PROBLEM OF THE WEEK
Solution of Problem No. 12 (Fall 2009 Series)

k k
Problem: Find, with proof, the maximum value of H x; where z; > 0, Z z; = 100,
j=1 j=1
and k is variable. In particular, your answer must be greater than or equal to all values
obtained from other choices of k.

Solution (by Craig Schroeder, PhD. student, Stanford Univ.)
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Assume that k£ > 1 and that, without loss of generality, z1 # x3. Let a = b =

2
a+b=x1+ xo, but ab — x120 = (xl 5 m2> > 0. Thus, the optimum value must be
100
obtained when 1 = x93 = --- = x. Let this value be x. Since kx = 100, x = T The
(100" "
value to be maximized is z" = - ) Maximizing s is the same as maximizing
100"
f(k)=In (T) =kIn100 — kln k.
f'(k) =In100 — Ink — 1.
1
"(k) = —— <.
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0=f(k)=In100 —Ink —1 < k= 100e"" ~ 36.8.

The first derivate tells us the optimum (if £ could be any real), and the second derivative
tells us that this is a maximum. The first derivative also tells us that f(k) increases if k
is less than this and decreases if greater. Since k must be an integer, the two candidates
for the maximum are k = 36 and k = 37. f(36) ~ 36.779 and f(37) ~ 36.787. Thus, the

100\ *
solution is k = 37. The product is (§> A~ 9.4741 x 101°.

The problem was also completely or partially proved by:

Undergraduates: Clara Bennett (Phys), Andy Bohn (Sr. Phys), Kilian Cooley (Fr.), David
Elden (So. Mech. Engr), Artyom Melanich (Fr. Engr.), Kun—-Chieh Wang (Sr. Math)




Graduates: Richard Eden (Math), Rodrigo Ferraz de Andrade (Math), Andy Newell (CS),
Tairan Yuwen (Chemistry)

Others: Muhammad Ahsan (Pakistan), Andrea Altamura (Italy), Manuel Barbero (New
York), Brian Bradie (Christopher Newport U. VA), Hongwei Chen (Christopher New-
port U. VA), Gruian Cornel (IT, Romania), Nathan Faber (CO), Elie Ghosn (Montreal,
Quebec), Steven Landy (IUPUI Physics staff), Wei-hsiang Lien (Grad student, National
Chiao-Tung Univ., Taiwan), Samuel Roth (Sr. Grace College, IN), Sorin Rubinstein (TAU
faculty, Israel), Steve Spindler (Chicago), M.B. Tajikpour (Iran), Américo Tavares (Queluz,
Portugal), Yansong Xu (Brandon, FL)



