PROBLEM OF THE WEEK
Solution of Problem No. 8 (Spring 2010 Series)

Problem: Let A be any n x n matrix in which every entry is either +1 or —1.

Prove that the determinant of A is divisible by 2771,
Solution (by Tairan Yuwen, Graduate student, Chemistry, Purdue University)

In order to calculate the determinant of A let’s add its first row to the other (n — 1) rows,
and we’ll get a new matrix B. According to the property of matrix determinant, we’ll
have det(B) = det(A). Since the elements of A are either +1 or —1, the lower (n — 1) x n
submatrix of B may only contain 42,0, or —2.

Now let’s try to calculate the determinant of B, and we can do that by expanding its first
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where C; is the (n — 1) x (n — 1) submatrix excluding the first row and the j'th column.

Since all elements of C; are 42,0 or —2, it means det(C;;) can only have one of the
following values: 27”71, 0 or —2"~!, which are all divisible by 27~!. Then according to
Equation (1), we’ll have 2"~ 1| det(B).
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