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In Zhang & Shu (2010b), genuinely high order accurate finite volume and
discontinuous Galerkin schemes satisfying a strict maximum principle for scalar
conservation laws were developed. The main advantages of such schemes are
their provable high order accuracy and their easiness for generalization to multi-
dimensions for arbitrarily high order schemes on structured and unstructured
meshes. The same idea can be used to construct high order schemes preserving
the positivity of certain physical quantities, such as density and pressure
for compressible Euler equations, water height for shallow water equations,
and density for Vlasov-Boltzmann transport equations. These schemes have
been applied in computational fluid dynamics, computational astronomy and
astrophysics, plasma simulation, population models and traffic flow models. In this
paper, we first review the main ideas of these maximum-principle-satisfying and
positivity-preserving high order schemes, then present a simpler implementation
which will result in a significant reduction of computational cost especially for
weighted essentially nonoscillatory (WENO) finite volume schemes.

1. Introduction

An important property of the unique entropy solution to the scalar conservation
law
ug+ V- -F(u)=0, u(x,0)=ug(x) (1.1)
is that it satisfies a strict maximum principle, namely, if M = maxy up(x), m =
miny ug(x), then u(x,t) € [m, M| for any x and ¢. This property is also naturally
desired for numerical schemes solving (1.1) since numerical solutions outside of
[m, M] often are meaningless physically, such as negative density, or negative
percentage or percentage larger than one for a component in a multi-component
mixture.
One of the main difficulties in solving (1.1) is that the solution may contain
discontinuities even if the initial condition is smooth. Moreover, the weak solutions
of (1.1) may not be unique. Therefore, the nonlinear stability and convergence to
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the unique entropy solution must be considered for the numerical schemes. Total-
variation (TV) stable functions form a compact space, so a conservative TV-
stable scheme will produce a subsequence converging to a weak solution by the
Lax-Wendroff Theorem. The E-schemes including Godunov, Lax-Friedrichs and
Engquist-Osher methods satisfy an entropy inequality and are total-variation-
diminishing (TVD) thus maximum-principle-satisfying. However, E-schemes are
at most first order accurate. In fact, any TVD scheme in the sense of measuring
the variation of grid point values or cell averages will be at most first order
accurate around smooth extrema, see Osher & Chakravarthy (1984), although
TVD schemes can be designed for any formal order of accuracy for smooth
monotone solutions, e.g., the high resolution schemes.

For conventional maximum-principle-satisfying finite difference schemes, the
solution is at most second order accurate, for instance, only the second order
central scheme was proved to satisfy the maximum principle in Jiang & Tadmor
(1998). This fact has a simple proof due to Ami Harten. For simplicity we consider
a finite difference scheme, namely v is the numerical solution approximating the

point values u(z;,t") of the exact solution, where n is the time step and j denotes
the spatial grid index. Assume the scheme satisfies the maximum principle

mz_mxug-H'1 < maxuj. (1.2)

J J
Consider the linear convection equation u; + ugy = 0, u(x,0) =sin(27z), z € [0, 1]
with periodic boundary conditions. Set the grid as z; = (j — %)Am where Az = %

and NN is a multiple of 4. The numerical initial value is u(; =sin(27z;). Without

loss of generality, assume At = %A:p. At the grid point j = % + 1 and ¢t = At, the
exact solution is sin(2m(z; — At)) =sin(2r((§ + 3)Az — At)) =sin(Z) =1 and

the numerical solution is u]l §mjax u? =sin(§ — &) by (1.2). The error of the
1

scheme at the grid point j= % + 1 after one time step is equal to |1 — uj\ =
1-— ujl >1—sin(§ — &)= %2Ax2 + O(Az?). That is, even after one time step
the scheme is already at most second order accurate. A similar proof also works
for finite volume schemes where the numerical solution approximates cell averages
of the exact solution.

The simple derivation above implies that (1.2) is too restrictive for the
scheme to be higher than second order accurate. A heuristic point of view to
understand the restriction is, some high order information of the exact solution
is lost since we only measure the total variation or the maximum at the grid
points or in cell averages. To overcome this difficulty, Sanders proposed to
measure the total variation of the reconstructed polynomials and he succeeded
in designing a third order TVD scheme for one-dimensional scalar conservation
laws in Sanders (1988), which has been extended to higher order in Zhang &
Shu (2010a). But it is very difficult to generalize Sanders’ scheme to higher
space dimension. By measuring the maximum of the reconstructed polynomial,
Liu and Osher constructed a third order non-oscillatory scheme in Liu & Osher
(1996), which could be generalized to two space dimensions. However, it could
be proven maximum-principle-satisfying only for the linear equation. The key
step of maximum-principle-satisfying high order schemes above is a high order
accurate time evolution which preserves the maximum principle. The exact time
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evolution satisfies this property and it was used in Sanders (1988), Zhang & Shu
(2010a), Liu & Osher (1996). Unfortunately, it is very difficult, if not impossible,
to implement such exact time evolution for multi-dimensional nonlinear scalar
equations or systems of conservation laws.

Successful high order numerical schemes for hyperbolic conservation laws
include, among others, the Runge-Kutta discontinuous Galerkin (RKDG) method
with a total variation bounded (TVB) limiter, e.g. in Cockburn & Shu (1989), the
essentially non-oscillatory (ENO) finite volume and finite difference schemes, e.g.
in Harten et al. (1987), Shu & Osher (1988), and the weighted ENO (WENO)
finite volume and finite difference schemes, e.g. in Liu et al. (1994), Jiang & Shu
(1996). Although these schemes are nonlinearly stable in numerical experiments
and some of them can be proven to be total variation stable, they do not in
general satisfy a strict maximum principle. In Zhang & Shu (2010b), we proved a
sufficient condition for the cell averages of the numerical solutions in a high order
finite volume or a discontinuous Galerkin (DG) scheme with the strong stability
preserving (SSP) time discretization, e.g., Shu & Osher (1988), Shu (1988),
to be bounded in [m,M] for (1.1). We have also proved that, with a simple
scaling limiter introduced in Liu & Osher (1996), this sufficient condition can be
enforced and not only the cell averages but also the numerical solution itself can be
guaranteed to stay in [m, M| without destroying accuracy for smooth solutions.
In other words, we have constructed a high order scheme by adding a simple
limiter to a finite volume WENO/ENO or RKDG scheme and it can be proven
to be high order accurate and maximum-principle-satisfying. This was the first
time that genuinely high order schemes are obtained satisfying a strict maximum
principle especially for multidimensional nonlinear problems.

For hyperbolic conservation law systems, the entropy solutions in general do
not satisfy the maximum principle. We consider the positivity of some important
quantities instead. For instance, density and pressure in compressible Euler
equations, and water height in shallow water equations should be nonnegative
physically. In practice, failure of preserving positivity of such quantities may cause
blow-ups of the computation because the linearized system may become ill-posed.
From the point of view of stability, it is highly desired to design schemes which can
be proven to be positivity-preserving. Most commonly used high order numerical
schemes for solving hyperbolic conservation law systems do not in general satisfy
such properties automatically. It is very difficult to design a conservative high
order accurate scheme preserving the positivity. In Zhang & Shu (2010¢, 2011)
and Zhang et al. (2011), we have generalized the maximum-principle-satisfying
techniques to construct conservative positivity-preserving high order finite volume
and DG schemes for compressible Euler equations, which could be regarded as an
extension of the positivity-preserving schemes in Perthame & Shu (1996).

In this paper, we first review the general framework to construct maximum-
principle-satisfying and positivity-preserving schemes of arbitrarily high order
accuracy. In §2, we illustrate the main ideas in the context of scalar conservation
laws. We then discuss generalizations of this idea to other equations and systems
in §3 and §4. In §5, we propose a more efficient implementation of the framework
for WENO finite volume schemes, and provide numerical examples to demonstrate
their performance. Concluding remarks are given in §6.
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2. Maximum-principle-satisfying high order schemes for scalar conservation laws

(a) One-dimensional scalar conservation laws

We consider the one-dimensional version of (1.1) in this section:
u+ f(u)e =0,  u(x,0)=uo(z). (2.1)

(a.1) The first order schemes

It is well known that a first order monotone scheme solving (2.1) satisfies the
strict maximum principle. A first order monotone scheme has the form

1 ~
;’H_ :u;L_)‘[f(u uj-i—l) f( ] LU )] HA( j 17u]7uj+1) (22)
where \ = % with At and Az being the temporal and spatial mesh sizes (we
assume uniform mesh size for the structured mesh cases in this paper for simplicity
in presentation, however the methodology does not have a uniform or smooth mesh

u

restriction), and f(a, b) is a monotone flux, namely it is Lipschitz continuous in
both arguments, non-decreasing (henceforth referred to as increasing with a slight
abuse of the terminology) in the first argument and non-increasing (henceforth

referred to as decreasing) in the second argument, and consistent f(a, a) = f(a).
Under suitable CFL conditions, typically of the form

aX <1, a=max |f'(u)], (2.3)

for e.g. Lax-Friedrichs scheme and Godunov scheme, one can prove that the
function H)(a,b,c) is increasing in all three arguments, and consistency implies
Hy(a,a,a) =a. We therefore immediately have the strict maximum principle

m = Hy(m,m,m) <ul™ = Hy(u}_y,u},u}y ) < Hy(M,M,M)=M

provided m < ul_q,uy, gy <M.

(a.2) High order spatial discretization

Now consider high order finite volume or DG methods, for example, the WENO
finite volume method in Liu et al. (1994) and the DG method in Cockburn & Shu
(1989) solving (2.1). We only discuss the Euler forward temporal discretization in
this subsection and leave higher order temporal discretization to section §2 (a.4).
The finite volume method or the scheme satisfied by the cell averages in the DG
method discretization can be written as:

Znt+l _on (o~ + flu~ - ut
Uy =Uy — A[f(uj_l_%,uj_i_%)_f(u- U

i ) =Gy, v ul L, u

-+
A AR ML MR A

l\) =
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=

where uj is the approximation to the cell averages of wu(z,t) in the cell I
+
" %, il are

L t") within the cells I
and I respectively. These values are either reconstructed from the cell averages
u} in a finite volume method or read directly from the evolved polynomials in a
DG method. We assume that there is a polynomial p;(x) (either reconstructed in

[z;_1,2;,1] at time level n, f(-,-) is again a monotone flux, and u_
2 2

the high order approximations of the nodal values u(z



a finite volume method or evolved in a DG method) with degree k, where k> 1,
defined on I; such that u} is the cell average of p;(z) on I, u] 1 :pj(xj_%) and
2

Uiyl :pj($j+§)~
Given a scheme in the form of (2.4), assuming @} € [m, M] for all j, we would

like to derive some sufficient conditions to ensure u"+1 € [m, M]. A very natural

first attempt is to see if there is a restriction on A such that, if all five arguments
of G are in [m, M|

m<ar,uT g ,ul U ut <M
= %3 ]+%7 ]+%7 7]_ — )

1
2

=

-
then we could prove ﬂ}“’l € [m, M]. Unfortunately, one can easily build counter
examples to show that this cannot be always true. The problem is that the function
Gx(a,b,c,d,e) in (2.4) is only monotonically increasing in the first, third and
fourth arguments and is monotonically decreasing in the other two arguments.
Hence the strategy to prove maximum principle for first order monotone schemes
cannot be repeated here. In the literature, many attempts have been made
to further limit the four arguments u’ L '.:_ 1 ,u;_ 1 ,u;,"_ ; (remember the cell
2 2 2 2
average u; cannot be changed due to conservation) in the arguments of G, in (2.4)
to guarantee that u"+1 € [m, M]. However, these limiters always kill accuracy near
smooth extrema.

Our approach follows a different strategy. We consider an N-point Legendre
Gauss-Lobatto quadrature rule on the interval I; = [z j-1i Tyl ], which is exact for
the integral of polynomials of degree up to 2N — 3. We denote these quadrature
points on I; as

J :33]-_’_%}. (2.5)

N
Let w, be the quadrature weights for the interval [—%, %] such that w,=1.
a=1

Choose N to be the smallest integer satisfying 2N — 3 >k, then

1
—n § : E + ~
U;L—A—$J d$— wap] wapj +'UJ1U]_% +wNuj+%
(2.6)

We then have the following theorem. We assume that the monotone flux f
corresponds to a monotone scheme (2.2) under the CFL condition (2.3).

THEOREM 1. Consider a finite volume scheme or the scheme satisfied by
the cell averages of the DG method (2.4), associated with the approximation
polynomials p;j(x) of degree k (either reconstruction or DG polynomials) in the
sense that U} = ﬁf}-pﬂ' (x)dw, u;r_% :pj(:nj_%) and u 1= =pj(@;, ) Ifu L

++1 and p;(Z§) (a=1,--- ,N) are all in the range [m,M], then u] € [m, M]
under the CFL condition

Aa < @1. (2.7)
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Proof. With (2.6), by adding and subtracting f(uj_ S U >, the scheme

(2.4) can be rewritten as

A [~
. oy i (- o —
= S e+ (1, - 2o |7

N-1

_ o + - o -

= E wap](a:])+wNH>\/@N(u]_%,uj+%,u+1)+w1H)\/wl(u]_%,u]_%,u
a=2

Noticing that @1 =@y and H) /g, is monotone under the CFL condition (2.7),
we can see from (2.8) that U;.H'l is a monotonically increasing function of all the

~ ,,ut , and pj(z%) for 1 <j < N. The same proof
Jj—35  J+3 J

for the first order monotone scheme now applies to imply ﬂ}”l € [m, M]. |

arguments involved, namely u

Remark We recall that the CFL condition for linear stability for the DG scheme
using polynomial of degree k is Aa < 5= in Cockburn & Shu (1989), which is

2%+ 1
close to the CFL condition (2.7).

(a.3) The linear scaling limiter

Theorem 1 tells us that for the scheme (2.4), we need to modify p;(x) such
that p;(x) € [m, M] for all x € S; where S; is defined in (2.5). For all j, assume
uj € [m, M|, we use the modified polynomial p;(z) by the limiter introduced in
Liu & Osher (1996), i.e.,

pi(z) =0 W)L, f—mind || [T 2.9
]%($)_' u%($)__uj)*_uj7 = min A@<—ﬂ? ) Tnj—-U? ) ) ( ')
with
M; = g"ggpj(:v), mj = gg};pj(w)- (2.10)
Gt =5 T - .
Let CHE! —pj(xj_%) and U1 =D; ($j+%). We get the revised scheme of (2.4):
antl _=n NP~ o+ N F(o— ot

The scheme (2.11) satisfies the sufficient condition in theorem 1. We will show
in the next lemma that this limiter does not destroy the uniform high order of
accuracy.

LEMMA 1. Assume uj € [m, M], then (2.9)-(2.10) gives a (k+ 1)-th order
accurate limiter.



Proof. We need to show p;(x) — pj(z) = O(Az**1) for any x € I;. We only

. M—u?

prove the case that p;j(x) is not a constant and 6 = ‘MJ——a]n
J

similar. Since @} < M and u} < M;, we have 0 = (M —})/(M; —u}). Therefore,

, the other cases being

pj(x) —pj(zr) = 0O(pj(x) —a}) +a; — pj(x)
= (0—1)(pj(z) —7})

M — M; _
= W(pj(iﬂ) - U?)
pj(z) —u}

. _n
M; (@

= (M — M)

M—u”

M—zan
By the definition of # in (2.9), § = ‘MJ—_uﬂ]n implies that § = W_ﬂ’n‘ <1, i.e. there
J J

is an overshoot M; > M, and the overshoot M; — M = O(Ax**1) since p;(z) is an
ka1l p;(z)—u}

) = | <
Ci, where C} is a constant depending only on the polynomial degree k. In Liu
& Osher (1996), Co =3 is proved. We now prove the existence of Cj for any

k. Assume p;(z) =ap + a1 (S52) + -+ + ap((2)F and p(z) =ag + a1z + - +

approximation with error O(Az . Thus we only need to prove that ‘

axz®, then the cell average of p(z) on I =[—3,1] is p=uj and ma;cp(x) = M;.
TEe
So we have
pj(z) —u} plx) =P
max [———— | =max |———————|.
ewel; | Mj —u? cel |maxp(y) —D
yel

Let g(z) = p(x) — P, then it suffices to prove the existence of Cj such that

min p(z) —p B min ¢(z) e
maxp(z) —p| |maxq(z)

It is easy to check that |m1? q(z)| and |ma;( q(z)| are both norms on the finite
Te TE

dimensional linear space consisting of all polynomials of degree k whose averages
on the interval I are zero. Any two norms on this finite dimensional space are
equivalent, hence their ratio is bounded by a constant Cj. |

Notice that in (2.10) we need to evaluate the maximum/minimum of a
polynomial. We prefer to avoid evaluating the extrema of a polynomial, especially
since we will extend the method to two dimensions. Since we only need to control
the values at several points, we could replace (2.10) by

M; = g"é%fpj(w)j mj = ggg} pj(@), (2.12)

and the limiter (2.9) and (2.12) is sufficient to enforce p;(x) € [m, M],Vx € S;. As
to the accuracy, (2.12) is a less restrictive limiter than (2.10), so the accuracy will
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not be destroyed. Also, it is a conservative limiter because it does not change the
cell average of the polynomial.

For the conservative maximum-principle-satisfying scheme (2.11), it is
straightforward to prove the following stability result:

THEOREM 2. Assuming periodic or zero boundary conditions, then the
numerical solution of (2.11) satisfies

DT —ml =) [ —m ZI‘”“ M|=Z|ﬂ?—
J J ]

Proof. Taking the sum of (2.11) over j, we obtain Z ”+1 Z u}. Since the

numerical solutions are maximum-principle-satisfying, namely, T-‘H U € [m, M],
we have

DI =3 ) = 3 )= D -
J J J
The other equahty follows similarly. |

Remark As an easy corollary, if the solution is non-negative, namely if m >0,
then we have the L! stability > |U"+ =22 [ujl.

(a.4) High order temporal discretization

We use strong stability preserving (SSP) high order time discretizations. For
more details, see Shu & Osher (1988), Shu (1988). For example, the third order
SSP Runge-Kutta method in Shu & Osher (1988) (with the CFL coefficient ¢ = 1)
is

u) = w4 ALF(u)
3
@ - 2 w oY)
u 4u +4( + AtF (u'V)
u"tt = %u +3( u® + AtF(u®))

where F'(u) is the spatial operator, and the third order SSP multi-step method in
Shu (1988) (with the CFL coefficient ¢ = l) is

16 11
n+1l __ u 3
u 27(u + 3AtF(u")) + 27( + AtF( —3).

Here, the CFL coefficient ¢ for a SSP time dlscretlzatlon refers to the fact that, if
we assume the Euler forward time discretization for solving the equation u; = F'(u)
is stable in a norm or a semi-norm under a time step restriction At < Atg, then the
high order SSP time discretization is also stable in the same norm or semi-norm
under the time step restriction At < cAtg.

Since a SSP high order time discretization is a convex combinations of Euler
forward, the full scheme with a high order SSP time discretization will still satisfy
the maximum principle. The limiter (2.9) and (2.12) should be used for each stage
in a Runge-Kutta method or each step in a multi-step method. For details of the
implementation, see Zhang & Shu (20100).



(b) Two-dimensional extensions

Consider the two-dimensional scalar conservation laws u; + f(u), + g(u), =
0,u(z,y,0) =ug(x,y) with M =maxug(x,y), m =minug(z,y). We only discuss
x7y x7y

the DG method with the Euler forward time discretization in this section, but all
the results also hold for the finite volume scheme (e.g. ENO and WENO).

(b.1) Rectangular meshes

For simplicity we assume we have a uniform rectangular mesh. At time level n,
we have an approximation polynomial p;;(z,y) of degree k with the cell average

u] on the (7, 7) cell [a:i_%,a;iJr%] X [yj_%,yH%]. Let uj_%J(y),u;_%J(y), u:j_%(x),

Uiy ; (x) denote the traces of p;;(x,y) on the four edges respectively. A finite
T3

volume scheme or the scheme satisfied by the cell averages of a DG method on a
rectangular mesh can be written as

S - y”%f - + = flu_s w)ul s (y)|d
Y T YT Aray ], Uit W)U ;) B
i-3

At [Tl [ _ N . ]
CAzAy ), . g ui,j+%($)’ui,j+2( z)| —9 ,]__(ZE)’UZ-J_%(:E) z,
T2

where f(, ), g(+,-) are one dimensional monotone fluxes. The integrals can be
approximated by quadratures with sufficient accuracy. Let us assume that we use
a Gauss quadrature with L points, which is exact for single variable polynomials of

degree k. We assume S7 = {m =1,---, L} denote the Gauss quadrature points

on [xi_l,xH ], and Sy {yj :8=1,---,L} denote the Gauss quadrature points

on [yj 1Y, 1]. For instance, (x Z-_;,yf) (6=1,---,L) are the Gauss quadrature
2

points on the left edge of the (7, 7) cell. The subscript 8 will denote the values at

the Gauss quadrature points, for instance, u+ 157 u+ (

the corresponding quadrature weight on 1nterval [-3 3 2] so that Eﬁ Lwg = 1.
We will still need to use the N-point Gauss-Lobatto quadrature rule where IV is
the smallest integer satisfying 2N — 3 > k, and we distinguish the two quadrature
rules by adding hats to the Gauss-Lobatto points, i.e., §x {z¢:a=1,--- N}

will denote the Gauss-Lobatto quadrature points on [a:z 1, ] and Sy {y5 -

6) Also, wg denotes

a=1,--- N} will denote the Gauss-Lobatto quadrature pomts on [y] 1Yy 1].

Subscripts or superscripts 8 will be used only for Gauss quadrature pomts and «
only for Gauss—Lobatto points.
Let \ = A_ and \g = ﬁt, then the scheme becomes

—n+1 — Pl £
B = Y [Ty iy ) T )

7

N
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L
_ o + S +
)‘262_1“’5 [g(uﬁ,ﬂg’“ﬁ,ﬂ%) gy pusy-g)|- (213)
We want to find a sufficient condition for the scheme (2.13) to satisfy UZ-H €

[m, M]. We use @ to denote the tensor product, for instance, Sy ® SY = {(z,y):
xeStye S]y} Define the set S;; as
Sij=(Sf®S]) U (Sf®5j). (2.14)

See figure 1(a) for an illustration for k = 2. For simplicity, let u; = ﬁ and

[ ] (] ®
[ I ] [ ) LN ]
® [ ] ®
(a) Sy in (2.14). (b) S% in (2.20) for k =2.

Figure 1. Points to decompose the cell averages for two-variable quadratic polynomials.

po = ﬁ where a1 = max |f/(u)| and ag = max |¢'(u)|. Notice that @w; = Wy,

we have
_ i ru% Jyj+5 pa [Yirh [Tl
ot = piji(z,y)dydr + pij(x,y)dzdy
T Aedyl, Y Azdy )y o
2 2 2 2

L N L N
= Y Y weBapi(Ey)) +p2 Y D welapi;(x], 75

B=1a=1 B=1a=1

L N-1
= 303w [l (3 u0) + s af )]
B=1 a=2

L
o~ - + - +
+ BZ_l wpwy [NWH%,ﬁ TR gty ”Wﬁ,j—%] (2.15)
THEOREM 3. Consider a two-dimensional finite volume scheme or the scheme

satisfied by the cell averages of the DG method on rectangular meshes (2.13),
assoctated with the approximation polynomials p;;(z,y) of degree k (either
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reconstruction or DG polynomials). If u§ [m, M| and p;j(z,y) €

+
g1 Wil g€
[m, M] (for any (x,y) € Sij), then ﬂ}’“ € [m, M| under the CFL condition
Aaq + daas < Wy (2.16)

Proof. Plugging (2.15) in, (2.13) can be written as

L N-1
ittt = > wsis {Nlpij(§?7yf) + M2pij(ﬂff,§f)}
B=1 a=2

L
~ — )\1 = + T+ —
+:u'16§:w,5w1 |:ui+éﬂ - m <f(ui+é,ﬁ’ui+éﬂ) - (ui—%,ﬁ’uiﬁ-%ﬂ)
=1

L
w N —)\2 al(u~ + ~ 4 —

A2
+ 0+ - (e +
LY <9(“ﬁ,j—;’“ﬁ,j+;) g(uﬁd—é’uﬁd—é)ﬂ

Following the same arguments as in theorem 1, it is easy to check that the

formulation above for E?jﬂ is a monotonically increasing function with respect to

all the arguments u;ji%, uiii%,ﬁ’ pij(:nf, ys') and p;; (75, yf) |

To enforce the condition in theorem 3, we can use the following scaling limiter
similar to the 1D case. For all ¢ and j, assuming the cell averages u;; € [m, M],

we use the modified polynomial p;;(z,y) instead of p;j(x,y), i.e.,

o e g d [T | [ |
plj (:Ev y) - (plj (:Ev y) - uz]) + uz’jv = min MZ] — UZ 9 ng — E?J ) )
(2:17)
with
M;; = max p;;(z,y), mi; = min  p;;(z,y). (2.18)

(z,y)€Si; (x,y)€S;;

It is also straightforward to prove the high order accuracy of this limiter following
the proof of lemma 1.

(b.2) Triangular meshes

For each triangle K we denote by lé{ (1=1,2,3) the length of its three edges
e (1=1,2,3), with outward unit normal vector v* (i =1,2,3). K(i) denotes the
neighboring triangle along €% and |K]| is the area of the triangle K. Let F (u,v,v)
be a one dimensional monotone flux in the v direction (e.g. Lax-Friedrichs
flux), namely F (u,v,v) is an increasing function of the first argument and a
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decreasing function of the second argument, It satisfies F (u,v,v) = —F (v,u, —v)
(conservativity), and F'(u,u,v) =F(u) - v (consistency), with F(u) = (f(u), g(u)).
The first order monotone scheme can be written as

u7[l{+1 _uyfl( ‘K’ ZF quuK(z Z)lZK:H(uyll{vu?((l)vu?(@)?u?(@))

Then H(-,-,-,-) is a monotonically 1ncreasing function with respect to each
argument under the CFL condition a|K\ Z li, <1 where a =max |(f'(u), ¢’ (u))].

A high order finite volume scheme or a scheme satisfied by the cell averages of
a DG method, with first order Euler forward time discretization, can be written
as

At N/oin ex i
H}‘{H =Up — — ZJ F(u, t(K),ui t(K),VZ)ds,

where % is the cell average over K of the numerical solution, and umt(K), ufxt(K)

are the approximations to the values on the edge e % obtained from the interior
and the exterior of K. Assume the DG polynomial on the triangle K is px(z,y)
of degree k, then in the DG method, the edge integral should be approximated
by the (k + 1)-point Gauss quadrature. The scheme becomes

3 k+1

wpt =y — ‘K’ZZF u ) “’“(K),yi)wﬁzﬁ{, (2.19)
=1 g=1

where wg denote the (k4 1)-point Gauss quadrature weights on the interval
k+1
[~3.3], so that > wg=1, and u;
f=1
evaluated at the G-th Gauss quadrature point on the i-th edge from the interior
and exterior of the element K respectively.
Motivated by the derivation in the previous subsection, to find a sufficient
condition for the scheme (2.19) to satisfy @i € [m, M], we need to decompose

the cell average U} by a quadrature rule which include all the Gauss quadrature
points for each edge e’ with all the quadrature weights being positive. Such
a quadrature can be constructed by mapping the Gauss tensor Gauss-Lobatto
points on a rectangle to a triangle. Details of the mapping can be found in Zhang
et al. (2011). In the barycentric coordinates, the set Slf{ of quadrature points for
polynomials of degree k on a triangle K can be written as

1

sk = {(G+0 GG -G -G —0),

mt(K) and u, 3 denote the values of w
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1 1 1 1 1
2N B (2 _aey (I B8 2 B
(G+G -G -G -5 +P)) e
where u® (a=1,---,N) and v? (3=1,--- ,k+ 1) are the Gauss-Lobatto and
Gauss quadrature points on the interval [—% %] respectively. See figure 1(b) for

an illustration of S%{.

THEOREM 4. For the scheme (2.19) with the polynomial pr(x,y) (either
reconstruction or DG polynomial) of degree k to satisfy the maximum principle

m<_"Jrl <M, a sufficient condition is that each px(z,y) satisfies px(z,y) €
[m, M] V(z,y) € Sk where S% is defined in (2.20), under the CFL condition

|K‘ Z ll 3w1 Here wq is still the quadrature weight of the N-point Gauss-

Lobatto rule on [—%, %] for the first quadrature point.

The proof is similar to that for the structured mesh cases, see Zhang et al.
(2011) for the details. We can still use the same scaling limiter to enforce this
sufficient condition.

3. Positivity-preserving high order schemes for compressible Euler equations in
gas dynamics

(a) Ideal gas
The one-dimensional Euler system for the perfect gas is given by
wi+f(w), =0, t>0, z€R, (3.1)

where w = (p7 m, E)T’ f(W) = (mv pu2 + D, (E +p)u)T’ m=pu, = %pu2 + pe,
p=(y —1)pe, p is the density, u is the velocity, m is the momentum, FE is the
total energy, p is the pressure, e is the internal energy, and v > 1 is a constant
(y =14 for the air). The speed of sound is given by ¢=+/vp/p and the three
eigenvalues of the Jacobian f'(w) are u — ¢, u and u + c.

Let p(w)=(y — 1)(E — %mTQ) be the pressure function. It can be easily verified
that p is a concave function of w = (p,m, E)T if p > 0. Define the set of admissible
states by G = {w],o>0 and p=(y—1) (E— %m—> >O} , then G is a convex
set. If the density or pressure becomes negative, the system (3.1) will be non-
hyperbolic and thus the initial value problem will be ill-posed. In this section we
discuss only the perfect gas case, leaving the discussion for general gases to §3
(b).

We are interested in schemes for (3.1) producing the numerical solutions in the
admissible set G. We start with a first order scheme

Wit = wi AW W) — Ewl w), (3.2)

where /f(, -) is a numerical flux. The scheme (3.2) and its numerical flux /f(, -) are
called positivity preserving, if the numerical solution w7 being in the set G for
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all j implies the solution W;H_l being also in the set G. This is usually achieved

under a standard CFL condition
M (Jul +¢) o< a0 (3.3)

where «q is a constant related to the specific scheme. Examples of positivity
preserving fluxes include the Godunov flux, the Lax-Friedrichs flux, the
Boltzmann type flux, and the Harten-Lax-van Leer flux, see Perthame & Shu
(1996). In Zhang & Shu (2010c¢), we proved that the Lax-Friedrichs flux is
positivity preserving with ag=1.

In Perthame & Shu (1996), a high order scheme preserving the positivity was
proposed, but it is quite difficult to implement the method, especially in multi-
dimensions. In Zhang & Shu (2010¢, 2011), Zhang et al. (2011), we generalized
the ideas in the previous section to construct high order schemes preserving the
positivity of density and pressure for the Euler system.

(a.1) One-dimensional compressible Euler equations

First, we consider the first order Euler forward time discretization. A general
high order finite volume scheme, or the scheme satisfied by the cell averages of a
DG method solving (3.1), has the following form

't | F W + _fw +
Wi =W )\[f<wj+%,wj+%> f(wj_%,wj_%>}, (3.4)

where f is a positivity preserving flux under the CFL condition (3.3), W? is the
approximation to the cell average of the exact solution v(z,t) in the cell I; =

[xj_%,xj+%] at time level n, and Wj+%’

the point values v(z i+l t") within the cells I; and I respectively. These values
2

are either reconstructed from the cell averages W in a finite volume method or

read directly from the evolved polynomials in a DG method. We assume that

there is a polynomial vector q;(x) = (p;(x), m;(z), Ej(x))T (either reconstructed

in a finite volume method or evolved in a DG method) with degree k, where k > 1,

defined on I; such that W7 is the cell average of q;(z) on I, W;T , =qj(z;_1)
-1 !

w;_ ; are the high order approximations of

and Wj_+1 =q;(x i+l ). Next, we state a similar result as in the previous section:
2 2

THEOREM 5. For a finite volume scheme or the scheme satisfied by the cell
averages of a DG method (3.4), if q;(ZF) € G for all j and «, then W;H'l €eG
under the CFL condition

A (ful + €) floo < @Wrexo.

The proof is similar to that for theorem 1 and can be found in Zhang & Shu
(2010c¢).

Strong stability preserving high order Runge-Kutta in Shu & Osher (1988)
and multi-step in Shu (1988) time discretization will keep the validity of theorem
5 since G is convex. If the numerical solutions have positive density and pressure,
it follows that the scheme is L' stable for the density p and the total energy F
due to theorem 2.
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(a.2) A limiter to enforce the sufficient condition

Given the vector of approximation polynomials q; () = (p;(x), m; (), Ej(x))T,

with its cell average W) = (ﬁ?,ﬁ?,ﬁ?)T € G, we would like to modify q;(z) into
q; () such that it satisfies the sufficient condition in theorem 5 without destroying
the cell averages and high order accuracy.

Define p} = (v —1) <E§L - %(my)%m) Then p} >0 and p} >0 for all j.
Assume there exists a small number € >0 such that ﬁg‘ >¢e and ﬁ;‘ > ¢ for all

j. For example, we can take € = 107! in the computation.
The first step is to limit the density. Replace p;(x) by

- _ _ . Py —¢€ . N
pj(x)=01(pj(x) —p}) + 7}, Gr=minq —F—— 10, ppin=min p;(TF).
Pj — Pmin o

(3.5)

Then the cell average of pj(z) over I; is still pj and p;(Z§) > ¢ for all a.
The second step is to enforce the positivity of the pressure. We
need to introduce some notations. Let q;(z)=(p;(z), m; (:E),Ej($))T and

q; denote q;(7}). Define G°= {w:pzs,p: (v—1) (E — %%2) 26}, 0G* =
{w:p>e,p=¢}, and
s*(t) = (1 — t)w} +tq;(z§), 0<t<1. (3.6)

O0GF is a surface and s*(t) is the straight line passing through the two points wy
and q;(z%). If q;(7§) ¢ G°, then the straight line s*(¢) intersects with the surface
OG® at one and only one point since G is a convex set. If q;(z%) ¢ G°, let t2

denote the parameter in (3.6) corresponding to the intersection point; otherwise
let t& =1. We only need to solve a quadratic equation to find t&, see Zhang &
Shu (2010¢) for details. Now we define

aj($) =05 (a](l‘) — W?) + W?, 0y = a:1H12i{1- Ntaa' (3.7)

It is easy to check that the cell average of q;(z) over I; is W and q;(z}) € G
for all a. See Zhang & Shu (2010¢) for the proof of the accuracy.
(a.3) Two-dimensional cases

In this section we extend our result to finite volume or DG schemes of (k + 1)-
th order accuracy solving two-dimensional Euler equations

w,+f(w), +g(w), =0, t>0,(z,y) €R?, (3-8)
P m n
2
_ | m _| puttp _ puv
W= n ) f(W) - pUV ) g(W) - pU2 _|_p
E (E+pu (E +p)v

where m = pu,n=pv, £ = %pu2 + %pfu2 + pe,p=(v—1)pe, and (u,v) is the
velocity. The eigenvalues of the Jacobian f'(w) are u — ¢, u, v and v+ ¢ and
the eigenvalues of the Jacobian g'(w) are v —¢, v, v and v + ¢. The pressure
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function p is still concave with respect to w if p >0 and the set of admissible
states G ={w]|p>0,p> 0} is still convex.

With the same notions as in §2, a finite volume scheme or the scheme satisfied
by the cell averages of a DG method for (3.8) can be written as, on a rectangular
mesh,

L
—n+1l _  —=n - _ + -~ +
Wi = WA w [f <Wi+%,ﬁ’wi+%,ﬁ> -f (Wl—gﬂ’ 2——ﬁ>]
B=1
L
“Aa ) [’g <Wg,j+%’wg,j+%> -8 <W§,j—— Vs.j ——ﬂ » (3.9)
B=1

or on a triangular mesh,

3 k41
— H(K) HEK) i ;
T TS R et gl (310
i=1 f=1
Assume at time level n there are approximation polynomials of degree k,
q;j(7,y) with the cell average W} on the (i, j) rectangular cell, or g (z,y) with
the cell average Wl on the triangle K, let a; =|| (|u] + ¢) ||oc, a2 =|| (Jv] + ¢) ||l
and a =|| (|(u,v)| 4 ¢) ||oo, then we have the following

THEOREM 6. For a finite volume scheme or the scheme satisfied by the cell
averages of a DG method (3.9) on a rectangle, if q;j(z,y) € G for all i,j and
(x,y) € SZ] defined in (2.14), then _?H € G under the CFL condition \iay +
Azaz <1y,

THEOREM 7. For a finite volume scheme or the scheme satisfied by the
cell averages of a DG method (3.10) on a triangle, if qi(z,y)€G for all
K and (z,y) € Sk defined in (2.20), then Wit € G under the CFL condition

|K\ le 301

We can construct the same type of limiters as in the previous subsection to
enforce the sufficient conditions in these two theorems. See Zhang & Shu (2010c¢),
Zhang et al. (2011) for the proof of the theorems and implementation of limiters.

(b) General equations of state and source terms

Now we consider the one-dimensional Euler system (3.1) with a general

equation of state F = pe(p,p) + %pu2 where e(p, p) is the internal energy. As we
have seen in the previous subsection, to construct high order schemes preserving
the positivity of density and pressure, there are four important steps:

1 Prove G={w:p>0 and p>0}isa convex set.
2 Prove the first order scheme (3.2) preserves the positivity.

3 Find a sufficient condition for the Euler forward time discretization as in
theorem 5. Then high order SSP Runge-Kutta or multi-step will keep the
positivity due to the convexity of G.
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4 Construct a limiter to enforce the sufficient condition as in (3.5) and (3.7).

Notice that step 3 and step 4 above both heavily depend on the convexity of G.
Therefore, to easily generalize the previous results to general equations of state,
we should not give up the convexity. In Zhang & Shu (2011), we proved steps 1
and 2 will hold for any equation of state satisfying e >0< p>0 if p>0. Once
step 1 and step 2 are valid, it is very straightforward to complete step 3 and step 4
by following the ideas in theorems 5, (3.5) and (3.7). Two-dimensional extensions
are also trivial by following theorem 6 and theorem 7.

For Euler equations with source terms, for instance, the axial symmetry,
gravity, chemical reaction or cooling effect, it is still possible to construct
positivity-preserving high order schemes. It is straightforward to extend all the
previous results to Euler systems with various source terms, see Zhang & Shu

(2011).

4. Applications

(a) Mazimum-principle-satisfying high order schemes for passive convection
equations with a divergence free velocity field

We will discuss how to take advantage of maximum-principle-satisfying high
order schemes for scalar conservation laws to construct such schemes for passive
convection equations with a divergence free velocity field. We will explain the
main idea for the two-dimensional incompressible Euler equation.

(a.1) Two-dimensional incompressible Euler equation

The two dimensional incompressible Euler equations in the vorticity stream-
function formulation are given by:

wi + (uw)y + (vw), =0, (4.1)
Aw:wa (u,v> = <_T/}y71/}x>7 (4'2)

with suitable initial and boundary conditions. The definition of (u, v) in (4.2) gives
us the divergence-free condition u, + v, =0, which implies (4.1) is equivalent to
the non-conservative form

wi + uwy + vwy = 0. (4.3)

The exact solution of (4.3) satisfies the maximum principle w(x,y,t) € [m, M],
for all (z,y,t), where m = minwq(z,y) and M = maxwy(z,y). For discontinuous
T,y T,y

solutions or solutions containing sharp gradient regions, it is preferable to solve
the conservative form (4.1) rather than the nonconservative form (4.3). However,
without the incompressibility condition u, + vy, =0, the conservative form (4.1)
itself does not imply the maximum principle w(z,y,t) € [m, M] for all (x,y,t).
This is the main difficulty to get a maximum-principle-satisfying scheme solving
the conservative form (4.1) directly.

We recall the high order discontinuous Galerkin method solving (4.1) in Liu &
Shu (2000) briefly. For simplicity, we only discuss triangular meshes here. First,
solve (4.2) by a standard Poisson solver for the stream-function v using continuous
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finite elements, then take u = Q,Z)y, v =1,. Notice that on the boundary of each
cell, (u,v) - v = (—y,¥y) - v= 8 ¥ which is the tangential derivative. Thus (u, v) -
v is contmuous across the cell boundary since the tangential derivative of ¢ along

each edge is continuous. The cell average scheme with Euler forward in time of
the DG method in Liu & Shu (2000) is equivalent to

3 k+1

T~ - \m;ﬁzﬁ( Bl )

Suppose wi(x,y) is the DG polynomial on the triangle /. Then we can show that
the right hand side of (4.4) is a monotonically increasing function of the values
of wi(7,y) evaluated at S% in (2.20). See Zhang et al. (2011) for the proof.
Therefore, to have w”K"'l € [m, M], we only need to show the right hand side of
(4.4) is consistent. Namely, it is equal to M if wl(x,y) = M, V(z,y) € S¥.. This
fact was proved in Zhang et al. (2011). We therefore have the following theorem.

THEOREM 8. For a finite volume scheme or the scheme satisfied by the cell
averages of a DG method (4.4) solving (4.1) on a triangle, if W} (z,y) € [m, M],
V(az y)ES}“( defined in (2.20), then @it € [m,M] under the CFL condition

3
i1 2

OJI[\’)

Remark 1 The same result on rectangular meshes as in theorem 3 also holds,
see Zhang & Shu (20100).

Remark 2 If one chooses another method to solve the velocity field, then the
result still holds as long as the quadrature rules are exact for the velocity field
in the scheme. This can be easily achieved if we pre-process the divergence-free
velocity field so that it is piecewise polynomial of the right degree for accuracy,
continuous in the normal component across cell boundaries, and pointwise
divergence-free.

(a.2) The level set equation with a divergence free velocity field

Let ¢(t,z,y, z) =0 define the implicit interface, then the Eulerian formulation
of the interface evolution can be written as

¢+ (u)z + (v8)y + (wh). =0, ¢(0,2,y,2) = ¢o(z,y, 2). (4.5)

If the velocity field satisfies u, + v, +w, =0, then the solution of (4.5) satisfies
the maximum principle, i.e., ¢ € [m, M| where m and M are the minimum and
maximum of ¢g. With the same idea, it is straightforward to construct maximum-
principle-satisfying high order finite volume or DG schemes solving (4.5).

(a.3) Vlasov-Poisson equations

To describe the evolution of the electron distribution function f(z,v,t) of a
collisionless quasi-neutral plasma in one space and one velocity dimension where
the ions have been assumed to be stationary, the Vlasov-Possion system is given



by
ft + (Uf):c - (Ef)v =0, (4'6)
E(ﬂj‘,t) = _¢($7t)m, ¢mm = J'OO f(ﬂf,U,t) dv — 1.

The exact solution of (4.6) also satisfies the maximum principle, which implies
that the exact solution should always be non-negative. The positivity of the
numerical solution for solving (4.6) is very difficult to achieve without destroying
the conservation and high order accuracy, as indicated in Banks & Hittinger
(2010). Since v, = E, =0, the equation (4.6) is the same type as (4.1). Thus
theorem 8 also applies to (4.6). See figure 2 for the result of the positivity-
preserving fifth order finite volume WENO schemes for the two stream instability
problem. The implementation detail of positivity-preserving limiter can be found
in §5. As we can see, the traditional WENO schemes will produce negative values,
which was also reported in Banks & Hittinger (2010). The positivity preserving
high order scheme guarantees non-negativity and the result is comparable to those
in Banks & Hittinger (2010), Rossmanith & Seal (2011).

Even though theorem 8 is only for the Eulerian schemes solving (4.6), the
positivity-preserving techniques can also be extended to semi-Lagrangian schemes,
see Rossmanith & Seal (2011), Qiu & Shu (2011).

(b) Shallow water equations

The shallow water equation with a non-flat bottom topography has been widely
used to model flows in rivers and coastal areas. The water height is supposed
to be non-negative during the time evolution. If it ever becomes negative, the
computation will break down quite often since the initial value problem for the
linearized system will be ill-posed. The positivity-preserving techniques can be
also applied to one or two-dimensional shallow water equations. In Xing et al.
(2010), we constructed high order DG schemes which preserves the well-balanced
property and the non-negativity of the water height.

(¢) Viasov-Boltzmann transport equations

The Vlasov-Boltzmann transport equations describe the evolution of a
probability distribution function f(z,v,t) representing the probability of finding
a particle at time ¢ with position at z and phase velocity v. It models a dilute
or rarefied gaseous state corresponding to a probabilistic description when the
transport is given by a classical Hamiltonian with accelerations component given
by the action of a Lorentzian force and particle interactions taken into account
as a collision operator. Following the ideas described in previous sections, a high
order positivity-preserving DG method was proposed in Cheng et al. (2010).

(d) Positivity-preserving schemes for a population model

When the numerical solutions denote the density or numbers, it is desired
to have non-negative solutions. In Zhang et al. (2010), a positivity-preserving
high order WENO schemes was constructed for a hierarchical size-structured
population model, which involve global terms through integrals in the equation
and boundary conditions.
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Figure 2. Vlasov-Poisson: two stream instability at T'=45. The third order Runge-Kutta and
fifth order finite volume WENO scheme on a 512 x 512 mesh.
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5. A simplified implementation of the maximum-principle-satisfying and
positivity-preserving limiter for WENO finite volume schemes

(a) Motivation

As described in previous sections, the maximum-principle-satisfying and
positivity-preserving high order finite volume or discontinuous Galerkin schemes
are easy to implement if the approximation polynomials are available. In the
DG method, these are simply the DG polynomials. In the finite volume ENO
schemes, the polynomials are constructed during the reconstruction procedure.
However, the WENO reconstruction returns only some point values rather than
approximation polynomials. Therefore, to implement the maximum-principle-
satisfying and positivity-preserving high order WENO schemes according to
the procedure described in the previous sections, one must first obtain the
approximation polynomials beyond the WENO reconstructed point values, for
example, by constructing interpolation polynomials as we did in Zhang & Shu
(20100). Thus implementation of the limiter for WENO schemes is more expensive
and cumbersome especially for multi-dimensional problems. In this section, we will
propose an alternative and simpler implementation to achieve the same maximum
principle or positivity without using the approximation polynomials explicitly,
which results in a reduction of computational cost and complexity of the procedure
for WENO schemes and even for the DG method.

Let us revisit maximum-principle-satisf %flng schemes for the one-dimensional
scalar conservation laws in §2. To have @ _"+ [m, M, p;(z$) € [m, M] for all a is

sufficient but not necessary. By the mean value theorem, there exists some 27 € I;

such that p;(z}) = ﬁ S Wap;(Z§). Then (2.8) can be rewritten as

_?+1 (1 = 2w1)p;(z )—l—@NH,\/@N(u;F_;, +é,] )—i—le)\/wl(u, ,u;r

l\)\b—‘

U, ).
% ) ]+%)
1

5.1)

—

Therefore, we can have a much weaker sufficient condition.
THEOREM 9. For the scheme (2.4), ifpj(:nj-),u;.—;l,uﬁl € [m, M] then U}“’l €

2 2
[m, M] under the CFL condition Aa < ;.

To enforce this new sufficient condition, we can use the same limiter (2.9) with
M; and m; redefined as

M; = max{p;(z}), u _,_17 ; 1} m; =min{p;(z}),u J+1’ ; 1} (5.2)

(2.9) and (5.2) will not destroy the high order accuracy since it is a less restrictive
limiter than (2.9) and (2.10).

u?—@lufil —wNu

Equation (2.6) implies that p;(z7) = i—%wl . Therefore, 6 defined
in (2.9) and (5.2) can be calculated without the expllclt expression of the
approximation polynomial p;(x) or the location a:;k We only need to know the
existence of such polynomials to prove the accuracy of the limiter. For WENO
schemes, the existence of such approximation polynomials can be established by
the interpolation, for example, Hermite interpolation for the one-dimensional case

as in Zhang & Shu (20100).
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Extensions to two-dimensional cases are straightforward:

THEOREM 10. Consider the scheme (2.13). There exists some point (x7,y})
in the (i,7) cell such that

L
ﬂ%— ngwl [,ul< +u 1’ﬁ>+,u2< ﬁ,]—l—l +um__>}

=1
1— 2w,

(5.3)
, o + + —nt1
If pij(x Z,y]) ﬁyil’ ii%,g’“ﬁ,ﬁ%’“q%,ﬁe[m’M]’ then U € [m, M| under
the CFL condition )\1a1 + Xoas < wy.

THEOREM 11. Consider the scheme (2.19). There exists some point (7., yj)
in the triangle K such that

3 k+1
Aan
- % 3 Buginu] ")

i=1 =1
1-—

P (e, i) = T

If pK(a:*K,y}{),ujg(K),ufi;(K)e[m,M], then u?;rl € [m,M] wunder the CFL

1 2
condition a|K‘ le < sWp.

Remark All the results above can also be easily extended to positivity-preserving
schemes for compressible Euler equations.

(b) Easy implementation for WENO finite volume schemes

We only state the algorithm for two-dimensional scalar conservation laws on
rectangular meshes, the counterparts for the triangular meshes and compressible
Euler equations are similar. For each stage in the SSP Runge-Kutta or each step
in the SSP multi-step methods of the finite volume WENO schemes (2.13), the
algorithm flowchart of the new limiter is

1. For each rectangle, given u?; € [m, M| and uwt _,,ut | constructed by the
K B.iFs3’ zﬂFz B
. —u m—u
WENO  reconstruction, compute 6;; =min {‘ W= JJ s ufm , 1}

with (5.3) where M,; and m;; are the max and min of

+
{pi’( “yﬂ) 74,6 8471
2. Set Ut | =0 i upy) + g and o 1—9 (us ) g
Tt~ Vgl g T B.4F Ygjpt — M) T U
+ + + ~+
3. ijlace 12;%75, ﬁjqil’ui:té,ﬁ’uﬁ, £ by the revised nodal values u; "
uﬁ,]i%’ uii%,ﬁ’ Bt in the scheme (2.13).

Remark 1 The new algorithm is simpler and less expensive than the
implementation in Zhang & Shu (2010b), since no extra reconstructions need
to be performed for the limiter.
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Remark 2 The new algorithm is also cheaper for the DG method because it avoids
the evaluation of the point values in S, S;; and Sf?(. The algorithm flowchart for
the DG method is almost identical to the one described above for the finite volume
method, and is therefore omitted to save space.

(¢) Numerical tests for the fifth order WENO schemes

We show some numerical tests for the fifth order finite volume WENO schemes
with the simplified implementation of the limiter on rectangular meshes described
above. The time discretization is the third order SSP Runge-Kutta and the CFL
is taken as (2.16). The algorithm for finite volume WENO schemes on rectangular
meshes was described in Shu (2009) and the linear weights can be found in the
appendix of Zhang & Shu (20100), where the negative linear weights should
be dealt with by the method in Shi et al. (2002). Extensive tests for scalar
conservation laws were done to test the accuracy for the new limiter mentioned
above. The results are similar to those in Zhang & Shu (2010b). We will not show
the accuracy tests here to save space.

Example 1 (Two stream instability for Vlasov-Poisson equations). The initial and
boundary conditions are the same as in Banks & Hittinger (2010). See figure 2
for the results. The numerical solution on the top-right in figure 2 is non-negative
everywhere. This can be clearly seen in the cuts along x =0, especially in the
zoomed cuts on the bottom-right in figure 2.

Example 2 (Low density or low pressure problems for compressible Euler
equations). We consider the two-dimensional Sedov blast wave and ninety-degree
shock diffraction problem in Zhang & Shu (2010c¢) where the results of the
positivity-preserving third order DG method were reported. Traditional finite
volume and finite difference WENQO schemes will blow up for such problems.
Here we show the results of the fifth order finite volume WENO scheme with the
new positivity-preserving limiter. See figures 3 and 4. The results are comparable
to those of the DG method.

6. Concluding remarks

We have given a review of the recently developed maximum-principle-satisfying
high order finite volume or DG schemes for scalar conservation laws, including
generalizations and applications to two dimensional incompressible Euler
equations and passively convection equations with a divergence free velocity field,
and positivity-preserving schemes for compressible Euler equations, shallow water
equations, Vlasov-Boltzmann transport equations, and a population model. We
also propose a simpler and less expensive implementation especially for the finite
volume WENO schemes, and provide several numerical examples to demonstrate
their performance.
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(a) Color contour of density (b) Cut along y=0. The solid line is
the exact solution. Symbols are numerical
solutions.

Figure 3. 2D Sedov blast. T'=1. Az = Ay = %. The third order Runge-Kutta and fifth order

finite volume WENO scheme with the positivity-preserving limiter.

(a) Density: 20 equally spaced contour (b) Pressure: 40 equally spaced contour
lines from p =0.066227 to p = 7.0668. lines from p=10.091 to p = 37.

Figure 4. Shock diffraction problem. Az = Ay =1/80. The third order Runge-Kutta and fifth
order finite volume WENO scheme with the positivity-preserving limiter.
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