
PROBLEM OF THE WEEK

Solution of Problem No. 11 (Spring 2008 Series)

Problem: Suppose f and g are non–constant real–valued differentiable

functions on (−∞,∞). Furthermore suppose

f(x+ y) = f(x)f(y)− g(x)g(y), and

g(x+ y) = f(x)g(y) + g(x)f(y), for all x, y.

If f ′(0) = 0, prove that (f(x))2 + (g(x))2 = 1 for all x.

Solution (by Daniel Jiang, Freshman Engineering)

Differentiating both sides of the first equation with respect to x, we get

f ′(x+ y) = f ′(x)f(y)− g′(x)g(y)

and then letting x = 0, letting g′(0) = k, and writing f as a function of another variable t,

f ′(y) = −g′(0)g(y)⇒ f ′(t) = −kg(t).

Doing the same with the second equation, it is easy to arrive at

g′(t) = kf(t).

Let (f(x))2 + (g(x))2 = h(x). Thus, differentianting with respect to x and substituting:

2f(x)f ′(x) + 2g(x)g′(x) = h′(x)

2f(x) · (−kg(x)) + 2g(x) · (kf(x)) = h′(x)

0 = h′(x)

The derivative is 0, so h is a constant function (let the constant be C). Using the two

given equations, we can compute h(x+ y) to be:

h(x+ y) = f(x+ y))2 + (g(x+ y))2

= (f(x)f(y)− g(x)g(y))2 + (f(x)g(y) + g(x)f(y))2

= ((f(x))2 + (g(x))2)((f(y))2 + (g(y))2)

= h(x) · h(y)



We therefore arrive at the equation C = C2, for which there are two solutions, C = 1 or

C = 0. If C = 0, then (f(x))2 + (g(x))2 = 0, but since (f(x))2 ≥ 0 and (g(x))2 ≥ 0, the

only way for this to be true is if f(x) = g(x) = 0, which violates the condition that f and

g are both non–constant. If C = 1, however, no such problems occur, and we have shown

that h(x) = (f(x))2 + (g(x))2 = 1.

Also solved by:

Undergraduates: Noah Blach (Fr. Math), Rahul Kumar (Sr. ECE), Charles Roldan (Jr.

Math)

Graduates: Richard Eden (Math), George Hassapis (Math)

Others: Manuel Barbero (New York), Brian Bradie (Christopher Newport U. VA), Ilir

Dema (Toronto, ON), Randin Divelbiss (Undergraduate, University of Wisconsin–Stevens

Point), Mihaela Dobrescu (Faculty, Christopher Newport Univ.), Hoan Duong (San An-

tonio College), Elie Ghosn (Montreal, Quebec), Steven Landy (IUPUI Physics staff),

Minghua Lin (Shannxi Normal Univ., China), Leo Livshutz (Faculty, Truman College, IL),

Ian Maxwell (Chelsea, MA), Joseph Perez, Angel Plaza (ULPGC, Spain), Sorin Rubinstein

(TAU faculty, Israel), Peyman Tavallali (Grad. student, NTU, Singapore), Amitabha

Tripathi (SUNY, NY), Timothy M. Whalen (Faculty, Purdue Univ.), Xiao Zhang (Shannxi

Normal University, China)

Update on POW 10: The solution to problem 10 was accidentally published a week early.

The list of solutionists has been enlarged.


