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9. (10 pts) Let V, W be finite dimensional vector spaces and 7" : V — W

be isomorphism. Let V{ be a subspace of V. Prove that T'(Vp) is a
subspace in W and dim(Vy) = dim(T'(Vj)).
Solution: First, since V; is a subspace, Oy € Vp thus Oy = T(ﬁv) €
T (Vp). Second, for any z,y € T'(Vj), any a,b € F, there exist u,v € Vj
s.t. T'(u) =z,T(v) =y, and az+by = aT'(u)+bT'(v) = T(au+bv) € Vj.
So T'(Vp) is a subspace.

Finally, we can give the restriction of 7" on V; a new name, call it 7. In
other words, it is defined as:

T:Vy— T (V)
v+— T(v)

Since 7T is an isomorphism, it is one-on-one thus 7" is also one-on-one.
Obviously 7' is onto since T'(V}) is its range. Since T is linear, 7" is linear.

Thus T is invertible and linear, thus an isomorphism. By Theorem 2.19,
dim (Vo) = dim(T'(Vp)).
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