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Abstract

In this paper, we construct a positivity-preserving high order accurate finite volume
hybrid Hermite Weighted Essentially Non-oscillatory (HWENO) scheme for compressible
Navier-Stokes equations, by incorporating a nonlinear flux and a positivity-preserving lim-
iter. HWENO schemes have more compact stencils than WENO schemes but with higher
computational cost due to the auxiliary variables. The hybrid HWENO schemes use lin-
ear reconstructions in smooth region thus are more efficient than conventional HWENO
schemes. However, the hybrid HWENO is not robust for many demanding problems. The
positivity-preserving hybrid HWENO scheme in this paper is not only more efficient but also
much more robust than the conventional HWENQO method for both compressible Euler and
compressible Navier-Stokes equations, especially for solving gas dynamics equations in low
density and low pressure regime. Numerical tests on low density and low pressure problems
are performed to demonstrate the robustness and the efficiency of the positivity-preserving

hybrid HWENO scheme.
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1 Introduction

The compressible Euler equations and Navier-Stokes equations are the most popular con-
tinuum equations in the modeling and analysis of gas dynamics problems. The positivity of
density and pressure are crucial to robustness of numerical simulations, in many applications
such as aerospace, meteorology, oceanography, hydraulic engineering, chemical engineering,
etc. It is often necessary to preserve the positivity of density and pressure for constructing
robust high order numerical schemes solving demanding gas dynamics problems, especially
for problems involving both shocks and low density and low pressure.

In the past decade, quite a few successful positivity-preserving high-order schemes for
solving compressible Euler equations have been constructed, including positivity-preserving
discontinuous Galerkin (DG) scheme proposed by Zhang and Shu in [28,29], the positivity-
preserving finite difference Weighted Essential Non-oscillatory (WENO) schemes in [8,25,30],
as well as positivity-preserving finite volume WENO schemes in [7,8]. On the other hand, the
positivity-preserving property in these high order methods for compressible Euler equations
does not hold for the additional diffusion term in the compressible Navier-Stokes equa-
tions. Even though many popular high order accurate schemes can be rendered positivity-
preserving for a pure convection problem such as compressible Euler equations, it is challeng-
ing to extend these methods to a convection diffusion problem. For popular linear schemes
including conventional finite volume methods and most DG schemes for solving scalar diffu-
sion equations, positivity-preserving or bound-preserving can be enforced in the same fashion
as in positivity-preserving high order schemes for compressible Euler equations, up to at most
second order accuracy [26,31]. Though there are a few bound-preserving linear higher order
accurate schemes for scalar diffusion equations [4, 5, 10,27], it is quite difficult to extend
these methods to the complicated compressible Navier-Stokes system. In general, for solving
compressible Navier-Stokes equations, it is nontrivial to adopt the bound-preserving dis-
cretization of scalar diffusion operators or positivity-preserving techniques for compressible
Euler system. In [26], Zhang first constructed a uniformly high order accurate positivity-
preserving DG scheme for solving compressible Navier-Stokes equations, which can be easily
and efficiently implemented in multiple dimensions. The key ingredients include a nonlinear

diffusion flux and a positivity-preserving limiter, which also applies to finite volume schemes.



The finite volume (FV) Hermite WENO (HWENO) schemes were first proposed by Qiu
and Shu in [18] and initially used as a limiter for stabilizing Runge-Kutta DG methods. Since
then, many HWENO schemes have been developed to solve hyperbolic conservation laws and
related problems, including FV HWENO schemes in [2,3,22,23,37] and FD HWENO schemes
in [11,12] for hyperbolic conservation law, as a limiter for DG methods in [15-17,19, 38,42],
applications for the Hamilton-Jacobi equation in [20,24,34-36,39-41], Vlasov equations in [1],
KdV equation in [14], etc. Compared to WENO schemes, the major advantages of HWENO
schemes include more compact stencil thus easier treatment of the boundary conditions, and
higher resolution in numerical solutions for schemes of the same order. However, in practice
HWENO schemes are less robust than WENO schemes, with higher computational cost due
to the additional derivative equation. To improve robustness and computational efficiency,
Zhao and Qiu proposed a high order FV hybrid HWENO schemes in [32,33], in which the
Hermite type reconstruction is based on zeroth-order moment, i.e., the cell averages, and
first-order moment reconstruction. Here hybrid refers to the hybridization of nonlinear and
linear reconstructions, i.e., the nonlinear HWENO reconstruction is only used on troubled
cells defined by some discontinuity detector and linear reconstruction is used on the other
cells. Such hybrid schemes can save computational cost since linear reconstructions are
more efficient than nonlinear ones. In [32,33], an additional limiter suppressing oscillations
is applied on the first-order moment, coupled with the HWENO reconstruction, thus such
a hybrid HWENO scheme is also more robust than the original HWENO scheme, but it is
still unstable for many low density and low pressure problems.

In this paper, we design a positivity-preserving high order FV hybrid HWENO scheme,
based on the work in [26, 32|, to solve compressible Navier-Stokes equations. When the
Reynolds number is infinity and the viscous term disappears, it also reduces a positivity-
preserving high order scheme for compressible Euler equations. The positivity-preserving
finite volume HWENO scheme for solving compressible Euler equations in [2] was based on
the reconstruction of the function cell averages and derivative cell averages, where two sets
of stencil are used to approximate the function point values and derivative point values for
spatial reconstruction. The positivity-preserving high order FV hybrid HWENO scheme in

this paper is based on zeroth-order moment and first-order moment reconstruction, with only



one set of stencil for spatial reconstruction. Compared with the reconstruction in [2], the
hybrid HWENO scheme in this paper has less computational cost due to the hybridization
techniques using only linear reconstruction for smooth regions.

The rest of the paper is organized as follows. In Section 2, we briefly describe the
hybrid HWENO schemes for solving compressible Navier-Stokes equations. In Section 3, we
introduce the positivity-preserving finite volume hybrid HWENO scheme for one-dimensional
and two-dimensional compressible Navier-Stokes equations. Numerical tests are given in

Section 4. Concluding remarks are given by Section 5.

2 Finite volume hybrid Hermite WENO schemes

The dimensionless compressible Navier-Stokes equations for ideal gases in [26] in conser-
vative form can be written as

U, +V-F(U,S) =0, (2.1)

where U = (p, pu, E)T are conservative variables with the velocity u = (u,v,w), p is
the density, F is the total energy and the superscript T denotes transpose of a vector. Let
S = VU denote the derivative. The flux function F(U,S) = F* — F¢ consists of the

advection and the diffusion fluxes:

pu 0
Fe=| pu@u+pl | ,F?= T , (2.2)
(E+p)u u-T-q

where p is pressure, I is the unit tensor, the dimensionless stress tensor is given by 7 =
w (Vu+ (Vu)” — 2(V - u)l) with the Reynolds number Re, and q = —xVT denotes the
heat diffusion flux with the thermal conductivity coefficient x proportional to é in molecular
theory. Assuming the specific heat at constant pressure ¢, is a constant, the dimensionless
quantity Prandtl number Pr = % is a constant. For the ideal gas, the total energy F =
2p|[ul[?+ pe where e denotes the internal energy, p = (y—1)pe and T’ = < where the specific
heat capacity ¢, and ratio of specific heats v = 2—” are constants. We will use v = 1.4 and

Pr = 0.72 for air.
After multiplying (2.1) by the test function ¢(x) and integration by part on a rectangular



cell K, we can obtain the following integral form

%/}(U(m,t)gb(x)dm = — /aK(F -n)¢(r)ds + /K(F - Vo)de, (2.3)

where n represents the outward unit vector normal to the boundary of the cell K. In the one
dimensional case, the cell K is an interval [:Bi_; yTigd 1] and the test function ¢(x) is taken as
= and ) In the two dimensional case, the cell K is a rectangle [z; 1, xi+%] X [yj_%,yﬁ%]

T—x;

and the test function ¢(z) is taken as m, Ba)t Ay

and %. The line integral in (2.3)

can be approximated by a L-points Gauss quadrature on each edge of 0K = |J 0K

s=1

AR dSNZ’aK ’Zw Curt). S(Ua, 1) -mlo(Ga)  (24)

where G, and w, are Gauss quadrature points on the edge 0K;, and normalized weights
respectively. The flux F(U(Gg,t),S(Ug,t)) - n at Gauss quadrature points should be re-
placed by a numerical flux which will be discussed in the next section. Both the Hermite
interpolation approximation of the function U and its derivative S are needed in the finite
volume scheme. The procedures of FV hybrid Hermite WENO reconstruction of U* (G, t)
can be found in [32] and the reconstructions of its derivatives S are given in Appendix
A. Let Uk = [, Uz, t)p(x)dx and L(U,S)x = — [, (F - n)o(zx)ds + [ (F - V¢)dz, the
semi-discrete HWENO scheme (2.3) can be written as:

d—
EUK =L(U,S)k, (2.5)

The ODE (2.5) is discretized in time by the third order strong stability preserving (SSP)
Runge-Kutta method:

uy =u, + At,c@;;)

_ 3, _
Uy = Ui+ <u(” + ALLUY)) (2.6)
uet = 5uK + 3(uK +ALLUDY)



3 A positivity-preserving high order finite volume hy-

brid HWENO scheme

In this section, we construct a positivity-preserving high order finite volume hybrid
HWENO scheme for solving compressible Navier-Stokes equations by combing the hybrid
Hermite WENO schemes in [32] with the positivity-preserving high order method in [26].

3.1 One-dimensional case

Consider the one-dimensional dimensionless compressible Navier-Stokes equation in con-
servative form

U, + F(U,S), = 0. (3.1)

where U = (p, m, )T are the conservative variables and the superscript 7' denotes transpose
of a vector. The flux function F(U,S) = F¢ — F¢ with S = U,, and advection and diffusion
fluxes are given respectively as F* = (pu, pu? + p, (E +p)u)T, F? = (0,7,ur —q)" , where

7 = =Lu, is the shear stress tensor and ¢ = —s-LX—e, denotes the heat diffusion flux with

Re Pr Re

e=FE/p—u®/2,p= (v —1)pe, where p is the density, m = pu is the momentum, u denotes
the velocity, E is the total energy, e denotes the internal energy, p is the pressure, Re, v and

Pr are positive constants and 1 = 4/ 3.

The test function ¢(z) is taken <- and :” ”“2 and the cell K is the interval I; = [z,_ 1 xi+%]
in (2.3) in one-dimensional case, then the semi-discrete hybrid HWENO scheme (2.5) can

be written as

dU; (¢ 1
i A [FUS Ly P OS],
dvi(e) _ 1 F(US) o, 0 +F (U,S) |1, + ! / F(U,S)d o2
dt  2Az P gt T (A2 ), D)
where the zeroth-order moment Uj( ~ [, U 1, U(z, t)dz and the first order moment Vi(t) =

f I, tU(x,t)dr in 1. After replacmg the flux function at the interface of cell I; by
the numerical flux, and using the Gauss-Lobatto quadrature to approximate the integral

[; F(U,S)dx, we can obtain the first order Euler forward time discretization finite volume



hybrid HWENO scheme

U =U - —(F,,. —F

U R Fay Fey) s
V. =V, ——(F...+F . —F,;.

7 1 2ALU( z+§ + zf§>+ ASL’

where f‘l 1 is the numerical flux to approximate the value of the flux F(U, S) at the interface

point 1. We use the positivity-preserving numerical flux in [26] defined by

~

(11— — + +
Fz‘+% =F (Ui+§’ Si—&-%’ Ui—i—%’ Sz’+§>

1 ) ) N N . ) (3.4)
=3 [F(Uny80) +F (UL 81 s (U1 - U2y
Bis1 > max [Iul + %(\/p?q2 + 2p%e|T — p|* + plql)} (3.5)

i+t 17 d
and F; is approximated by a four-point Gauss-Lobatto quadrature formula
4
Fi= — [ FU,S)dr ~ Y 6 F(UGE, 1), S0 1)) (3.6)
7 Aﬂf L ) et o 7 ) 'l ) .

where the weights are 0, = W, = 1—12 and Wy = Wy =

points on the cell I; are T} = xi_%,/x\z =2, 5, 0; = xi+£,/x\? = 2,1 with 744 = 2; + aAx.
10 10

1

%, and the Gauss-Lobatto quadrature

Our goal is to design the conservative schemes that are positivity-preserving of density
and internal energy or pressure. Here we consider the positivity of internal energy instead of
pressure. For ideal gas, the equation of state is p = (7 — 1)pe which satisfies p > 0 < e > 0
under the density p > 0. So if the density p > 0, positivity of pressure is equivalent to
positivity of internal energy, which is also mentioned in [26]. However, the others equation
of state does not have this conclusion such as Jones-Wilkins-Lee (JWL) equation of state for

explosive products in [6]. Define the set of admissible states by

p
G={U=| m |:p>0, pe(U):(y—l)(E—i—)>0 : (3.7)
E P

It is straightforward to check that pe is a concave function of U if p > 0. Thus it satisfies
the Jensen’s inequality: YU, Ug € G, VA, Ay > 0, A1 + Ay = 1,

p€(>\1U1 + )\2U2) Z )\1p€(U1) + )\2P€(U2). (38)



Therefore, G' is a convex set. Let N = [(k 4 3)/2], namely, N is smallest integer satis-
fying 2N — 3 > k and k the degree of reconstruction polynomial. So a N-point Legendre
Gauss-Lobatto quadrature formula on the interval I; = [mi_ 1T, } is exact for integrals
of polynomials of degree up to 2N — 3. Denote these quadrature points as {Z¢% : « =

1,2, N} ={z;,_; = zh a2 gl EN = ;1 1} and let &g be the normalized quadrature

R ] [t %

weights on the interval [—1, 1] such that ZIJLI Bo = 1. Let Pi(z) = (pi(x), mi(z), Ei(2))"

be the reconstruction polynomials of degree k in the scheme (3.3) on the interval I; with cell

average U, and nodal values U_ ., and Uj_; at two endpoints of the cell I;, then
2 2

N
1 S _ S
Ui = E /I; Pz(;U)d;C = E waPi (Jll ) = waPi (Zf?) -+ wlUF% -+ WNU'L'+ . (39)

1
2

L 22 23, in cell I; such that

(R et 2

By the mean value theorem for (3.9), there exist some points x

T D W_QIUT_; _@NU;F;
(i), mi(2), Bs(x)))” = Y ——=——Pi(T}) = 2 2. (3.10)

1—@1—@]\[ 1—@1—@]\7

Q
[|
I\

Then we have the following sufficient condition for positivity of cell averages, which can
be easily enforced to preserve positivity of density and pressure without constructing the

polynomials P;(x).

Theorem 1 A sufficient condition for ﬁ?ﬂ € G in the scheme (3.3) with reconstruction

polynomials P;(x) = (p;(x), m(x), Ei(z))" of degree k is

N U; - UF, —anU;,
U- G 2 2 ec@G, W 3.11
iy € 1~ G — oo e (3:11)
under the CFL condition
At 1
— <= — N =[(k4+3)/2 3.12
Axmax 'L+§ S W N(N—l)’ ’7( + )/ —‘ ( )

where @ denote the smallest weight in @, i.e., © = 0 = Wy.

Proof: By plugging (3.4),(3.9) and (3.10) into the first equation of scheme (3.3), we



obtain

i1 [~ 1At L LAt/ 1At - o ed
W-(WGEQQFQ+QAWGE@QF@%@Q

1At 1AL 1At - I
*@*ﬂﬁ@k@‘fﬂWWE%QF@w%ﬂ

1 At _ _ _ _ _
gt U 0P (U ST )[4 By ULy - B (U780, )

2

o 5
T =l =y g
(3.13)
First we set
Bir1 > max Jul + L (\//f"q2 + 2p%e|T —p|* + P|CI|> :
2Ty s Ut st 2p%e

SRS B RS
At ~ LAt (~_ 1At - 1
Then under the CFL condition £ max; f;,1 < &, we have 537 <w — SR, i+%) < 5i+%.
By the Lemma 6 in [26], we have

U ,eG=U , + Bi‘_l%F (Ui‘_%, S > € G,

_1

T3
+ + _ p-1 + +
UH%EG:>U1.+% i+%F<Ui+%7Si+l)eG’

2

-1
+ + 1At [~ 1 At + +

Ul €G=Ur, + 148 (2 - 3448, ,) F (Uf,.87,)eq,
- - 1At [~ 1 At B - -

Moreover, (3.13) is a convex combination under the same CFL condition (3.12). Thus we
get ﬁ?ﬂ € G for the scheme (3.3). Q.E.D.

To enforce the condition (3.12) in Theorem 1, we use the simplified scaling limiter
for HWENO schemes in [29]. For convenience, assume there is a vector of reconstructed

T on the interval I; with the cell average P; =

polynomials P;(x) = (p;(x), m;(x), E;(z))
(pi,mi,ﬁi)T. Define pe; = pe(P;) = E; — 4m;/p;. Assume P; has positive density and
energy, i.e.,p, > 0 ,F; > 0. We seek polynomials f’l(:v) with the same cell averages so that
P,(z}), P;(zN), SN %f’z(@o‘) € G. The following procedure can be applied to enforce
the sufficient condition (3.11) for each cell I; :
1. To keep the positivity of density, we modify firstly density by
) = 6, (o) =) i 0, = min {1, L= (3.14)

9



where ¢ is a small positive number as the desired lower bound for density, e.g., e = 10713,
prnin. = min{pi(E1), i (EN), pi(F1)} with pi(F) = 155 (55 — Dupu(E)) — D)) and 6, €
[0,1]. Since p; = Opi(Z}) +Dpi(T}) + (1 —2w)pi(}), we have p; > min{p;(}), pi(T}), pi(T7)},
thus 6, € [0,1]. Moreover, it’s straightforward to check that p;(z}) > 0, p;(ZY) > 0 and

pi(z}) = 0. Thenpl+é—9( 1 p)+pz,pi1—9< ") ﬁ->+ﬁi

Let P;(z) = (pi(z), mi(z), Ei(z))". The convex combination SN —L_P,(z?) is equal

1— 2 L

o (pi(rh), ms(a?), Ei(x;*))T by the mean value theorem, where z7!, 32 273 are three

7 ) (2

different points on the cell /;. We abuse the notation by using P, i(27*) to denote the vector
(Pila;t), M%), Bi(wf®))T, then Py(a7*) = 2 (P; — BiPi(3)) — OnPy(EY)).

1-2w

2. For enforcing the positivity of internal energy, we perform the following procedure

Pi(z) =0, (f’i(x) - E) +P,, 6, =min {1, _'Oei—_g} , (3.15)

PE; — Plmin
where ¢ is a small positive number as the desired lower bound for internal energy, e.g.,
e = 107", pepin = min {pe(f’i(fc\%)),pe(P @) pe(P; (A**))} and 6. € [0,1]. Since the cell
average of P;(z) is still P;, we have the convex combination P; = &31f’~(/\1) ANf’Z(/I\fV) +
(1—20)P; (), so pe(P;) > & pe (P (Z )> + Wy pe (P (z; )) (1—2&)pe <P (x ;“*)) by the
Jensen’s inequality, thus 6, € [0,1]. It’s straightforward to check P;(Z),P;(ZN) € G and
f’l(xf*) € G. Therefore, we get the polynomial P;(x) satisfying the condition (3.11).

In fact,we only need to obtain the point values fjf , = f’z (x in a finite volume scheme.
2

ji%)

: o a1 p- (o - - \T 52 _ p+ _ (5+ + + \T
For simplicity, denote q; = Pi+§ = (pH%,mH%,EHJ RCHIES PF% = (pi,%ami,yEi,;)
P-—wP —wl,:\'f

A~ 7477 k3 l . ~~ .
and qF = 22 For k = 1,2,3, if pe(qF) < ¢, then set tF = ﬁ; if

pe(q®) > e, then set t* = 1. Take 6, = min{t},¢2,¢3}, then

€)1 7e) e

6%1 :iSl(LC ):96 (f)tl—FZ)—FF“

.

U, = Pi(z,,1) =0 (P—+§ —Fi) +P..

Finally, use ﬁ: 1, I~JZ_+ , instead of U ,, U, . in the scheme (3.3).

Remark 3.1 It is needed to emphasize that we mainly introduce the design and implemen-
tation of positivity-preserving property of one-dimensional FV hybrid HWENO scheme. U;

and V| in (3.2) are applied to HWENO interpolation for the approximation of the function

10



U and its derivative S in Gauss-Labotto points, and the detailed procedures of FV hybrid

HWENO interpolation in one dimensional case are given in the appendix A.

Remark 3.2 To obtain processed point value ﬁ;‘; 1, we only need cell average U, and point
2

values Uii;l’ UjEFl in the limiter (3.14) and (3.15). The reconstruction polynomials P;(x)
2 2

are not needed in implementation. It is a high order accurate and conservative limiter [26].

3.2 Two-dimensional case

Consider the two-dimensional dimensionless compressible Navier-Stokes equation in con-
servative form

U, +V-F(U,S) =0 (3.16)

where U = (p, pu, E)T are the conservative variables with the velocity u = (u,v),S = VU

and the flux function F(U,S) = F* — F¢ with advection and diffusion fluxes as

pU 0
Fe=| pUU+pl |, Fi= T , (3.17)
(E+p)U u-T-—q

where p is the density, m and n are the momentas given by m = pu and n = pv, v and v
denotes the velocity, F is the total energy, e denotes the internal energy, p is the pressure

and I is the unit tensor. The shear stress tensor and heat diffusion flux are

1 Tex Tay 1 i T

_ = — (e, 3.18

T Re ( Tyz  Tyy ) A RePr (6 ey) ( )
with

E 1

€= ;—§(U2+02)a p=(y—1)pe (3.19)

and
4 2 4 2
Tex = §ux — §Uy’ Toy = Tyz = Uy + Vg,  Tyy = §Uy — gum

The equation (3.16) can be written as

U, +F(U,S), + G(U,S), =0 (3.20)

11



with
U
F‘(U7 S) = pu —I— p Tymxx P
puv — 3
(E + p) = (Txmu + TyazV + )

pv
v — Ty

u
G(U,8) = pvp by

(E + p) (Txyu + Tyyv + 5-€y)

and Ay;/)Z and cell K is a rectangular

r—x;

Az Ay (Az)?2 Ay

The test function ¢(z, y) is taken as
[z, 1T 1] X [y, 1,y +%] in (2.3) in two-dimensional case. Then the semi-discrete hybrid

HWENO scheme (2.5) can be written as

( dﬁcﬁ(t) _ MlAy /y+ [F(U, 8) I,y v —F(U,8) y] dy
Y-
B AxlAy /: té [G(U’ S) ‘x’yj-k —G(U,8) ’xy] %} -
dvcﬁ<t> T 2A91:Ay /yh [F(U’ S) Iz, yw +F(U,S) |x”%’y} dy
B A;Ay /+ x;;i [G(U,S) oy, ~G(U,8) \z,yj_%} dz

m

; (3.21)

(A 2Ay/ / F(U, S)dxdy,

= F —F
dt AIAy v Ay [ (U S) ’ %7 (U7 S) |zi_%,y]dy

1 Tivd
x| [GUS) Ly, +GUS) Ly, ] do

23 T
(U, S)dzd
Ay /1/1 Jdady,
2 )
where
U,i(t) = t)dzd
UZ]() AxAy/KU(Iaya ) X ya

— 1 T — T;
Vilt) = 5ox [ Ul ) 5 dady,

W 1 Y=Y

The integral in (3.21) can be approximated by quadrature with sufficient accuracy. As-

sume {xf,ﬁ =1,..,L} and {yf,ﬁ = 1,..., L} denote the Gauss quadrature points on the

12



interval [xifé,xi +%] and [yjfé,yj +%] respectively, wg are the corresponding weights of the
Gauss quadrature on interval [—1, 1 satisfing Zé:l wg = 1. For example, (z,_ 1 yf ) are the

Gauss quadrature points on the left edge of the cell I;;, where the subscript 3 denotes the

values at the Gauss quadrature points, for instance, utl7 5= utl (yf ). Denote A\ = A

T

and Ay =

A—t Using the numerical flux to approximate the value of the flux at the interface
(i,

of the cell (4, 7) and Gauss quadrature to approximate the integral terms in (3.21), then we

can obtain the first order Euler forward time discretization finite volume hybrid HWENO

scheme
+_ =
— ~ ~
U —MZW 1) = A ws(Gy = Gy)
5—1
1 A e
—ntl —em 1 ~ ~
\ :Vij_?sz(FH%,B"_Fi -l—/\lZZwkwlF< Z,yj) S(:U;B,y;y))
p=1 B=1~=1
L .’Ifﬁ x
—x oA ~
= e ) wp= = (G = Ggyoy) (3.22)
p=1

L
ot oo Y8 — i 4 = A2 = =
Wi =W —M E :Wﬁ Ay Firds~Fite) =7 > @Gy +Gpyy)

0SS G (UGl ). 860 0).-

p=17=1

where ]/F\‘z 415 and G 5j4+1 are the numerical flux to approximate the value of the flux F(U, S) and
27 I3

G(U,S) at the point (mH%,y]ﬂ) and ( Tis Y1 1) respectively, defined by
I - - +
F 2’5 F<U 275’8' 2»57 276’SZ+275>

—1 - - + + + _
_2 |: <U Q’B’S. 2}5) <U 7ﬁas 27[3) _ﬁri»% <U7x+;,ﬁ_Ul+éug>:| ) (323)

Biy1 > max, [|u nz\+ \/p lq-n|* +2p 2e||T-n; —pnTH +plq- nZ|)]

2 Ui
i+3.87 i+ L8

= _A — - + +
Gp 41 =G (UB, +;’S/37a+1’UB,J+;’S/3u+ )
1 - - + + + -

1
Biv1 > max, [|u nJH‘Qp (\/P a0y’ +2:06H7' n; —pn; H +pla- n]|)]

+
2 U 1
B.i+3 133-&-2

13



with n; = (1,0) and n; = (0, 1).
Our goal is to design the conservative schemes that are positivity-preserving of density and
internal energy. Here we still consider the positivity of internal energy instead of pressure. Define

the set of admissible states by

¢

p
m 1
G=<U= :p >0, pe(U):E—7m>O , (3.25)
2 p
n
E
\ 7

We will use Gauss-Lobatto quadrature rule on (7,7) cell, denote {Z{',a = 1,...,N} as the
Gauss-Lobatto points on the interval [xi_%,xH%] and {@?‘,a = 1,...,N} as the Gauss-Lobatto
points on the interval [yj_ 1LYl ]. For simplicity, assume that we have a vector of approximation
polynomials of degree k at time t, H;;(z,y) = (pij(z,y), mij(x,y), nij(z,y),Eij(x,y))T with the cell
average ﬁz = (Pij> Mij, iy, E;;)T. Consider the quadrature rule for U;j(x,y) on the rectangle I;; =

[z, 1 aszr%] X [yjié,yﬂ%] with approximation polynomials H;;(x,y). Denote 1 = ﬁ,#g =

— ]
=3

/\1+/\2 then
ﬁ?j = Aa:A /”HU x,y)drdy + —— g A /Hw x,y)dxdy
ij I’LJ
—lezwﬁwa z] zay] +MZZZWBWQ ij Zay])
f=1a=1 f=1a=1 (3 26)
L N-1 '
Z Z Wﬁwa (MIHU( TisY; ) + M27‘l23( i 7y] ))
5=1 a=2
+ —
+Zw5w1 [Ml /3+U ,5)+M2<U5’j . +U ﬁé)] :

By the mean value theorem for (3.26), there exist some points (x}*, yjl»*),(w?*, y?*),(mf’*, yjs’*), (z*, y? Y; *)

in cell (7, ) such that

* * * * 3k s, sy T
(Pij(%l 7y]1' )7mij($12 7932 ), mij ( ’yJ ") Eij (@ 'Yj ))
L N-1 o (3.27)
=3 S e (Mg y) + ety
— W1 — WN
B=1 a=2
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Substituting (3.23), (3.24), (3.26) and (3.27) into the first equation of scheme (3.22), we have

UL = (=@ —aw) (o (el y)) mig (22, 2, mgg (235, 43%), By, i)
- w1 n N . ) . .

+BZ:1 2 [ﬁﬁlU +ip F(U, e Sh 275) + 81U 1 +F(Ui_éﬂ7si_§ﬁ)]
L N A1 B AL AL ) i

+ Bz:lwﬁul [(WN — ﬂ/@iﬂ—%) <Ui+;,ﬁ - Tm(wl — 2715” )" F(U i1 S 275)>]
3 Al A .

+ ;Wﬁﬂl [(Wl - —ﬁ 1) < i1 to, @mg A F(US, S5, )] 529
L waA2 N N ) _ )

+/3§=:1 2 [5j+§U,3,j+; F(U JynY ﬁ]+2)+6 U _1+F(U S }
L N Ao _ Ao A 1 )

’ Z:w/m [(WN " o) (Uﬂ,j+; = 2, O g O t) (U108, >]

A2 + A2~ A2 -1 + +
+ﬁz:lwgu2 [ w1 — 2in —B, ,%) (Uj—é,ﬁ + %(Wl - %ﬁj,%) F(U,B,g Sﬁ’ _,) .

Starting from (3.22) to (3.28) and following the same line as in the proof of Theorem 1, we can

easily prove the following result.

Theorem 2 For the finite volume HWENO scheme (3.22) with approximation polynomials H;;(z,y) =

(pl](xay)vmlj(xuy)vnl](xay)uElj(xvy))T Assume ﬁ:; € G for all iajv if

T

(3.29)
+ + + +
Uﬁ,yji%’Uxii%,ﬁ’Uﬁ7yJ12 U 5 €G,
then ﬁ?jﬂ € G under the CFL condition
At ! ! W= L 3.30
EJFKU r%gx{ﬁi+%a/8j+%}<w_m' (3.30)

To enforce the condition (3.29) in Theorem 2, the following limiter can be used for each cell
(i, 4)-

1. We first modify density by

_ _ . 0i; — €
P (@) = 0, (pig (@) — pig) + i epzmm{l,ﬁ?f_p | } (3.31)
ij min
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where 6, € [0,1], pmin = min {’OB il,pi ﬂmﬁﬁupﬁ 57/),]( Zl,y]l)} and € = 1073, Then the

modified density is given by
/M'— — — — —
~  _ + = ~  _ - -
Pisg =0 <pi§ﬂ - p?j) P P =0 (’%;,ﬁ - ﬁj) P

Let Hij(2,y) = (pij(x,y), mij(2,y), ni(z,y), Eyj(z,))". Denote

JURP o _ 5 PR v 5
Qz] _HiJr%’jJr%v qz] _H2+27j,£5 qZ] _H’L‘Jr%,j*%’ qZ] _H’L*?s,j*%’
] A1) ] ]
Gy W = W= G S
and
~ _ [~ 2k 2k 3% 3% 4% dx\\ T
q;; = (Pij( Z; ,y] ")y mig (3 ) Y ), i (@ ) Yj ), Eij (@i ) Yj ))
= L ~ e ~ Ao (- ~
Uiy = 2 win | %, (Hi—ﬁ-%,k + Hi—%,k) Rl (Hk,j+% + Hk,j—%)
N 1 — 2

1T 1Ty ~ _ 1mij(ey)? 1 ng(ey)?
Define pe;; = FEij — 5 ﬁi; ~ 27 and let pe(U;j(z,v)) = Eij(x,y) — 3 pzjj( T 2 )

2. To enforce the positivity of internal energy, we modify the internal energy by

~ ~ —\ = pe;; — ¢
Hij(w,y) = e (/Hij(xvy) - Uij) + Uij, e =min ¢ 1, 4 I . ; (3.32)
pe;j —  min {pe(qz-j)}

where 0, € [0,1] and pe,,;, = lmin {p/\e(qu)} Actually we only need to obtain the point

3ty

rE _ ot r+ — Tt . : B
value UZ¢ 15 ’HmFT B’U BTl ’H jrL Ve define the internal energy function as ¥(U) =
2 ~ v (U, ~ /A
E—%m?—l .Forl=1,---,9,if ¥ (pe(qij)) < g, thenset tL = ‘I/(Uijg Jgp @y’ ;if U (pe(qf-j)) > e,

then set t. = 1. Take 0, = min{t}, - -, 7}, then
Ui_+%75 1+2 B = b 1+2’5 UZ]) + Uy,
ur, B~ = 0e < j—18 Uw’) + Uy,
27 2
U,E,HQ H_,H; = 0e ( Bi+3 UZj) + Ui,
U+7 - ﬁ7 32 - < jfl B ) +ﬁZj.
e TES + +
Finally, use U 2,,3’U,3,jq:l instead of U L Uﬁ7 . in the scheme (3.22).
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Remark 3.3 Notice that we mainly introduce the design and implementation of positivity-preserving

=n

property of two-dimensional F'V hybrid HWENO scheme. Uij,VZ» and WZ in (3.21) are applied
to HWENO interpolation for the approximation of the function U and its partial derivative S in
Gauss-Labotto points, and the detailed procedures of FV hybrid HWENO interpolation in two

dimensional case are given in the appendix A.

Remark 3.4 Similar to the one-dimensional case, the approximation polynomials are not needed
for implementing the limiter (3.31) and (3.32). And it is a high order accurate and conservative

limiter, see [26].

3.3 Implementation of CFL constraints

In this paper, we use (2.6) for high order time discretization. Since strong stability preserving
(SSP) Runge-Kutta time discretization is a convex combination of forward Euler steps and G is
convex, Theorem 1 and Theorem 2 still hold for (2.6) if the CFL is one third of (3.12) and (3.30).

However, the CFL constraints (3.12) and (3.30) should be not be used directly for at least two

reasons. First, since |u| + 2;26(\/p2q2 + 2p%e|T — p|? +plq|) = O(1) for a smooth solution, the CFL
constraints (3.12) and (3.30) give At = O(Ax) which do not necessarily satisfy the linear stability
constraints At = O(ReAx?) for any explicit time discretizations. In other words, the time step
should also satisfy At = O(ReAx?) besides (3.12) and (3.30). Second, the time step constraints
(3.12) and (3.30) is a sufficient condition but may not be a necessary condition for m(ﬂ € G, thus
in practice it should not be used directly for the sake of efficiency.

To this end, we can use the same simple time marching strategy in [26]. The positivity preserving
limiter should be used for each stage in (2.6) and we can implement the positivity-preserving
high order finite volume hybrid HWENO scheme with the third order SSP Runge-Kutta (2.6) for
equation (2.1) as follows:

Stepl. At time level n, for the given ﬁr;( € G. Compute the wave speed «o; = |u;| + \/%. Let

* |K]

o* = max; |o;| taken over all edges, Az = ming Texl and ex is the longest edge in cell K set the

17



time step

1
At = min {aa*A:U, bReAxQ} , (3.33)

where the two parameters are set as a = % and b = 0.001 for compressible Navies-Stokes equations.
For compressible Euler equations, it is replaced by At = i+ Ax since Re = co.

12a*
Step2. Compute the first stage, denoted by Uﬁ?. If the cell average ﬁﬁ? € (G, then proceed to

(1)

next step. Otherwise H; has negative density or pressure, then recompute the first stage with a

time step halved.

Step3. For the given Hﬁ? € G, Compute the second stage, denoted by Hﬁ?. If the cell average
H(I? € (G, then proceed to next step. Otherwise 1715,? has negative density or pressure, then return
the Step2 and restart the computation with a time step halved.

Step4. For the given Hﬁ?’ € G, Compute the Hﬁ’;‘“). If the cell average H;?H) € G, then the

computation to time step n + 1 is done. Otherwise H(I?H) has negative density or pressure, then
return the Step2 and restart the computation with a time step halved.
Theorem 1 and Theorem 2 imply that the implementation above will not result in any infinite

loops and the restarting is ensured to stop when time step constraints (3.12) and (3.30) are met

for each stage.

4 Numerical tests

In this section, we test the positivity-preserving (PP) high order finite volume hybrid HWENO
scheme with the third order SSP Runge-Kutta method on several demanding examples. For
HWENO reconstruction, quintic polynomial reconstruction is used in one dimension, and cubic
polynomial reconstruction is used in two dimensions. The hybrid HWENO scheme in [32] will
blow up for Examples 4.3-4.7 for compressible Euler equations due to loss of positivity. The same
positivity-preserving methods in Section 3 also applies to the HWENO scheme without any hy-
bridization, which is also tested. The CPU time of the PP hybrid FV HWENO scheme and the PP

FV HWENO scheme is listed in Table 4. The only difference in these two schemes is in the recon-
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struction step: the HWENO scheme uses nonlinear HWENO reconstruction in all cells, whereas
the hybrid HWENO scheme uses the nonlinear HWENO reconstruction only in troubled cells and
uses linear reconstruction in other cells, e.g., smooth regions. Moreover, on troubled cells, the
hybrid HWENO scheme uses one more non-oscillatory limiter on the first-order moment variables,
as a preprocessing step before the HWENO reconstruction, see [32] for details of the troubled cell

indicator and the non-oscillatory limiter on the first-order moment.

Example 4.1 Accuracy test. We test the accuracy of the PP hybrid HWENO scheme for com-
pressible Navier-Stokes equations in one and two dimensions with Re = 100. For one-dimensional
equation (3.1), the initial condition is p = l,u = 0, F = % + 1 exp(—4(cos(z/2))?) on the in-
terval [0,27]. For two-dimensional equation (3.16), the initial condition is p = l,u = v =0, E =
% + £ exp(—4(cos(z/2))? — 4(cos(y/2))?) on the rectangle domain [0,27] x [0,27]. The bound-
ary condition is periodic. The reference solution was generated by a Fourier collocation spectral
method using 1280 points and a 1280 x 1280 mesh in one and two dimensions respectively. The
reconstruction polynomial has degree four in one dimension and, degree three in two dimensions.
The errors in Table 4.1 verifies the accuracy of the diffusion flux and the limiter.

We can see that the PP hybrid HWENO scheme achieves fifth order accuracy in one dimension
and fourth order accuracy in two dimensions, which is consistent with the designed order of accuracy

of the HWENO scheme.

Example 4.2 The Lax problem. The initial condition is

(0.445,0.698,3.528, 1.4), z € [0, 5)
(pa u,p, ’Y) = (41)
(0.5,0,0.571, 1.4), z € [0,5).

The final computing time is T = 1.3. See [26] for how the reference solution can be generated.
See Figure 4.1 for results of the HWENO scheme without hybridization of linear reconstruction
and the positivity-preserving limiter. Even though the HWENO scheme produces non-oscillatory
solutions for Re = 100 in Figure 4.1, oscillations will emerge and stability will be lost for larger

Reynolds number. The oscillations can be observed for the numerical solutions of compressible
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Table 4.1: Accuracy test of the PP hybrid HWENO scheme for one-dimensional and two-
dimensional compressible Navier-Stokes equationswith Re = 100, the L; and L, errors are

showed.

Mesh L Error Ly Order L Error Lq Order
20 1.21E-2 —— 5.90E-3 ——
40 2.23E-3 2.44 6.65E-4 3.15
80 5.58E-5 5.32 1.44E-5 5.53
160 1.10E-6 5.66 2.46E-7 5.87
320 2.25E-8 5.61 7.13E-9 5.11
640 6.35E-10 5.15 2.14E-10 5.06
10 x 10 1.08 -3 — 2.25FE-4 —
20 x 20 1.32F-4 3.04 1.73E-5 3.70
40 x 40 1.05E-5 3.65 1.24FE-6 3.80
80 x 80 6.07E-7 4.11 7.71E-8 4.01
160 x 160 2.93E-8 4.37 4.53E-9 4.09
320 x 320 1.54F-9 4.25 2.70E-10 4.07
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(b) Re=1000

2 4 -4 -2 0 2 4
X

(¢) Re=10000 (d) Re=oo

4 2

* o

Figure 4.1: The Lax shock tube problem. T = 1.3. Solid line: the reference solution; red

squares: the results of the HWENO scheme on uniform 200 cells.

Euler equations, namely Re = oo in Figure 4.1. This indicates that, for the HWNEOQO scheme based
on the reconstruction of the zero-order and first-order moment without modifying the first order
moment in troubled cell, itself is unstable.

See Figure 4.2 for the results of the PP hybrid HWENO scheme, which produces non-oscillatory
solutions with a good resolution. About 2.43% and 2.68% cells are troubled cells for Re = 1000 and
oo respectively. For other cells, a linear approximation is used thus the the PP hybrid HWENO
scheme saves about 77.68% and 75.08% computational time compared to the PP HWENO scheme
as shown in Table 4. Notice that PP limiter was not triggered in the PP hybrid HWENO scheme in

this test as shown in Table 4, which is due to the additional non-oscillatory limiter on the first-order
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moment in troubled cells. In other words, the hybrid HWENO scheme without any PP limiter is
already very stable, for the Lax problem. In addition, there is a little dent in the plot of the velocity
(the left figure of the second row of Figure 4.2). This is indeed a numerical artifact in PP hybrid
HWENO scheme. For example, the numerical solution velocity of the FV WENO scheme in [13]
showed a similar dent.

From the the bottom row of Figure 4.2, we observe that there are less troubled cells for the case
Re = 1000 thus the non-oscillatory first-order moment limiter is used on less cells, compared to
the case Re = co. Roughly speaking, the non-oscillatory first-order moment limiter simply induces
artificial viscosity. For this reason, the numerical results of PP hybrid HWENO scheme for Re
= 1000 has slightly better resolution at the discontinuity than the numerical results of PP hybrid

HWENO scheme for Re = co. This phenomenon is also observed in other numerical tests.

Example 4.3 The 1D double rarefaction problem This test case has the low pressure and low
density region. Negative density or pressure can be easily produced in many high order numerical

schemes, resulting in blow up of the computation. The initial condition is

(7,-1,0.2,1.4), = € [-1,0),
(p,u,p,7) = (4.2)
(7,1,0.2,1.4), z€[0,1].

The final computing time is T = 0.6. The left and right boundary conditions are inflow and outflow
respectively. The numerical results of PP hybrid HWENO scheme are shown in Figure 4.3 for Re
= 1000 and co. About 11.30% and 19.57% cells are troubled cells for Re = 1000 and Re = oo. The
PP hybrid HWENO scheme saves 67.34% and 59.05% CPU time compared to the PP HWENO

scheme respectively.

Example 4.4 The 1D Sedov problem. This test involves both very low density and strong
shocks. The exact solution for Euler equation is specified in [9,21]. The computational domain is
[~2,2] and initial conditions are that the density is 1, the velocity is 0, the total energy is 10712

everywhere except in the center cell, which is a constant Ey/Ax with Ey = 3200000, with v = 1.4.
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Table 4.2: CPU time: the total computing time in seconds for the PP hybrid HWENO
scheme and the PP HWENO scheme to solve compressible NS equations; Time saving
ratios: the CPU time saving ratios of the total CPU time by the PP hybrid HWENO
scheme over the PP HWENO scheme on the same numerical example; PP limiter

ratio: the ratio of PP limiter triggered (either 6, < 1 or 6. < 1) cells over the total

cells.
PP hybrid HWENO scheme PP HWENO scheme
Numerical example Time saving
CPU time PP limiter CPU time PP limiter ratios
Re=o0
4.2 1D Lax problem 2.45 0.00% 8.16 0.00% 69.98%
4.3 Double rarefraction problem 1.63 10.00% 3.98 10.00% 59.05%
4.4 1D Sedov problem 17.61 3.00% 56.55 3.00% 68.86%
4.5 Leblanc problem 7177 0.25% 628.86 0.25% 88.59%
4.6 2D Sedov problem 9611.84 1.09% 25726.30 1.09% 62.64%
4.7 Shock-diffraction problem 13776.48 0.23% 38014.60 0.23% 63.76%
Re=1000
4.2 1D Lax problem 2.20 0.00% 7.64 0.00% 71.20%
4.3 Double rarefraction problem 9.88 10.00% 30.25 10.00% 67.34%
4.4 1D Sedov problem 21.56 3.00% 69.59 3.00% 69.02%
4.5 Leblanc problem 96.97 0.25% 935.99 0.25% 89.64%
4.6 2D Sedov problem 11764.44 1.09% 32355.45 1.09% 63.64%
4.7 Shock-diffraction problem 17183.64 0.23% 48318.10 0.23% 64.45 %
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Figure 4.3: The Double Rarefaction problem. T = 0.6. From top to bottom: density,
velocity, pressure, and time history of troubled cells. Re = oo (right) and 1000 (left). Solid

line: the exact solution; red squares: PP hybrid HWENO scheme on uniform 200 cells.
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The inlet and outlet conditions are imposed on the left and right boundaries, respectively. The
final compute time is T = 0.001 and computational results of the PP hybrid HWENO scheme are
presented in Figure 4.4. About 14.50% cells are troubled cells, and 68.86% CPU time is saved
compared to HWENO scheme for compressible Euler equations. For compressible Navier-Stokes
equations, there are 11.92% troubled cells, and 69.02% CPU time is saved compared to the PP

HWENO scheme.

Example 4.5 The Leblanc problem. The initial condition is

(2,0,10°,1.4), =z € [-10,0),
(p7u7p77) = (43)
(0.001,0,1,1.4), = € [0, 10].
The inlet and outlet conditions are imposed on the left and right boundaries, respectively. The
computational results of the PP hybrid HWENO scheme at the final time 7" = 0.0001 are presented
in Figure 4.5. About 0.97% and 1.35% cells are troubled cells for Re = 1000 and oo respectively,

and about 89.64% and 88.59% computational time is saved compared to the PP HWENO scheme.

Example 4.6 The 2D Sedov problem. The computational domain is a square of [0,1.1] x
[0,1.1]. For the initial condition, similar to the 1D case, the density is 1, the velocity is 0, the total
energy is 10712 everywhere except in the lower left corner is the constant % and v = 1.4. The
numerical boundary on the left and bottom edges are reflective. The numerical boundary on the
right and top are outflow. The results at the final time T = 1 of the PP hybrid HWENO schemes
are shown in the Figure 4.6. About 13.82% and 14.62% cells are troubled cells for Re = 1000 and

00, and 63.64% and 62.64% computational time is saved compared to the PP HWENO scheme.

Example 4.7 The shock diffraction problem. The computational domain is the union of
[0,1] x [6,11] and [1,13] x [0,11]. The initial condition is a pure right-moving shock of Mach
number 5.09, initially located at * = 0.5 and 6 < y < 11, moving into undisturbed air ahead

of the shock with a density of 1.4 and a pressure of 1. The boundary conditions are inflow at
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Figure 4.4: The 1D Sedov problem. 7" = 0.001. From top to bottom: density, velocity,
pressure, and time history of troubled cells. Re = oo (left) and 1000 (right). Solid line: the

reference solution; red squares: PP hybrid HWENO scheme on uniform 400 cells.
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Figure 4.6: The 2D Sedov problem. T = 1.0 for Re = oo(Left) and 1000 (Right). Top row:
30 equally spaced contour lines from 0.95 to 5 for density. Bottom row: troubled cells at

final time. The PP hybrid HWENO scheme with mesh size Az = Ay = 1.1/160.
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r=0,6<y<l1l,outflowat z =13,0<y<1,1 <z <13,y=0and 0 <z <13,y =11, and
reflective at the walls 0 <z <1,y =6 and at x = 1,0 < y < 6. The final computing time T = 2.3.
It is well known that the diffraction of high speed shock waves at sharp angles leads to low density
and low pressure. See Figure 4.7 for the results. For compressible Euler equations, about 5.07%
cells are troubled cells, and 63.76% CPU time is saved compared to the PP HWENO scheme. For
compressible Navier-Stokes equations, about 4.39% cells are troubled cells, and 64.45% CPU time

is saved compared to the PP HWENO scheme.

5 Concluding remarks

In this paper, we have constructed the positivity-preserving FV hybrid HWENO scheme for
solving compressible NS equations, based on the work in [26,32]. For compressible Euler equa-
tions, the scheme is much more robust than hybrid HWENO schemes in [32]. For both Euler
and Navier-Stokes equations, it performs well on representative challenging low density and low
pressure problems. Thanks to hybridization techniques, it is not only more efficient than conven-
tional HWENO schemes, but also produces better resolution for high Reynolds number flows due
to less artificial viscosity. Numerical tests have demonstrated the robustness and the efficiency of
the scheme. Future work includes the extension of the positivity-preserving FV hybrid HWENO
scheme to unstructured meshes and the positivity-preserving finite difference WENO scheme for

compressible Navier-Stokes equations.

A Appendix

The hybrid HWENO reconstruction for function values u(z,y) at the specific points based on
the zeros-order and first-order moment can be found in [32]. To implement the scheme in this
paper, we still need a reconstruction of gradients Vu(z,y). Here we describe the hybrid HWENO

reconstruction for derivative u,(x) and the partial derivatives u,(x,y) and u,(z,y).
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Figure 4.7: The Shock Diffraction problem. T = 2.3 for Re = oo(Left) and 1000 (Right).
From top to bottom: density 20 equally spaced contour lines from 0.066227 to 7.0668,
pressure 40 equally spaced contour lines from 0.091 to 37, and the troubled cells at the final
time. The PP hybrid HWENO scheme with mesh size Az = Ay = 1/32.
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A.1 one-dimensional case

We consider the reconstruction procedure for derivative values (ux)q:IE and (uz);y /5 /10 from

1
{u;,v;}. Here u;(t) = & fli u(z,t)dz is the zeroth order moment and ;(t) = 2 fl u(x,t) " tde
is the first order moment in I;. Given the stencils Sy, 52,53 and Sy, similar to hybrid HWENO
reconstruction of (u)7, i and (u);; /5 /10 0 [32], first identify the troubled cell and modify the first
order moment in the troubled cell as in [32]. If one of the cells in stencil Sy is identified as a troubled

; otherwise we

cell, then apply the HWENO method described in Step A.1 to reconstruct (u;)T, L

use the linear reconstruction method described in Step A.2 to reconstruct (uw)ji 1 We use linear
reconstruction for (uz), . /5 /10 on all cells, as described in Step A.3.
StepA.1. The HWENO reconstruction of (u:,;)Z:Fi L
In [32], the reconstruction procedure involves the Hermite cubic polynomials p;(z), pa(z), p3(x)
in the small stencils S1, 52, 53 and a Hermite quintic polynomial pg(z) in a large stencil Sy. Now,

we need the derivative of these polynomial at cell boundary x; 1 in terms of the averages, which
2

can be written as:

’(x ) — La _lfa._Fﬂﬁ, +L’l_)‘ _ 97 1—)._21—).
Po\Tir ) = 36A2 " T aAz T 9Az T T 18A2 Y T 18A2 T 9AL Tl
, 21 21 51 _ 99
Y41 ($Z+%) = mui—l - muz + Evi_l + %Uh
) 5 117 60
P2 ) = gon Ut~ A%t o T T 1AL

{(@003) =~ Ta i+ Ty — T T

Pslit; Az ' AAr TN 2Az T 2Ar D

By po(2; 1) = 3 ’y;p;(:ci+;), we obtain linear weights 7] = &k, 75 = Zt&, 74 = 125. and define
2 2

the smoothness indicators for the reconstruction of derivatives as

Opn(z)\?
8, = /A:I:QO‘ ! () de, n=1,2,3, (A.1)
= ox™
I;
then

1 975

B, = (1581 — 158; + 667; 1 + 1147;)? + — (A1 = T + 601 + 67;)2
975

By = (i1 — 20; + @ir1)? + 91 (i1 — U1 + 247;)%,

1 975
ﬁ Z (15a; — 15141 + 661_)Z‘+1) + e ( — Ujy1 + 67; + 61_)Z'+1)2 .
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The nonlinear weights are computed as w), = m with @w, = (E:éZ)Q,n = 1,2,3. The final

HWENO reconstruction of (um);Jr , is given by (ugc);Jr , = 2221 WP (7, %) Similarly, we can
2 2

obtain the HWENO reconstruction of (u;)? ;.

=3

StepA.2. The linear reconstruction of (uz)7, , -
2

If no cells in Sy are identified as troubled cells, then we simply use upwind linear reconstruction

for (ug)T,

i+l
+ ’ 19w; 4 9u; OUit+1 62v;_1 977; 11041
(ux);l = Do (xifl) = - - - - )
=3 2 9Az 4Az  36Az 9IAz 18Azx 18Az
( )+ ’ ( ) SU;—1 Yu; 19w;41 117;_1 97v; 62041
u = €. = —_ _ .
“its Po \Tit3 36Azr  4Az 9Azx 18Az 18Azx 9Azx

StepA.3. The linear reconstruction of (uy);, /5 /10°

(u) S T — _ 99\/5_|_i U _i_%ﬁ._ M_i U
wiyr TP\ Tive | T T 360A2 T 72 ) T 20A 360 72 ) it

(21\/5 11 )_ 10695 ( 215 11 >_
- Vi1t —goa L Vi Vit1,

50Az | 180Az 00Az U7\ T20Az T 180A0

(u) —/ T — 99\/5_i U _117\/51].4_ M_Fi Ui
2ip e PO\ T e | T\ 3602~ 72 ) T 2082 360 72/

(21\/5 11 )_ 1069v/5 ( 215 11 >_
+ Vi1 + ———U; Vit1-

20Az  180Az 90Az U\ T20Ar T 180A0

A.2 Two-dimensional case

Similar to the one-dimensional case, firstly, we first identify the troubled cells and modify
the first order moment in the troubled cells, see in [32] for detail. Then, we use the HWENO
reconstruction in StepA.4 to reconstruct u,(Gy) and wu,(Gy) only when Gy is in the interior of a
troubled cell I; ;. For all other cases, we use the linear reconstruction in StepA.5.

StepA.4. Suppose we have constructed the eight Hermite cubic polynomials p;(z,y), ...,
ps(z,y) in the small stencil and have the explicit expression of these polynomials in [32]. Then we
can get the values of the partial derivative of these polynomial at the specific points. To combine

the polynomials to obtain third-order approximation to u, and u, at the point G}, we choose the
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linear weights denoted by ’yﬁ), - 'y:(c];) , 'yﬁ) ) ey fyz(/;) such that

k k
2u(Gr) = Y0 W 2rn (Gr), S (Gr) = X5y v Zpn (i) (A-2)

which are valid for any quadratic polynomial u. Then we can obtain third-order approximations
to u, and u, at the point G}, for all sufficiently smooth functions u. Notice that p,(z,y) is an

incomplete Hermite cubic reconstruction polynomial, (A.2) holds for any polynomial u which is a

linear combination of 1, z, y,22, xy, y?, =3, y> if Zi:l 'ygz) =1 and if Zi:l 'yg(,lfl) = 1 respectively.

There are two other constraints on each of the groups of linear weights ’y(k) (k) (’;) (k)

2l Vag and 7y, s Yy

Y

for(A.2) to hold for u = 2%y, xy? respectively. This leaves 5 free parameters in determining each

8
group of the linear weights, obtained uniquely by the least square methodology on > (7&12))2 and
n=1
8

> (%5]1? )2 respectively.

n=1

Similar to the one dimensional case, if G/ is in the interior of a cell I; ; we use linear reconstruc-
tion to get u,(Gy) and uy(Gy). Only when Gy is located on the cell boundary of a troubled cell
I; j, we use HWENO reconstruction procedures as follows. We compute the smoothness indicator,

denoted byg,:

2
ol

3
b= |fz‘j!m1/

=2 Tij
where ¢ = (¢1,03), |¢| = ¢1 + 5. Computing the nonlinear weights:
— 0] _ 0)

O _ o) O _ g O @ g0 e pp—1... s (A.4)

Wrn = U(l)ﬂka T (e4Bzk)?? “yn = kaiek)’ k (e+Bek)®?

The HWENO reconstruction to u, (Gy) and u, (G) given by u; (Gy) = PR wlh) a%pn (Gy) and
u, (Ge) = 2781:1 wg%) (%pn (Ge). The reconstructions to u; (Gy) and u,; (Gy) are similar.
StepA.5. The linear approximation of the partial derivatives at point Gy can be taken directly

by (A.2).

34



References

1]

X. Ca1, J. Qru, AND J.-M. Qiu, A conservative semi-Lagrangian HWENQO method for the

Viasov equation, Journal of Computational Physics, 323 (2016), pp. 95-114.

X. CA1, X. ZHANG, AND J. Qiu, Positivity-preserving high order finite volume HWENQO
schemes for compressible Euler equations., Journal of Scientific Computing, 68 (2016), pp. 464—

483.

X. Car, J. Zuu, AND J. Qiu, Hermite WENO schemes with strong stability preserving multi-
step temporal discretization methods for conservation laws, Journal of Computational Mathe-

matics, 35 (2017), pp. 52-73.

Z. CHEN, H. HUANG, AND J. YAN, Third order mazimum-principle-satisfying direct discon-
tinuous Galerkin methods for time dependent convection diffusion equations on unstructured

triangular meshes, Journal of Computational Physics, 308 (2016), pp. 198-217.

J. DU AND Y. YANG, Mazimum-principle-preserving third-order local discontinuous Galerkin
method for convection-diffusion equations on overlapping meshes, Journal of computational

physics, 377 (2019), pp. 117-141.

R. P. FEDKIw, T. AsLaMm, B. MERRIMAN, AND S. OSHER, A non-oscillatory FEulerian

approach to interfaces in multimaterial flows (the ghost fluid method), Journal of computational

physics, 152 (1999), pp. 457-492.

Y. Guo, T. X1IONG, AND Y. SHI, A positivity-preserving high order finite volume compact-
WENQO scheme for compressible Euler equations, Journal of Computational Physics, 274

(2014), pp. 505-523.

X. Y. Hu, N. Apawms, AND C.-W. SHU, Positivity-preserving method for high-order conser-
vative schemes solving compressible Euler equations, Journal of Computational Physics, 242

(2013), pp. 169-180.

35



[9]

[12]

[13]

[14]

[15]

V. P. KOROBEINIKOV, Problems of point blast theory, American Institute of Physics,College

Park, 1991.

H. L1, S. XIE, AND X. ZHANG, A high order accurate bound-preserving compact finite differ-
ence scheme for scalar convection diffusion equations, SIAM Journal on Numerical Analysis,

56 (2018), pp. 3308-3345.

H. Liu anD J. Quu, Finite difference Hermite WENO schemes for hyperbolic conservation

laws, Journal of Scientific Computing, 63 (2015), pp. 548-572.

H. Liu AND J. Qiu, Finite difference Hermite WENQO schemes for conservation laws, i: An

alternative approach, Journal of Scientific Computing, 66 (2016), pp. 598-624.

X.-D. Liu, S. OsHER, AND T. CHAN, Weighted essentially non-oscillatory schemes, Journal

of computational physics, 115 (1994), pp. 200-212.

D. Luo, W. HUANG, AND J. Qiu, A hybrid LDG-HWENQO scheme for KdV-type equations,

Journal of Computational Physics, 313 (2016), pp. 754-774.

H. Luo, J. D. BauM, AND R. LOHNER, A Hermite WENQO-based limiter for discontinuous
Galerkin method on unstructured grids, Journal of Computational Physics, 225 (2007), pp. 686—

713.

H. Lvo, Y. D. Xia, S. J. L1, R. NOURGALIEV, AND C. P. CA1, A Hermite WENO
reconstruction-based discontinuous Galerkin method for the FEuler equations on tetrahedral

grids, Journal of Computational Physics, 231 (2012), pp. 5489-5503.

M. R. NORMAN, Hermite WENQO limiting for multi-moment finite-volume methods using the

ADER-DT time discretization for 1-d systems of conservation laws, Journal of Computational

Physics, 282 (2015), pp. 381-396.

36



[18]

[19]

[21]

22]

[24]

[25]

J. Qiu AND C.-W. SHU, Hermite WENQO schemes and their application as limiters for

Runge-Kutta discontinuous Galerkin method: one-dimensional case, Journal of Computational

Physics, 193 (2004), pp. 115-135.

J. Qru AND C.-W. SHU, Hermite WENO schemes and their application as limiters for Runge-
Kutta discontinuous Galerkin method ii: Two dimensional case, Computers & Fluids, 34

(2005), pp. 642-663.

J. Qu AND C.-W. SHU, Hermite WENO schemes for Hamilton-Jacobi equations, Journal of

Computational Physics, 204 (2005), pp. 82-99.

L. I. SEbovV, Similarity and dimensional methods in mechanics, Academic Press, New York,

1959.

Z. Tao, F. L1, AND J. QIu, High-order central Hermite WENQO schemes on staggered meshes

for hyperbolic conservation laws, Journal of Computational Physics, 281 (2015), pp. 148-176.

Z. Tao, F. Li, anDp J. Qiu, High-order central Hermite WENQO schemes: Dimension-
by-dimension moment-based reconstructions, Journal of Computational Physics, 318 (2016),

pp. 222-251.

Z. Ta0o AND J. Qru, Dimension-by-dimension moment-based central Hermite WENO schemes

for directly solving Hamilton-Jacobi equations, Advances in Computational Mathematics, 43

(2017), pp. 1023-1058.

T. X1oNG, J.-M. Qiu, AND Z. XU, Parametrized positivity preserving flux limiters for the

high order finite difference WENO scheme solving compressible Euler equations, Journal of

Scientific Computing, 67 (2015), pp. 1066-1088.

X. ZHANG, On positivity-preserving high order discontinuous Galerkin schemes for compress-

ible Navier-Stokes equations, Journal of Computational Physics, 328 (2017), pp. 301-343.

37



[27]

[28]

[30]

[31]

[33]

X. ZHANG, Y. Liu, AND C.-W. SHU, Mazimum-principle-satisfying high order finite volume

weighted essentially nonoscillatory schemes for convection-diffusion equations, SIAM Journal

on Scientific Computing, 34 (2012), pp. A627-A658.

X. ZHANG AND C.-W. SHU, On positivity-preserving high order discontinuous Galerkin

schemes for compressible Euler equations on rectangular meshes, Journal of Computational

Physics, 229 (2010), pp. 8918-8934.

X. ZHANG AND C.-W. SHU, Mazimum-principle-satisfying and positivity-preserving high-
order schemes for conservation laws: survey and new developments, Proceedings of the Royal

Society A: Mathematical, Physical and Engineering Sciences, 467 (2011), pp. 2752-2776.

X. ZHANG AND C.-W. SHU, Positivity-preserving high order finite difference WENQO schemes

for compressible Euler equations, Journal of Computational Physics, 231 (2012), pp. 2245—

2258.

Y. ZHANG, X. ZHANG, AND C.-W. SHU, Mazimum-principle-satisfying second order discon-
tinuous Galerkin schemes for convection-diffusion equations on triangular meshes, Journal of

Computational Physics, 234 (2013), pp. 295-317.

Z. ZHAO, Y. B. CHEN, AND J. QIU, A hybrid Hermite WENQO scheme for hyperbolic conser-

vation laws, Journal of Computational Physics, 405 (2020).

Z. ZHAO AND J. Qru, A Hermite WENQO scheme with artificial linear weights for hyperbolic

conservation laws, Journal of Computational Physics, 417 (2020).

F. ZuenG AND J. Qiu, Directly solving the Hamilton-Jacobi equations by Hermite WENO

schemes, Journal of Computational Physics, 307 (2016), pp. 423-445.

F. ZHENG, C.-W. SHU, AND J. Qiu, Finite difference hermite WENQO schemes for the

Hamilton-Jacobi equations, Journal of Computational Physics, 337 (2017), pp. 27-41.

38



[36]

[37]

[39]

[40]

[41]

[42]

F. ZuEng, C.-W. SHU, AND J. QIu, High order finite difference Hermite WENQO schemes
for the Hamilton-Jacobi equations on unstructured meshes, Computers & Fluids, 183 (2019),

pp. 53-65.

J. ZHU AND J. QIU, A class of the fourth order finite volume Hermite weighted essentially

non-oscillatory schemes, Science in China Series A: Mathematics, 51 (2008), pp. 1549-1560.

J. ZHU AND J. Qiu, Hermite WENQO schemes and their application as limiters for Runge-Kutta
discontinuous Galerkin method, iii: Unstructured meshes, Journal of Scientific Computing, 39

(2009), pp. 293-321.

J. ZHu AND J. Qiu, Hermite WENO schemes for Hamilton-Jacobi equations on unstructured

meshes, Journal of Computational Physics, 254 (2013), pp. 76-92.

J. ZHU AND J. Qiu, Finite volume Hermite WENO schemes for solving the Hamilton-Jacobi

equation, Communications in Computational Physics, 15 (2014), pp. 959-980.

J. Zuu AND J. Qiu, Finite volume Hermite WENO schemes for solving the Hamilton-Jacobi
equations : Unstructured meshes, Computers & Mathematics with Applications, 68 (2014),

pp. 1137-1150.

J. Zuu, X. H. ZuonNnG, C.-W. SHU, AND J. QIU, Runge-Kutta discontinuous Galerkin
method with a simple and compact Hermite WENO limiter, Communications in Computa-

tional Physics, 19 (2016), pp. 944-969.

39



	Introduction
	Finite volume hybrid Hermite WENO schemes
	A positivity-preserving high order finite volume hybrid HWENO scheme
	One-dimensional case
	Two-dimensional case
	Implementation of CFL constraints

	Numerical tests
	Concluding remarks
	Appendix
	one-dimensional case
	Two-dimensional case


