Theorem 2.8. Assume V f(x) is Lipschitz-continuous with Lipschitz con-
stant L and f(x): R™ — R is convex. Then for any x,y:

1 fly) > f(x) +(Vf(x),y —x) + 5 [V f(x) = VI(y)|?
2. IVf(x) = ViWI? < L(Vf(x) - Vf(y),x—y)
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Proof. Define ¢(x) = f(x) — (Vf(x0),x). Then ¢(x) also has Lipschitz

continuous gradient:

IVé(x) = Vo)l =IVFf(x) = Vi(y)ll < Llx -yl
Apply Lemma 2.1 to ¢(x):

H(x) < 6(y) + (Voly), x —3) + 5 Ix — v

(I, b)| < [lalllb]]) < ¢(y) = [VeW)llllx -yl + §||x -yl

By Theorem 1.5, ¢(x) is also convex because —(V f(xg), x) is convex. More-
over, Vo(xg) = 0, thus by Theorem 2.4, xg is a global minimizer of V¢(x).
So we get

(o) = min o(x) < min [0(y) — Vo) I — ¥l + 5 I — ¥

L
< min | 6(y) ~ Vo)l + 577

= 6(y) — 57 16



Thus ¢(xo) < ¢(y) — 5z [|Vé(y)||* implies

(x0) — (VS (x0).30) < F(y) ~ (VI (0).y) — 5 [VF(y) — VI (0)

Since xq,y are arbitrary, we can also write is as

f(x) = (Vf(x),x) < f(y) = (Vf(x),y) - %Ilvf(.‘)’) = Vi)

which implies

)+ (VI(x),y —x) + illvf()') - VI* < f(y).

Switching x and y, we get

F) +{(VF)x = 3) + 5 IVS) = VI < £60)
and adding two we get

IVf(x) = VI < LVf(x) = VI(y),x—y)
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