered by the refinement of U given by {U% |U € U}, where we let U, :=
(AF)* x A=K for each U = (A*)* x A" ¥ € U and each r satisfying 0 < r < 1.
Let U = (A*)¥ x A" be as above. Then the product metric gp;; on U induced
by Poincaré metric on each factor of U has its Kdhler form given by

i v —=1dz% N\ dZ* i v —=1dz% N\ dz*

2.1.2 = .
(212) wru 22 log |2* 1 TEERE

a=1 a=k+1
Here for each 1 < a < n, z* denotes the Euclidean coordinate on a-th factor of
U. A complete Kihler metric ¢ on M = M\D is said to have Poincaré growth
near D if for some (and hence all) open coordinate cover &/ = {U} as described

above and each U € U, the restriction g|u1 is quasi-isometric to gp, u|u1 on U1
Here we recall that two metrics g1 and ¢ on a manifold X are sa1d to be quasi-

isometric to each other if there exists a constant C > 0 such that E g <81 <Cy
on X.

2.2. Next we recall the following definition similar to the one used in [Ts], [Ko],
[TiYa], [Wu] and [GuWul]:

Definition 1. We say that a complete Kithler metric g on a non-compact complex man-
ifold M has bounded geometry if

(a) The curvature tensor of g is bounded on M, and

(b) the volume of (M, g) is finite.
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Let M be a projective manifold, and let D = Zle D; be a divisor on M with
simple normal crossings. As usual, we will denote by [D] (resp. [D;]) the divisor
line bundle on M associated to D (resp. [D;]), so that [D] = Y-*_,[D;] when the
tensor product of line bundles is written additively. When a holomorphic line
bundle L is ample, we simply write L > 0. More generally, for an R-divisor v on
M, we write v > 0 if its class in H"}(M, R) is represented by a positive d-closed
(1,1)-form on M.

Definition 2. We say that a non-compact complex manifold M is log-canonically po-
larized if there exist a projective manifold M and a divisor D = Y.*_, D; on M with
simple normal crossings such that M is biholomorphic to M \ D, and the following two
conditions are satisfied:

(i) Kyp + Y a;D; > 0on M for some ay,- -,y € R satisfying —co < a; < 1,
i=1,---,¢,and

(i) (Kzr+ D))| p; > 0 on D; for each smooth irreducible component D; of D.

Remark 1. In the case when D is smooth and irreducible (so that { = 1), a pair (M, D)
satisfying (i) with ay = 1 (so that (ii) is also satisfied) is called a framed manifold of type
(N) in [Sch].

2.3. We recall the following result of Wu:

Proposition 1. ([Wu, Theorem 1.2]) Suppose a quasi-projective manifold M = M\ D
is log-canonically polarized (cf. Definition 2). Then a complete Kihler-Einstein metric
with negative Ricci curvature and bounded geometry exists on M. Furthermore, the
Kiihler-Einstein metric has Poincaré growth near the divisor D.

Remark 2. (i) It follows from Yau’s Schwarz lemma [Yau] that the complete Kihler-
Einstein metric in Proposition 1 is unique up to a positive constant multiple (resp.
unique if the constant Ricci curvature is normalized to be a fixed negative number).

(ii) Proposition 1 for the case when D is smooth and irreducible was due to Tian-Yau
[TiYa].

(iii) Suppose M is a non-compact complex manifold equipped with a complete Kihler-
Einstein metric of negative Ricci curvature and bounded geometry. Then one knows that
there exist a projective algebraic manifold M and a divisor D on M with simple normal
crossings such that M =2 M \ D (cf. [MZ], [Ye)).
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2.4. We recall the deformation of quasi-projective manifolds and the associ-
ated Kodaira-Spencer map in our setting. A quasi-projective manifold M can be
written as a pair (M, D) so that M = M \ D, where M is a projective man-
ifold, and D is a divisor in M with simple normal crossings. As such, we
will consider the deformations of M that will correspond to deformations of
the pair (M, D), or in other words, the deformations of M which fix D. Con-
sider Q7(log D)Y := Ty;(log D), which is the subsheaf of Tj; consisting of
holomorphic tangent vector fields which map the ideal sheaf of D into itself.
Then the Kodaira-Spencer map associated to such deformations takes values in
HY(M, Q37(log D)"). We refer the reader to [Ka] for more details on deformation
of quasi-projective manifolds.

A family of n-dimensional quasi-projective manifolds 77 : X — S over a com-
plex manifold S means that 77 is a surjective holomorphic map of maximal rank
between two complex manifolds X and S, and for each t € S, the fiber M; :=
7=1(t) is an n-dimensional quasi-projective manifold; furthermore, we will al-
ways assume that there exists a family of projective manifolds 77 : X — S and a
divisor D on X such that X = X'\ D, and for each t € S, M; := 7= (t) is a pro-
jective manifold, Dy := ﬁfl(t) N D is a divisor in M; with simple normal cross-
ings (so that M; is realized as the pair (Mt, D;)). As mentioned earlier, we will
only consider those families of quasi-projective manifolds for which the Kodaira-
Spencer map takes values in H'(M;, Oy, (log D;)V) for each t € S. Recall that a
family of quasi-projective manifolds 77 : X — S as above is said to be effectively
parametrized if the Kodaira-Spencer map p; : T;S — H'(M,, Oy, (log D))
is injective for each t € S. A family of log-canonically polarized manifolds is de-
fined as a family of quasi-projective manifolds 77 : X — S such that each fiber
M; = = 1(t), t € S, is log-canonically polarized.

Let 7 : X — S be an effectively parametrized family of log-canonically polar-
ized manifolds. Then as quoted in Proposition 1, each fiber M; = 7t~ 1(¢) admits
a complete Kéhler-Einstein metric g(¢) with negative Ricci curvature k < 0. It
is easy to see that k can be chosen to be independent of t € S, and with such
a choice of k, g(t) is uniquely determined (cf. Remark 2 (i)). Upon following
an argument similar to case of families of framed manifolds in [Sch, Section
2], one sees that g(t) varies smoothly in t € S. Denote the Kdhler form of
g(t) by w(t), and consider the relative canonical line bundle on X" given by
K x|s := Ky ® (m*Ks)~!. Then as in the compact case, the volume forms as-

1

sociated to the w(t)’s define a Hermitian metric A on K;{ ¢ and one obtains a
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d-closed (1,1)-form on X given by

2
(2.4.1) Wy = —ncl(K;

T S,/\) so that wy|,, = w(t) forall t € S.

Throughout this article, we will use (z,t) = (z!,---,z",t!,--- ,#") to denote
local holomorphic coordinate functions on some coordinate open subset of &,
so that 7t corresponds to the projection map (z,t) — t, and t = (t!,--- ")
(resp. z = (z!,---,z")) forms local holomorphic coordinate functions on some
open subset of S (resp. M;). We will index the components of tensors on M;
in the holomorphic tangential directions by Greek letters «, B,y (with the range
1,---,n), etc, and those in the complexified tangential directions by lower case
Latin letters a,b,c,d (with the range 1,--- ,n, 1,---,7), etc. The components
of tensors along the base directions will be indexed by the letters i,j (with the
range 1,---,m), etc. We also denote 9, := %, and 9; = %, etc. We write
Wy = \/—_12” gﬁdwl A d@w!, where w can be z or t, and the indices I, ] can be «
or i, etc. In particular, the 8.p'S give the components of w(t) on M;. Finally we
will adopt the Einstein summation notation for the indices along the fibers M;’s

if no confusion arises.

Next we recall the horizontal lifting of vector fields defined by Schumacher in
[Sch]. For a local tangent vector field u of type (1,0) on an open subset U of S,
the horizontal lifting of u is defined as the unique vector field v, on 77~ 1(U) of
type (1,0) such that 7,.v, = u and v,(z, t) is orthogonal to T, M; with respect to
wy for each (z,t) € m~1(U). For each t € U, let

(2.4.2) D(u(t)) := o, € Ay (TMy),

where as usual, A(])\;}t (TM;) denotes the set of C* T M;-valued (0, 1)-forms on M;.
Then by following the arguments of [Sch, Section 3], one sees that ®(u(f)) is the
L? harmonic representative of the Kodaira-Spencer class of p;(u) in H!(M;, Oy, (log Dy)Y)
(see also Lemma 1 below for the asymptotic behavior of ®(u(t)) near D;). For
simplicity of notation and as in [ToYe2], we will suppress the subscript t in the
following discussions when there is no danger of confusion. When u = 9/t is
a coordinate vector field, we simply denote its horizontal lifting by v; := v, 5,
and the associated harmonic Kodaira-Spencer representative by ®; := ®(d/0t").

Write ®; = (@i)%% ® dzP in terms of local holomorphic coordinates on M;. One
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easily sees that v; and the (q)i)%’s are given locally by

(2.4.3) v; = 0; + 070y, where v := —g/;“gl-l;, and
(2.4.4) (P)j = 0p0f = —05(87"giy)
Here ¢P* denotes the components of the inverse of Sup
Definition 3. Let M = M\ D with D = Y.t_, D;, and U := {U} be a finite open
coordinate cover of M such that the refinement {U% | U € U} also covers M as in §2.1.
(i) We denote by ﬂo'l(Qlﬁ(log D)V) the set of elements ¢ in A% (TM) such that for
each U = (A x A" K € U as in 2.1.1), ¢ = (p%% ® dzP satisfies the following
pointwise estimates on LI% = (AD)k x ATk

2 2
(

|2*]] log |*]]

O(—=—+—2—=-) for a <k, B<k, a#p;
IS P
o(=t|[log |*ll) for a <k, B>k
1
O(————=—) for a >k, B<Kk
|2P|| log |2P ||
O(1) for « =B, or a« >k, B>k

(A
(2.4.5) Pg =

g 70, v
(ii) More genemlloy, for 0 < p,r < n, we denote by A°F((V-(logD)")) the set of
elements ¢ in Ay} (N (TM)) such that for each U = (A*)f x A" % € U, ¢ =
(p%a;l A A 5Se @dzPrA - N dZPr satisfies the following pointwise estimates
on Uy = (A%)k x ATk

2 2 2

. &ill1 o
(246) (Pal"'ﬂér _ O( Ha,ﬁk |Z'B|| og |Z‘BH )
[Tp,<k |2"7]| log |2P]|

foralll <y < -+ <o <mand1 < By < -+ < By < n. Here [T, < [2%]| log [2%]]
(resp. T1p. <k |2Pi| | log | 2P| |) is understood to be 1 if a; > k for all i (resp. B; > k for all
7)-

One easily sees that the above definition does not depend on the choice of
finite open coordinate cover U := {U} of M (as long as {U% | U € U} still covers
M).

Lemma 1. Let w : X — S be an effectively parametrized family of log-canonically
polarized manifolds with 77— (t) = M; = M; \ Dy and Dy = Y.r_, Dy, for each t € S.
Let u be a local tangent vector field on an open subset W of S, and let ®(u(t)) be as in
(24.2). Then ®(u(t)) € A% (Qyy (logDy)V) for each t € W. In particular, the C°
norm of ®(u(t)) (with respect to §t) is finite for each t € W.



HYPERBOLICITY OF MODULI SPACES OF LOG-CANONICALLY POLARIZED MANIFOLDS 9

Proof. The lemma for the case when ¢ = 1 (i.e., when Dy is smooth and irre-
ducible) was obtained in [Sch, Lemma 3], and the proof generalizes readily to the
case when ¢ > 1, which we describe briefly here. Recall that for eacht €¢ W C S,
the compactifying divisor D; = Y/ D;; on M; is with simple normal-crossings.
Without loss of generality, we may assume that W = A" is a coordinate open
subset of S, and u(t) = % is a coordinate vector field on W. Recall from Proposi-
tion 1 and the discussion in the beginning of this section that the family of com-
plete Kahler-Einstein metrics ¢(t) of negative Ricci curvature on My = M; \ Dy,
t € S, constructed in [Wu, Theorem 1.2] are such that each g(¢) has bounded ge-
ometry and has Poincaré growth near D;. For each point t € W, let U; := {U:}
be a finite open coordinate cover of M; such that the refinement {Ut/ ! ‘ Uy € U}
also covers M; as in 2.1. Then a quasi-coordinate system in the sense of Tsuji [Ts]
can be introduced on M; near the compactifying divisor Dy, as described in [Wu,
page 402]. Briefly, for each U; = (A*)F x A" F € U, a quasi-coordinate system
for U is a collection of holomorphic maps ¢, : (A%)k x A% — U indexed by
n = (1, 1) € (0,1) such that each ¢, is a holomorphic covering map from
(A%)k x A"~k onto its image cpﬁ((A%)k X A7), Uyeon 4>,,((A%)k x A"K) = U,

and ¢y (wpu) = wpan Here wp; is as in (2.1.2), etc. By follow-

(Az)kexan—k:
ing the arguments of Schumacher in [Sch, Section 3], one easily sees that the
metric tensor components 8,5, 85 (cf. (2.4.3)) and their derivatives are of finite
Holder CH* norm with respect to the Poincaré metrics in the quasi-coordinates
for all k € N and A € (0,1), and the g;5’s vary smoothly with respect to the
base coordinate ¢. Then the staement ®(u(t)) € A% (Qy; (logD;)V) in Lemma
1 follow from (2.4.2), (2.4.3) and (2.4.4) and straightforward computations as
in [Sch, Section 3]. Finally the finiteness of the C° norm of ®(u(t)) with re-

spect to g; follows readily the facts that g; has Poincaré growth near D; and
CID(u(t)) S Ao’l(QMt(IOg Dt)v). ]

Remark 3. Let ®(u(t)) be as in Lemma 1. Then Lemma 1 implies readily that ®(u(t)) €
Agg’)l)(TMt). Moreover, similar reasoning as in the proof of Lemma 1 leads to L?-

integrability of the covariant derivatives of ®(u(t)) (along the fiber direction) and L%-
integrability of the partial derivatives of ®(u(t)) with respect to the base variable t € S.

Remark 4. Fix a relatively compact coordinate neighborhood W = A™ CC S with
coordinates t = (t1,--- ,ty). Foreach 1 < i,j < m, let v;, vj be as in (2.4.3). Then
with respect to wy (cf. (2.4.1)), one has the pointwise pairing given by

(2.4.7) 00 =85+t Ui 8jz = 8ij — &Bglx;gﬁ“-
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Together with the description of g(t)’s in the proof of Lemma 1, it follows readily that
there exists a positive continuous function C : U — R such that v; -7;(x) > —C(7t(x))
for all x € T~ 1(W).

3. Remarks about L? cohomology

3.1. For our ensuing discussion, we need to understand the L?> Hodge decom-
position for a family of quasi-projective manifolds equipped with complete K&h-
ler metrics. Due to a lack of suitable literature on such issues, we take up the
task of explaining the details in this section.

First we recall some basic facts about the L2-cohomology on a complete Kéhler
manifold. We refer the reader to [Z] and [C] for the basic settings. The known
results are sufficient for us to apply arguments in [ToYe2] to the setting of a
moduli space of log-canonically polarized manifolds as mentioned in Theorem
1. In particular, it leads to the existence of Green’s kernel as well as spectral
decomposition associated to the Laplacian on each fiber manifold.

Let (E,h) be a Hermitian holomorphic vector bundle over a complete non-
compact Kdhler manifold M, where I denotes the Hermitian metric on the holo-
morphic vector bundle E. Denote the complete Kidhler metric and the associated
Kéhler form on M by g and w respectively. For each 0 < p < n := dim¢M, we
denote by A% (M, E) (resp. L(()g; (M, E)) the space of smooth (resp. L?) E-valued

(0, p)-forms on M. Here as usual, the L? inner product on M is given by

G.1) 0 9) = [ (0 ¥)ng

where (¢, )}, , denotes the pointwise inner product of the two E-valued (0, p)-

w?’l

n!’

forms ¢,  on M with respect to h and g, so that L?;; (M, E) denotes the space of

E-valued (0, p)-forms ¢ such that [|¢]|2 := |/ (¢, $) ) < co.
Let

(3.1.2) Al (M, E) := A% (M, E) N Ly$ (M, E),

and let Dom () := {a € AJ (M, E)|3pa € AJ" (M, E)}, whered, : A% (M, E) —
A%P+1(M, E) is the usual 9 operator on A% (M, E). The L? Dolbeault cohomol-
ogy groups are defined to be

(3.1.3) Hfz)(M,E) :=ker(9,)/Im(0,-1), 0<p<n.
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The operator 9, has a well-defined strong closure 9, in L2. We say that d,a = 8
if there exists a sequence w; € Dom(ép) such that «; — a and da; — B in L% It is
well-known that there is an isomorphism

(3.1.4) H(pz)(M, E) = ker(9p)/Im(0,_1).
From the works of Andreotti-Vesentini [AV] and Zucker [Z], we know that

Im(dp_1) is closed in ker(d,), and hence H(’z)(M,E) is the same as the corre-

sponding reduced L? cohomology, which is defined to be ker(d,)/ Im(ﬁp,l),

where Im(d,_1) is defined to be the closure of Im(d,_1) in ker(d,). For sim-

plicity, we will denote the 9,’s and the d,’s all by 0 when no confusion arises.

As usual, we denote the d-Laplacian by O := 90 +9 0. Let Hgg’)p )(M, E) :=

{9 € A%(M,E) |O¢ = 0} be the space of [)-harmonic E-valued (0, p)-forms
on M. Since M is complete, using cut-off functions as in Gaffney’s trick (cf.
[G1, G2]), one sees that the usual arguments for Hodge decomposition of differ-
ential forms give rise to L2-Hodge decomposition; namely, any 7 € Ag,)p) (M,E)
can be written as

(3.1.5) n=Hy+0B=Hny+09d p+0 0B,
for some B € LES’)p)(M,E), where Hy is the L?>-harmonic projection of 7. The

decomposition is orthogonal with respect to the L? inner product in (3.1.1), and
Hpy is uniquely defined by #. The choice of B in (3.1.5) is not unique, but is
determined uniquely up to an L? harmonic form. In fact, by applying (3.1.5) to
B, we have

(3.1.6) B=Hp+0A

for some A € LEg’)p )(M,E). Define the Green’s operator G : L(g’p)(M,E) —

(2)
LES’)F)) (M, E) given by

(3.1.7) Gn = B — HB.

It is easy to see that G is well-defined (i.e. Gz in (3.1.7) does not depend on the
choice of § in (3.1.6)), and G satisfies

(3.1.8) n = Hny +UGy.

We note that if 17 € ker(d,) N AES’)p) (M, E) so that 7 is d-closed, then the expres-

sion 5*55 in (3.1.5) vanishes (since it is orthogonal to the other expressions in
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(3.1.5), which are all 9-closed). Thus (3.1.5) and (3.1.8) can be written as
(3.1.9) n = Hpy +5p,1§:[3 = Hy +5p,1§;G17 if a7 = 0.

It follows readily that the map 7 — Hy for 17 € ker(d,) N AES’)p) (M, E) leads to a
vector space isomorphism

~ /(0
(3.1.10) HY,y (M, E) = HP (M, E).
The classical approach to Hodge decomposition as above makes use of the reg-
ularity of elliptic equations. See also the arguments in 3.2 in which an approach
via parabolic equation due to [MR, G2] is recalled.

3.2. In this subsection, we are going to study the smoothness properties of the
L? Hodge decomposition described in 3.1 in the setting of a family of manifolds.
As such, we only need to consider the case when the base manifold S is a poly-
disk of the form Al', and we may shrink € during our discussion, if necessary.

Consider a local family of log-canonically polarized manifolds 77 : X — A" as
in 2.4. Recall that it arises as the restriction of a family of projective manifolds 7 :
X - A, such that X = T\ D for a divisor D on X, and for each € A, My =
n~1(t) is a log-canonically polarized manifold, M; := 7= !(t) is a projective
manifold, D; := ﬁfl(t) N D is a divisor in M; with simple normal crossings
(so that M; is realized as the pair (Mt, Dy)). For simplicity, we will denote the
family described above by {M;};epm or {(M, Dy) }rear. Recall that there exists
a smooth family of complete Kédhler-Einstein metrics g on M; as obtained in
[Wu] and described in 2.3 and 2.4. It is easy to see that upon shrinking € if
necessary, one can cover X by a finite collection of coordinate open sets of the
form A" x AZ' (with 7|, A
A" x A" — A"), whose restrictions to X give rise to a finite open cover U := {U}

given by the projection map onto the second factor

of X' consisting of coordinate open sets of the form U = (A*)F x A"F x AT (so
that U = (A" x AI*) N X and (A" x A*) N D consists of the union of k coordinate
hyperplanes), where 0 < k < n; furthermore, one may assume that X" is also
covered by the refinement of U given by {LI% |U € U}, where for each U =

(A AR A, LI% is given by (A%)F x A"7% x A", For each t € A” and each
p )

Uel,letl;:=UNm'(t) for each U € U, and let L{t’% = U% N7t~ 1(t). Then it

is easy to see that for each t € A, M; is covered by the open coordinate system

Uy == {U; : U € U} (as well as its refinement Z/Itl% = {Ut,% : U € U}). By taking

relatively compact open subsets of the universal covers of the elements of {U}
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and shrinking € if necessary, it is easily to see that one can introduce a family of
quasi-coordinates of the form V x A, where for each t € A, V; := V x {t} =
V C C" is a quasi-coordinate for U; (cf. the proof of Lemma 1). We have

Lemma 2. Let {M;},cam be a local family of n-dimensional log-canonically polarized
manifolds endowed with a smooth family of complete Kihler-Einstein metrics gy on My,
t € A", as described above (and in 2.3 and 2.4). Let (Ei hy) be a smooth family of
Hermitian holomorphic vector bundles on My, t € Al'. Let p be an integer satisfying
0 < p < n. Suppose that A; € .A((J’;;(Mt, Ey) is a family of (fiberwise) d-closed L?
Et-valued (0, p)-forms on My such that As(x) is C® with respect to t for t € Al'. Let
HiA; € Hgg’)p )(Mf, Et) be the harmonic projection of Ay for each t € A'. Then the
following statements hold:

(a) One has H;A; € A(()g;(Mt, Et), and Hi Ay is C® in t for t € A

(b) There exists a family F; € A(()g;(Mt, E{) and C® in t, t € A", such that A; =
Hy A 4 UL F; for each t € A]'. Here U; denotes the 5—Laplacian on E;.

(c) GtA; € A(()g; (Mg, Et), and is C* in t where Gy is the Green’s operator (with respect

to [J;) on each A(()g;(Mt, E).

Proof. As explained in [MR] and [G2], one way to obtain the harmonic represen-
tative in a cohomology class is to consider the heat equation

D Ai(x,A) = —[0Ai(x,A),
(3.2.1) {8% (50) = A(x)

on M; (we remark that the definition of [J; here is opposite in sign to that in
[MR] and [G2]). Since the K&hler metric g on M; is complete, the arguments of
[MR] and [G2] imply that for each fixed t € A, the solution A;(x,A) satisfying
(3.2.1) exists for all x € M; and all A > 0. Moreover, A;(-,A) converges to a
[¢-harmonic form Hi Ay as A — co. In terms of the quasi-coordinates V; chosen
above, we know that the equations above written in terms of coordinates on V;
all have coefficients and initial conditions varying smoothly in t € AZ*. Hence the
equations involved all have coefficients uniformly bounded on each such quasi-
coordinate V;. Let A > 0 be a fixed number. One easily sees that the standard
arguments as in [MR] and [G2] show that on each U x [0, A], the CO-norm on
each quasi-coordinate on M; and the L?-norm of A;(x,A) are bounded uniformly
in t and independent of A € A. This follows from continuous dependence of the
solution of a strictly parabolic differential operator (cf. [D, page 75]). Hence
upon letting A — oo, we get a solution H;A; € A?’J;(Mt, E:), and it depends
continuously on t for t € A" sufficiently small. By considering the Taylor series
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expansion of A(x,A) in terms of t and repeating the argument inductively (on
k), we see that for any given k, the k-th partial derivatives of H;A; with respect
to t is continuous, and we have finished the proof of (a).

For the proof of (b), we mimic the proofs of [MR] and [G2]. For A > 0, denote
by T) At := A¢(-, A) the unique solution of (3.2.1) at time A on M;, which satisfies
the estimate

(3.2.2) ITAA; — HiApl]p < e

for some p > 0 and for all A > 0 and all t € AY', upon following the arguments
in [MR] and [G2]. . Let

A A
(323) Bi(x,A) := /O TeAy(x)dT — A - HiAy(x) = /0 (TeAi(x) — HiAi(x)) dr.

By direct computation, one easily sees that B;(x, A) is the unique solution of the
heat equation

(3.2.4) { iBf(x'A) +0iBr(x,A) = Ai(x) — HeAr(x),

oA
Bi(x,0) = 0
on M;. Also for A > A, > 0, one has
2 A 2
(3.25) IB(x,4) = Bi(x,A0)[B = [ 1Teds = Hes|B e

A
< / e 24T (by (3.2.2))
Ao
e 2MAo _ p—2pA
_ -

7

which can be made arbitrarily small if A, is sufficiently large. It follows that
B(x, A) is a Cauchy sequence in A (with respect to the L? norm). Together with
(3.2.4), it follows readily that B;(x, A) converges uniformly on compact subsets
to an L? Es-valued (0, p) form as A — oo, which we denote by F;(x), so that we
have

(3.2.6) Fi(x) = lim By(x,A) forall x € M;.

A—r00
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Then one has

A
(327) DtFt = lim Dt(T—L—At — HtAt)dT
A—o0 JO
A
= lim [ Oy(T:A))dt
A—00 JO
A9
= lim ——(TrA¢)dt  (by (3.2.1))

A—0c0 JO oT
= lim (At — TAAt)
A—r00

= Ay — HiAy,

where the last line follows from the proof of (a), and we have finished the proof
of (b). For the proof of (c), it suffices for us to observe from (3.2.7) that we may
write

(3.2.8) GitAt = F — HiF

(cf. (3.1.5) and (3.1.7)). Note that from (b), F; € A?j;(Mt, E;) and is C® in t.

Applying (a) to F; (in place of A¢), the harmonic projection H:F; € .A(()g; (M, Et)
and is C*® in t as well. Hence G;A; € A(()g;(Mt, E;) and is also C*® in ¢, and this

tinishes the proof of (c). U

Remark 5. The above lemma is needed when we consider Lie derivatives of the canonical
(horizontal) lift of the tensors associated to the Kodaira-Spencer classes later on.

3.3. Let {M;};car be a local family of n-dimensional log-canonically polarized
manifolds endowed with a smooth family of complete Kahler-Einstein metrics
gron M, t € A" as in Lemma 2. For each t = (t,---,t") € A™ and each
1 < i < m, we recall the horizontal lifting v; and the harmonic representative
d; of pt(%) on M; as given in 2.4. Note that v; and ®; varies smoothly in t.
For each 1 < p,q,r,s < m, we recall the wedge product ® : AP (N'TMy) x
AY(ASTM;) — AYPFT@(ATHSTM;) as given in [ToYe2, Section 3].

Lemma 3. Let | = (jy,...,J;) be an {-tuple of integers satisfying 1 < j; < m for
each1 < d < {, wherel < ¢ <n. Then®;, ®-- -0, € /Nlo'e(QM(loth)V). In
particular, ®;, ©® - - - © O, has finite CO norm (with respect to g;) and O, 00D, €
0
2
(3.3.1) ¥ :=H(®;, 0 0Dj)

AE ’)E) (AYTMy). Furthermore, the harmonic projection

exists (and is in Ag’)e) (ACTMy)) and varies smoothly in t.
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Proof. By Lemma 1, one has ®;, € .Zo'l(ﬂm (logD¢)V) for each 1 < i < {. By
straightforward computations, one easily checks that ®; @ --©®;, € A0 (Qgy, (log D))
and is d-closed (cf. Definition 3 and [ToYe2, Remark 2]). Together with the fact
that g; has Poincaré growth near D; (cf. Proposition 1), it follows readily that
D), ®--- 0P, has finite C% norm (with respect to g;), and thus it is L2-integrable
on M;. Hence from L? Hodge decomposition as given in Lemma 2, it follows that
H(®; © -0 d),) exists and is in A% (M, N“TM;). The smooth dependence of
Y on t follows from Lemma 2. O

3.4. The use of L? condition is illustrated by the following simple lemma. Sim-
ilar ideas would be used throughout our ensuing discussion to justify various
integration by parts arguments.

Lemma 4. Let X be a complete Kihler manifold of complex dimension n.

(a) Let f be an L? differentiable functions on X. Let «y be an L? d-closed 2n — 1 form on
X. Then [y df Ny =0.

(b) Let a, B be L? forms on X so that 0a A B is an (n, n)-form. Assume that B is 9-closed.
Then [y da A B = 0.

Proof. (a) follows from Stokes Theorem, which follows from the trick of Gaffney
[G1]. More specifically, let x, be a fixed point on X. For each r > 0, denote by
B, the geodesic ball of radius r centered at x, with respect to the Kdhler metric
on X. For each R > 0, define a cut-off function pr on X, such that pr takes the
value 1 on By and the value 0 on X \ Bzg, 0 < pr(x) < 1 for all x € Bsg \ Bg,
and its covariant derivative satisfies | Vpg(x)|| < % for all x € Bsr \ Bg. Then
from the usual Stokes Theorem, one has

(3.4.1) Joerdfay == [ fdornn.

Upon applying Cauchy-Schwarz inequality to the right hand side of (3.4.1) and
letting R — oo, one easily concludes that [, df Ay = 0. Finally (b) follows
from an easy adaptation of the above argument with the left hand side of (3.4.1)
replaced by the integral [, p RO& A B. O

4. Computation of curvature

41. Letm: X — S be an effectively parametrized holomorphic family of log-
canonically polarized complex manifolds over an m-dimensional complex man-
ifold S as in Theorem 1. As in Lemma 1, we write 7~ !(t) = M; = M; \ Dy
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and D; = Zle D;; for each t € S. Recall that there exists a smooth family of
complete Kdhler-Einstein metrics g; of constant Ricci curvature k on M; with
k < 0 and independent of t € S (cf. Proposition 1 and 2.3 and 2.4). In Section
4 and Section 5, we are going to compute the curvature tensor of the the Weil-
Petersson pseudometrics on S. From now on, we follow the same notation as in
[ToYe2] and refer the reader to [ToYe2] for any unexplained notation.

Let ¢ be an integer satisfying 1 < ¢ < n. Recall from (3.1.1) the L? inner prod-
n

uct on M; given by (®,¥) = fMt<<I>,‘I’>% for ®, ¥ ¢ .A(()’Zé)(Mt, /\gTMt), where
w is as in (2.4.1), and (, ) denotes the pbintwise inner product as in [ToYe2,
equation (3.8)]. Recall also the associated L? norm given by | ®|, = /(®, ).
Then as in [ToYe2, equation (3.10)], the generalized Weil-Petersson pseudo-metric on
®!TS is defined as follows: for each t € S and uy, ..., uy, uj, ..., uy € TiS, we
have, in terms of (3.1.1),

(4.1.1) (M1 ® - @up,uy @+ @ uj)wp
= (H(®(u1) ©- - 0P(uy)), H(@(u) © - - - © D(uy)))-

Here each ®(u;) is the harmonic representative of p;(1;) as given in (2.4.2). Note
that by Lemma 3 and the Cauchy-Schwarz inequality, the right hand side of
(4.1.1) is finite. It also follows readily from Lemma 2 that the pseudometric
defined in (4.1.1) varies smoothly in .

To compute the curvature of the Weil-Petersson pseudometric in (4.1.1), we
let W = A™ be a coordinate open subset of S with coordinates t = (t!,- .-, ™).
For each 1 < i < m, we recall the horizontal lifting v; and the harmonic repre-
sentative ®; of pt(%) on M; as given in 2.4. Note that it follows readily from
(2.4.3) and (2.4.4) that v; and ®; vary smoothly in ¢. Similar to [ToYe2, Proposi-
tion 4] in the compact case, the key formula for our computation in the present

non-compact case is the following
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Proposition 2. Let | = (ji,...,jy) be an (-tuple of integers satisfying 1 < j; < m for
each1 <d < {,andlet ¥ = H(CIDJ'1 ORI CIDj[) be as in (3.3.1). We have

aiai IOgHT]H%
|| il]HZ( k(( k)_l( £ ]), i I) k(( k)_1<Ii/1i>/<T],T]>)
2
—k((O = k)~ (Lo ¥)), Lo)¥)) — (Lo ¥, KA i;llz)}

—(H(®; 0'¥)), H(®; 0 ¥)))).

Here L£,,¥; denotes the Lie derivative of ¥ with respect to v;, and ;- ¥ Jis
as in [ToYe2, equation (5.6)], etc.

In this and the next section, we will give the proof of Proposition 2, dividing
it into several lemmas and following the steps of proof of [ToYe2, Proposition
4]. As such, we will only give the details in those places where we need to pay
attention to the non-compactness of the manifolds involved. In the process, the
unexplained terms will carry the same meaning as in [ToYe2].

Remark 6. We remark that in the proofs of the lemmas leading to Proposition 2, the ex-
pressions involved will all be well-defined since all the tensors involved are L2-integrable
with respect to the Kihler-Einstein metric on M; for t € S. In particular, as all curva-
ture tensors involved are bounded (cf. Proposition 1), the integrals involving curvature
everywhere are well-defined and finite. Recall also from Lemma 1 and Lemma 3 that
all the harmonic representatives of Kodaira-Spencer classes involved are L*-integrable.
Thus we typically only need to apply Holder’s inequality to show that all expressions
involved in the proof of the these lemmas are integrable. Note that from the standard use
of cut-off functions as given by Gaffney in [G1], all steps involving integration by parts
makes sense once they are integrable according to Lemma 4.

4.2. For a relative tensor Y € @ 4,5 AP (N'TM; A NSTM;), we denote by YEZ’S)
the component of Y in AYP(A"TM; A N5TMy). Comparing to [ToYe2], the fol-
lowing lemma, which generalizes [ToYe2, Lemma 3] to our present non-compact

setting, is another main technical step in this article.

Lemma 5. With notation and setting as in Proposition 2, the following statements hold.

(a) The relative tensor (L'@‘I’])Eg’g; € A% (ACTMy) on each My and satisfies

(4.2.1) (EETI)E%; =d¢ oneach M;



HYPERBOLICITY OF MODULI SPACES OF LOG-CANONICALLY POLARIZED MANIFOLDS 19

or some relative tensor c A% ACTM,).  In particular, we also have ¢ €
P (2) p P

Al (NTMy).

(b) The relative tensor Dy (L5 ¥Y ])E%;) is d-exact and satisfies
2. g )T (P )
(4.2.2) VU(E@iT])ﬁr“ﬁz (0(P; ]))[ﬁ“-ﬁg on each My,
where the potential ®; - ¥} € .A(()’;;_l (A*"YTMy). Here ®; - ¥ and D_z*(([,@‘f])g%%)
are as given in [ToYe2, p. 562-563].

Proof. The main difficulty is the proof of (a). We can understand the proof from
two perspectives, either from the point of view of the complete metric on the
non-compact manifold M, or log bundles on the compact manifolds M;.

Let us first consider a fixed fiber M;. By Lemma 3, we have ¥; € .A(()f (/\5 TM;y)

)
on each M;. By Lemma 2,

(4.2.3) T] = CI)]'l (OEEENGY CI)]'[ + 0K on each M;
for some relative tensor K € .A(()’zg)*l (ATM;) which varies smoothly in t. In fact,
one easily checks

(4.2.4) K= —g*Gt(CIDh ®---®®dj,) oneach M;.

Consider now the family of manifolds {M;};can. By taking Lie derivative of
the above identity, one gets

(4-2-5) (LET)E%g = (ﬁﬁi(q)jl Q-0 q)]'g))(g:()) + (ﬁﬁi(aK))(g:d)

14
_ o)
= Z%q’jl O OP O (Lg®p) ) O P, O DD
S=

js+1

+ (L5, (§K))EO’£) (as in [ToYe2, Lemma 3])

00)
‘ o1)
= 21 Djy 0 O Py, O (L5 ®j) 1) O Py, O+ O D,
s=
+9((L5,K) (O’E_l)) (as in [ToYe2, Lemma 2]).

(£,0)

By [Siu, p. 281-282], for each js, there exists a relative tensor K;, € A (TM;)
such that (ﬁgiQDjS)E(l):ég = §K]'S on each M;. Explicitly, by a direct computation us-
ing (2.4.3) and (2.4.4), one easily checks that K;, can be given as K;, = [0}, v;] E(l)’gi,

which is easily seen to have finite C%-norm (with respect to ¢(t)) on each M;



20 WING-KEUNG TO AND SAI-KEE YEUNG

upon following the arguments in the proof of Lemma 1. Together with (4.2.5)
and as in [ToYe2, Lemma 3], it follows that

(4.2.6) (L#I’)E%; =0d¢, where
4
0,0—1
pi= [0 0 0P 0K 0D, 0 0B ] + (LoK){yy
s=1

Recall from Lemma 1 that each ®; has finite CY norm with respect to g; on each
M;. It follows readily that Zle D, 00D, OK;, 0P, O OPj, has finite
C% norm and thus it is L?-integrable on each M;. Thus to complete the proof of

(a), it remains to prove the following claim:
Claim: L5,¥; and L7 K are Lz-integrable on each M;.

Proof of Claim: In the proof of the Claim, we will sometimes add the subscript ¢
to relative tensors to indicate their dependence on ¢, so that we write ¥; = ¥,
and K = K; on each M;, etc. Let

4.2.7) A=, ®---®OP;, oneach M,

so that (4.2.3) becomes ¥ ; = A; + oK. By Lemma 3, A; has finite C%norm and

thus it is L?-integrable on each M;. By Lemma 2, ¥;; = H,A; € AES’)E)(/\K TM;)

and varies smoothly in f. To prove that Egi‘lf Jis Lz-integrable on each M;, we
first observe that

(4.2.8) LY =0 oneach M;
(429) — Eﬁi(DtT],t) =0
(4.2.10) — (L5 ¥)) = —(L5,0:) Y oneach M;.

Note that L3 []; is a second order differential operator on M;. Together with
(4.2.8), one sees from standard Calderon-Zygmund estimates (cf. e.g. [CZ])
that (L£5,0:)¥; (and thus the right hand side of (4.2.10)) is L*-integrable on
M;. Now we consider the heat equation (3.2.1) (with A;(x,A) as given there)
and A; as in (4.2.7). Note that from (3.3.1) and the proof of Lemma 2, one has
¥ii(x) = )}grolo A¢(x,A) for all x € M;. Now consider the heat equation

d
(4.2.11) { (57 TEB(A) = —(L500)¥)

Pt(X,O) = EﬁiAt(x)

on M;. We have seen that both —(L5,J;)¥;; and L5 A(x) are L%-integrable on
each M;. Now regularity results of parabolic equation or heat kernel estimates
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allow us to conclude from (4.2.11) that P;(x) := )}im LiPi(x,A) is L?-integrable
—00

on M;. It is easy to see from (4.2.10) and (4.2.11) that P;(x) = L5, ¥]+(x) on M;,
and this finishes the proof that £5, ¥ is L*>-integrable on M;.

Next we proceed similarly to prove that £5K is L?-integrable on each M;.
Consider the heat equation (3.2.4) (with B¢(x,A) as given there and and A; as
in (4.2.7). Let F(x) = }}1_1)1;0 Bi(x,A) be as in (3.2.6), so that by (3.2.8), we have

GtAt = F; — HiF; on each M;. Together with (4.2.4), we have

(4.2.12) K= -0 GiA =—0 (F—HF,) = -0 F

(4.213) = Ly K= —Ly(0 F) = —(L50 )F—9 (Ly,F) on each M;.
Recall from (3.2.7) and (3.3.1) that we have

(4.2.14) OF = A — ¥y,
(4215) — Dt([@il:t) = »CﬁiAt — L@‘P]’t — ([,@Dt)Ft on each M;.

Now consider the heat equation

oA
Qt(x, 0) =0

We have seen that both L5 A; and L5¥); are L-integrable on each M;. By
Lemma 2, F; is Lz-integrable on each M;. By Lemma 3, both terms on the right
hand side of (4.2.14) are L2-integrable on each M;. Recall that L5, is a sec-
ond order differential operator on M;. Together with (4.2.14), one sees from

9
(4.2.16) { (57 +00)Qe(x,A) = Lo, At — L5¥ 14 — (L5, Do) F,

Calderon-Zygmund estimates that (L£5,0;)F; is also L2-integrable on M;. Thus
all three terms on the right hand side of (4.2.16) are L?-integrable on each M;. As
before, regularity results of parabolic equation or heat kernel estimates enable
us to conclude from (4.2.16) that Q;(x) := Algr;o Qt(x,A) is L?-integrable on M;.

Then one sees from (4.2.15) and (4.2.16) that Q;(x) = L5 Fi(x) on M;, and this
finishes the proof that L3 F; is Lz—integrable on M;.

Next we consider the first term (Egié*)l-} on the right hand side of (4.2.15).
Here [,51.5* is a first order differential operator on M;. From (4.2.14) (and noting
that both terms on its right hand side and F; are Lz—integrable on M), it follows
that Calderon-Zygmund estimates allow us to conclude that any bounded first
and second order derivatives of F; iare Lz-integrable. In particular, ([,51.5*)1-}
is Lz—integrable on each M;. Similarly, from (4.2.15) (and noting that all three
terms on its right hand side and L3 F; are Lz—integrable on M;), it follows
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that Calderon-Zygmund estimates allow us to conclude that 5*(5@1—}) are L2-
integrable on M;. Since both terms on the right hand side of (4.2.13) are L2-
integrable on M;, it follows that £3 K is also Lz-integrable on each M;, and we
have finished the proof of the Claim and thus also the proof of Part (a).

For Part (b), we first note that (4.2.2) follows from the argument of the proof
of [ToYe2, Lemma 6]. By Lemma 1 and Lemma 3, ®; is of finite CY norm and the
®; is L*-integrable, and this implies readily that ®; - ¥} is L*-integrable on each
M;. Thus we have finished the proof of Part (b). O

4.3. The following lemma is the analogue of [ToYe2, Lemma 5].
Lemma 6. We have 9 (®; - ¥;) = 0.

Proof. In contrast to [ToYe2], we consider testing form Y € A%~2(A=1TM;) to
make sure that the integration by parts in the proof of [ToYe2, Lemma 5] make
sense here. Recall from Lemma 5 (b) that ®; - ¥ is L*-integrable. By repeatedly
using Lemma 4 (which amounts to saying that Stokes” Theorem is valid in our
situation from Gaffney’s trick) in the first two lines below, we get

(4.3.1) (07(®; - ¥7),Y) = (®; - ¥},0Y)
= (0¥, D;0Y)
=0 (since ¥; is harmonic),
which gives the lemma. O

4.4. We proceed to start the proof of Proposition 2. For this purpose, we have,
as in [ToYe2, equation (4.6)],

afll‘f’fH%)
¥ 113

%97[¥5l7  (@ill'¥5112) (0 11%;113)
¥ 113 7113

(4.4.1) 2:0;log [['¥)[l7 = i
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Following exactly the arguments in [ToYe2, pp. 559-560] with Remark 6 in mind,

one has

(4.4.2) 0;07|[¥)||3 = I+ II+III, where
wn

(44.3) Ii=— /Mtwvgfq, Lot

wn
I = /Mtw[w,vi}‘ylr‘ffﬁm = (L[ﬁi,vi]‘F],‘P]),
wn
n

11 = /M (Lo¥), Lo¥)) S = (Lo ¥), Lo¥)).
t

The computation of the terms I, I and 1] will be given in Section 5.

5. Computation of the terms I, II and III

5.1. In this section, we compute I, II and III according to the scheme of [ToYe2,
Sections 5-7], except that we need to justify every step involving integration by
parts, since we are considering families of non-compact manifolds. The prepa-
ration for such arguments is already presented in the previous sections. We just
add the modifications at those places where necessary.

5.2. We begin with the computation of I. From a pointwise computation as
given in [ToYe2, Section 5, pp 564-565], it follows that

n

wo_ (0,0) (0,0)
[ et £ = (La e (Cat il

Here ®; \, ¥; and ®; ¥, are as in [ToYe2, equation (5.10)], etc. We recall
from Lemma 5 that there exists some relative tensor K € A%_l(/\e TM;) such
that

(5.2.2) K = (Lz¥)) 7).
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Then as in the proof of [ToYe2, Proposition 1], we have
n

(5.2.3) / (Lo ¥t (Lo )m e
My

R 11 1[ nl

— A (Lo Em Y 500
Mt( )“1""’%( (% ])1 {/ n! ( y( e ))

h 1[ n'
11 lp Y= K-ty w?’l
= —/ B CICOE ]))11 5T (by Lemma 5(b))
el w"
= [, VeKa @

n
o+ Dégw

1 bty T
= [, OO0 @) @
In the last step, we use the proof of [ToYe2, Lemma 7] to conclude that
(5.2.4) Dy K =-0(0—k) " 4®; - ¥)).

Note again that the integrands involved in the proof of [ToYe2, Lemma 7] in
our setting are all integrable according to estimates given by Lemma 5, so that
the integration by parts involved can be justified (cf. Remark 6). Moreover, as
k < 0 and U is a non-negative operator, we conclude that [J — k = Us; — k for
|s| < € has a positive eigenvalue A; > 1 > 0 for some 7 independent of s. In
particular, (0 — k) ! is a well-defined operator mapping a bundle-value (0, p)-
form to another bundle valued (0, p)-form. The above expression implies that
(5.2.5) (¥ o), (La¥))

£)
(£0)" 0)
=(O@ - k) (D; - ¥y), i - ¥))
=k(O—k) (D)), D)) + (D - ¥, D - ¥)).
In summary, we have the following proposition:
Proposition 3. We have
(5.2.6) I=—k(O-k) YD -¥)), ;- ‘I’]) — (3-‘{7,5-‘1/,)

Proof. The proposition is obtained by combining (4.4.3), (5.2.1) and (5.2.5). U
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5.3. Now we consider the term II in (4.4.3). As derived from direct computa-
tions in [ToYe2, Section 6], we have

IT = /M (Lp o F )22 ()P0 B2 n— =1L+ 1L+ I+ I+ IT5,
, !

55 )i
where
e = = [ G an (O s i <,
IL: = 5_21( 1)5+! /Mt<vi,vi>?"(‘1’ Vo 50w (¥ J)fifﬁfffj_l,w..w‘:—:l,
I: = 5:21( 1)st1 /Mt@i,vi>;5aﬁs(\F;)ﬁl..,wﬁm...ﬁx‘h)ﬁ}ﬁfiﬂ’i”j%,
lm::éAmeWMW%ﬂ$W”W%ﬂ%%;
D o I L0 B o

First we consider II;. From the expression of v; in (2.4.3), we know that

ety )l31 Bt is also

EE ay-y
L!-integrable from Lemma 3. Hence upon integrating by parts, one easily sees

that

9((v;,v;)) is of finite C>-norm on M;. The expression (¥))

CU
5:3.1) == [ Ofouo)) - (4,95
Now we consider I, + 114, which is given by
(5.3.2) I+ 1 = / (F)S S @B, where
(5.3.3) N DA 1) e

As mentioned earlier, 9((v;, v;)) is of finite C’-norm on M;. Together with (5.3.3)
and the fact that ¥ is L2-integrable on M;, it follows readily that Y (and ¥))
are L?-integrable on M;. Hence by integration by parts (or Lemma 4(b)), as
oY j = 0, it follows from (5.3.2) that II, + II4 = 0. Similarly,

I +1I5 = / (QY)2L e (g )ﬁ“‘/if“’—n =0, where
M, BrBer  Jaa g ’

Aﬂél"'a/{ L ' ) ,.3 Qpe0p
YE...[;(H 1= (vj, v;) (T])E‘..m'
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Hence we have II = [I;. The same argument as in the last few lines of the proof
of [ToYe2, Proposition 2] implies that

(534) 1 = (Ly ¥ Y))
= —(O{oi,v;), (¥, ¥)))
= —(O@ - k)P, @), (¥, ¥)))
= — (@i, ), (Y1, ¥)) — k(O —k)"HD;, @1), (), ¥))).
In summary, we have proved the following

Proposition 4. We have

(5.3.5) IT = —((®;, ®;), (¥, ¥)) — k(O — k) ~H(D@;, @s), (¥}, ¥)))-

5.4. We proceed to consider the term III in (4.4.3). We are going to check
that the arguments of [ToYe2, Section 7], which in turn is a generalization of
arguments of Siu in [Siu, pp. 287-295], is valid in our setting. Let ¢ be a fixed
integer satisfying 1 < ¢ < n. We denote by X(*) the space of (relative) tensors & €
A(®'TYM; @ ®'TV M;) with components Z__

I 'DTZ/E’

g, Possessing the following

four properties:
(P-i) By .z 5.5, 1S skew-symmetric in any pair of indices a;, aj for i < j.
(P__u) EE;@:E‘
(B, Bo)-

(P-iii) For given indices «y,--- ,ay_1, and By, -+ ,By+1, one has

B is symmetric in the two (-tuples of indices (w7, --,a;) and

41

_1\V= — —
Z( 1) Hﬂmﬁ/ﬁﬁm 0’

v=1
where B, means that the index B, is omitted.
(P-iv) &, D;&, E*E, DiD,'*E',, E*EE are all Lz-integrable fori,j=1,2.

Here for s = 1,2, we let D, denote the operator on X (6) given by taking d on
each fiber M; with respect to the s-th /-tuple of skew-symmetric indices, and we
let E* denote the adjoint operator of D,. Also, we denote [J; = E*E + m*,
and we denote by H; the harmonic projection operator on X(*) with respect to
;. The Green'’s operator on X(*) with respect to (s is denoted by G;.

Then by following the arguments in [ToYe2, Lemma 9], we obtain the follow-
ing analogous lemma:
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Lemma 7. For any E € X\©), we have

(a) DlDzE = D2D13,

(b) Dy D,E = DDy E,

(0D, D, E=D, Dy &,

(d) D1D, & = D, D4,

(e) 12 € X0,

() LhE = LhE, and

(¢) if D1& = 0, then (0; —k)"'D; & = D, G,E.

Note that the condition (P-iv) makes sure that all the arguments in [ToYe2], or
more properly, in [Siu, pp. 289-292], apply in our setting.

Let ®;,¥; (with |J| = ¢) be as in (2.4.4) and (3.3.1) respectively. By lowering
indices of these objects as in [ToYe2, Section 7], we obtain corresponding covari-
ant tensors, which will be denoted by the same symbols (when no confusion
arises). Then by following the arguments in [ToYe2, Lemma 10 and Lemma 11]
(with the help of condition (P-iv) to make sure that they appy here), we obtain
the following analogous lemma:

Lemma 8. (a) For each 1 < £ < n, we have ¥; € X and (R SIS X (1),
(b) (i) Dy (P:©¥y) = Di(Ly¥)),

(ii) a(CI>1- @T]) =0, and

(iii) 9 (Lo¥j) = 0.

We remark that (a) follows from the definition of ®; and the estimate in
Lemma 1. Once the expressions involving ®; and Y; are shown to satisfy (a),
the proof of (b) is the same as that of [ToYe2, Lemma 11], following earlier work
of Siu in [Siu].
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By following the arguments in [ToYe2, p. 573], we get

G41)  (Ou(Or = k)N (Lo¥), Lo)¥)

= (00— k) 'O1(Ly¥)), Lo )
= (01 —k)'Dy D1(Lo¥)), L4,F))

(since Dy (Ly,¥]) = 0 by Lemma 8(b)(iii))
= (D1 (01— k) 'Dy (®; ©¥)), Ly, ¥]) (by Lemma 8(b)(i))
= (01— k) 'D; (@ ©¥)), D1(Lo,¥)))
= (DG (@i 0Y)), Dy (9, 0Y)))

(by Lemma 8(a), (b)(i), (b)(ii) and Lemma 7(g))
= (D:Dy Go(®; 0¥)), D 0 Y))
= (G (P, @‘I’]),CI)Z' ) 1I"]) (since GoDy = DyGy

and Dy (®; ® ¥;) = 0 (by Lemma 8(b)(ii) and Lemma 8(a)))

= (@Q;0Y;, D 0Y)) — (H (DoY), H (DoY),

where, in the last step, we have used the fact that H, = H; on X (£+1) (see [ToYe2,
Remark 5(ii)]).

In conclusion, we have
Proposition 5. We have

(5.4.2) Il = (q)z' @T], D, @‘F]) - (H(CDZ @‘F]),H(q)i @T]))
— k(O - k)_l(ﬁvi‘{j])f ‘CviT])'
Proof. By (4.4.3), we have
(5.4.3) 11T = (Ly Y7, L0Y7)
= (O=K(@ =k (Lo¥)), Lo¥))
(D( ) 1(501“?]) EU:‘TI) - k((D - k)il(ﬁvilf])rﬁvilf])
= (0¥, ®0Y) - (H@ oY) H® 0Y)))
— k(O = k)N (Lo¥)), LoF)),

where the last line follows from (5.4.1) upon raising indices. (]
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6. Completion of proof of Theorem 1

6.1. In this section, we complete the proof of Proposition 2 as follows:

Proof of Proposition 2. By combining (4.4.3), Proposition 3, Proposition 4 and
Proposition 5, we get

(6.1.1) 9;95([¥ 15

= — k(O —k) (D - ¥)), D - ¥)) — (i - ¥, D - ¥)
+ (0 YD\ Y)) + (P Y, D YY)
— (i, Dy), (¥7, %)) — k(O — k)~ (D;, D), (¥, %))
+(Qi0Y), QoY) - (H® oY) H® 0Y)))
—k((O—k)"NL¥)), LoF))

= — k(@O =KD - ¥)), i - ¥)) — k(O —k)"H(D;, @1), (Y], ¥)))
— k(O = k)L ¥)), Lo¥)) — (H(P: 0 ¥)), H(P; 0 F)),

where, in the last line, we have used the following identity from [ToYe2, Lemma
12]:

6.12) (P, 0¥, P;0Y)) = (Pi- ¥, Pi-¥)) + (@i, D), (¥, %))
We remark that the above identity follows from a pointwise computation, and
thus is valid in our setting, since all the integrals involved are finite. Then by

combining (4.4.1), (6.1.1) and [ToYe2, equation (4.9)] (which also holds in our
setting), one obtains Proposition 2 readily. g

The following proposition, which is analogous to [ToYe2, Proposition 5], is
a direct consequence of Proposition 2, and its proof is the same as in [ToYe2,
Proposition 5]:

Proposition 6. We have
1
15113

(6.1.3) 90;log|¥)l5 > (KO =KD -¥)), D - ¥))

—k(O = k)" HD;, ®;), (¥),¥)))
—(H(®; ©¥)), H(®; 0 ¥)))).



30 WING-KEUNG TO AND SAI-KEE YEUNG

6.2. For our subsequent discussion, we will need the validity of [ToYe2, equa-
tion (8.7)] in our setting, which amounts to saying that the second term on the
right hand side of (6.1.3) is positive.

Lemma 9. With notation and setting as in Proposition 6, we have
(6.2.1) —k((O—k)" N, @), (¥}, %)) > 0.
Proof. First we recall from [ToYe2, Lemma 8] that

(6.2.2) (O—k) NP, ®;) =0+ 7;
(6.2.3) = (0;,®;) = (O —k)f, where f:=0v;-7;.

To show that (6.2.1) holds by using the arguments in [Siu, pp. 297-298], it suffices
to show that the real analytic function f is non-negative on M; (so that f is
strictly positive at a generic point of M;, since it is not a constant function as
easily seen from (6.2.3)). In the case when M; is compact, as in [Siu] or [ToYe2,
p- 577], the non-negativity of f was proved by applying Maximum Principle at
the minimum point of f on M;. In our present case, we apply the generalized
Maximum Principle of [CY] as stated in [Au, p. 98]. First of all, we recall from
Remark 4 that f is bounded below by some negative constant on M;, so that
inf f € R. From [Au, Theorem 3.75], there exists a sequence of points {x;} on
M; such that ]li)r?o f(xj) = inf f and ]hj?o Of(x;) < 0. On the other hand,

Of (xj) = (O —=k) + k) f(x) = (D;, ;) +kf(xj) > k- f(x;).

Since k < 0, upon letting j — co, we conclude readily that inf f > 0, and the
proof of the lemma is finished. O

6.3. Recall from Section 2 that the K&hler-Einstein metric g; on each M; has
Poincaré growth near D;, and has bounded geometry. Together with the nor-
malization given in (2.4.1), one easily checks that the volume of M; with respect
to ¢(t), denoted by Vol(M;, g¢), satisfies
(270)" (K, + D1)"

(631) VOI(Mt,gt) = kni’lt' = A,

and thus it is independent of t € S. Here (K, + D;)" denotes the n-fold self-
intersection number of KM + D;. Next we recall some definitions in [ToYe2,
Section 9]. Let N = n!. Let C; := min {1, %} (with A as in (6.3.1)) and a; = 1.
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3as1

For ¢ > 2,1let C; = % = 3?—}1 and a; = ( )N be defined inductively. Now

foreach t € S and u € T;S, we define

1
1
(6.3.2) lullwpe = (U@ - Quu®- - u)pp,
(—times (—times
where the right hand side is as given in (4.1.1). Let h : TS — R be the Finsler
metric on S given by

1

n e
(6.3.3) h(u) = ( ) agHuH%%,é) ™ forueT,SandteS.
/=1

As in [ToYe3], we call h the augmented Weil-Petersson metric on S.
Analogous to [ToYe2, Proposition 7], we have

Proposition 7. Let R be a local one-dimensional complex submanifold of S, and let
to € R be a x-stable point of R for some integer 1 < x < n. Then

C
R)(to) < - 1 ;_l'
KNa, N
Here the notion of a ‘x-stable point’ is as defined in [ToYe2, p. 581], and K(R, h

) at to.

(6.3.4) K(R,h

R)(to)

denotes the Gaussian curvature of (R, h

Proof. From Lemma 9, one sees that [ToYe2, equation (8.7)] remains valid in our
setting, and it follows readily that [ToYe2, Proposition 6] remains valid in our
setting. With this in mind, one easily checks that the proof of Proposition 7
follows verbatim as that of [ToYe2, Proposition 7]. O

Remark 7. Here we furnish some definitions for the statement of Theorem 1 (cf. also
[ToYe2, Section 3]). For a C? Finsler metric h on S, a point t € S and a non-zero
tangent vector u € T;S, the holomorphic sectional curvature K(u) of h in the direction
u is given by

(6.3.5) K(u) = sup K(R, h|)(t),
R

where the supremum is taken over all local one-dimensional complex submanifolds R
of S satisfying t € R and T;R = Cu, and K(R, h
(R, h| r) at t. We say that the holomorphic sectional curvature of the Finsler metric h
on S is bounded above by a negative constant if there exists a constant C > 0 such that
K(u) < —Cforall 0 # u € TS.

&) (t) is the Gaussian curvature of
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6.4. Now we are going to complete the proof of Theorem 1 as follows:

Proof of Theorem 1. Theorem 1 follows readily from Proposition 7 (in place of
[ToYe2, Proposition 7]) as explained in [ToYe2, p. 583, Proof of Theorem 1]. [J
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