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Introduction

In these notes, which originated from various “second courses” in algebraic
geometry given at Purdue, I study complex algebraic varieties using a mixture
of algebraic, analytic and topological methods. I assumed an understanding of
basic algebraic geometry (around the level of [I1s]), but little else beyond stan-
dard graduate courses in algebra, analysis and elementary topology. I haven’t
attempted to prove everything, often I have been content to give a sketch along
with a reference to the relevent section of Hartshorne [I] or Griffiths and Harris
[GH]. These weighty tomes are, at least for algebraic geometers who came of
age when I did, the canonical texts. They are a bit daunting however, and I
hope these notes makes some of this material more accessible.

These notes are pretty rough and somewhat incomplete at the moment.
Hopefully, that will change with time. For updates check

http://www.math.purdue.edu/~dvb


http://www.math.purdue.edu/~dvb/Welcome.html

Contents

1 Manifolds and Varieties via Sheaves

1.1 Sheaves of functions . . . . . . .. ... .. ... ...
1.2 Manifolds . . . . . . . ...
1.3 Algebraic varieties . . . . .. .. ... L o
1.4 Stalks and tangent spaces . . . . .. ... ... L.
1.5 Nomnsingular Varieties. . . . . . . . ... ... . ... ...
1.6 Vector fields . . . . . . . . .. ...
2 Generalities about Sheaves
2.1 The Category of Sheaves . . . . .. ... ... .. .. ......
2.2 Exact Sequences . . . . . ... .o
2.3 The notion of a scheme . . . . . .. .. ... ... .. ......
2.4 Toric Varieties . . . . . . . . . . .. ..
2.5 Sheaves of Modules . . . . . . .. .. ... ... ... .. .....
2.6 Direct and Inverse images . . . . . . .. ... ...

3 Sheaf Cohomology

3.1 Flabby Sheaves . . . . . . .. ... .
3.2 Cohomology . . . . . . . ..
3.3 Softsheaves . . . . . . .. .
3.4 Mayer-Vietoris sequence . . . . . . .. .. ..o

4 De Rham’s theorem

4.1 Acyclic Resolutions . . . . . . .. ... L
4.2 De Rham’s theorem . . . . . ... ... ... ...........
4.3 Poincaré duality . . . .. .. ... o
4.4 Fundamental class . . . . . . . ... ... ...
4.5 Examples . . . ...
5 Riemann Surfaces
5.1 Topological Classification . . . .. ... ... ... ... .....
52 Examples . . . . ...
5.3 The d-Poincaré lemma . . . . . . o v i i
5.4  0-cohomology . . . . . ...



5.5 Projective embeddings . . . . . ... ..o oL
5.6 Automorphic forms . . . . . ... oL

6 Simplicial Methods
6.1 Simplicial and Singular Cohomology . . . . . .. ... ... ...
6.2 H (P Z) . . . . o
6.3 Cech cohomology . . . . . . . ..o
6.4 Cech versus sheaf cohomology . . . . . . . .. ... ... .....
6.5 First Chernclass . . . . . . . . ... oo

7 The Hodge theorem
7.1 Hodge theory on a simplicial complex . . . .. .. ... .. ...
7.2 Harmonic forms. . . . . .. .. ..o o
7.3 Heat Equation . . .. ... ... ... o

8 Toward Hodge theory for Complex Manifolds
8.1 Riemann Surfaces Revisited . . . . . .. .. ... ... ... ..
8.2 Dolbeault’s theorem . . . . . .. .. ... ... .. ... ...
8.3 Complex Tori . . . . . . . . ...

9 Kahler manifolds
9.1 Kahler metrics . . . . . . . ..
9.2 The Hodge decomposition . . . . . ... ... ... ... .....
9.3 Picard groups . . . . . ... Lo

10 Homological methods in Hodge theory
10.1 Pure Hodge structures . . . . . . . . .. ... .. ... ... ...
10.2 Canonical Hodge Decomposition . . . . . .. .. ... ... ...
10.3 The 90-lemma . . . . . . . . .
10.4 Hypercohomology . . . . . . . . . . . . .. .
10.5 Holomorphic de Rham complex . . . . . .. .. ... ... ....

11 Algebraic Surfaces
11.1 Examples . . . . . . . o
11.2 Castenuovo-de Franchis’ theorem . . . . . .. ... ... ... ..
11.3 The Neron-Severi group . . . . . .. . . ... ... ... ..
11.4 The Hodge index theorem . . . . . . .. ... ... ... .. ...

12 Topology of families
12.1 Fiber bundles . . . . . . .. ...
12.2 A family of elliptic curves . . . . . . .. ... ... ... .....
12.3 Local systems . . . . . . .. .. Lo
12.4 Higher direct images . . . . . . . . . . . .. oo



13 The Hard Lefschetz Theorem
13.1 Hard Lefschetz and its consequences . . . . . . . . . ... ....
13.2 More identities . . . . . . . . . ..
13.3 Lefschetz Pencils . . . . . . .. ... ... ... ... .. ...,
13.4 Barth’s theorem . . . . ... ... ... ... ... ... ...,
13.5 Hodge conjecture . . . . . . . . .. . .o
13.6 Degeneration of Leray . . . . . . ... ... ... ... ... .

14 Coherent sheaves on Projective Space
14.1 Cohomology of line bundles on P™* . . . . .. .. ... ... ...
14.2 Coherence in general . . . . . . . . ... Lo
14.3 Coherent Sheaves on P™ . . . . . . . .. ... .. ... ... ...
14.4 Hilbert Polynomial . . . . . . . . ... ... ... .. .......
14.5 GAGA . . . . e

15 Computation of some Hodge numbers
15.1 Hodge numbers of P™ . . . . . . ... L oL oL
15.2 Hodge numbers of a hypersurface . . . . . . ... ... ... ...
15.3 Machine computations . . . . . .. ... Lo oL

16 Deformation invariance of Hodge numbers
16.1 Families of varieties via schemes . . . . . .. .. ... ... ...
16.2 Cohomology of Affine Schemes . . . .. .. ... ... ......
16.3 Semicontinuity of coherent cohomology . . . . . . . ... ... ..
16.4 Smooth families . . . . . . . . ... Lo
16.5 Deformation invariance of Hodge numbers . . . . . . . .. .. ..

17 Mixed Hodge Numbers
17.1 Mixed Hodge numbers . . . . . . .. ... ... ... ...
17.2 Cohomology of the complement of a smooth hypersurface
17.3 Counting points over finite fields . . . . . .. .. ... ... ...
17.4 A transcendental analogue of Weil’s conjecture . . . .. ... ..

104
104
105
107
108
109
110

112
112
114
115
117
119

120
120
121
122

124
124
125
127
129
130



Chapter 1

Manifolds and Varieties via
Sheaves

As a first approximation, a manifold is a space, like the sphere, which looks
locally like Euclidean space. We really want to make sure that the function
theory of a manifold is locally the same as for Euclidean space. Sheaf theory
is a natural language in which to make such a definition, although it’s rarely
presented this way in introductory texts (e. g. [Spv, Wa]). An algebraic variety
can be defined similarly as a space which looks locally like the zero set of a col-
lection of polynomials. The sheaf theoretic approach to varieties was introduced
by Serre in the early 1950’s, and algebraic geometry has never been the same
since.

1.1 Sheaves of functions

In many parts of mathematics, one is interested in some class of functions sat-
isfying some condition. We will be interested in the cases where the condition
is local in the sense that it can be checked in a neighbourhood of a point.
Formulating this precisely leads almost immediately to the concept of a sheaf.

Let X be a topological space, and Y a set. For each open set U C X, let
Mapy (U) be the set of maps from X to Y.

Definition 1.1.1. A collection of subsets P(U) C Mapy (U) is called a presheaf
of (Y -valued) functions on X, if it is closed under restriction, i. e. f € P(U) =
flv € P(V) when U C V.

Definition 1.1.2. A presheaf of functions P is called a sheaf if f € P(U)
whenever there is an open cover {U;} of U such that f|y, € P(U;).

Example 1.1.3. Let Py (U) be the set of constant functions to Y. This is a
presheaf but not a sheaf in general.



Example 1.1.4. A function is locally constant if it is constant in a neigh-
bourhood of a point. The set of locally constant functions, denoted by Y (U) or
Yx (U), is a sheaf. It is called the constant sheaf.

Example 1.1.5. Let Y be a topological space, then the set of continuous func-
tions Cy (U) from U toY is a sheaf. WhenY is discrete, this is just the previous
example.

Example 1.1.6. Let X = R", the sets C*(U) of C™ real valued functions
forms a sheaf.

Example 1.1.7. Let X = C (or C"), the sets O(U) of holomorphic functions
on U forms a sheaf.

Example 1.1.8. Let L be a linear differential operator on R™ with C*° coef-
ficients (e. g. >.9%/02%). Let S(U) denote the space of C*° solutions in U.
This is a sheaf.

Example 1.1.9. Let X = R", the sets LY(U) of L'-functions forms a presheaf
which is not a sheaf.

We can always force a presheaf to be become a sheaf by the following con-
struction.

Example 1.1.10. Given a presheaf P of functions to Y. Define the
PTU)={f:U—Y|Vz €U3 anbhd U, of x, such that f|y, € P(U,)}
This is a sheaf called the sheafification of P.

When P is a sheaf of constant functions, Pt is exactly the sheaf of locally
constant functions. When this construction is applied to the presheaf L', we
obtain the sheaf of locally L! functions.

1.2 Manifolds

Let k& be a field.

Definition 1.2.1. Let R be sheaf of k-valued functions on X. We call R a
sheaf of algebras if each R(U) C Mapy(U) is a subalgebra.

Definition 1.2.2. With the above notation, we call the pair (X, R) a concrete
ringed over k, or simply a k-space.

(R™, Cg), (R™,C*°) and (C™, Q) are examples of R and C spaces. An affine
variety over k is a k-space.

Definition 1.2.3. A morphism of k-spaces (X, R) — (Y,5) is a continuous
map F : X — Y such that f € S(U) implies f o F € R(f~1U).



The collection of k-spaces and morphisms form a category. In any category,
one has a notion of an isomorphism. Let’s spell it out in this case.

Definition 1.2.4. An isomorphism of k-spaces (X, R) = (Y, S) is a homeomor-
phism F : X — Y such that f € S(U) if and only if f o F € R(F~U).

Given a sheaf S on X and and open set U C X, let S|y denote the sheaf on
U defined by V — S(V) for each V C U.

Definition 1.2.5. An n-dimensional C* manifold is an R-space (X, C¥) such
that

1. The topology of X is given by a metrict.

2. X admits an covering {U;} such that each (U;, C¥|u,) is isomorphic to
(B;,C*|p,) for some open ball B C R™.

The isomorphisms (U;, C*®|y,) = (B;, C*|p,) correspond to coordinate charts
in more conventional treatments. The whole collection of data is called an atlas.
There a number of variations on this idea:

1. An n-dimensional topological manifold is defined as above but with (R™, C'*)
replaced by (R™, Cg).

2. An n-dimensional complex manifold can be defined by replacing (R™, C°°)
by (C", O).

One dimensional complex manifolds are usually called Riemann surfaces.

Definition 1.2.6. A C* map from one C°° manifold to another is just a
morphism of R-spaces. A holomorphic map between complex manifolds is defined
in the same way.

C* (respectively complex) manifolds and maps form a category; an isomor-
phism in this category is called a diffeomorphism (respectively biholomorphism).
By definition any point of manifold has neighbourhood diffeomorphic or biholo-
morphic to a ball. Given a complex manifold (X, Ox), call f: X — R C* if
and only if f o g is C* for each holomorphic map g : B — X from a ball in
C™. We can introduce a sheaf of C'™ functions on any n dimensional complex
manifold, so as to make it into a 2n dimensional C'*° manifold.

Let consider some examples of manifolds. Certainly any open subset of R"”
(C™) is a (complex) manifold. To get less trivial examples, we need one more
definition.

L It’s equivalent and perhaps more standard to require that the topology is Hausdorff and
paracompact. (The paracompactness of metric spaces is a theorem of Stone. In the opposite
direct use a partition of unity to construct a Riemannian metric, then use the Riemannian
distance.)



Definition 1.2.7. Given an n-dimensional manifold X, a closed subsetY C X
is called a closed m-dimensional closed submanifold if for any point x € Y, there
ezists a neighbourhood U of x in X and a diffeomorphism of to a ball B C R™
such that Y NU maps to a the interesection of B with an m-dimensional linear
space.

Given a closed submanifold Y C X, define Py to be the presheaf which
functions on Y which extend to C'*° functions on X. More precisely, for each
open U C Y, f € Py(U) in a there exists an open U C V C X such that and
g € O (V) such that f = g|y. Let O = Pyf. In other words, C5° is the sheaf
functions which are locally extendible to C*° functions on X.

Lemma 1.2.8. (Y,C5°) is a manifold.

We can make an analogous definition for complex manifolds. One can show,
using partitions of unity, that locally extendible C*° functions are globally ex-
tendible, i.e. C3° = Py. However, the corresponding statement for holomorphic
functions on complex manifolds is usually false, as the following example shows.

Example 1.2.9. Let Let P¢ = CP" be the set of one dimensional subspaces
of C"*. Let m : k"™t — {0} — PZ be the natural projection (in the sequel,
we often denote w(xg,...x,) by [xo,...2,]). The topology on this is defined in
such a way that U C P™ is open if and only if 71U is open. Define a function
f U — k to be holomorphic exactly when f o mw is holomorphic. Then the
presheaf of holomorphic functions Opn is a sheaf, and the pair (P™, Opn) is an
complex manifold. In fact, if we set

Ui ={[zo,...xn) | x; # i}
Then the map
[0y ... xn] — (x0/244 - .. ar;/\acZ T [ T)
induces an isomomorphism U; = C™.
Example 1.2.10. Let Y C P! be a finite set of at least 2 points py,pa,. .. Dn.
Then the function which takes the value 1 on p; and O on pa,...p, is cannot

be extended to global holomorphic function on P' since all such functions are
constant (this follows from Liouville’s theorem,).

With this lemma in hand, it’s possible to produce many interesting examples
of manifolds starting from R".

Exercise 1.2.11.

1. Let T = R"/Z™ be a torus. Let m : R™ — T be the natural projection.
Define f € C=(U) if and only if the pullback f o is C* in the usual
sense. Show that (T,C*) is a C*° manifold.

2. Let T be a nonreal complex number. Let E = C/(Z + Z7) and w denote
the projection. Define f € Og(U) if and only if the pullback f o w is
holomorphic. Show that E is a Riemann surface. Such a surface is called
an elliptic curve.



8. Prove lemma 1.2.8 .

4. Check that the quadric defined by x3 + 23 + ...+ z} — m%_H =22 =1
is a closed n — 1 dimensional submanifold of R™.

1.3 Algebraic varieties

Let k£ be an algebraically closed field. Write A} = k™. When k£ = C, we can
use the standard metric space topology on this space, and we will refer to this
as the classical topology. In general, one has only the Zariski topology, but we
may use it even when &k = C. This topology can be defined to be the weakest
topology which makes the polynomials continuous. The closed sets are precisely
the sets of zeros

V(S)={a€ A" | f(a) =0Vf € S}

of sets of polynomials S C k[zo,...z,]. Sets of this form are also called alge-
braic. By Hilbert’s nullstellensatz the map I +— V(1) is a bijection between the
collection of radical ideals of k[zo,...x,]| an algebraic subsets of A™. Will call
an algebraic set X C A" an affine variety if it is irreducible, which means that
X is not a union of proper closed subsets, or equivalently if X = V/(I) with
prime. The Zariski topology of X has a basis given by affine sets of the form
D(g) = X —V(g), g € klz1,...2,] Call a function F : D(g) — k regular if it
can be expressed as a the rational function with a power of g in the denomi-
nator i.e. an element of k[x1,...2,][1/g]. For a general open set U C X, we
determine regularity of F' : U — k by restricting to the basic open sets. With
this notation, then:

Example 1.3.1. Let Ox(U) denote the set of reqular functions. Then this is
a sheaf.

The irreduciblity guarrantees that O(X) is an integral domain called the
coordinate ring of X. This ring determines X completely. Thus (X, Ox) is a
k-space. In analogy with manifolds, we define:

Definition 1.3.2. A prevariety over k is a k-space (X,Ox) such that X is
connected and there exists a finite open cover {U;} such that each (U;, Ox|u,)
18 isomorphic to an affine variety.

This is “pre” because we’xre missing a “Hausdorff condition”. Before ex-
plaining what this means, let’s do the example of projective space. Let P} be
the set of one dimensional subspaces of k"™, Let 7 : A"l — {0} — P" be
the natural projection. The Zariski topology on this is defined in such a way
that U C P" is open if and only if 77U is open. Equivalently, the closed sets
are zeros of sets of homogenous polynomials in k[xg, ...x,]. Define a function
f U — k to be regular exactly when f o m is regular. Then the presheaf of
regular functions Opn is a sheaf, and the pair (P", Opn) is easily seen to be a
prevariety with affine open cover U; as in example 1.2.9.



Now let’s make the seperation axiom precise. The Hausdorff condition for a
space X is equivalent to the requirement that the diagonal A = {(z,z) |z € X}
is closed in X x X with its product topology. In the case (pre)varieties, we have
to be careful about we mean by products. We certainly expect A? x A™ = An+™,
but notice that topology on this space is not the product topology. In general,
the safest way to define products is terms of a universal property. We define
a morphism of prevarieties simply as a morphism of k-spaces. This makes the
collection of prevarieties into a category. The following can be found in [M]:

Proposition 1.3.3. Let (X,0x) and (Y,Oy) and be prevarieties. Then the
Cartesean product X XY carries a topology and a sheaf of functions Ox xy such
that the projections to X and Y are morphisms. If (Z,0yz) is any prevariety
which maps via morphisms f and g to X andY then there the map f xXg: 7 —
X XY is a morphism.

In outline, the argument goes as follows. If X C A™ and Y C A™, then the
one checks that the prevariety structure associated to X x Y C A" is the
right one. If X and Y have affine coverings {U;} and {V;} respectively, then
one constructs X x Y so that {U; x V;} gives an open affine covering for it.

Definition 1.3.4. A prevariety X is a variety if the diagonal A C X x X is
closed.

Clearly affine varieties are varieties in this sense. To show that P" is a
variety, one needs to check that the topology on P x P™ coincides with the one
induced by the Segre embedding P* x P* ¢ P(r+1(n+1)—1,

Further example s can be obtained by taking open or closed subvarieties.
Let (X, Ox) be an algebraic variety over k. A closed irreducible subset Y C X
is called a closed subvariety. Imitating the construction for manifolds, given an
open set U C' Y Oy (U) to be the set functions which extend to a locally to a
regular function on X. Then

Proposition 1.3.5. (Y, Oy) is an algebraic variety.

It is worth making this explicit for closed subvarieties of projective space.
Let X C P} be an irreducible Zariski closed set. The affine cone of X is the
affine variety CX = 71X U {0}. Now let 7 denote the restriction of this map
to CX — {0}. Define a function f on an open set U C X to be regular when
f o is regular.

When k = C, we can use the stronger topology on P¢ introduced in 1.2.9,
and inhereted by subvarieties will be called the classical topology.

Exercise 1.3.6.
1. Check that P™ is an algebraic variety.

2. Given an open subset U of an algebraic variety X. Let Oy = Ox|y. Prove
that (U, Oy) is a variety.

3. Prove proposition 1.5.5.

10



1.4 Stalks and tangent spaces

Given two functions defined in possibly different neighbourhoods of a point
x € X, we say they have the same germ at x if their restrictions to some
common neigbourhood agree. This is is an equivalence relation. The germ at x
of a function f defined near X is the equivalence class containing f. We denote
this by f.. The stalk P, of a presheaf of functions P at x, is the set of germs of
functions of contained in some P(U). From a more abstract point of view, P,
is nothing but the direct limit
lim P(U)

as U varies over neighbourhoods of z.

When R is a sheaf of algebras of functions, then R, is a commutative ring.
In most of the examples considered earlier, R, is a local ring, i. e. it has a
unique maximal ideal.

Lemma 1.4.1. R, is a local ring if and only if the following property holds: If
f € RU) with f(x) # 0, then 1/f is defined and lies in R(V') for some open
setx eV CU.

Proof. Let m be the set of germs of functions vanishing at . Then any f €
R, — m is invertible which implies that m is the unique maximal ideal. U

We’ll say that a k-space is locally ringed if each of the stalks are local rings.
Manifolds (in all of the above senses) and algebraic varieties are locally ringed.
When (X, Ox) is an n-dimensional complex manifold, the local ring Ox , can
be identified with ring of convergent power series in n variables. When X is
variety, the local ring Ox , is also well understood. We may replace X by an
affine variety with coordinate ring R. Consider the maximal ideal

mg, ={f € R| f(z) =0}
then
Lemma 1.4.2. Ox , is isomorphic to the localization R, .

Proof. Let K be the field of fractions of R. A germ in Ox , is represented by a
by regular function in a neighbourhood of z, but this is fraction f/g € K with
g & my. O

In these two cases the local rings are Noetherian. This is easy to check
by a theorem of Krull which says that a local ring R with maximal ideal m
is Noetherian if and only if N, m™ = 0. By contrast, when (X,C>) is a C*
manifold, the stalks are non Noetherian local rings, since the intersection N,, m”™
contains nonzero functions such as

e~ if g >0
0 otherwise

(see figure 1.1).

11



Figure 1.1: function in N, m"

However, the maximal ideals are finitely generated.

Proposition 1.4.3. If R is the ring of germs at 0 of C*° functions on R".
Then its mazimal ideal m is generated by the coordinate functions x1,...T,.

If R is local ring with ring with maximal ideal m (which will denote by a pair
(R,m)), then R/m is a field called the residue field. The cotangent space of R
is the R/m-vector space m/m? = m ®r R/m, and the tangent space is its dual
(over R/m). When m is finitely generated, these spaces are finite dimensional.
When X is C*° or complex manifold or an algebraic variety over k respectively,
the local ring R = Ox , is an algebra over R, C or k and the map k — R — R/m
is an isomorphism. In these cases, we denote the tangent space - which is finitef
dimensional - by Tx , or simply T,,. When R is the local ring of a manifold or
variety X at x, then R/m? splits canonically into k @ T¥. Given the germ of a
function f, let df be the projection to 7. In other words, df = f — f(x).

Lemma 1.4.4. d: R — T is a k-linear derivation, i. e. it satisfies the Leibnitz
rule d(fg) = f(x)dg + g(z)df -

As a corollary, it follows that a tangent vector v € T, = T* gives rise to
a derivation vod : R — k. Conversely, any such derivation corresponds to a
tangent vector. In particular,

Lemma 1.4.5. If (R, m) is the ring of germs at 0 of C™ functions on R™.
Then a basis for the tangent space Ty is given

0

D; =
8:51

1=1,...n
0

Exercise 1.4.6.

1. Prove proposition 1.4.3 (hint: given f € m, let

1 af

12



show that f =" fix;.)
2. Prove lemma 1.4.4.

3. Let F : (X,R) — (Y,S) be a morphism of k-spaces. If v € X and y =
F(x), check that the homorphism F* : S, — R, taking a germ of f to the
germ of foF is well defined. When X and S are both locally ringed, show
that F*(my) C m, where m denotes the mazimal ideals.

4. When F : X — Y is a C* map of manifolds, use the previous exercise
to construct the induced linear map dF : T, — T,. Calculate this for
(X,2) = (R™0) and (Y,y) = (R™,0) and convince yourself that this
really is the derivative.

5. Check that with the appropriate identification given a C'* function on X
viewed as a C* map from f: X — R. df in the sense of 1.4.4 and in the
sense of the previous exercise coincide.

1.5 Nonsingular Varieties

Manifolds are locally quite simple. By contrast algebraic varieties can be locally
very complicated. For example, any neighbourhood of the vertex of the cone
over a projective variety is as complicated as the variety itself.

We want to say that a point of a variety is nonsingular if it looks like affine
space at a microscopic level. The precise definition requires some commutative
algebra:

Theorem 1.5.1. Let X C Afcv be a closed subvariety defined by the ideal
(f1,.--fr). Choose x € X and let R = Ox . Then the following statements
are equivalent

1. R is a regular local Ting i.e. dimT,, equals the Krull dimension of R.
2. The rank of the Jacobian (0f;/0x;|;) is N —dim X .

3. The completion R s isomorphic to a ring of formal power series over k.

If these conditions are fulfilled, x is called a nonsingular point of X. Note
that the equivalence of (2) and (3) amounts to a formal implicit function theo-
rem. When k = C, we can apply the holomorphic implicit function theorem to
deduce an additional equivalent statement:

4 There exists a neighbourhood U of x € CN in the usual Euclidean topology,
and a biholomorphism (i. e. holomorphic isomorphism) of U to a ball B
such that X NU maps to the intersection of B and an n-dimensional linear
subspace.

A variety is called nonsingular or smooth if all of its points are nonsingular.
Affine and projective spaces are examples of nonsingular varieties. It follows
from (4) that a nonsingular affine or projective variety is a complex submanifold
of affine or projective space.

13



1.6 Vector fields

A vector field on a manifold X is a choice v, € T, for each x € X. Of course,
we really want this function z — v, to be C**° in the appropriate sense. There
are a few ways to make this precise. For the moment, we will rely on the crutch
of coordinates. Choose an atlas

Fj: (U, C%|y,) = (B}, C™|s;)
then using the construction of the previous exercise, we can push the vector
field onto the ball B;. When we expand this in the basis

0
dFj’Uw = Z f,(.r)aixl

we require that the components are C°° functions. The dual notion is that of
1-form (or covector field). It is a choice of w, € T varying in a C* way. This
dual notion is perhaps the more fundamental of the two. Given a C’-function
f on X, we can define df = x — df,. This is a C°° 1-form. This allows for
a coordinate free formulation of the above notion. A vector field {v,} is C*
exactly when the map = — v, o df € C*°(X) for each f € C*°(X).

Let 7(X) and £1(X) denote the space of C* vector fields on X. Then U
T(U) and U +— E1(U) are easily seen to be sheaves on X denoted by 7y and £%
respectively. These are prototypes of sheaves of locally free C'°°-modules: Each
T (U) is a C*(U)-module, and hence a C*°(V)-module for any U C V and the
restriction 7 (V) — T(U) is C*°(V)-linear. Every point has a neighbourhood U
such that are 7 (U) and £} (U) are free C°°(U)-modules. More specifically, if U is
a coordinate neighbourhood with coordinates z1, . .. ©,, then {9/0x1,...0/0z,}
and {dx,...dz,} are bases for 7(U) and £1(U) respectively.

These notions are usually phrased in the equivalent language of vector bun-
dles. A rank n (C*° real, holomorphic, algebraic) vector bundle is a morphism
of C'*° or complex manifolds or algebraic varieties 7 : V' — X such that there
exists an open cover {U;} of X and commutatitve diagrams

¢ U, = Uy x k"
N /
U;

such that p; o pj_1 are linear on each fiber. Here k = R or C in the first two
cases. Given a vector bundle 7 : V' — X define the presheaf of sections

VU)={s:U -7 'U|sis C™®, mos=ridy}

This is easily seen to be a sheaf of locally free modules. Conversely, we will
see in section 6.3 that every such sheaf arises this way. The vector bundle
corresponding to 7x is called the tangent bundle of X.

Parallel constructions can be carried out for holomorphic (respectively reg-
ular) vector fields and forms on complex manifolds and nonsingular algebraic
varieties. The corresponding sheaf of forms will be denoted by Q%.
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An explicit example of a nontrivial vector bundle is the tautological bundle.
Projective space P} is the set of lines through 0 in k"1, Let

T={(z,)) ck"' xP} |z el}

Let P :T — P} be given by projection onto the second factor. Then 7' is rank
one algebraic vector bundle, or line bundle, over P;. When k = C this can also
be regarded as holomorphic line bundle.

Exercise 1.6.1.

1. Let S = S"~! C R™ denote the unit sphere. Let
Ts ={(v,w) eR" x S|v-w =0}

where - is the usual dot product. Check that the map Ts — S given by the
second projection makes, Ts into a rank n — 1 vector bundle. This is an
explicit model for the tangent bundle of the sphere.

2. Check that T really is an algebraic line bundle.

15



Chapter 2

(GGeneralities about Sheaves

Up to now, we have been dealing with sheaves primarily as a linguistic device; as
sets of functions with some properties. Here we want to do sheaf theory proper.

2.1 The Category of Sheaves

It will be convenient to define sheaves of things other than functions. For
instance, one might consider sheaves of equivalence classes of functions. For
this more general notion of presheaf, the restrictions maps have to be included
as part the data:

Definition 2.1.1. A presheaf P on a topological space X consists of a set P(U)
for each open set U, and maps pyy : P(U) — P(V) for each inclusion V .C U
such that:

1. pyv =idp,)
2. pyw © puv = puw
We will usually write f|v = pyv (f).

Definition 2.1.2. A presheaf P is a sheaf if for any open covering {U;} of U,
given f; € P(U;) satisfying filv.nu; = filvinu,, there exists a unique f € P(U)

Definition 2.1.3. A morphism of presheaves fy : P — P’ is collection of
maps fu : P(U) — P'(U) which commute with the restrictions. A morphism of
sheaves is defined exactly in the same way.

A special case of a morphism is the notion of a subsheaf of sheaf. This
is a morphism of sheaves where each fy : P(U) C P'(U) is an inclusion. For
example, the sheaf of C*°-funtions on R" is a subsheaf of the sheaf of continuous
functions.
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Example 2.1.4. Given a sheaf of rings of functions R over X, and f € R(X),
the map R(U) — R(U) given multipication by flu is a morphism.

Example 2.1.5. Let X be a C*® manifold, then d : C*° — £ is a morphism
of sheaves.

We now can define the category of presheaves of abelian groups PAb(X)
on a topological space X, where we require the maps fy : P(U) — P'(U) to
be homomorphisms. Let Ab(X) be the full subcategory of sheaves of abelian
groups on X. Let Ab denote the category of abelian groups. There are number
of functors from PAb(X) to Ab. The global section functor I'(P) = I'(X, P) =
P(X). For any x € X, define the stalk P, of the presheaf P at x, as the direct
limit lim P(U) over neighbourhoods of z. Then P — P, determines a functor
from PSh(X) — Ab.

There is a functor going backwards from PAb(X) — Ab(X) called sheafica-
tion generalizating the previous construction.

Theorem 2.1.6. The sheafification functor P+ PT has the following proper-
ties:

1. There is a canonical morphism P — PT.

2. If P is a sheaf then this morphism is an isomomorphism

3. Any morphism from P to a sheaf factors uniquely through P — PT
4. The map P — PT induces an isomorphism on stalks.

We sketch the construction under a mild (an unnecessary assumption) that
P(X) contains at least one element, which we will call 0. The construction will
be done in two steps. First, we construct presheaf of functions, then we previous
construction to make this sheaf.

Set Y = [[ P.. We define a morphism from P to a sheaf P’ of Y-valued
functions as follows. There is a canonical map o, : P(U) — P, ifx € U;ifx ¢ U
then send everything to 0. Then f € P(U) defines a function f'(z) = o,(f).
Let P'(U) be the set of f/ with f € P(U). Now we define P* = (P’)*.

2.2 Exact Sequences

We want to point out, for those who like this sort of thing, that the category
Ab(X) is an abelian category [GM, WI] which means, roughly speaking, that
it possesses many of the basic constructions and properties of the category of
abelian groups. In particular, there is an intrinsic notion of an exactness in this
category. We give a nonintrinsic, but equivalent, formulation of this notion. A

sequence of sheaves on X
A—-B-—>C

is called exact if and only if

Ay — By — Cy
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is exact for every x € X.

Lemma 2.2.1. Let f: A— B andg: B — C, then A — B — C 1is exact if
and only if for any open U C X

1. gUOfU:().

2. Given b € B(U) with g(b) = 0, there exists an open cover {U;} of U and
a; € A(U;) such that f(a;) =b

U, -

Proof. We will prove one direction. Suppose that A — B — C' is exact. Given
a€ A(U), g(f(a)) =0, since g(f(a))z = g(f(az)) =0 for all x € U.

For each x € U, b, is the image of a germ in A at x. Choose a representative
for this germ in some A(U,) where U, is a neighbourhood of x. O

Corollary 2.2.2. If A(U) — B(U) — C(U) is exact for every open set U, then
A — B — C is ezact.

The converse is false, but we do have:

Lemma 2.2.3. If
0-A—-B—-C—0

s an exact sequence of sheaves, then
0— AU)— B({U)— C(U)
1s exact for every open set U.

Proof. Let f: A— Bandg: B — C denote the maps. By lemma 2.2.1,gof = 0.
Suppose a € A(U) maps to 0 under f, then f(a,) = f(a), = 0 for each x € U.
Therefore a, = 0 for each x € U, and this implies that a = 0.

Suppose b € B(U) satisfies g(b) = 0. Then by lemma 2.2.1, there exists an
open cover {U;} of U and a; € A(U;) such that f(a;) = b|y,. Then f(a;—a;) =0,
which implies a; — a; = 0 by the first part. Therefore a; — a; patch together to
yield an element of A(U).

O

Example 2.2.4. Let X denote the circle S' = R/Z. Then
0—-Rx —-CY i>5)1<—>0
is exact. However C*®(X) — EY(X) is not surjective.

To see the first statement, let U C X be an open set diffeomorphic to an
open interval. Then the sequence

0 R - W) = o= U)dzr — 0

is exact by calculus. Thus one gets exactness on stalks. For the second, note
that the constant form dz is not the differential of a periodic function.
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Example 2.2.5. Let (X,0y) be C* or complex manifold or algebraic variety
and Y C X a submanifold or subvariety. Let

Iy(U) ={f € Ox(U)| fly = 0}

then
0—-2Zy - 0Ox — Oy —0

is exact. Example 1.2.10 shows that Ox(X) — Oy (X) need not be surjective.

Given a sheaf S and a subsheaf S’ C S, we can define a new presheaf with
Q(U) = S(U)/S’(U) and restriction maps induced from S. In general, this is
not a sheaf.

Exercise 2.2.6.
1. Finish the proof of lemma 2.2.1.

2. Give an example of a subsheaf S’ C S, where Q(U) = S(U)/S"(U) fails to
be a sheaf. Check that

0—-958—8—S5/8—0
is an exact sequence of sheaves.

3. Given a morphism of sheaves f : S — §', define ker f to be the subpresheaf
of S with ker f(U) = ker[fu : S(U) — S"(U)]. Check that ker f is a sheaf,
and check that (ker f), = ker[S, — S.].

2.3 The notion of a scheme

A scheme is a massive generalization of the notion of an algebraic variety due to
Grothendieck. We will give only the basic flavour of the subject. The canonical
reference is | ]. Hartshorne’s book [H] has become the standard introduction
to these ideas for a more most people.

Let R be a commutative ring. Let Spec R denote the set of prime ideals of
R. For any ideal, I C R, let

V(I)={pe€ SpecR|I C p}.
Lemma 2.3.1. 1. V(IJ)=V(I)UV(J).
2. V(R L) =i V(Ly),

As a corollary, it follows that the sets of the form V(I) form the closed
sets of a topology on Spec R called the Zariski topology. Note that when R is
the coordinate ring of an affine variety Y over an algebraically closed field k.
The Hilbert Nullstellensatz shows that any maximal ideal of R is of the form
my = {f € R| f(y) = 0} for a unique y € Y. Thus we can embed Y into Spec R
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by sending y to m,. Under this embedding V() pulls back to the algebraic
subset

{yeY|fly)=0,Vf eI}
Thus this notion of Zariski topologu is an extension of the classical one.
A basis is the Zariski topology on X = Spec R is given by D(f) = X =V (f).
Thus any open set U C X is a union of such sets. Define

L
f

When R is an integral domain with fraction field K, Ox(U) C K consists of the
elements r such that for any p € U, r = g/ f with f ¢ p. This remark applies,
in particular, to the case where R is the coordinate ring of an algebraic variety
Y. In this case, Ox(U) can be identified with the ring of regular functions on
U NY under the above embedding.

Ox (U) = lim R[]

Lemma 2.3.2. Ox is a sheaf of commutative rings such that Ox , = R, for
any p € X.

Proof. We give the proof in the special case where R is a domain. This implies
that X is irreducible, i. e. any two nonempty open sets intersect, because

D(g:) N D(gj) = D(gig;) # 0

if g; # 0. Consequently the constant presheaf Kx with values in K is already a
sheaf. Ox is a subpresheaf of Kx. Let U = UU; be a union of nonempty open
sets, and f; € Ox (U;). Then f; = f; as elements of K. Call the common value
f- Since p € U lies in some U;, f can be written as a fraction with denominator
in R—p. Thus f € Ox(U), and this shows that Ox is a sheaf.

One sees readily that the stalk Ox , is the subring of K of fractions where
the denominator can be chosen in R — p. Thus Ox , = R,,. O

The pair (X,Ox) is called the affine scheme associated to R. A scheme
consists of a topological space together with a sheaf of rings which is locally
isomorphic to an affine scheme. We have seen how to associate an affine scheme
to an affine variety. More generally, given a (pre)variety Y over a field k, there
exists a scheme X and embedding Y <— X such that Ox restricts to the sheaf
of regular functions on Y. In particular, all the information about Y can be
recovered from X. At this point, one can redefine the varieties as special kinds
of schemes. We will take up these ideas again in section 16.1.

2.4 Toric Varieties

Toric varieties are an interesting class of varieties that are explicitly constructed
by gluing of affine schemes. The beauty of the subject stems from the inter-
play between the algebraic geometry and the combinatorics. See [F] for further
information (including an explanation of the name).
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To simplify our discussion, we will consider only two dimensional examples.
Let (,) denote the standard inner product on R?. A cone in R? is subset of the
form

o= {t1v1 + tovy | t; e R t; > O}

It is called rational if the vectors v;, called generators, can be chosen in Z?2,
and strongly convex if the angle between the generators is less than 180°. If the
generators are nonzero and coincide, o is called a ray. The dual cone can be
defined by

oV ={v|{v,w)>0,¥Yw € o}

This is rational and spans R? if ¢ is rational and strongly convex. Fix a field
k. For each rational strongly convex cone o, define S, to be the subspace of
k[z,x71,y,y~ ] spanned by x™y™ for all (m,n) € o¥ N Z2 This easily seen
to be a finitely generated subring. The affine toric variety associated to o is
X (o) = SpecS,.

A fan A in R? is a finite collection of nonoverlapping rational strongly convex
cones.

Let {o;} be the collection of cones of A. Any two cones interest in a ray or
in the cone {0}. The maps Sy, — S5,no, are localizations at single elements.
Thus the induced maps

tij : X (o3 Noy) — X(o)

are inclusions of open sets. We define X = X(A) as a topological space by
taking the disjoint union of X (o;) modulo the equivalence relation generated by
tij(z) ~ tji(x) for all x € X(o; Noj). A sheaf of rings Ox can be constructed
so that it restricts to Ox(s,). This turns out to be a variety.

In the example pictured above o1 and o9 are generated by (0,1),(1,1) and
(1,0), (1,1) respectively. The varieties

X(01) = Specklz, x~'y] = Spec k[, 1]

X (09) = Speckly,zy™'] = Speckly, s

are both isomorphic to the affine plane. These can be glued by identifying (x,t)
in the first plane with (y, s) = (zt,¢!) in the second. We will see this example
again in a different way. It is the blow up of A% at (0,0).

Exercise 2.4.1.
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1. Show that the toric variety corresponding to the fan:

0.1)

1.0)

(-1.-1)

is P2

2.5 Sheaves of Modules

Let R be a sheaf of commutative rings over a space X. The pair (X, R) is called
a ringed space (generalizing the notion of section 1.2). A sheaf of R-modules or
simply an R-module is a sheaf M such that each M (U) is an R(U)-module and
the restrictions M (U) — M (V) are M (U)-linear. The sheaves form a category
R-Mod where the morphisms are morphisms of sheaves A — B such that each
map A(U) — B(U) is R(U)-linear. This is an fact an abelian category. The
notion of exactness in this category coincides with the notion introduced in
section 2.2.

We have already seen a number of examples in section 1.6. Here are some
more:

Example 2.5.1. Let R be a commutative ring, and M an R-module. Let X =
SpecR. Let M(U) = M ®@r Ox(U). This is an Ox-module. Such a module is
called quasti-coherent.

It will useful to observe:
Lemma 2.5.2. The functor M — M is ezact.
Proof. This follows from the fact that Ox(U) is a flat R-module. O

Example 2.5.3. The sheaf Iy introduced in example 2.2.5 is an Ox-module.
It is called an ideal sheaf.

Most standard linear algebra operations can be carried over to modules.

Definition 2.5.4. Given a two R-modules M and N, their direct sum is the
sheaf U — M(U)® N(U).
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Definition 2.5.5. The dual M* of a R-module M 1is the sheaf associated to
U Homgay(M(U),R(U)).

For example the sheaf of 1-forms on a manifold is the dual of the tangent
sheaf.

Definition 2.5.6. Given two R-modules M and N, their tensor product is the
sheaf associated to U — M(U) @g @y N(U).

Given a module M over a commutative ring R, recall that the exterior al-
gebra A*M (respectively symmetric algebra S*M) is the quotient of the free
associative algebra with multiplication A (resp. -) by the two sided ideal gen-
erated m A m (resp. (my -mg — my -my)). AFM (S¥M) is the submodule
generated by products of k elements. If V' is a finite dimensional vector space,
ARV* (SFV*) can be identified with the set of alternating (symmetric) multilin-
ear forms on V in k-variables. After choosing a basis for V, one sees that S¥V*
are degree k polynomials in the coordinates.

Definition 2.5.7. When M is an R-module, the kth exterior power AFM is
sheaf associated to U — NFM(U) When X is manifold the sheaf of k-forms is
Ek = nkEL.

Definition 2.5.8. A module M is locally free (of rank n) if for every point has
a neighbourhood U, such that M|y is isomorphic to a finite (n-fold) direct sum
Rluv®...0Rly

Given an R-module M over X, the stalk M, is an R -module for any x € X.
If M is locally free, then each stalk is free of finite rank. Note that the converse
may fail.

As noted in section 1.6, locally free sheaves arise from vector bundles. Let T’
be the tautological line bundle on projective space P = P over an algebraically
closed field k. The sheaf of regular sections is denoted by Op(—1) = Opy(—1).
Op(1) is the dual and

ST"0(1)=0(1)®...0(1) (m times) if m >0
Op(m)=<¢ Opifm=0
S™™O0(—1) = O(—m)* otherwise

Let V = k"*!1. By construction T C V x P", so Op(—1) is a subsheaf of the
n+1-fold sum Op. . .®Op which can be expressed more canonically as V ®j Op.
Dualizing, gives

V*® Op — O]p(l) — 0

Taking symmetric powers gives a map, in fact an epimorphism
S"V* @ Op — (’)p(m) — 0
when m > 0. Taking global sections gives maps

STV — S"V* @T(Op) — I'(Op(m))
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We will see later that these maps are isomorphisms. Thus the global sections of
Op(m) are homogenous degree m polynomials in the homogeneous coordinates
of m.

Exercise 2.5.9.
1. Show that the stalk of M at p is precisely the localization M,.

2. Show that direct sums, tensor products, exterior, and symmetric powers
of locally free sheaves are locally free.

2.6 Direct and Inverse images

Given any subset S C X of a topological space and a presheaf F, define
F(S) =1lim F(U)

as U ranges over all open neigbourhoods of S. If S is point, this is just the
stalk.

Let F: X — Y be a continous map of topological spaces. Given a sheaf A
on X, define the the direct image sheaf F,A on Y by F,A(U) = A(F~'U) with
obvious restrictions. If B is a sheaf on Y, define F~1B(V) = B(F(V)). (The
lack of symmetry in the notation will be fixed in a moment.) These operations
are clearly functors f. : Ab(X) — Ab(Y) and f~! : Ab(Y) — Ab(X). The
relationship is given by the adjointness property:

Lemma 2.6.1. There is a natural isomorphism
Hom apx)(f ' A, B) = Hom apy)(4, f.B)

Given a morphism F' of k-spaces (X,R) — (Y,S) (section 1.2), we get a
morphism of sheaves rings S — F,R given by f — f o F. More generally,
we can define a morphism of ringed spaces to be a continuous map together
a morphism of rings S — F.,R. Let f~1S — R be the adjoint map. Given
an R-module M, f,M is naturally an f,R-module, and hence an S-module by
restriction of scalars. Similarly given an S-module N, f~!N is naturally an
f~tS-module. We define the R-module

fFIN=R®s5f 'N

The inverse image of a locally sheaf is locally free. This has an an interpre-
tation in the context of vector bundles 1.6. If 7 : V' — Y is a vector bundle,
then the vector bundle f*V — X can be defined in the context of manifolds or
varieties. Set theoretically, it is the projection

fV={(v,z)|r(v) = f(x)} = X

Then
f*(sheaf of sections of V') = (sheaf of sections of f*V)
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Exercise 2.6.2.
1. Check that f.A and f~'B are really sheaves.

2. Prove lemma 2.6.1.

3. Generalize lemma 2.2.3 to show that an exact sequence 0 — A — B —
C — 0 of sheaves gives rise to an exact sequence 0 — f, A — f.B — f.C.
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Chapter 3

Sheaf Cohomology

In this chapter, we give a rapid introduction to sheaf cohomology. It lies at the
heart of everything else in these notes.

3.1 Flabby Sheaves

A sheaf F on X is called flabby (or flasque) if the restriction maps F(X) — F(U)
are surjective for any nonempty open set. Their importance stems from the
following:

Lemma 3.1.1. If 0 - A — B — C is an exact sequence of sheaves with A
flabby, then B(X) — C(X) is surjective.

Proof. We will prove this by the no longer fashionable method of transfinite
induction!. Let v € C(X). By assumption, there is an open cover {U,}ier,
such that 7|y, lifts to a section §; € B(U;). By the well ordering theorem, we
can assume that the index set I is the set of ordinal numbers less than a given
ordinal k. We will define

o; € B(Uj<1‘Uj)

inductively, so that it maps to the restriction of v. Set o1 = §y. If o; exists, let
a; be an extension of 3; — 0; to A(X). Then set o;11 to be o; on the U;,j < i,
and B; — a;|y, on U;. If i is a limit (non-successor) ordinal, then the previous
o’s patch to define ¢;. Then o, is a global section of B mapping to 7. O

Corollary 3.1.2. The sequence 0 — A(X) — B(X) — C(X) — 0 is ezact if
A is flabby.

Example 3.1.3. Let X be a space with the property that any open set is con-
nected (e.g. X is irreducible). Then any constant sheaf is flabby.

IFor most cases of interest to us, X will have a countable basis, so ordinary induction will
suffice
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Let F be a presheaf, define the presheaf G(F) by

Ub—>H.7:w

zeU
with the obvious restrictions. There is a canonical morphism F — G(F).

Lemma 3.1.4. G(F) is a flabby sheaf, and the morphism is F — G(F) is a
monomorphism if F is a sheaf.

Lemma 3.1.5. G and I' o G are exact functors on the category of sheaves i. e.
they preserves exactness.

Exercise 3.1.6.
1. Find a proof of lemma 3.1.1 which uses Zorn’s lemma.

2. Prove that the sheaf of bounded continous real valued functions on R is
flabby

8. Prove the same thing for the sheaf of bounded C* functions on R.

4. Prove that if 0 = A — B — C is exact and A is flabby, then 0 — f, A —
f«B — f.C — 0 is exact for any continuous map f.

3.2 Cohomology

Define C%(F) = F, CY(F) = coker[F — G(F)] and C"TY(F) = C1C™(F).
Now cohomology can be defined by:

HY(X,F) = T(X,F)

HY (X, F) coker[l(X,G(F)) — I'(X,CY(F))]
H""Y X, F) = HYX,C"(F))

HY(X,—) is clearly a functor from Ab(X) — Ab. Another basic property is
the following which says in effect that these form a “delta functor” [Gr, H].

Theorem 3.2.1. Given an exact sequence of sheaves
0—A—B—>C—0,
there is a long exact sequence
0— H°(X,A) — H*(X,B) — H(X,C) —
HY(X,A) — HY(X,B) — H'(X,0) — ...

First we need:
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Lemma 3.2.2. There s a commutative diagram with exact rows

0 0 0
! 1 l

0 — A — B — C — 0
1 1 |

0 - GA —- GB) — GO) — o0
1 1 1

0 — CY4A) — CcYB) — CY0)

Proof. By lemma 3.1.5, there is a commutative diagram with exact rows

0 0 0
! ! !
0 — A — B — C — 0
| 1 !
0 - GA) — GB) — GIC) — 0
The snake lemma [AM, ] (which holds in any abelian category) gives the
rest. O

Proof. From the previous lemma and lemmas 2.2.3 and 3.1.5, we get a commu-
tative diagram with exact rows:

0o — F(GfA)) — F(Gl(B)) — F(GfC)) - 0
0 — F(Cl(A>) — F(Cl(B)> — F(Cl(C))

From the snake lemma, we obtain a 6 term exact sequence
0— H°(X,A) - H°(X,B) — H°(X,C)
— HY(X,A) — HY(X,B) - H(X,0)

Repeating this with A replaced by C*(A),C?(A)... allows us to continue this
sequence indefinitely. O

Corollary 3.2.3. B(X) — C(X) is surjective if H' (X, A) = 0.
Exercise 3.2.4.

1. If F is flabby prove that HY(X,F) = 0 for i > 0. (Prove this for i = 1,
and that F flabby implies that C1(F) is flabby.)

3.3 Soft sheaves

Up to now, the discussion has been abstract. In this section, we will actually
do some computations. We first need to introduce a class of sheaves which are
similar to flabby sheaves, but much more plentiful. We assume through out this
section that X is a metric space although the results hold under the weaker
assumption of paracompactness.

28



Definition 3.3.1. A sheaf F is called soft if the map F(X) — F(S) is surjective
for all closed sets.

Lemma 3.3.2. If0 - A — B — C is an exact sequence of sheaves with A
soft, then B(X) — C(X) is surjective.

Proof. The proof is very similar to the proof of 3.1.1. We just indicate the
modifications. We can assume that the open cover {U;} consists of open balls.
Let {V;} be a new open cover where we shrink the radii of each ball, so that
V; C U;. Define

0 € B(U;<iVj)

inductively as before. O
Corollary 3.3.3. If A and B are soft then so is C.
One trivially has:
Lemma 3.3.4. A flabby sheaf is soft.
Lemma 3.3.5. If F is soft then H (X, F) =0 fori > 0.

Proof. Lemma 3.3.2 H'(F) = 0. Lemma 3.3.4 implies that C?(F) is soft, hence
HY(F)=0. O

Theorem 3.3.6. The sheaf Cr of continuous real valued functions on a metric
space X is soft.

Proof. Suppose S is closed subset and f : U — R a real valued continuous
function defined in a neighbourhood of S. We have to extend the germ of f to
X. Let d denote the metric. We extend this to a fuction d(A4, B) on pairs of
subsets A, B C X by taking the inf over all d(a,b) with a € A and b € B. Let
S’ =X — U and let

o(z) = { d(xz,S") /e if d(xz,5") < e

1 otherwise
where € = d(S5,5”)/2. Then gf extends by 0 to a continous function on X. O

Note that Cg is almost never flabby. We get many more examples of soft
sheaves with the following.

Lemma 3.3.7. Let R be a soft sheaf of rings, then any R-module is soft.

Proof. The basic strategy is the same as above. Let f be section of an R-module
define in the neighbourhood of a closed set S, and let S’ be the complement
of this neighbourhood . Since R is soft, the section which is 1 on S and 0 on
S’ extends to a global section g. Then gf extends to a global section of the
module. O

U C C denote the unit circle, and let e : R — U denote the normalized
exponential e(x) = exp(2miz). Let us say that X is locally simply connected if
every neighbourhood of every point contains a simply connected neighbourhood.
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Lemma 3.3.8. If X is locally simply connected, then the sequence
O—»ZX—>CRL>C’U—>1
15 exact.

Lemma 3.3.9. If X is simply connected and locally simply connected, then
HY(X,Zx) = 0.

Proof. Since X is simply connected, any continuous map from X to U can be
lifted to a continuous map to its universal cover R. In other words, Cr(X)
surjects onto Cpr(X). Since Cg is soft, lemma 3.3.8 implies that H'(X,Zx) =
0. O

Corollary 3.3.10. H'(R",Z) = 0.
Exercise 3.3.11.

1. Check that the sheaf C*° functions on R™ is soft.

3.4 Mayer-Vietoris sequence

We will introduce a basic tool for computing cohomology groups which is prelude
to Cech cohomology. Let U C X be open. For any sheaf, we want to define
natural restriction maps H*(X,F) — H'(U,F). If i = 0, this is just the usual
restriction. For ¢ = 1, we have a commutative square

(X, G(F)) — T(X,CHF)
| l
L(U,G(F)) — TUCYF)

which induces a map on the cokernels. In general, we use induction.

Theorem 3.4.1. Let X be a union to two open sets U UV, then for any sheaf
there is a long exact sequence

. HY(X,F)— HU,F)e H (V,F) - H{UNV,F) - HTH(X,F)...

where the first indicated arrow is the sum of the restrictions, and the second is
the difference.

Proof. The proof is very similar to the proof of theorem 3.2.1, so we will just
sketch it. Construct a diagram
0 — IX,GF) — TUGF)aIV,GF) — TUNV,GF))
1 1 1
0 — T(X,CHF)) — TUCHF)&L(V,CY(F)) — TUNV,CY(F))

and apply the snake lemma to get the sequence of the first 6 terms. Then repeat
with C*(F) in place of F. O
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Exercise 3.4.2.
1. Use Mayer-Vietoris to prove that H*(S*,Z) = Z.
2. Show that H*(S™,Z) =0 if n > 2.
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Chapter 4

De Rham’s theorem

In this chapter, we apply the machinery of the last section to the study of C'*®
manifolds.

4.1 Acyclic Resolutions

A complex of abelian groups (or more generally elements in an abelian category)
is a possibly infinite sequence

LR pr

of groups an homomorphisms satisfying d"+'d’ = 0. These condtions guarantee
that image(d®) C ker(d*t!). We denote a complex by F'* and we often suppress
the indices on d. The cohomology groups of F'® are defined by

ker(di*t)

H'(F*) image(d?)

1%

For example, an exact sequence is a complex where the groups are zero.

The connection, between this notion of cohomology and the previous one
will be established shortly. A sheaf F is called acyclic if H*(X,F) = 0 for all
1 > 0. An acyclic resolution of F is a exact sequence

0—F = Fourts ..
of sheaves such that each F? is acyclic. Given the a complex, the sequence
DX, 7% - T(X,FY) — ...
need not be exact, however it is necessarily a complex by functoriallity.

Theorem 4.1.1. Given an acyclic resolution of F as above,

H'(X,F) = H'(I(X,F*))
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Proof. Let K=! = F and K' = ker(F*! — Fi*2). Then there are exact
sequences
0K —F - K —0

Since F' are acyclic, theorem 3.2.1 implies that
0— HY K™ — HYF) - HYK") — HY(K"™ ') -0 (4.1)

is exact, and o , 4
HI(KY) = HITH K™Y (4.2)

for j > 0. The sequences (4.1) leads to a commutative diagram

HO(Kifl)_ _)HO(]:i) HO(}"i+1)
\ 7
HO(K’L)
where the dashed arrows are injective. Therefore
HO(K'™') = ker[H*(F') — H°(F"*1)]

This already implies the first case of the theorem when ¢ = 0. This isomorphism
together with the sequence (4.1) implies that

ker[HO(Fitt) — HO(Fit2)]

HY(K) = image[HO(F")]

Combining this with the isomorphisms
HHN K )= H(K°) ~.. . H (K"

of with (4.2) finishes the proof. O

4.2 De Rham’s theorem

Let X be a O manifold and £F = 5§( the sheaf of k-forms. Note that £ = C°.

Theorem 4.2.1. There exists canonical maps d : EF(X) — EF1(X), called
exterior derivatives, satisfying the following

1. d: E%(X) — EY(X) is the operation introduced in section 1.6.
2. d?* =0.
3. dlaApB)=dahB+(=1)andB for al a € EH(X), B € E(X).
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Proof. A complete proof can be found in almost any book on manifolds (e.g.
[Wa]). We will only sketch the idea. When X is a ball in R™ with coordinates
x;, one sees that there is a unique operation satisfying the above rules given by

d(fdes, A... Ndx;) = Z%dxj Adzi, A ... da;,
j J

This applies to any coordinate chart. By uniqueness, these local d’s patch. [

When X = R?, d can be realized as the div, grad, curl of vector calculus. The
theorem tells that £*(X) forms a complex. We define the De Rham cohomology
groups (actually vector spaces) as

Hip(X) = H"(€*(X))

Notice that the exterior derivative is really a map of sheaves d : £% — €§+1

satisfying d> = 0. Thus we have complex. Moreover, Rx is precisely the kernel
ofd: &% — EX%.

Theorem 4.2.2. The sequence
0—>RX—>59(—>5)1(...
s an acyclic resolution of Rx.
Corollary 4.2.3 (De Rham’s theorem).
H%:(X) = H*(X,R)

The theorem makes two seperate assertions, first that the complex is exact,
then that the sheaves £ are acyclic. The exactness follows from:

Theorem 4.2.4 (Poincaré’s lemma). For alln and k > 0,
H*R™) = 0.

Proof. Assume, by induction, that the theorem holds for n — 1. Identify R*~!
the hyperplane z; = 0. Let I be the identity and R : E¥(R") — £F(R") be
restriction to this hyperplane. Note that R commute with d. So if a € £¥(R™)
is closed which means that da = 0. Then dRa = Rda = 0. By the induction
assumption, Ra is exact which means that it lies in the image of d.

For each k, define a map h : £F(R™) — EF~L(R") by

h(f(xl,...xn)dxl/\dxi2/\...):(/ fdxy)dxi, A ...
0
and

h(fdx“ A dl‘iz AL ) =0

if 1 ¢ {i1,i2,...}. Then one checks that dh + hd = I — R (in other words,
h is homotopy from I to R). Given a € EF(R") satisfying da = 0. We have
a = dha + Ra. Which by the above remarks is exact. O
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Corollary 4.2.5. The sequence of theorem 4.2.2 is exact.

Proof. Any ball is diffeomorphic to Euclidean space, and any point on a manifold
has a fundamental system of such neighbourhoods. There the sequence is exact
on stalks. O

To prove that the sheaves £F are acyclic, it’s enough to establish the follow-
ing.

Lemma 4.2.6. £° is soft.

In later, we will work with complex valued differential forms. Essentially the
same argument shows that H*(X,C) can be computed using such forms.

Exercise 4.2.7.

1. We will say that a manifold is of finite type if it has a finite open cover
{U;} such that any nonempty intersection of the U; are diffeomorphic to
the ball. Compact manifolds are known to have finite type [Spv, pp 595-
596]. Using Mayer-Vietoris and De Rham’s theorem, prove that if X is an
n-dimensional manifold of finite type, then H*(X,R) vanishes for k > n,
and s finite dimensional otherwise.

4.3 Poincaré duality

Let X be an C* manifold. Let £F(X) denote the set of O k-forms with
compact support. Since d€¥(X) C £¥+1(X), we can define compactly supported
de Rham cohomology by

Hiyp(X) = HE(E2(X)).
Lemma 4.3.1. For all n,

Rifk=n
Hean(R") = { 0 ojtcherwise
The computation for Euclidean space suggests that these groups are some
opposite to the usual ones. The precise statement, in general, requires the
notion of orientation. An orientation on an n dimensional real vector space
V is a connected component of A"V — {0}. This component serves to tells
when an ordered basis vy, ... v, is positively oriented; it is if v1 A ...v, lies in
this component. An orientation on an n dimensional manifold X is a choice of
connected of A"Tx minus the zero section.

Theorem 4.3.2. Let X be an oriented n-dimensional manifold. Then

HEp(X) = H"H(X,R)*

35



With the same notation as above, let C¥(U) = £r=*(U)* for any open set
UcCX. Given V C U, a € CKU), B € EF(V), let aly(B) = a(B) where 3 is
the extension of 3 by 0. This makes C*¥ a presheaf.

Lemma 4.3.3. C* is a sheaf.

Proof. Let {U;} be an open cover of U, and «o; € C*(U;). Let {p;} be a C>
partition of unity subordinate to {U;}. Then define a € C¥(U) by

a(B) =Y ai(p:f)

%

Suppose that 3 € EF(U;) is extended by 0 to U. Then p;3 will be supported in
U; NU;. Consequently, o;(p;if) = cj(pi3). Therefore

a(B) = a; (Y piB) = o (B).

7

O

Define a map 6 : C¥(U) — C**1(U) by §(a)(B) = a(dB). One automatically
has 2 = 0. Thus one has a complex of sheaves.
The final ingredient is existence of the integral.

Theorem 4.3.4. Let X be an oriented n-dimensional manifold. There exists a
linear map [y : EX(X) — R such that [, dB = 0.

The details can be found in several places such as [Wa]. The last statement
is a special case of Stoke’s theorem on a manifold. In essence, the construc-
tion is similar to the proof of the previous lemma. Using a partition of unity
subordinate to an atlas one expresses

/Xﬂz/x(zpiﬂ)

The right hand itegrals can be expressed in local coordinates in Euclidean space.
The orientation is necessary in order to guarantee that these Euclidean integrals
are chosen with a consistent sign.

We define a map Ry — C° induced by the map from the constant presheaf
sending r — r fX. Then theorem 4.3.2 follows from

Lemma 4.3.5.
0—-Ryxy —-C"—=C'— ...

s an acyclic resolution.

Proof. Lemma 4.3.1 implies that this complex is exact. The sheaves C* are soft
since they are C*°-modules. O
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We can now use this complex to compute the cohomology of Rx to get
H'(X,R) = H'(C*(X)) = H'(£2(X)")

and one sees more or less immediately that the right hand space is isomorphic
to H;r(X,R)*. This completes the proof of the theorem.

Corollary 4.3.6. If X is a compact oriented n-dimensional manifold. Then
H"(X,R) = H" *(X,R)*
The following is really a corollary of the proof.

Corollary 4.3.7. If X is a connected oriented n-dimensional manifold. Then
the map o +— fX a induces an isomorphism (denoted by same symbol)

/ CHYR(X,R) 2R
X

From now on, let us suppose that X is compact connected oriented n di-
mensional manifold. We can make the duality isomorphism much more explicit.
The de Rham cohomology is a graded ring with multplication denoted by U. If
a and f are closed (i. e. lie in the kernel of d), then so is a A 3 by theorem 4.2.1.
If [o] and [G] denote the classes in Hj,(X) represented by these forms, then
define [o] U [5] = [ A (]; this is well defined. The following will be proved later
on (cor. 7.2.2):

If f € H" *(X,R)*, then there exists a unique o € H*(X,R) such that

f(ﬁ):fxauﬁ-

4.4 Fundamental class

Let Y C X be a closed connected oriented m dimensional manifold. Denote the
inclusion by i. There is a natural restriction map

i+ H*(X,R) —» H*(Y,R)

induced by restriction of forms. Using Poincaré duality we get a map going in
the opposite direction

iy H*(Y,R) — HT"~™(X,R)
called the Gysin map. We want to make this more explicit. But first, we need:

Theorem 4.4.1. There exists an open neigbourhood T, called o tubular neig-
bourhood, of Y in X and a m : T — Y which makes T a locally trivial rank
(n —m) real vector bundle overY.

Proof. See [Spv, p. 465]. O
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We can factor 4 as a composition
HYY) — HY3~™(T) — H*""™(X)

where the first map is the Gysin map for the inclusion Y C T and the second is
extension by zero. The first map is an isomorphism since it is dual to

H™(T) = HIR (V)

Let 1y denote constant function 1 on Y. This is the natural generator for
H°(Y,R). The Thom class 7y of T is the image of 1y under the isomorphism
HO(Y) — HJ2"(T). 7v can be reprsented by any closed compactly supported
n —m form on T whose integral along any fiber is 1. It is possible to choose
a neighbourhood U of a point of Y with local coordinates z;, such that Y is
given by ;41 = ...z, = 0 and 7 is given by (x1,...x,) — (21,...2). The
restriction map
Hegp(T) — H'™""™(U) @ Hyyg" (R"™™)
is an isomorphism. Therefore the Thom class can be represented by an expres-
sion
f@mg1, - xn)dTmyr A .. day,

where f is compactly supported in R"~™.
The image of 7y in H" ™(X,R) is called the fundamental class [Y] of Y.
The basic relation is given by

/Y = /X Y]Ua (4.3)

Let Y, Z C X be oriented submanifolds such that dimY + dimZ = n. Then
[YIU[Z] € H"(X,R) 2 R corresponds to a number Y - Z. This has a geometric
interpretation. We say that Y and Z are transverse if Y N Z is finite and
if Ty, ® Tz, = Tx, for each p in the intersection. Choose ordered bases
v1(D); ... Um(p) € Ty,p and vp11(p) . .. vu(p) € Tz, which are positively oriented
with respect to the orientations of Y and Z. We define the intersection number

. [ +1ifvi(p)...vn(p) is positively oriented
(Y, Z) = { —1 otherwise

This is easily seen to be independent of the choice of bases.

Proposition 4.4.2. Y- Z =3 i,(Y, Z)

Proof. Choose tubular neighbourhoods T of Y and T” of Z. These can be chosen
“small enough” so that TNT" is a union of disjoint neighbourhoods around U,
each p € Y N Z diffeomorphic to R® = RImY x RdimZ Then

Y-Z:/Ty/\TZ:Z/ Ty NTgz
X —Ju,
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Choose coordinates z1, ...z, around p so that Y is given by z,,11 =...2, =0
and Z by 1 = ...x,, = 0. Then as above, the Thom classes of T' and T can
be written as

7y = f(®mt1, - Tn)dTma1 A ... dxy,

Tz =g(x1,...xm)dxy A .. dTy,
Fubini’s theorem gives
/ Ty N Tz Zip(Y,Z)
U

P

4.5 Examples

We look as some basic examples to illustrate the previous ideas. Let T = R™/Z".
Let {e;} be the standard basis, and x; be coordinates on R™. Then

Proposition 4.5.1. Fvery de Rham cohomology class on T contains a unique
form with constant coefficients.

We will postpone the proof until section 7.2.
Corollary 4.5.2. There is an algebra isomorphism H*(T,R) = A*R™

Since T is a product of circles, this also follows from repeated application of
the Kiinneth formula:

Theorem 4.5.3. Let X and Y be C* manifolds, and letp: X xY — X and
q: X XY =Y be the the projections. Then the map

Y ai@pi— > ainp
induces an isomorphism
P H(X,R)@ H (Y,R) = H*(X x Y,R)
iti=k
On the torus, Poincaré duality becomes the standard isomorphism
AFR™ =2 AmR AR,

If Vi C R™ is the span of {e; | ¢ € I}, then T; = V/(Z™ NV) is a submanifold.
Its fundamental class is dz;, A...dxz;,, where ¢; < ... < iq are the elements of
I in increasing order. If J is the complement of I, then T} - Ty = +1.

Next consider, complex projective space P¢. Then

Rif 0 <i<2niseven

H'(P",R) = { 0 otherwise

This is the basic example for us, and it will be studied further in section 6.2.
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Chapter 5

Riemann Surfaces

Recall that Riemann surfaces are the same thing as one dimensional complex
manifolds. As such they should be called complex curves and we will later on.
For the present, we will stick to the traditional terminology.

5.1 Topological Classification

A Riemann surface can be regarded as a 2 (real) dimensional manifold. It has a
canonical orientation: if we identify the real tangent space at any point with the
complex tangent space, then for any nonzero vector v, we declare the ordered
basis (v, iv) to be positively orientated. Let us now forget the complex structure
and consider the purely topological problem of classifying these surfaces up to
homeomorphism.

Given two 2 dimensional topological manifolds X and Y with points x € X
and y € Y, we can form new topological manifold X#Y called the connected
sum. To construct this, choose open disks D; C X and Dy C Y centered
around z and y. Then X#Y is obtained by gluing X — D; US! x [0,1]UY — Dy
appropriately. Figure (5.1) depicts the connected sum of two tori.

Figure 5.1: Genus 2 Surface

Theorem 5.1.1. A compact connected orientable 2 dimensional topological
manifold is classified, up to homeomorphism, by a nonnegative integer called
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the genus. A genus 0 is manifold is homeomorphic to the 2-sphere S?. A man-
ifold of genus g > 0 is homeomorphic to a connected sum of the 2-torus and a
surface of genus g — 1.

There is another standard model for these surfaces which is also quite useful
(for instance for computing the fundamental group). Namely that a genus g
surface can constructed by gluing the sides of a 2g-gon. For example, after
cutting the genus 2 surface of (5.1) along the indicated curves, it can be opened
up to an octagon (5.2).

3 \bl

by %

Figure 5.2: Genus 2 surface cut open

The topological Euler characteristic of space X is
e(X) =) (~1)’dim H'(X,R).

We need to assume that these dimensions are finite and that all but finitely
many of them are zero.

Lemma 5.1.2. If X is a union of two open sets U and V, then e(X) = e(U) +
e(V)—e(UNYV).

Proof. This follows from the Mayer-Vietoris sequence. O
Corollary 5.1.3. If X is a manifold of genus g, then e(X) = 2 — 2g.

It is easy to produce Riemann surfaces of every genus. Choose 2g+2 distinct
points in a; € C. Let Y C P2 be the algebraic curve defined by

2299% — H(x —a;z2)=0

where x,y, z are the homogeneous coordinates. This will have a singularity at
[0,1,0]. This can be resolved by normalizing the curve to obtain a smooth
projective curve X. Since X is nonsingular, it can be viewed as a Riemann
surface. By construction, X comes equipped with a morphism f : X — P{
which is 2 to 1 except at the branch or ramificationpoints {a;}. Curves which
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can realized as two sheeted ramified coverings or ]P’(lC are rather special, and are
called hyperelliptic. In the exercises, it will be shown that the genus of X is g.
Actually, we're abusing the standard terminology, where the term hyperelliptic
is reserved for g > 1.

Consider the pairing

oz/\ﬂ»—>/a/\5

on H'(X,C). This is skew symmetric and nondegnerate by Poincaré duality
(7.2.2). In this case, one can visualize this in terms of intersection numbers of
appropriately chosen curves on X. For example, after orientating the curves
ay,az, b1, be in figure (5.1) properly, we get the intersection matrix:

0 0 1 0
0 0 0 1
-1 0 0 0
0 -1 0 0

Exercise 5.1.4.

1. Let S be the toplogical space associated to a finite simplicial complex (jump
ahead to the chapter 6 for the definition if necessary). Prove that e(S) is
the alternating sum of the number of simplices.

2. Check that the genus of the hyperelliptic curve constructed above is g by
triangulating in such way that the {a;} are included in the set of vertices.

5.2 Examples

Many examples of compact Riemann surfaces can be constructed explicitly non-
singular smooth projective curves. We have already done this for hyperelliptic
curves.

Example 5.2.1. Let f(z,y,z) be a homogeneous polynomial of degree d. Sup-
pose that the partials of f have no common zeros in C* except (0,0,0). Then
the V(f) = {f(x,y,2) = 0} in P? is smooth. We will see later that the genus is
(d—1)(d —2)/2. In particular, not every genus occurs.

Example 5.2.2. Suppose f(x,y, z) is only irreducible, then V(f) may have sin-
gularities. After resolving singularities, e. g. by normalizing, we get a Riemman
surface. By a generic projection argument one see that every smooth algebraic
curve arises this way.

Example 5.2.3. Let f(x,y) be a polynomial, nonconstant in both x andy, such
that the partials of f have no common zeros in C2. Projection onto the first
factor V(f) — C exhibits it as a branched cover. This can be completed to a
nonsingular branched cover of P. The genus can be calculated by the Riemann-
Hurwitz formula.
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From a different point of view, we can construct many examples as quotients
of C or the upper half plane. In fact, the uniformization theorem tells us that
all examples other than P! arise this way.

Example 5.2.4. Let L C C be a lattice, i. e. an abelian subgroup generated
by two R-linearly independent numbers. The quotient E = C/L can be made
into a Riemann surface (exercise 1.2.11) called an elliptic curve. Since this
topologically a torus, the genus is 1.

This is not an ellipse at all of course. It gets its name because of its relation
to elliptic integrals and function. An elliptic function is a meromorphic function
on C which is periodic with respect to the lattice L. A basic example is the
Weierstrass p-function

=g+ % (e w)

AEL, \£0

This induces a map on the quotient £ — P! which is two sheeted and branched
at 4 points. One of the branch points will include co. We can construct a
“hyperelliptic” curve E' — P! with the same branch points. It can be checked
that £ = E’, hence F is algebraic.

The group PSLy(R) = SLy(R)/{£I} acts on H = {z|im(z) > 0} by frac-
tional linear transformations:

az+b
cz+d

Z

The action of subgroup I' € PSLy(R) on H is properly discontinuous if every
point has a neighbourhood D such that gD N D # () for all but finitely many
g € T'; it is free and properly discontinuous if g = I is the only such g.

Example 5.2.5. IfT acts freely and properly discontinuously on H, the quotient
X = H/T becomes a Riemann surface. If 1 : H — X denotes the projection,
define the structure sheaf f € Ox(U) if and only if f ow € Og(n~tU).

When H/T is compact, the quotient has genus g > 1. The quickest way
to see this is by applying the Gauss-Bonnet theorem to the hyperbolic metric.
The fundamental domain for this action will be the interior of a geodesic 2g-gon.
The above construction can be extended to only properly discontinous actions.
This is useful since many of the most interesting examples (e.g. SL2(Z)) do
have fixed points.

5.3 The 0-Poincaré lemma

Let U C C be an open set. Let x and y be real coordinates on C, and z = z+1y.
Given a complex C'*° function f: U — C, let

of 1,.0f of
22 29 "3y

43



a—‘f = }(ﬁ + ig).
0z 2 0x oy
With this notation, the Cauchy-Riemann equation is simply % =0.

In order to make it easier to globalize these operators to Riemann surfaces,
we reinterpret these in terms of differential forms. In this chapter, C*°(U) and
E™(U) will denote the space of complex valued C* functions and n-forms. The
exterior derivative extends to a C-linear operator between these spaces. Define
the complex valued 1-forms dz = dzx + idy and dz = dx — idy, and set

_9f
5. Of
We extend this to 1-forms, by

a(fdz) = %dz/\dé
o(fdz) = 0
. _of
d(fdz) = Edz/\dz
o(fdz) = 0

A 1-form « is holomorphic o = fdz with f holomorphic. This is equivalent
to da = 0. The following identities can be easity verified:

d=0+0 (5.1)
*=0"=0
90+ 90 =0

Theorem 5.3.1. Let D C C be an open disk. Given f € C>(D), there emists
g € C®(D) such that 3¢ = f.

Proof. A solution can be given explicitly as

9(¢) = LG

= dz Ndz
2me DZ—CZ ?

See [GI, p. 5]. O

5.4 O-cohomology

Let X be a Riemann surface, i. e. a 1-dimensional complex manifold. We write
C%¥ and &% for the sheaves of complex valued C* functions and i-forms. We

define a C°°-submodule Eg(l’o) C &% (respectively EQ' C £%), so that for any
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coordinate neighbourhood U holomorphic cordinate z, 5&1’0)(U) = C®(U)dz

(resp. 8)(?71)(U) = (C*(U)dz). We have a decomposition

ok =o4" o 5p

We set 5)((1’1) = £% as this is locally generated by dz A dz.

Lemma 5.4.1. There exists C-linear maps 9,0 on the sheaves E% which coin-
cide with the previous expressions in local coordinates.

It follows that the identities (5.1) hold globally, and the kernels of 9 are
precisely the sheaves of holomorphic functions and forms respectively.

Lemma 5.4.2. The sequences of sheaves
0—-0x —-CY ié‘)(?’l)—ﬂ)

0— Q% — 55(170) 2, €§(1,1) —0
are acyclic resolutions.

Proof. Any C*°-module is soft, hence acyclic, and the exactness follows from

theoremb.3.1. O
Corollary 5.4.3.
EOD(X)
HY(X,0x) = ——-~
(1,1)
Hl(ngﬁ() = —5 a 0)(X)
98 (X)
and _ _
HY (X,0x)=H(X,0%) =0
if i > 1.

Next, we want a holomorphic analogue of the de Rham complex.

Proposition 5.4.4. There is an exact sequence of sheaves
OH(CXHOXLWI}(HO

Proof. The only nontrivial part of the assertion is that Ox — Q% — 0 is exact.
We can check this by replacing X by a disk D. A holomorphic 1-form on D
is automatically closed, therefore exact by the usual Poincaré lemma. If df is
holomorphic then df = 0, so f is holomorphic. O

Corollary 5.4.5. There is a long exact sequence

0— H°X,C) — H°(X,0x) — H*(X,Q%) — ...
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Holomorphic 1-forms are closed, and
H(X,Q%) — H'(X,C)
is the map which sends a holomorphic form to its class in de Rham cohomology.
Lemma 5.4.6. When X is compact and connected, this map is an injection.

Proof. Tt is equivalent to proving that
HO(Xv(C) - HO(X7 OX)

is surjective i.e. that global holomorphic functions are constant. Let f be a
holomorphic function on X. f must attain a maximum at some point, say
x € X. Choose a coordinate disk D C X centered at x. The we can apply
the maximum modulus principle to conclude that f is constant on D. Since
f — f(z) has a nonisolated 0, it follows by complex analysis that f is globally
constant. O

In section 8.1 we will show that the dimension of H°(X, QL) is exactly the
genus. For now, we prove a weak form of this statement.

Lemma 5.4.7. If X is compact and connected then dim H°(X, Q%) < g, where
g is the genus.

Proof. As we have seen, we can view H® = H%(X QL) as a subpsace of
H'(X,C). Given two holomorphic 1-forms «, 3, a A 3 = 0. This implies that
H'0 is an isotropic subpsace under the skew symmetric Poincaré duality pairing.
So dim H' < Ldim H'(X,C) by linear algebra. O

In the case of the hyperelliptic curve constructed in section 5.1, one can
check the opposite inequallity by hand. The expressions x'dz/y with 0 <i < g
give g linearly elements of H?(X QL) (see exercises).

One additional property whose proof will postponed to section 5.4.3 is that
the map

H'(X,C) —» HY(X, Ox)

is surjective, or equivalently that H'(X, Q%) injects into H2(X,C). It follows
from this that dim H*(X,Ox) = g. The fact that H°(X,Qx) & H(X,0x) is
usually deduced from the Serre duality theorem.

Exercise 5.4.8.

1. The differentials x'dx/y on the hyperelliptic curve are certainly holomor-
phic on X —% where X = f~1{a;}U{cc}. Check that they holomorphically
extend to X.
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5.5 Projective embeddings

Fix a compact Riemann surface X. We want to assume a couple of things that
stated above but not yet proven, namely that dim H°(X, QL) and dim H* (X, Ox)
both coincide with the genus of X. We introduce some standard shorthand:
ht = dim H', and wx = Q.

A divisor D on X is a finite integer linear combination Y n;p; where p; € X.
One says that D is effective if all the coefficients are nonnegative. The degree
degD = > n;. For every meromphic function defined in a neighbourhood of
p € X, let ord,(f) be the order of vanishing (or minus the order of the pole) of
fat p. If D is a divisor define ord, (D) to be the coefficient of p in D (or 0 if p
is absent). Define the sheaf Ox (D) by

Ox(D)U)=A{f:U—CU{oo}|ord,(f) +ord,(D)>0,¥peU}
Lemma 5.5.1. This is a line bundle.

Proof. Let U be a coordinate neighbourhood , and let D =Y n;p; + D’ where
p; € U and D’ is sum of points not in U. hen we can find functions f; vanishing
at each point p; € U to order 1 and nowhere else. It is can be checked that

1
Ox(D)(U) = Ox(U)zr s
Ha P
which is free of rank one. O

Divisors form an abelian group Div(X) in the obvious way.
Lemma 5.5.2. Ox(D+ D') =2 Ox (D) ® Ox (D).

In later terminology, this says that D — Ox (D) is a homomorphism from
Div(X) — Pic(X). If D is effective O(—D) is a sheaf of ideals. In particular,
Ox(—p) is exactly the maximal ideal sheaf at p. We have an exact sequence

0—Ox(—p) - O0Ox —-C,—0 (5.2)

where
CifpeU
0 otherwise

&) ={

Tensoring (5.2) by Ox (D) and observing that C, ® L = C,, for any line bundle,
yields
0—Ox(D—-p)—Ox(D)—C,—0 (5.3)

In the same way, we get a sequence

0—wx(D—-p) —wx(D)—C,—0 (5.4)
where wx (D) = wx ® Ox (D).
Lemma 5.5.3. For all D, H (X, Ox (D)) and H(X,wx (D)) are finite dimen-

sional and 0 if i > 1.
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The statement is actually redundant, but we haven’t proved that it is.

Proof. Observe that C, has no higher cohomology since it is flabby. (5.3) yields
0 — H%(Ox(D~-p)) — H°(Ox(D)) — C — H'(Ox(D-p)) — H'(Ox(D)) — 0
and isomorphisms

H'(Ox(D —p)) = H(Ox(D))i>0

By adding or subtracting points, we can reduce this to the case of Ox (D) = Ox.
The argument for wx (D) is the same. O

The residue of a meromorphic 1-form « at p is

1
resp(a) = 5 Ca

where C' is any loop “going once counterclockwise” around p and containing no
singularities other than p. Alternatively, if a« = f(2)dz locally for some local
coordinate z at p, res,(«) is the coefficient of % in the Laurant expansion of

f(2).

Lemma 5.5.4 (Residue Theorem). If a is a meromorphic 1-form, it has
finitely many singularities, and the sum of the residues is 0.

Proof. The singularities are isolated hence they form a finite set {p1,...pn}.
For each i, choose an open disk D; containing p; and no other singularity. Then
by Stokes’ theorem

1

E res, o0 = — da = 0.
P 2mi Jx_up,;

Theorem 5.5.5. Suppose that D is a nonzero effective divisor then
(A) H'(wx(D)) =0.
(B) h%(wx (D)) =degD +g— 1.

(A) is due to Serre. It is a special case of the Kodaira vanishing theorem.
(B) is a weak form of the Riemann-Roch theorem.

Proof. (A) will be proved by induction on the degree of D. Suppose D = p.
Then H%(wx (p)) consists of the space of meromorphic 1-forms a with at worst
a simple pole at p and no other singularities. The residue theorem that such
an « must be holomorphic. By the long exact sequence of cohomology groups
associated to (5.4), we have

0—C — HYwx) — H'(wx(p)) — 0
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Since the space in the middle is one dimensional, this proves (A) in this case.
In general, the inductive step follows from a similar application of (5.4).

(B) will again be proved by induction. As already noted when D = p,
h(wx (D)) = h%(wx) = g. In general, (5.4) and (A) shows

K (wx (D)) =1+ h%(wx(D —p)) =degD +g—1
by induction. O

Corollary 5.5.6. There exists a divisor (called a canonical divisor) such that
wx = Ox(K)

Proof. Choose D so that H°(wx (D)) possesses a nonzero section a. Locally
a = fdz, and we define ord, (o) = ord,(f) (this is independent of the coordinate
z). Then

K=(a)—D= Zordp(a)p -D
satisfies the required properties. O
Although, we won’t prove that here, the degree of K is known.
Proposition 5.5.7. deg K =2g — 2

We say that a line bundle L on X is globally generated if for any point
r € X, there exists a section f € H°(X, L) such that f(x) # 0. Suppose that
this is the case, Choose a basis fo,... fx for H(X, L). If fix an isomorphism
7: L|ly = Oy, 7(f;) are holomorphic functions on U. Thus we get a holomorphic
map U — CN*! given by o — (7(fi(z))). By our assumption, the image lies
in the complement of 0, and thus descends to a map to projective space. The
image is independent of 7, hence we get a well defined holomorphic map

b : X — PN

This map has the property that ¢} Op~ (1) = L. L is called very ample if ¢y, is
an embedding.

Proposition 5.5.8. A sufficient condition for L to be globally generated is that
HY(X,L(-p)) =0 for all p € X A sufficient condition for L to be very ample
is that HY (X, L(—p — q)) = 0 for all p,q € X

Corollary 5.5.9. wx (D) is very ample if D is nonzero effective with degD > 2.
In particular, any Riemann surface can be embedded into a projective space.

5.6 Automorphic forms

Let ' C SL2(R) be a subgroup and k a positive integer, an automorphic form
of weight 2k is a holomorphic function f : H — C on the upper half plane
satisfying

az+b

1) = e+ )2 ()
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for each
a b
(c d) er

Choose a weight 2k automorphic form f. Then f(z)(dz)®* is invariant under
the group precisely when f is automorphic of weight 2k. Since —I acts trivially
on H, the action of SLy(R) factors through PSLy(R) = SL2(R)/{£I}. Let us
suppose that the group I'/{£I}/ acts freely, then the quotient X = H/T is a
Riemann surface, and an automorphic form of weight 2k descends to a section
of the sheaf w%k. We can apply the previous to the calculate the dimensions of
these spaces.

Proposition 5.6.1. Suppose that T'/{£I} acts freely on H and that the quo-
tient X = H/T is compact of genus g. Then the dimension of the space of
automorphic functions of weight 2k is

g ifk=1
(g—1)(2k—-1) ifk>1

Proof. When k = 1, this is clear. When k£ > 1, we have
(W) = BO(w((k = 1)K)) = (k= 1)(deg K) + g — 1 = (2k = 1)(g — 1)
O

Our discussion so far is inadequate since it doesn’t deal with examples such
as the modular group SLy(Z). This is a particularly interesting example, since
two elliptic curves C/Z + Z7 and C/Z + Z7', with 7,7 € H, are isomorphic if
and only if 7 and 7’ lie in the same orbit of SLy(Z). The quotient H/SL2(Z) is
noncompact, in fact it is can be identified with C via the j-function [S4, p. 89].
The natural compactification P! can be constructed as a quotient as follows.
H has compactification by the circle R U {co} (this is easier to visualize if we
switch to the unit disk model D = H), however we add only rational points
H* = DUQU {00} called cusps. Then SLs(Z) acts on this, and the cusps form
a unique orbit corresponding the point at infinity in P*.

We can apply the same technique to any finite index subgroup of the modular
group.

Theorem 5.6.2. Given a finite index subgroup T' C SLo(Z), H*/T can be
made into a compact Riemann surface such that H* /T — H*/SLy(Z) = P! is
holomorphic.

For example, the nth principle congruence subgroup

I'(n) = {(Z Z) €SLy(Z)|la—1=d—-1=b=c=0 modn}
['(2)/{%I} acts freely on H, and the quotient is isomorphic to P* — {0,1, 0c}.
In the unit disk we can choose a fundamental domain for I'(2) as depicted in
figure 5.3. The three cusps in the domain correspond to the points 0,1,00. A
pretty consequence of this is Picard’s little theorem:
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cusp

Figure 5.3: Fundamental domain of T'(2)

Theorem 5.6.3. An entire function omitting two or more points must be con-
stant.

Proof. The universal cover of P! —{0, 1, 00} is H which is isomorphic to the unit
disk D. Let f be an entire function omitted two points, which we can assume
are 0 and 1. Then f lifts to holomorphic map C — D which is bounded and
therefore constant by Liouville’s theorem. O
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Chapter 6

Simplicial Methods

In this chapter, we will develop some tools for actually computing cohomology
groups in practice. All of these are based on simplicial methods.

6.1 Simplicial and Singular Cohomology

A systematic development of the ideas in this section can be found in [Sp].
The standard n-simplex is

A" ={(t1,.. . tnp1) ER™| Y "t =1, > 0}

The ith face AT is the intersection of A™ with the hyperplane ¢; = 0 (see
(6.1). Each face is homeomorphic an n — 1 simplex by an explicit affine map
8 + A"l — A More generally, we refer to the intersection of A with the
linear space z;, =...x;, =0 as a face.

Some fairly complicated topological spaces, called polyhedra or triangulable
spaces, can be built up by gluing simplices. It is known, although by no means
obvious, that manifolds and algebraic varieties (with classical topology) can
be triangulated. The combinatorics of the gluing is governed by a simplicial
complex. This consists of a set V' of vertices, and collection of finite nonempty
subsets X of V' containing all the singletons and closed under taking nonempty
subsets. We can construct a space |(V,X)] out of this roughly as follows. To
each maximal element S € X, choose an n-simplex A(S), where n + 1 is the
cardinality of S. Glue A(S) to A(S”) along the face labeled by SN S’ whenever
this is nonempty. (When V is infinite, this gluing process requires some care,
see [Sp, chap. 3].)

Let K = (V,X) be a simplical complex, and assume that V is linearly or-
dered. We will refer to element of ¥ as a n-simplex if it has cardinality n + 1.
We define an n-cochain on a simplicial complex with values in an abelian group
A to be function which assigns an element of A to every n-simplex. One can
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A3

Figure 6.1: 3 simplex

think of a m-cochain some sort of combinatorial analogue of an integral of n-
form. As in integration theorem one needs to worry about orientations, and this
is where the ordering comes in. An alternative, which is probably more stan-
dard, is to use oriented simplices; the complexes one gets this way are bigger,
but the resulting cohomology theory is the same. Given an n-cochain F', we
define a (n + 1)-cochain O(F'). called the coboundary or differential of F. In
analogy with Stokes’ theorem which allows one to calculate the integral of da
as in integral along the boundary, we define

(F)({vo, ... vn}) = > _(=1)'F({vo,... 0 ... vn}),

whenever vg < v1... < v,. (The notation Z means omit z.) Let C™(K, A)
denote the set of n-cochains. This is clearly an abelian group (in fact an A-
module if A is ring). We extend 9 : C"(K, A) — C"*1(K, A) by linearity. The
key relation is

Lemma 6.1.1. 9% = 0.

Proof. Let
Oi(F){vo,-..vn}) = F({vo,...0; ... vn})

so that & = >°(—1)%9;. The lemma follows for the easily verified identity 9;0; =
8i8j,1 for i < J- O

Thus we have a complex. The simplicial cohomology of K is defined by
HY(K,A)= H(C*(K, A)).

Note that when V is finite, these groups are automatically finitely generated
and computable. However, triangulations of interesting spaces tend to be quite
complicated, so this not a particularly practical method.
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When A is replaced by a commutative ring R. There is a product on co-
homology analogous to the product in De Rham induced by wedging forms.
Given two cochains « € C"(K, R), 5 € C™(K, R), their cup product a« U g €
C"*t™(K, R) is given by

aUpB{vo, .. Vntm}) = a{vo, ... vn})B{vn, - - Vntm) (6.1)

where vg < v1 < .... Then:
Lemma 6.1.2. 9(aUp) =9(a) UB+ (—1)"a U I(B)

Corollary 6.1.3. U induces an operation on cohomology that makes H*(K, R)
into a graded ring.

Singular cohomology was introduced partly in order to give conceptual proof
of the fact that H*(K, A) depends only on |K]|, i.e. that simplicial cohomology
is independant of the triangulation. It has the advantage, for us, that the
relation with sheaf cohomology is easier to establish. A singular n-simplex on a
topological space X is simply a continuous map from f: A™ — X. When X is
a manifold, we can require the maps to be C*°. We define a singular n-cochain
on a X be a map which assigns an element of A to any n-simplex on X. Let
S™(X,A) (S%(X,A)) denote the group of (C°°) n-cochains with values in A.
When F is an n-cochain, its coboundary is the (n + 1)-cochain

AF)(f) =Y (~1)'F(fod).
The following has more or less the same proof as lemma 6.1.1.
Lemma 6.1.4. 92 = 0.

Thus we have a complex. The singular cohomolgy groups of X are

g
Hsing

(X,4) = H'(S"(X, A)).

A basic property of this cohomology theory is its homotopy invariance. We state
this in the form that we will need. A subspace Y C X is called a deformation
retraction, if there exists a a continuous map F : [0,1] x X — X such that
F0,2) =z, F(1,X) =Y and F(l,y) =y fory € Y. f Y is a point then X is
called contractible.

Proposition 6.1.5. If Y C X is a deformation retraction, then

Hi

sing

(X,A) — H!

sing

(Y, A)
s an isomorphism for any A.

In particular, the higher cohomology vanishes on a contractible space. This
is an analogue of Poincaré’s lemma. Call space locally contractible if every
point has a contractible neighbourhood . Manifolds and varieties with classical
topology are examples of such spaces.
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Theorem 6.1.6. If X is paracompact Hausdorff space (e. g. a metric space)
which is locally contractible, then H'(X,Ax) = H; (X, A) for any abelian
group A.

A complete proof can be found in [Sp, chap. 6] (note that Spanier uses Cech
approach discussed in the next chapter). In the case of manifolds, a proof which
is more natural from our point of view can be found in [Wa]. The key step is
to consider the sheaves 8™ associated to the presheaves U — S™(U, A). These
sheaves are soft since they are modules over the sheaf of real valued continuous
functions. The local contractability guarantees that

0—Ax -8 =S8t — ...
is a fine resolution. Thus one gets
H(X, Ax) = Hi(S"(X))
It remains to check that the natural map
S*(X,A) - §*(X)

induces an isomorphism on cohomology. We the reader refer to [Wa, pp 196-197]
for this.

As a corollary, we obtain the form of De Rham’s theorem that most people
think of.

Corollary 6.1.7 (De Rham’s theorem, version 2). If X is a manifold,

sing

(X,R)

The theorem holds with C°° cochains. The map in the corollary can be
defined directly on the level of complexes by

aH(fH/Af*a)

Singular cohomology carries a cup product given by formula (6.1). A stronger
form of De Rham’s theorem shows that the above map is a ring isomorphism
[Wa]. Fundamental classes of oriented submanifolds can be constructed in
H*(X,Z). This explains why the the intersection numbers Y - Z were integers
in proposition 4.4.2.

Exercise 6.1.8.

1. Calculate the simplicial cohomology with Z coefficients for the “tetrahe-
dron” which is the powerset of V.= {1,2,3,4} with § and V removed.

2. Let S™ be the n-sphere realized as the unit sphere in R"1. Let Uy =
S™ —{(0,...0,1)} and U; = S™ — {(0,...0,—1)}. Prove that U; are
contractible, and that Uy N Uy deformation retracts on to the “equatorial”
(n — 1)-sphere.
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3. Prove that
Zifi=0,n
0 otherwise

HY(S",7) {

using Mayer-Vietoris.

6.2 H*(P",7)
Let P = P¢ with its classical topology.

Theorem 6.2.1.

; Z if 0 <i<2n is even
1 (TN _ >~ 6 >
H(P",Z) = { 0 otherwise
Before giving the proof, we will need to develop a few more tools. Let X
be a space satisfying the assumptions of theorem 6.1.6, and ¥ C X a closed
subspace satisfying the same assumptions. We will insert the restriction map

HY(X,Z) — H'(Y,Z)

into a long exact sequence. This can be done in a number of ways, by first
defining cohomology of the pair (X,Y), using sheaf theory, or using a mapping
cone. We will choose the last option. Let C be obtained by first gluing the base
of the cylinder {1} x Y C [0,1] X Y to X along Y, and then collapsing the top
to a point P (figure (6.2)).

Figure 6.2: Cone
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Let U; = C — P, and U, C C the open cone [0,1) x Y/{0} x Y (the notation
A/B means collapse B to a point). On sees that U; deformation retracts to X,
U, is contractible, and U; N Uy deformation retracts to Y. The Mayer-Vietoris
sequence, together with these facts, yields a long exact sequence

.. HY(C,Z) - H(X,Z) — H(Y,Z) — H'"(C,Z)...

when i > 0. The make this really useful, note that the map C — C/U, which
collapses the closed cone to a point is a homotopy equivalence. Therefore it
induces an isomorphism on cohomology. Since we can identify C/U, with X/Y,
we obtain a sequence

L CHYX)Y,Z) — HY(X,Z) — H(Y,Z) — ... (6.2)

We apply this when X = P" and Y = P"~! embedded as a hyperplane. The
complement X —Y = C". Collapsing Y to a point amounts to adding a point
at infinity to C", thus X/Y = S§?". Since projective spaces are connected

HY(P",7Z) = H(P" ', Z) = 7.
For ¢ > 0, (6.2) and the previous exercise yields isomorphisms
H'(P",7Z) = H'(P"',7Z), when i < 2n (6.3)
H>™(P",7) = 7
The theorem follows by induction.
Exercise 6.2.2.

1. Let L C P" be a linear subspace of codimension i. Prove that its funda-
mental class [L] generated H* (P",Z).

2. Let X C P" be a smooth projective variety. Then [X] = d[L] for some d,
where L is a linear subspace of the same dimension. d is called the degree
of X. Bertini’s theorem, which you can assume, implies that there exists a

linear space L' of complementary dimension transverse to X. Check that
X -I'=#(XnL)=d.

6.3 Cech cohomology

We return to sheaf theory proper. We will introduce the Cech approach to co-
homology which has the advantage of being quite explicit and computable (and
the disadvantage of not always giving the “right” answer). Roughly speaking,
Cech bears the same relation to sheaf cohomology, as simplicial does to singular
cohomology.
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One starts with an open covering {U;|i € I} of a space X indexed by a
totally ordered set I. If J C I, let U; be the intersection of U; with j € J. Let
F be a sheaf on X. The group of Cech n-cochains is

cr=cr({ut,F) = || FU..i)
G0< e <iin
The coboundary map 9 : C™ — C™*lis defined by
a(f)i(]»-~in+1 = Z(_l)k-floikln+1

k

Uig..iig gy

where 7 signifies that i should be omitted. This satisfies 92 = 0. So we can
define the nth Cech cohomology group as

. ey ker(9:Cm— Cntl
(U, F) = (0 = S

To get a feeling for this, let us write out the first couple of groups explicitly:

H({U:}, F) {(f)e]] FWIfi=fjonUy;}

= FX)

e ~Afiy) € I1 FWij)| fir = fij + fix on Ugj }
H (U3, 7) = {(fij 13(@i), fiz = ¢i — @5}

There is a strong similarity with simplicial cohomology. This can be made
precise by introducing a simplicial complex called the nerve of the covering. For
the set of vertices, we take the index set I. The set of simplices is given by

S = {{io,...in} | Uig...i,, # 0}

If we assume that each Uj,, ;, is connected, then we see that the Cech complex
C™"({U;}, Ax) coincides with the simplicial complex of the nerve with coefficients
in A.

Even though, we are primarily interested in sheaves of abelian groups. It
will be convenient to extend (6.4) to a sheaf arbitrary groups G.

(6.4)

H'({U:},G) = {(9:;5) € [ 9(Ui)|gik = gijgix on Uiji }/~
i<j

where (gi;) ~ (Gi;) if there exists (v;) € [[ G(U;) such that g;; = vigiﬂj_l. Note
that this is just a set in general. The (g;;) are called 1-cocycles with values in
G. It will be useful to drop the requirement that ¢ < j by setting g;; = gigl and
gii = 1.

As an example of sheaf of nonabelian groups, take U — GL,(R(U)), where
(X, R) is a ringed space (i.e. space with a sheaf of commutative rings).
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Theorem 6.3.1. Let (X,R) be a manifold or a variety over k, and {U;} and
open cover of X. There is a bijection between the following sets:

1. The set of isomorphism classes of rank n vector bundles over (X, R) triv-
iallizable over {U;}.

2. The set of isomorphism classes of locally free R-modules M of rank n such
My, is free.

3. H'({Ui}, Gl (R)).

Proof. We merely describe the correspondences.

1 — 2: Take the sheaf of sections.

2 — 3: Given M as above. Choose isomorphisms F; : Ry — M]|y,.Set
gij = Fj 0 Fj_l. This determines a well defined element of H*.

3 — 1: Define an equivalence relation ~ on the disjoint union W = [] U; x k™
as follows. Given (z;,v;) € U; x k™ and (z;,v;) € U; x k™, (z5,v;) ~ (x,v5)
iff z; = x; and v; = g;;(x)v;. Let V. =W/ with quotient topology. Given an
open set U’/ ~=U C V. Define f : U — k to be regular, C*° or holomorphic
(as the case may be) if its pullback to U’ has this property. O

Implicit above, is a construction which associates to a 1-cocycle v = (gi;),
the locally free sheaf

My (U) = {(vi) € [[RWONT)" |vi = gijv;}-

Consider the case of projective space P = P}. Suppose x, ...z, are homoge-
neous coordinates. Let U; be the complement of the hyperplane x; = 0. Then
U; is isomorphic to A} by

To /I\
[mo,mn]a(a,x—:)

Define g;; = x;/x; € O(U;;)*. This is a 1-cocycle, and My, = Op(1). Likewise
(w;/2;)? is the 1-cocyle for O(d).

We get rid of the dependence on coverings by taking direct limits. If {V}} is
refinement of {U;}, there is a natural restriction map

H'({U;}, F) — H'({V;}, F)

We define N N
H'(X,F)=lmH ({U;}, F)

Corollary 6.3.2. There is a bijection between the following sets:
1. The set of isomorphism classes of rank n vector bundles over (X, R).

2. The set of isomorphism classes of locally free R-modules M of rank n.

3. HY(X,Gl,(R)).
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A line bundle is a rank one vector bundle. We won’t distinguish between
lines bundles and rank one locally free sheaves. The set of isomorphism classes
of line bundles carries the stucture of a group namely H'(X,R*). This group
is called the Picard group, and is denoted by Pic(X).

Exercise 6.3.3.
1. Check the description of Op(1) given above.

2. Show that multiplication in Pic(X) can be interpreted as tensor product
of line bundles.

6.4 Cech versus sheaf cohomology

Definition 6.4.1. An open covering {U;} is called a Leray covering for a sheaf
Fif H*(Ujy,F) =0 for all nonempty finite sets J and n > 0.

Lemma 6.4.2. Suppose that H'(U;, A) = 0 for all nonempty finite sets J.
Then given an ezact sequence

0-A—-B—-C—0
of sheaves, there is a long exact sequence:
0— H'({U;}, A) — H°({U;}, B) — H°({U;},C) — H' ({U;}, A) . ..

Proof. The hypothesis guarantees that there is a short exact sequence of com-
plexes:

0 C*({U3}, 4) — C*({U}, B) — C*({U3},0) — .
The long exact now follows from a standard result in homological algebra... [
Lemma 6.4.3. Suppose that F is flabby, then H™(F) =0 for all n. > 0.
Theorem 6.4.4. If {U;} is a Leray with respect to F then
H"({Ui}, F) = H'(X, F)

Proof. This is clearly true for n = 0. Next consider the case where n = 1.
Lemmas 6.4.2 and 6.4.3 imply that

HY(F) = coker[['(X,G(F)) — I(X,C*(F))] = H (X, F).
The remaining cases follow by dimension shifting, e.g.

H*(F) = H'(CY(F)) = H*(X, F)

We state few more general results.
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Proposition 6.4.5. For any sheaf F
AY(X,F)= H'(X,F)
Proof. See [G, Cor. 5.9.1] O

Theorem 6.4.6. If X is a paracompact space then for any sheaf and all i,
H(X,F) = H\(X,F)
Proof. See |G, Cor. 5.10.1] O

6.5 First Chern class

Let (X,Ox) be a complex manifold or algebraic variety over C. Then we have
isomorphisms 3
Pic(X) = HY(X,0%) = HY(X, 0%)

The exponential sequence is

27
0—Zx —Ox = 0% — 1 (6.5)

Definition 6.5.1. Given a line bundle L, its first Chern class ¢1(L) € H*(X,7Z)
is the image of L under the connecting map Pic(X) — H?*(X,Z)

This can be carried out for C*° manifolds as well. Provided one interprets
Ox as the sheaf of complex valued C'* functions, and Pic(X) as group of C*
complex line bundles. In this case, ¢ is an isomorphism. It is clear that the
construction is functorial:

Lemma 6.5.2. If f : X — Y is C* map between manifolds, c1(f*L) =
f*Cl(L).

We want to calculate this explicitly for P = ]P’(IC. We can use the standard
covering U; = {x; # 0}. We identify U; with C with the coordinate z =
xo/z1. The 1-cocycle (section 6.3) of O(1) is goy = z~!. The logarithmic
derivative dlog go1 = —dz/z is 1-cocycle with values in €. Since this sheaf is
soft, this cocycle is coboundary, i.e. there exists forms o; € £1(U;) such that
—dz/z = a1 — ay on the intersection. There da; patch to yield a global 2-form
B € E2(P). [3/2mi gives an explicit representative of the image of C1(O(1)) in
H?(X,C). We have an isomorphism of this space with C given by integration. In
order to evaluate the integral fP (B/2mi, divide the sphere into two hemispheres
Hy = {|z| <1} and Hy; = {||z| > 1}. Let C be the curve |z| = 1 with positive
orientation. Note the boundary of H; is —C. Then with the help of Stokes’

theorem, we get
1 1
27TZ /]P’ﬁ 27”’ (/I{() o + / al)

1(/

= _— on —

20 Jo O
1 dz

2 Jo =

H;
041)
C

61



Thus ¢1(0(1)) is the fundamental class of H?(P!,Z). By the same kind of

argument, we obtain:

Lemma 6.5.3. If D is a divisor on a compact Riemann surface X, ¢1(O(D)) =
deg(D)[X]

Since ¢; is compatible with restriction, (6.3) implies that the same holds for
P

Lemma 6.5.4. ¢;(Opn (1)) = [H]| where H C P™ is a hyperplane.
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Chapter 7

The Hodge theorem

Thus far, our approach has been pretty much algebraic or topological. We
are going to need a basic analytic result, namely the Hodge theorem which
says that every de Rham cohomology class has a unique “smallest” element.
Standard acccounts of basic Hodge theory can be found in the books of Griffiths-
Harris [GH], Warner [Wa] and Wells [W]. However, we will depart slightly
from these treatments by outling the heat equation method of Milgram and
Rosenbloom [MR]. This is an elegant and comparatively elementary approach
to the Hodge theorem. As a warm up, we will do a combinatorial version which
requires nothing more than linear algebra.

7.1 Hodge theory on a simplicial complex

In order to motivate the general Hodge theorem, we work this out for a finite
simplicial complex. This will require nothing beyond linear algebra

Let K = (V,X) be a finite simplicial complex. Choose inner products on the
spaces of cochains C*(K,R). For each simplex S, let

1if S =5
0 otherwise

ds(S") = {

These form a basis. A particularly natural choice of inner product is determined
by making this basis orthonormal. Let 8* : C*(K,R) — C*"!(K,R) be the
adjoint to 9, and let A = 99* 4+ 9*0. A is the discrete Laplacian.

Lemma 7.1.1. Let « be a cochain. The following are equivalent:
1. a € (imd)* N kerd.
2. da=0*a=0.
8. Aa=0.

The cochains satisfying the above conditions are called harmonic.
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Lemma 7.1.2. Every simplical cohomology class has a unique harmonic repre-
sentative. These are precise the elements of smallest norm.

Proof. One sees that the obvious map
(imd)* Nkerd — H™(K,R)
is an isomorphism. Given an element « in the lefthand space
llee + B2 = la|* + |01 > [|a|?
unless 93 = 0. O
Exercise 7.1.3.
1. Prove lemma 7.1.1.

2. Prove that A is a positive semidefinite symmetric operator.

3. Use this to prove that limit of the “heat kernel”

H = lim e *&

t—o0

is the orthogonal projection to the space of harmonic cochains.

7.2 Harmonic forms

Let X be an n dimensional compact oriented manifold. We want to prove
an analogue of lemma 7.1.2 for de Rham cohomology. In order to formulate
this, we need inner products. A Riemannian metric (,), i.e. a family of inner
products on the tangent spaces which vary in a C* fashion. The existence is
standard partition of unity argument [Wa]. A metric determines inner products
on exterior powers of the cotangent bundle which will also be denoted by (,).
X possesses an differential form dvol € £"(X) called the volume form which
is roughly the square root of the determinant of the metric (this requires an
orientation). The Hodge star operator is a C'°°(X)-linear operator * : EP(X) —
E"P(X), determined by
aAx0 = (a,B)dvol.

One can choose a local orthonormal basis or frame e; for £% in a neighbourhood
of any point. Then * is easy to calculate in this frame, e.g. *e; A ...ex =
€k+1 A ...en. From this one can check that xx = £1. The spaces EP(X) carry
inner products:

<oz,ﬁ>:/X(a,ﬂ)dvol:/Xa/\*ﬂ

and hence norms.
Then basic result of Hodge (and Weyl) is:
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Theorem 7.2.1. Every de Rham cohomology class has a unique representative
which minimizes norm. This is called the harmonic representative.

As an application of this theorem, we have get a new proof of a Poincaré
duality in strengthened form.

Corollary 7.2.2. (Poincaré duality, version 2). The pairing
HY(X,R) x H"“(X,R) — R
induced by (a, ) — [« A B is a perfect pairing

Proof. % induces an isomorphism between the space of harmonic i-forms and
n—i-forms. This proves directly that H*(X,R) and H"~%(X,R) are isomorphic.
Consider the map

\: HY(X,R) — H"(X,R)*

given by A(a) = 8 — [a A 3. We need to prove that A is an isomorphism.
Since these spaces have same dimension, it is enough to prove that ker(\) = 0.
But this clear since A\(«)(*a) # 0 whenver « is a nonzero harmonic form. O

To understand the meaning of this condition, we can find the Euler-Lagrange
equation. Let o be a harmonic p-form. Then for any for any (p — 1)-form 3, we
would have to have

d
%||a+tdﬂ\|2|t=o =2<a,df>=2<d*a, >=0,

which forces d*a = 0, where d* is adjoint to d. A straight forward integration
by parts shows that d* = 4 * d+. Thus harmonicity can be expressed as a pair
of differential equations da = 0 and d*« = 0. It’s sometimes more convenient to
combine these into a single equation Aa = 0 where A = d*d 4 dd* is the Hodge
Laplacian. The equivalence follows from the identity < Aa,a >= ||dal|* +
|ld* a2,

The hard work is contained in the following:

Theorem 7.2.3. There are linear operators H (harmonic projection) and G
(Green’s operator) taking C*° forms to C™ forms, which are characterized by
the following properties

1. H(«) is harmonic,
2. G(«) is orthogonal to the space of harmonic forms,
3. a=H(a)+ AG(a),

for any C* form a.
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Let’s see how to prove the existence part of theorem 7.2.1 given this result.
Any « can be written as a = 4 dd*y + d*dy with 8 harmonic. All these terms
are in fact orthogonal to each other, so

|d*dy||? =< d*dy, o0 >=< dry,da >,

and this vanishes if « is closed. Therefore « is cohomologous to the harmonic
form (. The uniqueness is straightforward: if 4’ is another harmonic represen-
tative, then 8 — 8’ is both exact and harmonic. Denoting this by dv, we then
have ||dv||? =< d*dy,y >= 0.

It will be useful to record part of this argument as a corollary.

Corollary 7.2.4. There is an orthogonal direct sum
EYX) = (harmonic forms) ® d€*1(X) @ £71(X)

Before doing the general case, let’s work out the easy, but instructive, ex-
ample of the torus X = R"/Z", with the Euclidean metric. A differential form
« can be expanded in a Fourier series

o= Z Z ax,ilmipe%i)"xdxil A...Ndxg, (7.1)

AEZM i1 <. <ip
By direct calculation, one finds the Laplacian
82
A=— 5
Ox;

the harmonic projection
H(Oé) = Z aO,il..Aipdxil VANPAN dl‘ip
and Green’s operator
ANiy...d i
G(a) = Z Z 47T+|/\‘7’5627”/\ xdxil VANAN dl’ip.
xezr—{0}

Since the image of H are forms with constant coeflicients, this proves propos-
tion 4.5.1.

7.3 Heat Equation

We will sketch an approach to 7.2.3 using the heat equation due Milgram and
Rosenbloom ([MR] [Ch] ). The heuristic behind it is that if « is thought of as an
initial temperature, then the temperature should approach a harmonic steady
state as the manifold cools. So our task is to solve the heat equation:

%Et) = —AA(t) (7.2)
A0) = « (7.3)
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for all ¢ > 0, and study the behaviour as ¢ — oco. For simplicial complexes, this
was the content of the previous exercise. Before describing this, we make a few
general remarks. If A(t) is a C* solution of 7.2, upon differentiating || A(t)||?
we obtain:

2 < %,A >= -2 < AA A >= —2(||[dA])* + ||d* A||*) < 0.

This implies that ||A]|? is nonincreasing. Therefore if A(0) = 0, it remains 0.
This proves the uniqueness because the equation is linear. For existence, it is
enough to prove that there exists € independent of «, such that solutions exist
for all 0 < t < e. For if T is the supremum of the tg for which the above
system has a solution for ¢ < ty. Then T must be oo, since otherwise picking
T —¢/2 <ty < T and using A(tg) as the new initial condition, we see that A
can be extended to the interval t < T 4 €/2.

The starting point for the proof of existence is the observation that when X
is replaced by Euclidean space and « is a compactly supported function, then
one has an explicit solution

A(t) = on K(.’L‘, Y, t)a<y)dy

where the heat kernel
K(z,y,t) = (4rt) " 2e~lle=vll*/4

This can be modified to make sense for a p-form on X. When working with forms
on X x X, we will abuse notation a bit and write them as local expressions such
as 7(x,y). Then d,n(z,y) etcetera will indicate that the operations d... are
preformed with y treated as a constant (or more correctly, these operations are
preformed fiberwise along the second projection). Let dist(z,y)? be a nonneg-
ative C*° function which agrees with the square of the Riemannian distance
function in neighbourhood of the diagonal. Let 8 = —id,d,dist(x,y)* and set

K(‘T? Y, t) - (471—t)7n/2eidi3t(aj7y)2/4tﬂp

This is only an approximation to the true heat kernel on X, however one can still
get some useful information from it. For small ¢, it behaves like the Euclidean
heat kernel, in particular in the limit it acts like a d-function along the diagonal:

}ln(l) < A(yaT)7K(Iay7t) >y: A($7T)

This together with the self adjointness of A and integration by parts shows that
for any p-form A on X x [0, 00)

¢
Az, t) = < A(z,0),K(z,y,t) >, +/ < Ki(z,y,t), A(y,t) >, dt
0

_ / L Ky, (A, + 000 Aly, 1) >, di

0
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where
Ki(z,y,t) = (A, — 0/0t)K(z,y,t).

In particular, if A is a solution to equations 7.2 and 7.3, then it satisfies the
integral equation

t
A=<a(z),K(z,y,t) >, Jr/ < Ki(z,y,t), Ay, t) >, dt (7.4)
0

and conversely a solution to this equation satisfies the heat equation. Let R;(A)
denotes the right hand side of the above equation which we can regard as an
operator acting on forms on X x [0,t]. ||K1(z,y,t)|| is known to be bounded by
a constant M independent of y and ¢ [MR]. This implies that for t <e=1/M,
R; is a contraction operator. Thus there is a fixed point, and it is C*° because
K is. So by the above remarks, we have a C*° solution for all ¢ > 0.

Since we have established existence and uniqueness of 7.2 and 7.3, the opera-
tor T'(a) = A(t) is well defined. One has the semigroup property T3, 1+, = Ty, 1%,
because A(t; +t2) can be obtained by solving the heat equation with initial con-
dition A(t2) and then evaluating it at ¢ = ¢;. We claim, furthermore that T is
formally selfadjoint. To see this, calculate

0 0
G T Te s=< LT, Th¢ >=< ATy,
8t< i, T8 > <8t i, T >=< ATyn,§ >

0 0
=< naTTAé- >=< Tt777 7TT§ >=— < Tt77>TT§ >
or or
which implies that < Tin, T, > can be written as a function of t + 7, say
g(t + 7). Therefore < Tin,& >= g(t) =< n,£ >. These properties imply that

for h > 0 we have

[Tisona — Tial? = |[Tigonall® + || Tial]* = 2 < Tyyona, Ty >
| Typonal|” + | Tee| | = 2||Tygnal]?
= (ITi2nall — |Tial])® = 2(||Tirnall® = || Teanel] - [ Teel])

||Tir||? converges because it is nonincreasing. Therefore the above expression
can be made arbitrarily small for large enough ¢. This implies that T;« converges
in the L? sense to an L? form H(«a). In fact, a little more work shows uniform
convergence.

We'll outline the remaining steps. KEquation 7.4 and the semigroup law
implies the relation T;_ra = R,Tia. In the limit as ¢ — oo, we get H(a) =
R, H(«) which implies that Ha is C°° and harmonic. ||T;a— Hea|| can be shown
to decay rapidly, so the integral

Gla) = / (Tha — Ha)dt
0
is well defined. We'll verify formally that this is Green’s operatorr:

o0 oo T
AG(a) = ATiadt = —/ 88204
0 0

dt = a — H(a),
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and for 8 harmonic

<G(a),,6’>:/ <(Tt—H)a,ﬂ>dt:/ <a,(Ty—H)B>dt =0
0 0
as required.

Let’s return to the example of a torus X = R"/Z", where things can be
calculated explicitly. Given « as in (7.1), the solution to the heat equation with
initial value « is given by

Z Z 2mid-x—4mw?| A%t
TtOé = (J,Aﬂ'l.__ipe( Al )dx“ VANIAN dIl'p,
AEZN

and this converges to the harmonic projection
H(a) = Z ao,i;...i, dTsy N Ndxy,

Tia — Ha can be integrated term by term to obtain Green’s operator

— OXir.-ip omidx
G(Oé) = Z Z W@ d.’l’:il VANAN d.’l’:ip.
Aezr—{0}
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Chapter 8

Toward Hodge theory for
Complex Manifolds

In this chapter, we take the first few steps toward Hodge theory in the complex
setting. This is really a warm up for the next chapter.

8.1 Riemann Surfaces Revisited

This section is a warm up for things to come. We also tie up a few loose
ends from chapter 5. Fix a compact Riemann surface X. In order to apply
the techniques from the previous chapter, we need a metric which is a C'*
family of inner products. But we need to impose a compatability condition.
As one learns in first course in complex analysis, conformal maps are angle
preserving, and this means that we have a well defined notion of the angle
between two tangent vectors. Among other things, compatability will mean
that the angles determined by the metric agree with the ones above. To say
this more precisely, view X as two dimension real C*° manifold. Choosing an
analytic local coordinate z in a neighbourhood of U, the vectors v; = 9/9z and
vy = 0/0y give a basis (or frame) of the real tangent sheaf T of X restricted
to U. The automorphism J, : T |y — T%|u represented by

(55)

in the basis v1, vs is independent of this basis, and hence globally well defined. A
Riemannian metric (,) is compatible with the complex structure, or hermitean,
if the transformations J, are orthogonal. In terms of the basis v;, vy this forces
the matrix of the bilinear (,) to be a positive multiple of I by some function h.
Standard partition of unity arguments show that hermitean metrics exist. Fix
one. In coordinates, the metric would be represented by a tensor h(z,y)(dx ®
dx + dy ® dy). The volume form (which is globally well defined) is represented
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by hdz A dy. Tt follows that xdx = dy and xdy = —dz. In other words, * is the
transpose of J which is independent of h. Once we have *, we can define all the
previous operators and talk about harmonicity. After having made such a fuss
about metrics, it turns out that for our purposes one is as good as any other
(for the statements though not the proofs).

Lemma 8.1.1. A 1-form is harmonic if and only if its (1,0) and (0,1) parts
are respectively holomorphic and antiholomorphic.

Proof. A 1-form « is harmonic if and only if daa = d *x @« = 0. Given a local
coordinate z, it can be checked that *dz = —idz and *dZ = idz. Therefore the
(1,0) and (0,1) parts of a harmonic 1-form « are closed. If « is a (1,0)-form,
then da = da. Thus « is closed if and only if it is holomorphic. Conjugation
yields the analogous statement for (0, 1)-forms. O

Corollary 8.1.2. dim H°(X, Q%) equals the genus of X.

Proof. The first Betti number dim H'(X,C) is the dimension of the spaces of
holomorphic and antiholomorphic forms, and both these spaces have the same
dimension. O

Lemma 8.1.3. The image of A and 90 on E*(X) coincide.

Proof. Computing in local coordinates yields

. i (0%°f O*f
and 2 oy
This finishes the proof because A = —d * dx. O

Proposition 8.1.4. The map H*(X,0x) — H' (X, Q%) induced by d vanishes.

Proof. We use the use the d-cohomology descriptions of these spaces 5.4.3.
Given a € £%(X), let 8 = da. We have to show that 3 lies in the image
of 0. Applying theorem 7.2.3 we can write 8 = H () +AG(f). Since 3 is exact,
we can conclude that H(3) = 0 by corollary 7.2.4. Therefore 3 lies in the image
of 90 = —90. O

Corollary 8.1.5. The map H'(X,C) — H*(X,Ox) is surjective.

8.2 Dolbeault’s theorem

We now extend the results from Riemann surfaces to higher dimensions. Given
an n dimensional complex manifold X, let Ox denote the sheaf of holomorphic
functions. We can regard X as a 2n dimensional (real) C* manifold as explained
in section 1.2. As with Riemann surfaces, from now on C* and £% will denote

71



the sheaves of complex valued C’ functions and forms. We use the notation
C¥g and &% » to denote the sheaf of real valued C*° functions and k-forms.
More formall}’/7

Ex(U) = C @r EX (V).
This implies that this space has complex conjugation given by a ® o = a ® a.
Recall that Q% is the sheaf of holomorphic k-forms. This is a subsheaf of £%..

Definition 8.2.1. Let 5)(?,0)((]) denote the C(U) submodule of EP(U) gener-
ated by Q% (U). Let ELP(U) = ELOU), and P (U) = €LVU)AeL? ().

Suppose U C C™ is an open subset. Let z1, ...z, be the coordinates on C".
Then EP9(U) is a free C*°(U)-module with a basis

{dzl-l/\...dzip/\dfjl/\...déjqul<...<ip,j1<...<jq}

To simplify formulas, we’ll write this the above forms as dzy A dzZ;.
All of the operations of sections 5.3 and 5.4 can be extended to the higher
dimensional case. The operators

d - g}(?aQ) _ 5§§)+17Q)

and
8. eQ? — gty

are given locally by

"0
8(2 fradzr Ndzy) = Z Z (;ZJ dzr Ndzg
I1,J 7

I,J i=1

O frooder ndzg) =SS U 4z s,

N 8zj
I,J 1,J j=1
The identities
d=0+0 (8.1)
?=0"=0
00 + 00 =0
hold.

The analogue of theorem 5.3.1 is

Theorem 8.2.2. Let D C C" be an open polydisk (i.e. a product of dz'sks).
Given o € EP9 (D) with da = 0, there exists 3 € C*(D) such that o = 93

See [GH]. Let Q% be sheaf of holomorphic p-forms which are given locally

as sums of fdzy with f holomorphic. One checks immediately that this is the
kernel of the 0 operator on 5)(?’0).
Corollary 8.2.3 (Dolbeault’s Theorem).

0— QI)]( —>5§?’0) i ng’l)...

s a fine resolution.
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8.3 Complex Tori

A complex torus is a quotient X = V/L of a finite dimensional complex vector
space by a lattice (i.e. a discrete subgroup of maximal rank). Thus it is both a
complex manifold and a torus. Let us identify V' with C". Let z1,. ..z, be the
standard complex coordinates on C”, and let x; = Re(z;), y; = Im(z;).

We have already seen that harmonic forms with respect to the flat metric
are the forms with constant coefficients. The space of harmonic forms can be
decomposed into (p, q) type.

H®Pa) — EB Cdzy N dzy
#I1=p,#J=q
These forms are certainly d-closed. Thus we get a map to 0-cohomology.
Proposition 8.3.1. This map induces an isomorphism H®9) = [9(X, 05 ).

The isomorphism V' = LR induces a natural real structure on V. Therefore
it makes sense to speak of antilinear maps from V to C; let V* denote the space
of these.

Corollary 8.3.2. HY(X,0%) 2 AV @ A\PV*

It’s possible to give a fairly elementary proof of this proposition [MA]. How-
ever, we will indicate the that generalizes well.

Let 0* and 0* denote the adjoints to & and O respectively (note that this
convention is reversed in [GI1]). These operators can be calculated explicitly.
Let i, and 45 denote contraction with the vector fields 20/0z; and 20/0z.
These are the adjoints to dzxA and dzZxA. Then

o= — Z %z’ka
o= — Z %ika
We can define the @ and J-Laplacians by
Ay = 0%0+ 00",
N
Theorem 8.3.3. A =2A5=2A,.
Proof of proposition 8.3.1. By Dolbeault’s theorem

ker[0: EPD(X) — E(p,q +1)]
HI(X, Q%) = 5 :
(X, 0%) im[0 : EPa—1D(X) — &(p, q)]

Let a be a d-closed (p, q)-form. Decompose

a=0+Ay=0+2057=0+071+9

73



with § harmonic by theorem?7.2.3.
[[0%72]|? =< 72,00y, >=< 72,0a >= 0.

Therefore the d-class of « is represented by 3. The uniqueness can be proved
by arguments identical to those of section 7.2. Briefly, suppose 3 is another
harmonic form representing this class. Then 8 — 3’ = 9n must be orthogonal to
itself. O

Introduce the operators

v-=1
w = TZde/\dik :dek/\dyk

La=wAa«a

and

A straight forward computation yields the first order Kéhler identities:
Proposition 8.3.4. If [A, B] = AB — BA then

1. [A, 0] = —i0*
2. [A,0] =i0*
Proof. [GI1, p. 114]. O

Upon substituting these into the definitions of the various laplacians some
remarkable cancelations take place, and we obtain:

Proof of theorem 9.2.1. We first establish 90* + 0*0 = 0
i(00* + 0%0) =
= J(AD — OA) — (AO — OAN)O
=0A0—0A0 =0

Similarly, 00 + 90* = 0.

Next expand A,

A= (0+0)(0"+0%) + (0" +0")(0+9)
= (00* 4+ 9%0) + (00" + 0*0) + (09* + 0*9) + (0*0 + 09*)
=AMy + A5
Finally, we check Ay = Ag,

—iAy = O(AD — DA) + (AD — DA)D
= OAD — DA + ADD — DAD
= (OA — AD)3 + B(OA — AD) = —iA,

74



Chapter 9

Kahler manifolds

In this chapter, we extend the results of the previous section to an important
class of manifolds called Kéhler manifolds.

9.1 Kahler metrics

Let X be a compact complex manifold with complex dimension n. Fix a her-
mitean metric H, which is a choice of hermitean inner product on the complex
tangent spaces which vary in C°° fashion. More precisely, H would be given
by a section of the 5;1,0) ® 5?’1), sthat in some (any) locally coordinate system
around each point is given by

H = Zh”dzz ® dfj

with h;; positive definite hermitean. By standard linear algebra, the real and
imaginary parts of h;; are respectively symmetric positive definite and non-
degenerate skew symmetric matrices. Geometrically, the real part is just a
Riemannian structure, while the (suitably normalized) imaginary part of gives
a (1,1)-form w called the K&hler form; in local coodinates

/=1 B
w = T Zh”dzz A de.

X has a canonical orientation, so the Hodge star operator associated to the
Riemannian structure can be defined. * will be extended to C-linear operator
on Ex, and set *(a) = xa. * is compatible with the natural bigrading on forms

in the sense that
«EPD(X) C gln—anr) (X)),

Let 0* = —%0% and 0* = —%0%. These are adjoints of @ and 0. Then we can
define the operators

Ay =0%0+ 00",

(6]



Ay = %5+ 50"
L =wA
A= —xLx

A form is called -harmonic if it lies in the kernel of A5. For a general hermitean
manifold there is no relation between harmonicity and d-harmonicity. However,
these notions do coincide for the class the class of Kahler manifolds, which we
will define shortly.

A hermitean metric on X is called Kéhler if there exist analytic coordinates
about any point, for which the metric becomes Euclidean

hij = 6i; + O(z1, z122...)

up to second order. This implies that the Kéhler form is closed: dw = 0, and
in fact this is an equivalent condition [GH, p 107]. A Kahler manifold is a
complex manifold with a Kahler metric. Standard examples of compact Kéhler
manifolds are:

Example 9.1.1. Riemann surfaces with any hermitean metric since dw van-
ishes for trivial reasons.

Example 9.1.2. Complex tori with flat metrics.
Example 9.1.3. P" with the Fubini-Study metric. This is the unique metric
with Kdahler form which pulls back to

i
%8810g(|20\2 + .. zal?)

under the canonical map C" ! — {0} — P".

Example 9.1.4. Complex submanifolds of Kdhler manifolds inherit Kdhler
metrics where the Kahler class is the restriction Kdahler class of the ambient
manifold. In particular, any smooth projective variety possess a (nonunique)
Kahler metric.

9.2 The Hodge decomposition
Fix a Kéhler manifold X. Theorem 8.3.3 generalizes:
Theorem 9.2.1. A =2A5 =2A,.

Proof. Since Kéhler metrics are Euclidean up to second order, any identity
involving geometrically defined first order operators on Euclidean space can be
automatically extended to Kahler manifolds. Thus proposition 8.3.4 extends.
The rest of the argument is the same as in section 8.3. O

This actually characterizes Kéhler manifolds.
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Corollary 9.2.2. If X is compact then H9(X, Q%) is isomorphic the space of
harmonic (p, q)-forms.

Proof. See the proof of proposition 8.3.1. O

We obtain the following special case of Serre duality as a consequence:
Corollary 9.2.3. When X is compact, HP(X,Q%) = H" P (X, Q% )

Proof. % induces an antilinear isomorphism between the corresponding spaces
of harmonic forms. O

Therefore we obtain the Hodge decomposition:

Theorem 9.2.4. If X is a compact Kahler manifold then a differential form
is harmonic if and only if its (p,q) components are. Consequently we have (for
the moment) noncanonical isomorphisms

HY(X,C)= @ HI(X,0%).
pFq=i

Furthermore, complex conjugation induces R-linear isomorphisms between the
space of harmonic (p,q) and (q,p) forms. Therefore

HY(X, Q%) = HP(X,Q%).

Proof. The operator Az commutes with the projection 7, ) while A commutes
with complex conjugation. This implies the first and third statements. Together
with corollary 9.2.2, we get the second. O

Corollary 9.2.5. The Hodge numbers h*%(X) = dimH(X, Q%) are finite di-
mensional.

Corollary 9.2.6. If i is odd then the ith Betti number b; of X is even.

Proof.
by =2 hr
p<q
O
The first corollary is true for compact complex non Kahler manifolds, how-
ever the second may fail (the Hopf surface [G1] has b; = 1). The Hodge numbers
gives a set of holomorphic invariants which can be arranged in a diamond:
R0 =1
th hOl
h20 hll h02
hn,n—l o hn—l,n
h™ =1

The previous results implies that this picture has both vertical and lateral
symmetry (e.g h'0 = pO1 = pron—1 = pr—1mn),
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9.3 Picard groups

Theorem 9.3.1. Let X be compact Kahler manifold. Then Pic(X) fits into an
extension

0 — Pic’(X) — Pic(X) — H*(X,Z) N H*(X) — 0
with Pic®(X) a complex torus of dimension h°*(X)

Proof. There are two assertions. First is that Pic®(X) is torus, and second that
the image of ¢; is desribed as above. The last assertion is called the Lefschetz
(1,1) theorem.

From the exponential sequence, we obtain

HY(X,Z) — HY(X,0x) — Pice(X) — H*(X,Z)

Pic® is the cokernel of the first map. This map can be factored through
HY(X,Rx), and certainly H'(X,R)/H(X,Z) is a torus. Thus for the first
part, it suffices to prove that

7 H' (X,R) — H (X, Ox)

is an isomorphism of real vector spaces. We know that that these space have
the same real dimension b; = 2h!%, so it is enough to check that 7 is injective.
The Hodge decomposition implies that o € H!(X, C) can be represented by the
class of a (1,0)-form «; and a (0,1)-form as. If @« = & then a1 = as. 7(a) is
just a;. Therefore m(a) = 0 implies that a = 0.

O

Pic’(X) is called the Picard torus. When X is a compact Riemann surface,
Pic®(X) is usually called the Jacobian and denoted by J(X)

Example 9.3.2. When X = V/L is a complex torus, Pic®(X) is a new torus
called the dual torus. Using corollary 8.3.2, it can be seen to be isomorphic to
V*/L*, where V* is the antilinear dual and

L* ={xeV* |, Im(\) (L) C Z}

The dual of the Picard torus is called the Albanese torus Alb(X). Since
HO = HO Alb(X) is isomorphic to
HO(X, QL )"
H{(X,Z)/torsion’

where the elements v of the denominator are identified with the integrals fv'
Exercise 9.3.3.

1. Let X be a compact Riemann surface. Show that the pairing < o, >=
Jx a A B induces an isomorphism J(X) = Alb(X); in other words J(X)
is self dual.
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2. Fiz a base point xg € X. Show that the so called Abel-Jacobi map X —
Alb(X) given by x — f;} (which is well defined modulo Hy) is holomor-

phic.

3. Show that every holomorphic 1-form on X is the pullback of a holomor-
phic 1-form from Alb(X). In particular, the Abel-Jacobi map cannot be
constant if h%1 # 0.
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Chapter 10

Homological methods in
Hodge theory

We introduce some homological tools which will allow us to extend and refine
the results of the previous chapter.

10.1 Pure Hodge structures

It is useful isolate the purely linear algebraic features of the Hodge decomposi-
tion. We define a (pure) Hodge structure of weight m to be finitely generated
abelian group H together with a bigrading

Hc=H®C= @ HPa
ptg=m

satisfying HP? = H9. We generally use the same symbol for Hodge structure
and the underlying abelian group. Note that H can have torsion although won’t
usually consider such examples. One way to avoid torsion issues is to work with
rational Hodge structures, where H is replaced by a finite dimensional rational
vector space. Given a pure Hodge structure, define the Hodge filtration by

FPHe = @5 H™.
p'>p
The following is elementary.
Lemma 10.1.1. If H is a pure Hodge structure of weight m then
Hc = FP @Fwn—p-{-l

for all p. Conversely if F* is a descending filtration satisfying F'* = Hc and
Fb =0 for some a,b € Z and satisfying the above identity, then

HP = FP FY
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defines a pure Hodge structure of weight m.

The most natural examples come from the mth cohomology of a compact
Kahler manifold, but it is easy to manufacture other examples. For example, we
can define Hodge structures of negative weight. In fact, there is a unique rank
one Hodge structure Z(i) of weight —2i for any integer . Here the underlying
group is Z, with H(=%~% = C. The collection of Hodge structures of forms a
category, where a morphism is homomorphism f of abelian groups such that f®
C preserves the bigradings, or equivalently the Hodge filtrations. In particular,
morphisms between Hodge structure with different weights must vanish. This
category is abelian with a tensor product and duals. Explicitly, given Hodge
structures H and G of weights n and m. their tensor product H ®zG is equipped
with a weight n + m Hodge structure with bigrading

"1

(H @ G)P = @ HP'4 oGP
p/+p//:p7q/+q//:q

The dual H* = Hom(H,Z) is equipped with a weight —n Hodge structure with
bigrading

(HYP = (HP )
The operation H — H (i) is called the Tate twist. It has the effect of leaving H
unchanged and shifting the bigrading by (—i, —i).

The obvious isomorphism invariants of a Hodge structure H are its Hodge
numbers dim HP?. However, this the doesn’t completely characterize them.
Consider, the set of 2¢g dimensional Hodge structures H of weight 1 and level
1. This means that the Hodge numbers are as follows: dim H'° = dim H?' = ¢
and the others zero. There are uncountably many isomorphism classes, in fact:

Lemma 10.1.2. There is a one to one correspondence between isomorphism
classes of Hodge structures as above and g dimensional complex tori given by

Hc

H ¢
T Hy 1 F
Exercise 10.1.3.

1. If H is a weight one (not necessarily) level one Hodge structure, show that
the construction of lemma 10.1.2 is a torus.

2. Prove lemma 10.1.2.

10.2 Canonical Hodge Decomposition

The question remains as to what extent the Hodge decomposition can be made
independent of the choice of Kéhler metric.
Let X be a compact Riemann surface. then we have an exact sequence

O—>CX—>OX—>Q§(—>O
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and we saw in lemma 5.4.6 that the induced map

H(X, Q%) — H'(X,C)
is injective. If we define

FHY(X,C) = H'(X,C)

F'H'(X,C) = im(H°(X, Q%))
F?HY(X,C)=0
then this together with the isomorphism H'(X,C) = H'(X,Z) ® C determines
a pure Hodge structure of weight 1. To see this choose a metric which is auto-
matically Kéhler because dimX = 1 (in fact * is a conformal invariant so it’s
not necessary to choose a metric at all). Then H'(X, C) is isomorphic to direct
sum of the space of harmonic (1,0)-forms which maps to F ! and the space of
harmonic (0, 1) forms which maps to F.
Before proceeding with the higher dimensional version, we need some facts

from homological algebra. Let C*® be a bounded below complex of modules over
some ring (or even objects in an abelian category). Let

C* D FPC* D FPTICe ...
be a biregular filtration by subcomplexes, i.e. for each ¢ there exists a and b
with F¢C? = C* and F?C* = 0. We get a map on cohomology

oP : H*(FPC*®) — H*(C*)
and we let FPH*(C®) be the image. The filtration is said to be strictly com-
patible with differentials of C®, or simply just strict if all the ¢’s are injective.
Proposition 10.2.1. The following are equivalent

1. F s strict.

2. FrO* NdC! = dFPC? for all i and p.

3. The connecting maps H'(GrPC®) — H™1(FPFTLC®) associated to
0— FPHY S FP o GrP — 0

vanish for all i and p.

Proof. We first show (1) = (2). Suppose the differential of z € C? lies in FP?,
then dz defines an element of ker¢?. Therefore dz = dy for some y € FP if F
is strict. The proof that (2) = (1) is similar.

The connecting map in (3) can be described explicitly as follows. Given
T € H'(GrP), it can be lifted to an element x € FP such that dz € FPT! and
the class of dz is the image of  under the connecting map. If (2) holds, then
dx = dy for some y € FP*1, Replacing x by = — y shows that the image of Z is
zZero.

(3) is equivalent to the injectivity of all the maps H*(FP*!) — H*(FP), and
this implies (1). O
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Corollary 10.2.2. H(GrPC*®) contains a canonical submodule I = I*P to-

~

gether with a canonical surjection I — GrP? H'(C*®). Isomorphisms GrP H'(C*®) =
I = HY(GrPC*®) hold, for all i,p, if and only if F is strict.

Proof. Let I = image[H (FP) — H'(GrPC*)| then the surjection H*(FP) —
GrPH'(C*) factors through I. The remaining statement follows from (3) and a
diagram chase. O

Corollary 10.2.3. Suppose that C* is a complezx of vector spaces over a field
such that dimH*(GrP) < oo for all i,p. Then
dimH'(C*) <Y dimH'(Gr?),
P

and equality holds for all i if and if F' is strict.
Proof. We have

dimH'(C*) =Y dimGrPH'(C*) <Y dimI'™? <Y dimH'(Gr?)
p p p

and equallity is equivalent to strictness of F' by the previous corollary. O

These results are usually formulated in terms of spectral sequences which
we have chosen to avoid. In this language these corollaries say that F' is strict
if and only if the associated spectral sequence degenerates at Fj.

Let X be a complex manifold, then the de Rham complex £°(X) has a
filtration called the Hodge filtration:

FPE(X) = Z 57’/‘1(X)
p'2p
The Hodge decomposition and corollary 10.2.3 imply:
Theorem 10.2.4. If X is compact Kdhler, the Hodge filtration is strict. The
associated filtration F*H'(X,C) gives a canonical Hodge structure
H'(X,C)=  H™(X)
ptHq=i
of weight i, where
HP(X) = FPH(X,C)N F1H (X,C) = H(X,0%).

Even though harmonic theory lies is behind this. It should be clear that the
final result does not involve the metric. The following is not so much a corollary
as an explanation of what the term canonical means:

Corollary 10.2.5. If f : X — Y is a holomorphic map of compact Kdihler
manifolds, then the pullback map f* : H'(Y,Z) — H*(X,Z) is compatible with
the Hodge structures.
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Corollary 10.2.6. Global holomorphic differential forms on X are closed.
Proof. Strictness implies that the maps

d: H(X,0%) — HO(X, Q%)
vanish by proposition 10.2.1. O

This corollary, and hence the theorem, can fail for compact complex non
Kéhler manifolds [GI, p. 444].

Theorem 10.2.7. If X is a compact Kahler manifold, the cup product
HY(X,Z)® H (X,Z) — H"(Z,7)
1s a morphism of Hodge structures.
The proof comes down to the observation that
FPE® N FIE® C FPTIge

For the corollaries, we work with rational Hodge structures. We have com-
patability with Poincaré duality:

Corollary 10.2.8. If dim X = n, then Poincaré duality gives an isomorphism
of Hodge structures ‘ ‘
H'(X) = [H7(X)"](~n)

We have compatability with the Kiinneth formula:
Corollary 10.2.9. If X and Y are compact manifolds, then

P HX)eH (V)= HNX xY)
i+j=k

18 an isomorphism of Hodge structures.
We have compatability with Gysin map:

Corollary 10.2.10. If f : X — Y s a holomorphic map of compact Kdihler
manifolds of dimension n and m respectively, the Gysin map is a morphism

HY(X) — HT2m=)(Y)(n — m)

10.3 The 90-lemma

It is possible to generalize theorem 10.2.4 to certain non Kéhler manifolds such
as nonprojective smooth proper algebraic varieties. The key ingredient is.

Lemma 10.3.1. (90-lemma) If o is a O-closed O-evact form on a compact
Kdhler manifold, then there exists a form (3 such that o = 900.
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Proof. Let G be Green’s operator and H harmonic projection. Then for any
form n

On = 0H(n) + 0AG(n) = AIG(n)

Furthermore G (n) is orthogonal to the harmonic forms, therefore it coincides
with G(dn). Similarly G commutes with 0. Harmonic forms are orthogonal to
O-exact forms, thus

a = AG(a) = 200*G(a) + 20*G(0a) = 200*G(a).
Upon substitution of 9* = —i[A, d] and further simplification, we obtain
a = 00(constAG(a))
O

Lemma 10.3.2. If f : X — Y s a surjective holomorphic map of compact
manifolds with X Kdahler, then the 00-lemma holds forY .

Proof. See [D2, 4.3]. O

A complex manifold X is called Moishezon if its field of meromorphic func-
tions has transcendence degree equal to dim X. These include smooth proper
algebraic varieties. Moishezon [Mo] proved that such manifolds need not be
Kéhler but can always be blown up to a smooth projective variety. Hence:

Corollary 10.3.3. The 90-lemma holds for Moishezon manifolds.
To see the power of this result, let us prove corollary 10.2.6 directly.

Lemma 10.3.4. Global holomorphic differential forms are closed on compact
manifolds for which the 00-lemma holds.

Proof. Suppose that « is a global holomorphic form. Then da = da would lie
in the image of 09. This is impossible unless da = 0. O

A refinement of this yields:

Lemma 10.3.5. F is strict for compact manifolds for which the 90-lemma
holds.

Proof. See | ] O

Theorem 10.3.6. If X is Moishezon manifold or more generally a manifold
satisfying the hypothesis of lemma 10.3.2, then the conclusion of theorem 10.2.4
holds.
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10.4 Hypercohomology

It is possible to describe the relationship between the De Rham and Dolbeault
cohomologies in more direct terms. But first, we need to generalize the con-
structions given in chapter 3. Recall that a complex of sheaves is a possibly
infinite sequence of sheaves

. @ . i+1
LR g

satisfying d'T1d? = 0. We say that the complex is bounded if only finitely many
of these sheaves are nonzero. Given any sheaf F and natural number n, we get
a complex

Fn]=...0-F —0...

with F in the nth position. The collection of bounded complexes of sheaves
on a space X forms a category C*(X), where a morphism of complexes f :
E* — F* is defined to be a collection of sheaf maps £ — F* which commute
with the differentials. This category is abelian. We define additive functors
H': C*(X) — Ab(X) by

HYF®) = ker(d") /image(d'™")

A morphism in C*(X) is a called a quasi-isomorphism if it induces isomorphisms
on all the sheaves H".

Theorem 10.4.1. Let X be a topological space, then there are additive functors
H : C*(X) — Ab, with i € N, such that

1. For any sheaf F, H (X, F[n]) = H*+" (X, F)
2. If F* is a complex of acyclic sheaves, H'(X,F*) = H'(T'(X, F*))).

3. If £* — F* is a quasi-isomorphism, then the induced map H'(X,E®) —
H! (X, F*) is an isomorphism.

4. If 0 = &°* — F* — G* — 0 is exact, then there is an exact sequence

0 — HY(X,E%) — HY(X, F*) — H°(X,G*) — H'(X,E°) — ...
We merely give the construction and indicate the proofs of some of these
statements. Complete proofs can be found in [GM] or [I]. We start by redoing
the construction of cohomology for a single sheaf F. The functor G defined in

3.1, gives a flabby sheaf G(F) with an injective map F — G(F). C1(F) is the
cokernel of this map. Applying G again yields a sequence

F — G(F) — G(CL(F))
By continuing as above, we get a resolution by flabby sheaves

F—=GUF)—=GHF)—...
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Theorem 4.1.1 shows that H!(X, F) is the cohomology of the complex I'(X, G*(F)),
and this gives the clue how to generalize the construction. The complex G* is
functorial. Given a complex

LFL L
we get a commutative diagram
A
! !
GO(F) LN GO(Fit1)

1o 1o
We define, the total complex
"= P G'(FY)
ptg=i
with a differential § = d + (—1)?0. We can now define
HY(X,F*) = H(I'(X,T*))

When applied to F[0], this yields H*(I'(X,G*(F))) which as we have seen is
HY(X,F), and this proves 1 when n = 0.

The precise relationship between the various (hyper)cohomology groups is
usually expressed by the spectral sequence

EY? = HY(X,EP) = HPTI(E®)
This has the following consequences that we can prove directly:

Corollary 10.4.2. Suppose that £° is a bounded complex of sheaves of vector
spaces then

dimH (£%) < ) dim HY(X,EP)

p+g=i
and
D (1) dimH(E®) = Y (~1)PH9 dim HY(X, £P)
p+g=i
and

Proof. Suppose that £V is the last nonzero term of £°. Let F* be the complex
obtained by replacing £V by zero in £°. There is an exact sequence

0—EN[N] = €& = F* =0
which induces a long exact sequence of hypercohomology. Then the corollary

follows by induction on the length (number of nonzero entries) of £°. O
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Corollary 10.4.3. Suppose that £° is a bounded complex with H1(X,EP) =0
for all p+ q =i, then HY(E®) = 0.

In order to facilitate the computation of hypercohomology, we need a crite-
rion for when two complexes are quasi-isomorphic. We will say that a filtration

E® D FPE® D FrHige .
which is finite if £ = F*£* and F*E® = 0 for some a, b.

Lemma 10.4.4. Let f : £* — F* be a morphism of bounded complexes.
Suppose that FPE® and GPF® are finite filtrations by subcomplexes such that
f(FPE®) C GPF*. If the induced maps

FPE®/FPTIEs — GPF® /GPTLF®

are quasi-isomorphisms for all p, then f is a quasi-isomorphism.

10.5 Holomorphic de Rham complex

To illustrate the ideas from the previous section, let us reprove de Rham’s
theorem. Let X be a C*° manifold. We can resolve Cx by the complex of C'*>°
forms £%, which is acyclic. In other words, Cx and £% are quasi-isomorphic.
It follows that

HY(X,Cx) = H(X,Cx[0]) @ H (X, EY) = H(I'(X,EY))

The last group is just de Rham cohomology.
Now suppose that X is a (not necessarily compact) complex manifold. Then

we define a subcomplex
FPey =) X1
p'2p
The image of the map
HY (X, FPEY) — H' (X, E%)

is the filtration introduced just before theorem 10.2.4. We want to reinterpret
this purely in terms of holomorphic forms. We define the holomorphic de Rham
complex by

This has a filtration (sometimes called the “stupid” filtration)
Q% =...0 - OF —>Q§<+1—>...

gotten by dropping the first p — 1 terms. We have a natural map Q% — £%
which takes o? to FP. Dolbeaut’s theorem 8.2.3 implies that F?/FPT! is quasi-
isomorphic to o? /oPT! = QX [p]. Therefore, lemma 10.4.4 implies that Q% —
E%, and more generally o?Q§ — FPEY, are quasi-isomorphisms. Thus:
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Lemma 10.5.1. HY(X,C) = HY(X,Q%) and FPHY(X,C) is the image of
Hi (X, 07O, ).

When X is compact Kahler, theorem 10.2.4 implies that the map
H' (X, 07Q%) — H'(X, Q%)
is injective.
When X is compact, the Dolbeault groups are always finite dimensional.

From corollaries 10.4.2 and 10.4.3, we obtain

Corollary 10.5.2. If X is compact, the ith Betti number

bi(X) < ) dim HI(X, %)
p+g=i

and the Euler characteristic

S (1)) = (- 1) dinm (X, %)
Corollary 10.5.3. If HY(X, Q%) =0 for all p+ q =i, then H'(X,C) = 0.

Corollary 10.5.4. Let X be a Stein manifold (see section 16.2), then H (X, C) =
0 fori > dim X.

Proof. This follows from theorem 16.2.6. O
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Chapter 11

Algebraic Surfaces

A (nonsingular) complex surface is a two dimensional complex manifold. By an
algebraic surface, we will mean a two dimensional smooth projective surface.
To be consistent, Riemann surfaces will be referred to as complex curves from
now on.

11.1 Examples

Let X be an algebraic surface. We know from the previous chapter that there
are three interesting Hodge numbers h'%, k29 b1, The first two are traditionally
called (and denoted by) the irregularity (¢) and geometric genus (py).

Example 11.1.1. If X = P?, then ¢ = p, = 0 and h'' = 1. This will be
checked in the next chapter.

Example 11.1.2. The next example is the rational ruled surface F,,, with n
a nonnegative integer. This can be conveniently described as the toric variety
(section 2.4) associated to the fan

(-Ln)

NN

1.0
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These surfaces are not isomorphic for different n. However they have the same
invariants ¢ = pg = 0 and htt =2,

Example 11.1.3. If X = C; x C3 is a product of two nonsingular curves of
genus g1 and gz. Then by Kinneth’s formula ¢ = g1 + g2, pg = 9192 and
hll = 2g192 + 491 + 492 + 6

Example 11.1.4. Let X C P3 be a smooth surface of degree d. Then q = 0.
We will list the first few values:

d pg hll
210 2
3| 0 7
41 1 20
51 4 45
61| 10 86

These can be calculated using formulas given later (15.2.3).

A method of generating new examples from old is by blowing up. The basic
construction is: Let

BlyC? = {(2,0) e C* x P! |z € ¢}

The projection p; : BlgC? — C2 is birational. This is called the blow up of C2
at 0. This can be generalized to yield the blow up Bl,X — X of the surface
X at point p. This is an algebraic surface which can be described analytically
as follows. Let B C X be a coordinate ball centered at p. After identifying B
with a ball in C? centered at 0, we can form let BlyB be the preimage of B in
BlyC?. The boundary of BlyB can be identified with the boundary of B. Thus
we can glue X — BU BlyB to form Bl,X.

Using the above description, we can compute H*(Y,Z) where Y = Bl,X by
comparing Mayer-Vietoris sequences

~ H(X) -» H(X-B) @ H(B) —  H(X-BNB)

- H’%Y) ~ HY —”BlpB’) g Hi(ézpB) — Hi(Y - BlllB’ N Bl,B)
where B’ C B is a smaller ball. It follows that
Lemma 11.1.5. HYY) = HY(X) and H*(Y) = H*(X) ® Z.

Corollary 11.1.6. ¢ and p, are invariant under blowing up. h'*(Y) = h'1(X)+
1.

Proof. The lemma implies that by = 2q is invariant and b2(Y) = by (X)+1. Since
by = 2p, + h'!, the only possiblities are R (Y) = h1(X) + 1, py(Y) = py(X),
or that pe(Y) < py(X). The last inequallity means that there is a nonzero
holomorphic 2-form on X that vanishes on X — p, but this is impossible. O
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A morphism of varieties f : V' — W is called birational if it is an isomorphism
when restricted to nonempty Zariski open sets of X and Y. A birational map
V --+ W is simply an isomorphism of Zariski open sets. Blow ups and their
inverses (“blow downs”) are examples of birational morphisms and maps. For
the record, we point out

Theorem 11.1.7 (Castelnuovo). Any birational map between algebraic sur-
faces is a given by a finite sequence of blow ups and downs.

Therefore, we get the birational invariance of ¢ and p,. However, there are
easier ways to prove this. Blow ups can also be used to extend meromorphic
functions. A meromorphic function f : X --+ P! is a holomorphic map from an
open subset U C P! which can be expressed locally as a ratio of holomorphic
functions.

Theorem 11.1.8 (Zariski). If f : X --» P! meromorphic function on an
algebraic surface. Then there is a finite sequence of blow ups such that Y — X
such that f extends to a holomorphic map f': X — P!,

Exercise 11.1.9.

1. Compare the construction of the blow up given here and in section 2.4
(identify ((x,t) with ((z,xt),[t,1])).

2. Finish the proof of lemma 11.1.5.

11.2 Castenuovo-de Franchis’ theorem

When can try to study varieties by mapping them onto lower dimensional va-
rieties. In the case of surfaces, the target should be a curve. A very useful
criterion for this is

Theorem 11.2.1 (Castenuovo-de Franchis). Suppose X is an algebraic sur-
face. A necessary and sufficient condition for X to admit a constant holomor-
phic map to a smooth curve of genus g > 2 is that there exists two linear
independant forms w; € H°(X, Qﬁ() such that wi A we = 0.

The necessity is clear. We will sketch part of the argument of the converse,
since it gives a nice application of corollary 10.2.6. A complete proof can be
found in | , pp123-125]. Choosing local coordinates, we can write

w; = fi(z1,22)dz1 + gi(21, 22)d2o
The condtion w; Aws =0 is
(f1g2 — f2g1)dz1 AN dza = 0

which implies that
f2/f1 = g2/91.
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Thus we = F(z1,22)w;. Since w; are globally defined, F' = wy/w; defines a
global meromorphic function X --» P!. Since w; are closed (corollary 10.2.6),

dF ANwyp = d(UQ =0 (111)

Choose a “general” point p € X and let ¢; be a local coordinate centered at
F(p). Let us also use t; for the pullback of this function to neighbbourhood of
p. Then we can choose a function ¢ such that ¢1,¢s give local coordinates at
p. (11.1) becomes dt; A wy = 0. Consequently wy = f(t1,t2)dt;. The relation
dwi = 0, implies f is a function of ¢; alone. Thus w; is locally the pullback of
a 1-form on P!, and likewise for w,. This not true globally, since in fact there
are no nonzero holomorphic 1-forms on P!. What we can do is the following.
By theorem 11.1.8, there exists a blow up ¥ — X such that F' extends to a
holomorphic function F’ : Y — P!. The fibers of F’ will not be connected. A
theorem of Stein shows that the map can be factored as Y — C — P!, where
the first map has connected fibers and C — P! is a finite to one map of curves.
The argument above can be used to show that w; are pullback from holomorphic
1-forms on C. The final step is to prove that, the blow up is unnecessary, i.e.
we can take Y = X.

An obvious corollary is:

Corollary 11.2.2. If ¢ > 2 and py; = 0, then X admits a constant map to a
curve as above.

This can be improved substatially | , IV, 4.2].

11.3 The Neron-Severi group

Let X be an algebraic surface once again. The image of the first Chern class
map is the Neron-Severi group NS(X) = H?(X,Z) N HY(X). The rank of this
group is called Picard number p(X). We have p < h'! with equality if p, = 0.
A divisor on X is a finite integer linear combination Y  n;D; of possibly
singular curves D;. We can define a line bundle Ox (D) as we did for Riemann
surfaces in section 5.5. If f; are local equations of D; N U in some open set U,

1

1 £M2
1 J2

Ox(D)(U) = Ox(U)

is a fractional ideal.
Proposition 11.3.1. If D is a smooth curve, then ¢1(Ox (D)) = [D].

The cup product pairing
H*(X,Z) x H*(X,Z) — HYX,Z) — 7

restricts to NS(X) denoted by “”.
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Lemma 11.3.2. Given a pair of transverse smooth curves D and F,
D-E= [ a(0D)Ua(OE) = #DNE)
X

Proof. This follows from the propositions 11.3.1 and 4.4.2. The number i, (D, E)
is seen to be always +1 in this case. O

If the intersection of the curves D and F is finite but not transverse, it is still
possible to give a geometric meaning to the above product. For each p € X, let
Op™ and Oy, be the rings of germs of holomorphic respectively regular functions
at p. Let f,g € Op C Op" be the local equations of D and E' respectively.
Define i,(D, E) = dim O,/(f,g). Then

Lemma 11.3.3.

| | 1 df N dg
7 D7E = dim O%" ) = o /12
(D, E) b /(f>9) (2my/—1)2 /|f(z>_|g(z>|—e 19

Proof. [GH, pp. 662-670]. O

Proposition 11.3.4. If D, E are smooth curves such D N E is finite, then

D-E=) i,(D,E)
peEX
Recall that H?(P2,Z) = H*(P?,Z) = Z, and the generator of H?(P?,7Z) is
the class of line [L]. Given a curve D defined by a polynomial f, we define

deg D = deg f. Then [D] = deg D[L].

Corollary 11.3.5 (Bezout). If D, E are smooth curves on P? with a finite
intersection,

> iy(D, E) = deg(D) deg(E)
peX

Proof. We have [D] = deg D[L], and [E] = deg E[L], so that D-E = deg D deg EL-
L =degDdegkFE. O

Exercise 11.3.6.

1. Let X = C x C be product of a curve with itself. Consider, the divisors
H = C x{p}, V = {p} x C and the diagonal A. Show that these are
independent in NS(X) ® Q.

2. E=C/(Z+ Z7) be an elliptic curve, and let X = E x E. Calculate the
Picard number, and show that it could be 3 or 4 depending on T.
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11.4 The Hodge index theorem

Let X a compact Kéhler surface. Then the Kahler for w is closed real (1,1)
form, therefore it defines an element of H'1(X) N H?(X,R).

Theorem 11.4.1. Let X be a compact Kiahler surface. Then the restriction of
the cup product to (H'(X) N H%(X,R)) N (R[w])* is negative definite.

Proof. Locally, we can find an orthonormal basis {¢1, ¢2} of £:9). In this basis,

WZ§(¢1A$1+¢2/\¢_’2)

and the volume form
w? 2 \? - -
dvol = — = | —
vol = — ( Tl) G1 NP1 A P2 A P2
Choose an element of (H''(X)N H?(X,R)) N (R[w])* and represent it by a real
(1,1) form
=) aiydi NG,

Since a = Q, Q5 = z‘zij.

/ /\ J o= 7/ ( ) l —
« = a + a dvol = 0.
/71 11 22

which shows a1 + ag9 = 0. Therefore

2
2
/X aANa=2 (\/71) /X(|au|2 + |a1z|*)dvol < 0
O

Let X be a smooth projective surface. A divisor H on X is called if called
very ample if there is an embedding X C P such that Ox(H) = Opn(1)|x.
H is ample if some positive multiple is very ample. Since H?(P",C) is one
dimensional, the cohomology class associated to the Kéhler class w of the Fubini-
Study metric 9.1.3. would have to be a nonzero multiple of ¢1(O(1)). In fact,
the constants in w are chosen so that these coincide. Thus [H] = ¢;(O(H)) will
be the Kéahler class for the induced metric, when H is very ample.

Corollary 11.4.2. If H is an ample divisor on an algebraic surface, the inter-
section pairing is negative definite on (NS(X) @ R) N (RH)~*

If H is ample, then H? > 0. The converse is false. Therefore when the cup
product form is diagonalized, the diagonal consists of one 1 followed by p — 1
—1’s. So we obtain

Corollary 11.4.3. If H, D are divisors on an algebraic surface such that H? >
0 and D-H =0, then D?> <0
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Exercise 11.4.4.

1. Prove that the restriction of the cup product to (H*°(X) + H"?(X)) N
H?(X,R) is positive definite.

2. Conclude that (the matriz representing) the cup product pairing has 2pg+1
positive eigenvalues. Therefore py is a topological invariant.
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Chapter 12

Topology of families

12.1 Fiber bundles

A C* map f: X — Y of manifolds is called a fiber bundle if it is locally a
product of Y with another manifold (called the fiber). It is called trivial if f is
a product. Nontrivial bundles over S' can be constructed as follows. Let F be
a manifold with a diffeomorphism ¢ : F — F, then glue F' x {0} in F x [0,1] to
F x {1} by identifying (z,0) to (¢(z),1). This includes the familiar example of
the Mobius strip where F' = R and ¢ is multiplication by —1. If the induced map
¢* : H*(F) — H*(F), called monodromy, is nontrivial then the fiber bundle is
nontrivial.

A C*® map f: X — Y is called a submersion if the map on tangent spaces
is surjective. The fibers of such a map are submanifolds. A continuous map of
topological spaces is called proper if the preimage of any compact set is compact.

Theorem 12.1.1 (Ehresmann). Let f : X — Y be a proper smooth map of
C* connected manifolds. Then f is a C* fiber bundle; in particular, the fibers
are diffeomorphic.

Proof. A complete proof can be found in [MI{, 4.1]. Here we sketch the proof
of the last statement. Since Y is connected, we can join any two points, say
0 and 1 by a path. Thus we replace Y by an interval, and hence by R which
is diffeomorphic to it. Choose a Riemmanian metric on X, then by the inner
products allow us to define a vector field (the gradient) V f dual to the differ-
ential df. By assumption df and therefore V f is nowhere zero. The existence
and uniqueness theorem of ordinary linear differential equations allows us to
define, for each p € f71(0), a C* path 7, : R — X passing through p at time
0 and with velocity Vf. Then the gradient flow p — ~,(1) gives the desired
diffeomorphism. O
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Figure 12.1: Gradient flow

12.2 A family of elliptic curves

Let’s take a quick look at a complex analytic example. Legendre’s family of
projective cubic curves is

p2: E={(zx,y,2],t) P2 x C| y*2 — x(x — 2)(x — tz) =0} —» C

The curves are singular if and only if £ = 0, 1, in which case, they rational curves
with a single node. F restricts to a family of elliptic curves E° over C — {0,1}.
The map E° — C — {0,1} is a submersion, and hence a C* fiber bundle with
a torus T as fiber. (Note that £° is not locally trivial analytically, since the
fibers are not even isomorphic.) Each smooth fiber E; is a double cover of P!
branched over 0,¢,1,00. Let a(t) and b(t) be noncrossing paths in P! joining
0 to 1 and O to t respectively. Then the preimages of these paths in F; form
closed paths a(t) and b(t). If we orient these so that a -b = 1, these form a
basis of Hy(E:,Z). b(t) is called a vanishing cycle since it shrinks to the node
as t — 0, see figure 12.2

The restriction of E° to a bundle over the circle Se = {¢ | |¢t| = €} can be
described by taking a trivial torus bundle T' x [0, 1] and gluing the ends T x {0}
and together T' x {1} using a so called Dehn twist about the vanishing cycle
b = b(t). This is a diffeomorphism which is the identity outside a neighbourhood
U of b and twists “once around” along b (see figures 12.3 and 12.3, U is the
shaded region).
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t=z0 tgeneral

Figure 12.2: Legendre family

Note that the Dehn twist involves choices, however its effect on (co)homology,
called the monodromy transformation p associated to the loop, is independent
of them. The matrix of the monodromy transformation is determined by the
Picard-Lefschetz formula:

Theorem 12.2.1. u(a) =a+ b, and pu(b) =b.

Recall that H/T'(2) = C — {0,1}, and E° can also be realized as a quotient
of C x H by an action of the semidirect product Z? x I'(2). E is an example of
an elliptic modular surface.

12.3 Local systems

In this section, we give a more formal treatment of monodromy.

Let X be a topological space, a path from z € X toy € X is a is a
continuous map 7 : [0,1] — X such that v(0) = x and (1) = y. Two paths
v, are homotopic if there is a continuous map I' : [0,1] x [0,1] — X such that
~(t) = I'(t,0), n(t) = I'(¢,1) T'(0,s) = = and T'(1,s8) = y. We can compose
paths: If v is a path from z to y and 7 is a path from y to z, then - 7 is the
path given by following one by the other at twice the speed. More formally,

[y ift<1)2
venlt) = {n(Qt 1) ift>1/2

99



Figure 12.3: T foliated by meridians

This operation is compatible with homotopy in the obvious sense, and the in-
duced operation on homotopy classes is associative. It almost a group law. To
make this precise, we define a category II(X) whose objects are points of X
and whose morphisms are homotopy classes of paths. This makes II(X) into a
groupiod which means that every morphism is an isomorphism. In other words
every (homotopy class of a) path has a inverse. This is not a group because it
is not possible to compose any two paths. To get around this, we can consider
loops, i. e. paths which start and end at the same place. Let m (X, x) be the
set of homotopy classes of loops based (starting and ending )at x. This is just
Homyyx)(z, ) and as such it inherits a composition law which makes it a group
called the fundamental group of (X, z). We summarize the standard properties
that can be found in almost any toplogy textbook, e.g. [Sp]:

1. m; is a functor on the category of path connected spaces with base point
and base point preserving continous maps.

2. If X is path connected, m (X, z) = m(X,y) (consequently, we usually
suppress the base point).

3. Two homotopy equivalent path connected spaces have isomorphic funda-
mental groups.

4. Van Kampen’s theorem: If X is a path connected simplicial complex which
is the union two subcomplexes X7 U X5, then 1 (X) is the free product of
m1(X1) and 71 (X2) amalgamated along the image of 71 (X1 U X3).
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frly/

Figure 12.4: T foliated by images of meridians under Dehn twist

5. A X is a connected locally path connected space has a universal cover
7: X — X, and m (X) is isomorphic to the group of deck transformations,
i.e. selfhomeomorphisms of X which commute with .

This already suffices to calculate the examples of interest to us. It is easy to
see that the fundmental group of the circle R/Z is Z. The complement in C of
a set S of k points is homotopic to a wedge of k circles. Therefore m (C — 5) is
a free group on k generators.

Let X be a topological space. A local system of abelian groups is a functor
F : TI(X) — Ab. A local system F gives rise to a m(X)-modules i.e. abelian
group F(z) with a 71 (X, z) action. We can also define a sheaf F as follows

FU)=A{f:U = UF(2) | f(z) € F(z) and f(y(1)) = F(7)(f(~(0)))}

This sheaf is locally constant which means that every x € X has an open neigh-
bourhood U such that F|y is constant.

Theorem 12.3.1. Let X be a connected good (i.e. locally path connected semilo-
cally simply connected) topological space. There is an equivalence of categories
between

1. The category of w1 (X )-modules.
2. The category of local systems and natural transformations.

3. The full subcategory of Sh(X) of locally constant sheaves on X.
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In view of this theorem, we will treat local systems and locally constant
sheaves as the same.

Let f: X — Y be a fiber bundle. We are going to construct a local system
which takes y — HY(X,,Z). Given a path v : [0,1] — Y joining yo and
y1, the pullback v*X = {(x,t) | f(z) = ~(¢t)} will be a trivial bundle over
[0,1]. Therefore v*X will be homotopic to both X, and X,,, and so we have
isomorphisms

H'(Xy,) = H'(y*X) = H'(Xy,)
The map H*(X,,) — H(X,,) can be seen to depend only on the homotopy class
of the path, thus we have a local system which gives rise to a locally constant
sheaf which will be constructed directly in the next section.

12.4 Higher direct images

Let us start with a rather general situation. Let f : X — Y be a continuous map
and F € Sh(X) a sheaf. We can define the higher direct images by imitating
the definition of H'(X,F) in section 3.2.

Rf.F = f.F
R'f.F = coker[f.G(F) — f.C'(F)]
R F = R'f.C™(F)

Then we have an analogue of theorem 3.2.1.

Theorem 12.4.1. Given an exact sequence of sheaves
0—-A—-B—C—Q0,
there is a long exact sequence
0—Rf,A— R f.B— R f.C —» R'f.A...
There is an alternative description which is a bit more convenient.

Lemma 12.4.2. If f : X — Y s a continuous map, and F € Sh(X), then
R f.F(U) is the sheafification of U — H'(U, F)

Each element of H*(X, F) determines an a global section of the presheaf U +—
H(U, F) and hence of the sheaf R f,F. This map H(X,F) — H(X, R*f.F)
is often called an edge homomorphism.

Let us now assume that f : X — Y is a fiber bundle of triangulable spaces.
Then choosing a contractible neighbourhood U of y, we see that H'(U,Z) =
H'(X,,Z). Since such neighourhoods are cofinal, it follows that R’ f,Z is locally
constant. This coincides with the sheaf associated to the local system H'(X,,Z)
constructed in the previous section. The global sections of H°(Y, Rif.Z) is
the space H i(Xy,Z)’”(Y’y) of invariant cohomology classes on the fiber. We
can construct elements of this space using the edge homomorphism. For more
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general maps, we still have (R'f.Z), = H'(X,,Z), but the ranks can jump, so
these need not be locally constant.

The importance of the higher direct images is that it allows the cohomology
of X to be computed on Y. The precise relationship is given by the Leray
spectral sequence

EY = HP(Y,R1f.F) = HPT(X,F)
which we won’t go into. However, we will explain one of its consequences.

Proposition 12.4.3. If F is a sheaf of vector spaces over a field, such that
dim H?(Y, R1f,.F) < oo, then

dim H'(X, F) < Y HP(Y,R'f.F)
ptq=i
It is possible to give a self contained proof of this using corollary 10.4.2.

Exercise 12.4.4.

1. Prove theorem 12./.1.
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Chapter 13

The Hard Lefschetz
Theorem

13.1 Hard Lefschetz and its consequences

Let X be an n dimensional compact Kéahler manifold. Recall that L was defined
by wedging with Kéhler class w. Since w is closed, L takes closed (respectively
exact) forms to closed ( exact) forms. Therefore this operation is defined on
cohomology. The space

PY(X) = ker[L" """ : H'(X,C) — H*"""*(X, C)]
is called the primitive part of cohomology.
Theorem 13.1.1. For every 1,
L': H"Y(X,C) — H"™(X,C)

18 an tsomorphism. For every 1,

[i/2]

H'(X,C) =P L'P~(X)
j=0

We indicate the proof in the next section. As a simple corollary we find
that the Betti numbers b,,_; = b,4;. Of course, this is nothing new since this
also follows Poincaré duality. However, it is easy to extract some less trivial
“numerology”.

Corollary 13.1.2. The Betti numbers satisfy b;_o < b; fori < mn/2.

Proof. The theorem implies that the map L : H=2(X) — H*(X) is injective.
O
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Suppose that X = P" with the Fubini-Study metric 9.1.3. the Ké&hler class
w = ¢1(O(1)). The class ¢;(O(1))% # 0 is the fundamental class of a codimen-
sion 4 linear space (see sections 6.2 and 6.5), so it is nonzero. Since all the
cohomology groups of P™ are either 0 or 1 dimensional, this implies the Hard
Lefschetz theorem for P™. Things get much more interesting when X C P" is a
nonsingular subvariety with induced metric. By Poinaré duality and the previ-
ous remarks, we get a statement closer to what Lefschetz would have stated!'.
Namely, that any element of H,_;(X,Q) is homologous to the intersection of a
class in H,4;(X,Q) with a codimension 4 subspace.

The Hodge index for surfaces admits the following generalization called the
Hodge-Riemman relations to an dimensional compact Kéhler manifold X. Con-
sider the pairing

H'(X,C) x H(X,C) — C

defined by
Qla, B) = (—1)“”*”/2/ aNBAWT
X

Theorem 13.1.3. H(X) = @HP4(X) is an orthogonal decomposition. If o €
PPHa(X) N HPY(X) is nonzero,

V=1"""Q(e, @) > 0.
Proof. See [GI, p.123]. O

Let us introduce the Weil operator C : P*(X) — P X) which acts on
PPT4(X) N HPY(X) by multiplication by v/—1" .

Corollary 13.1.4. The form Q(a, §) = Q(a, CB) on PU(X) is positive definite
Hermitean.

13.2 More identities

Let X be as in the previous section. We defined the operators L, A acting forms
£°(X) in section 9.1. We define a new operator H which acts by multiplication
by n —i on £(X). Then:

Proposition 13.2.1. The following hold:
1. [AL|=H
2. [H L] =—-2L
3. [H,A] =2A

ILefschetz stated a version of this theorem for varieties in his book [I.], but to my knowledge
no one has ever made his proof rigorous. The first correct proof is due to Hodge using
harmonic forms. A subsequent arithemetic proof was given by Deligne. However, there is still
no geometric proof.
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Furthermore these operators commute with A.

Proof. See [GI, p 115, 121]. O

This plus the following theorem of linear algebra will prove the Hard Lef-
schetz theorem.

Theorem 13.2.2. Let V' be a vector space with endomorphisms L, A, H satis-
fying the above idenities. Then

1. H is diagonalizable with integer eigenvalues.

2. For each a € Z let V,, be the space of eigenvectors of H with eigenvalue a.
Then L* induces an isomomorphism between Vi and V_;.

3. If P = ker(A), then
V=PaLP®L’Pa&...

4. a € PNV then L'tla = 0.

We should say a few words about this mysterious theorem of linear algebra.
Consider Lie algebra sly(C) of space of traceless 2 x 2 complex matrices. This
is a Lie algebra with a basis is given by

=0 o)
-

1 0
=05
These matrices satisfy
[\ €] = h, [h,A] =2, [h, (] = —2¢

So the hypothesis of the theorem is simply that V' is a representation of sly(C).
The theorem can then be deduced from the following two facts from represen-
tation theory of sls(C) (which can be found in almost any book on Lie theory):

1. Every representation of slo(C) is a direct sum of irreducible representa-
tions.

2. An irreducible representation is classified by an integer N > 0, and has
the following structure

££0 (0 ££0 )
OﬁV—N:CHV—N-}Q:CH"’HVN:CHO
A#£0 A#£0 A#£0
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13.3 Lefschetz Pencils

In this section, we are going to reverse history and use the hard Lefschetz
theorem to deduce the original statement that Lefschetz used in his attempt
to prove it. Choose a smooth n dimensional projective variety X c PV. We
can and will assume that X is nondegnerate which means that X does lie on
a hyperplane. Let PV be the dual projective space whose points correspond to
hyperplanes of PV. A line {H;};epr C PN is called a pencil of hyperplanes.
A pencil {H,} is called Lefschetz if H, N X has at worst a single node (i.e.
singularity € H N X with O, = C[[z1,...2,]]/(2? +...22)) for all t € P'.

Lemma 13.3.1. Lefschetz pencils exist.

Given a pencil, we form an incidence variety X = {(z,t) € X x P! | z € H;}
The second projection gives a map onto P! whose fibers are intersections HNX.
There is a finite set S of ¢t € P! with p~!'t singular. Let U = P! — S. Choose
to € U, set Yy = p~1(to) and consider the diagram

17
Yo P!

Choose small disks A; around each ¢; € S, and connect these by paths ~; to the
base point to (figure 13.1).

Figure 13.1: Loops

The space p~1(7; UA;) is homotopic to the singular fiber Y; = p~1(¢;). The ker-
nel H"1(Yy, Q) — H" 1((v;UA;), Q) is generated by a class §; € H" 1(Yp, Q)
called a vanishing cycle (see figure 12.2). Let u; denote the monodromy of going
once around A;.
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Theorem 13.3.2 (Picard-Lefschetz). u;(a) = a+{«,d;)0; where {,) denotes
the cup product pairing on H"1(Yy, Q)

Proof. [La]. O
Let V C H" (Y, Q) be the subspace spanned by the §;.

Corollary 13.3.3. The orthogonal complement V- coincides with the subspace
H" Y(Yy)™W) ¢ H"(Yy) of classes invariant under w1 (U).

The image of H"'(X,Q) lies in H"~'(Yp)™ (") since it factors through
H" (X, Q).

Theorem 13.3.4.
(a) V is an irreducible w1 (U)-module.
(b) H'L(¥o)" ) = 7 H"(X, Q).
(¢c) *H" 1(X,Q) NV =0.
() H"'(Y, Q) =" H" '(X,Q &V

Proof. We prove the last two statements. For the previous statements, see
[La]. By Poincaré duality dim H"~1(Y,Q) = dim V + dim V1. By part (b) and
corollary 13.3.3, 7* H"~1(X) = V+. The restriction of the cup product pairing
to 7*H" 1(X) coincides with the pairing

mﬁweﬂwaﬁﬂzimmm

which is nondegenerate by corollary 13.1.4. This implies that VNV = 0 which
proves (c) and (d). O

13.4 Barth’s theorem

Hartshorne [H1] gave a short elegent proof of a theorem of Barth based on the
hard Lefschetz theorem. His reproduce his argument here.

Proposition 13.4.1. If X is an n dimensional nonsingular complex projective
variety, such there positive integers m < n and N < 2m —n for which

L=0by =bs=...b0N/24n-m)

b1 =b3 = ...bi1a((N=1)/2]4n-m)

Then if Y C X a nonsingular m dimensional subvariety, the restriction map

HY{(X,Q) — HY(Y,Q) is an isomorphism fori < N.
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Proof. The assumtions imply that H2("»—) (X) is generated by L™ ™. There-
fore [Y] = d[H]" ™ with d # 0. Let + : Y — X denote the inclusion. Let L be
the Lefschetz operator associated to H and H|y (it will be clear from context,
which is which). Consider the diagram

n—r

H?(X) L S }_Ii-l-2(n—m) (X)

)
L L

Hz(y) Ln;_mHi+2(n—m)(X)

The diagram commutes thanks to the identities
Gua =i Y]Ua
wB=[Ylug
SBUY) =0pUy
Hard Lefschetz for X implies that L™ : HY(Y) — H2(»=m)(Y) is in-
jective and hence an isomorphism by our assumptions. It follows that the re-
striction ¢* : HY(X) — HY(Y) is injective. It’s enough to prove equality of

dimension. Hard Lefschetz for Y implies that L™ : H{(Y) — H*2(n=m)(Y)
is injective. Therefore the same is true of ¢;. Therefore

bi(X) < bi(Y) < bian—m)(X) = bi(X)
O

Corollary 13.4.2 (Barth). If Y C P" is a nonsingular, complex projective
variety, then H'(P",Q) — H'(Y,Q) is an isomorphism for i < dimY .

When Y has codimension one, this is the Lefschetz hyperplane theorem (or
more acurately a special case of it).

13.5 Hodge conjecture

Let X be an n dimensional nonsingular complex projective variety. We define
the space of codimension p Hodge cycles on X to be

Hodge?(X) = H*(X,7) N HP?(X)

Lemma 13.5.1. Given a nonsingular subvariety i : Y — X of codimension p,

the fundamental class [Y] € HodgeP? (X)

Proof. [Y] corresponds under Poincaré duality to the functional o — fy a. If
« has type (a,b), then aly = 0 unless a = b = p. Therefore [Y] has type (p,p)
thanks to corollary 10.2.8. The class [Y] is also integral, hence the lemma. [
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Even if Y has singularities, a fundamental class can be defined with the
above properties. Here we give a quick but nonelementary definition. Let us
first observe.

Lemma 13.5.2. « € Hodge?(X) if and only if 1 — « defines a morphism of
Hodge structures Z — H*?(X,Z)(p). Consequently, HodgeP(X) = Hom(Z, H**(X,Z)(p)).

By Hironaka’s famous theorem [I12], there exists a smooth projective variety
Y with a birational map p: Y — Y. Let ¢ : Y — X denote the composition of
p and the inclusion. By corollary 10.2.10, we have a morphism

i HY(Y) = 7Z —€ H**(X)(—p)

This defines a class [Y] € Hodge?(X) which is easily seen to be independent of
Y.

Let AP(X) C HodgeP(X) ® Q be the subspace spanned by fundamental
classes of codimension p subvarieties. The (in)famous Hodge conjecture asserts:

Conjecture 13.5.3 (Hodge). AP(X) and HodgeP(X) ® Q coincide.

Note that in the original formulation Z was used in place of Q, but this is
known to be false [AH]. For p = 1, the conjecture is true by the Lefschetz (1, 1)
theorem 9.3.1. We prove it holds for p = dim, X — 1.

Proposition 13.5.4. If the Hodge conjecture holds for X in degree p with
p<n=dimX, i.e if AP(X) = Hodge?(X)® Q, then it holds in degree n — p.

Proof. Let L be the Lefshetz operator corresponding to a projective embedding
X C PV, Then for any subvariety Y L[Y] = [Y N H] where H is a hyperplane
section chosen in general position. It follows thatL"~2P takes AP(X) to A" P(X)
and the map is injective. Thus

dim Hodge? (X) ® Q = dim AP(X) < dim A" 7P(X) < dim Hodge" ?(X) ® Q

On the other hand L"~2? induces an isomorphism of Hodge structures H?? (X, Q)(p—
n) = H*"~2P(X,Q), and therefore an isomorphism Hodge? (X)®Q = Hodge™ P(X®
Q). Thus forces equality of the above dimensions. O

Corollary 13.5.5. The Hodge conjecture holds in degree n — 1.

Further information can be found in [Lw].

13.6 Degeneration of Leray

We want to mention one last consequence of the Hard Lefschetz theorem due to
Deligne [D1]. A projective morphism of smooth complex algebraic varieties is
called smooth if the induced maps on (algbraic) tangent spaces are surjective.
In particular, such maps are C'* fiber bundles.
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Theorem 13.6.1. Let f: X — Y be smooth projective map of smooth complex
algberaic varieties, then the inequalities in proposition 12.4.3 for F = Q are
equalities, i.e.
dim H'(X,Q) = Z HP(Y,R1f,Q)
p+q=i

Note that this generally fails for C*° fiber bundles.
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Chapter 14

Coherent sheaves on
Projective Space

In this chapter, we develop some algebraic tools for studying sheaves on projec-
tive spaces. In the last section, we discuss Serre’s GAGA theorems which shows
that on projective varieties there is an equivalence between the algebraic and
analytic theories.

14.1 Cohomology of line bundles on P"

Let k be a field, and let (P}, Op) denote projective space over k viewed as an
algebraic variety 1.3 (even if k¥ = C). Then P} has a covering by n + 1 open
affine sets U; = {x; # 0}, where x; are the homogenous coordinates. U; can be
identified with affine n-space with coordinates

ro T, Ty

Our goal is to compute cohomology of Opn (i) using the Cech complex with
respect to this covering. But we need to show that this a Leray covering. Since
the interesction of a finite number of the U;’s is affine, this will follow from:

Theorem 14.1.1 (Serre). If X is an affine variety, then
HY(X,0x)=0
for all i > 0.
This will be proven in a more general form in section 16.2.

Theorem 14.1.2 (Serre). Let S; be the space of homogeneous degree i poly-
nomials in the variables xq, . ..x,, then

a) HO(P™, Op(d)) = Sy (in particular it is 0 if d < 0).

112



b) Hi(P", Op(d)) =0 if 0 # i # n.
C) Hn(Pn,O]p(d)) = S,d,nfl.

A complete proof can be founfi in [H, IIL.5], although from a somewhat more
general point of view. We use Cech cohomology with respect to the covering
{U;}. We use the description of O(d) given in section 6.3, where we identify a
section of O(d)(U) with collection of functions f; € O(U NU;) satisfying

fi= (/) f;

Formally cross multiplying yields

vl fi = xlf; (14.1)

which will be more convenient for us. In order, to interpret this step, note
O(U;) can be identified with the polynomial ring k[zo/x;,...xn/2z;]. Let S =
k[xo, ...x,]. The localization

1 1
S|—| = @ —
[%] S [xj d
d
has a natural Z-grading, where

1 _ Sd—i—e
S{xi]d_ze: zf

3

Similar statements apply to the other localizations S[1/z;z; ...] along mono-
mials. Note the that degree 0 piece is exactly O(U;). The sections ¢; = x¢f;
should be viewed as elements of S[1/x;]4. At this point, we may well identify
O(d)(U;) = S[1/x;]a, equation 14.1 then simply becomes ¢ = ¢;.

In general, the Cech complex for O(d) is the degree d piece of the complex

®:[2]-@s[L] -

where the maps are as defined alternating sums of the natural maps along the
lines of section 6.3.

Notice that H*(P", O(d)) is automatically zero when i > n because the Cech
complex has length n, this takes care of part of (b). An element of H°(P", O(d))
can be represented by a triple (po/x§, p1/x5, . . .) of rational expressions of degree
d, where the p’s are polynomials, satisfying

Po P11 _ P2
e ..e e "
Lo X3 T3

This forces the polynomials p; to be divisible by z¢. Thus the HY(P", O(d)) can
be identified with Sy as claimed in (a).
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H™(P™,O(d)) is S[ﬁ] modulo the the space of coboundaries B, i. e. the

xo.
1

image of the previous term. S [IO___%] is spanned by monomials :vff ...l with
arbitrary integer exponents. The image B is the space spanned by those mono-
mials where at least one of the exponents is nonnegative. Therefore the quotient
can be identified with the complementary submodule spanned by monomials

with negative exponents. In particular

H™(P", O(d)) = D kxlo ... aln

G0 in=dyi1,...in <O
This is isomorphic to S_4_,_1 via

xé" T moﬂ'o*l ooyt
This proves (c).

It remains to finish the proof (b). The reader can look up the argument in
[, pp 227-228]. We will be content to work this out in for n = 2. This amount
to the assertion that H'(P?, O(d)) vanishes. Our treatment will be elementary
but a little messy. A 1l-cocycle is given by a triple {p;;/(z;z;)*} of rational
expressions satisfying

Po2 _ Po1 + P12
(zox2)®  (wow1)*  (z122)F

We have to find polynomials {¢;} satisfying

Pij 4 g5

(wims)k

The above relation is equivalent to
k k k
Z1Po2 = TaPo1 + LoP12,

which implies pog € (2f,25) and similarly po1 € (zf,2%) and p12 € (2F,25).

Therefore, we can find polynomials such that
Po1 = x’fQo - $ISQ1

P12 = zIch/1 - z’fQé
Substituting back into the above relation shows that ¢ — ¢ = z¥s for some
polynomial s. Now setting g2 = ¢4 4+ s should work.

14.2 Coherence in general

Let (X,R) be a ringed space. We need to isolate a class of R-modules with
good finiteness properties.

Definition 14.2.1. Given a ringed space (X, R), an R-module £ is coherent if
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1. & is locally finitely generated, i. e., each point has a neighbourhood U such
that R|; surjects onto E|y for some n < 0.

2. If R|f, — Elu is a surjection, the kernel is finitely generated.

This definition has been given for completeness. We are really only inter-
ested in certain standard examples. Standard properties of coherent sheaves on
ringed spaces can be found in | | (the definition given in [H] is only valid
for noetherian schemes).

Example 14.2.2. If M is a finitely generated module over a noetherian ring
R, then M is coherent on Spec R.

Theorem 14.2.3 (Oka). If (X, Ox) is a complex manifold, then Ox is coher-
ent.

Corollary 14.2.4. Any locally free Ox-module is coherent.

In the next section, we will describe all coherent sheaves on projective space.

14.3 Coherent Sheaves on P"

Let us revert to the notation of section 14.1. The ring S = k[zo,...2,] = & S;
is graded, where S; is the space of homogenous polynomials of degree i. Let

Xo In
Spy=k|—,...—
v Lj’ x]l

We can identify Spec S;y with the affine space U; = {z; # 0}.
Let M = ®M; be a (finitely generated) graded S-module (in additional to
being an S-module it satisfies S;M; C M, ;). Then
1 1
My = Yoy
i J

/L.
J

is naturally a (finitely generated) S;)-module. We can construct sheaves Oy ;-
modules M(j) as in section 2.5. These can be glued toegether:

Proposition 14.3.1. There exist an Opn-module M such that M|Uj ~ M(j).
The functor M — M from graded S-modules to Opn-modules is ezact.

Proof. See [, 11, 5.11] for the first statement. Since exactness is a local property,
the second statement follows from lemma 2.5.2. O

It follows from this that M is coherent for any finitely generated graded
S-module M. Conversely:

Proposition 14.3.2. Any coherent sheaf on P" is isomorphic to M for some
finitely generated graded S-module M .
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Proof. [I1, 11, ex. 5.9] O

Example 14.3.3. Let S(i) denote S with the shifted grading (S(i)); = Sjti-
Then O(i) = S(@). In particular, it is coherent.

Example 14.3.4. Let X C P" be a closed subvariety and let Ix be the homoge-
nous ideal generated by homogenous polynomials vanishing along X. Then I is
the ideal sheaf Ix, example 2.2.5.

As a corollary of proposition 14.3.1, we get

Corollary 14.3.5. The class of coherent sheaves is closed under kernels, cok-
ernels and extensions.

It is possible to the impression that M +— M is one to one. But this is wrong
as the following example shows.

Example 14.3.6. Let M be a_graded module which is finite dimensional over
k, so M; = fori>>0. Then M = 0.

If one “mods out” the above modules, then one does get an equivalence of
categories. However, we won’t try to make this precise.

Any vector bundle is coherent, although this is far from clear with our defini-
tion. For standard vector bundles, this can be checked directly using the above
corollary.

Example 14.3.7. The tangent sheaf fits into an exact sequence

g

0— Opn — Opn(1)" = Tpn — 0

If we pull this back via m : A"t — {0} — P, we can identitfy the second map
with the derivative Tyn_19y — 7 Tpn, and the first map sends 1 to the Euler
vector field > xi%

The Hilbert syzygy theorem [E, 1.13] says that any finitely generated graded
S-module has a finite graded resolution of length at most n. This immediately
gives:

Theorem 14.3.8. Any coherent sheaf £ on P" fits into an exact sequence
0—-& —&1—...60—E—0
where r < n and each &; is a sum of a finite number of line bundles Opr ().

Theorem 14.3.9. If £ is a coherent sheaf on P", then H'(P",E) is finite di-
mensional for each i, and is zero for i > n.
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Proof. We prove this by induction on r, where r is the length of the shortest
resolution given by theorem 14.3.8. If » = 0, we are done by theorem 14.1.2.
Suppose, we know the theorem for all v’ < r. Choose a resolution

0—-& —&h1—...60—E—0
and let & = ker[€y — £]. We have exact sequences
0—=& = &1 — ... - & =0

and
0—-& =& —=E—0

The first sequence implies that H*(P™, £’) is finite dimensional by the induction
hypothesis. The second sequences yields a long exact sequence

L LCHY(PM &) — HY(P™,E) — HH(P™, &) ..

which finishes the proof. The vanishing for ¢ > n can be proved by induction in
similar manner. Details are left as exercise. O

Exercise 14.3.10.

1. Let f be a homogeneous polynomial of degree d in S = klxg,x1,x2]. Then
corresponding to the exact sequence of graded modules

0—-8(-d)=2Sf—-S—-5/(f)—0
there is an exact sequence of sheaves
0 — Op2(—d) = Opz — Ox — 0.
Prove that

(d—=1)(d-2)

dimH' (X,0x) = 5

2. Let f be a homogeneous polynomial of degree d in 4 variables. Repeat the
above for the first and second cohomology groups.

8. Prove the last part of theorem 14.3.9.

14.4 Hilbert Polynomial

The Euler characteristic of a sheaf F on a space X is

X(F) = (1) dim H (X, F)

provided that the sum is finite. The advantage of working with the Euler char-
acteristic is the following:

117



Lemma 14.4.1. If
0—=F —-F,—F3—0

is an exact sequence,
x(F2) = x(F1) + x(F3)
Given a coherent sheaf, £ on P, let £(i) = €@ O(4). This is again coherent.

If £ = M for a finitely generated graded S-module M, then £(i) = M (i), where
M (%) denote M with grading shifted by i. A corollary of theorem 14.3.8 is:

Theorem 14.4.2. If £ is a coherent sheaf on P, then i — x(E(i)) is a poly-
nomial in 1. If X is a subvariety of P} and € = Ox, then this polynomial has
degree dim X .

Proof. From theorem 14.1.2,

dim S; ifi >0

(-1)"dim S_gq—,—1 otherwise

()

which is a polynomial of degree n. This implies that x(€(7)) is degree n polyno-
mial when £ is sum of line bundles Opx (j). In general, theorem 14.3.8 implies
that for any coherent £

X(Opn (i) = {

X(E() = D (~1Yx(&;(3))

Jj=0

where &; are sums of line bundles. This shows x(€(¢)) is degree n polynomial
in general.
For the second, we use induction on dim X and the relation

X(Onnx (i) = x(Ox (1)) — x(Ox (i — 1))
which follows from the sequence
0— Ox(—-1) = Ox — Opnx — 0,
where H is a general hyperplane. O

X(E(7)) is called the Hilbert polynomial of £. It has a elementary algebraic
interpretation

Corollary 14.4.3 (Hilbert). Let M be a finitely generated graded S-module,
then for i >> 0, dim M; is given by a polynomial, and this coincides with the

Hilbert polynomial x(M (3)).
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14.5 GAGA

Let k = C. Let (P, Op) denote complex projective space as an algebraic variety,
and (P7,,Op,,) projective space as a complex manifold. In other words, P"
(resp. Py,,) is endowed with the Zariski (strong) topology and Opn (resp. Opn )
is the sheaf of algebraic (resp. holomorphic) functions. We have a morphism of
ringed spaces

L (Pn, Op) — (]P)Zn, O]pan)

Given an Op-module &, define the Op,, -module £ = 1, £. £ is coherent if
£ is.

Theorem 14.5.1 (Serre). If € is a coherent Op,, -module, then there exists a
unique coherent Op-module F such that € = F*". There is an isomorphism
HY(P", F)= H(P"

an’

€)

The GAGA theorem can fail for nonprojective varieties. For example, H O(chn)
is the space of holomorphic functions on C™ which is much bigger than the space
H%(Ocn) of polynomials.

Let X C P™ be a nonsingular subvariety. Then the sheaf of algebraic p-
forms Q% can be viewed as a coherent Op-module. Then (0% )" is the sheaf of
holomorphic p-forms. In particular, O%" is the sheaf of holomorphic functions
of the associated complex manifold X*. Thus:

Corollary 14.5.2 (Chow). Every complex submanifold of P™ is a projective
algebraic subvariety.

Corollary 14.5.3. dimHY(X, Q%) coincides with the Hodge number h?4 of the
manifold X ™.
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Chapter 15

Computation of some
Hodge numbers

The GAGA theorem 14.5.1 allows us compute Hodge numbers by working in
the algebraic setting. We look a few examples.

15.1 Hodge numbers of P"

Let S = k[zo, ... x,] be a polynomial ring over a field and P = P} for some field
k. The basic result (which is dual to 14.3.7) is:

Proposition 15.1.1. There is an exact sequence
0— Qp — Op(—1)"" - Op — 0

Proof. Let F = S™t! be the free module of rank n + 1 with basis vectors e;.
We define a map of graded modules F(—1) — S by sending e; to x;. Let K be
the kernel. We have an exact sequence of graded modules

0-K—-F(-1)—»m—0

where m = (zg, ... zp)....

Proposition 15.1.2. Given an exact sequence of locally free sheaves
0—A—-B—-C—0
If A has rank one, then
0= ARNIC — APB — APC — 0
is exact for any p. If C' has rank one, then
0— APC - APB—= AP 1A®C -0

s exact for any p.
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Proof. See [I1, 11, 5.16]. O

Corollary 15.1.3. There is an exact sequence

n+1

0*}9%—)0}}»(71))( P ) —)ngl — 0

Proof. This follows from the above proposition and proposition 15.1.1, together
with the isomorphism

n+1)

AP[Op(—1)"H] = Op(—p) (">
O

This corollary can be understood from another point of view. Using the
notation introduced in the proof of proposition 15.1.1, we can extend the map
F(—1) — m to an exact sequence

0— A" F])(—n—1) S . A2F)(=2) S F(-1) S m —0 (15.1)

where
(5(6i1 VAN .eip) = Z(_l)pxijeil AN éij VAN €i,

This is the so called Koszul resolution [I2, chap 17] which is one of the basic
workhorses of homological algebra. The associated sequence of sheaves is

0— [A"TORT)(=n — 1) — ... [N2OFT)(=2) — [0F T ](~1) — Op — 0

If we break this up into short exact sequences, then we obtain exactly the
sequences in corollary 15.1.3.

Proposition 15.1.4.

k ifp=qg<n
0 otherwise

HI(P, Q) = {

When k = C, this gives a new proof of the formula for Betti numbers of P™
given in section 6.2.

15.2 Hodge numbers of a hypersurface

We now let X C P™ be a nonsingular hypersurface defined a degree d polynomial.

Proposition 15.2.1. The restriction map
HO(B",QF) — HY(X", Q%)

is an isomorphism when p+q <n — 1.
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When k = C (which we assume for the remainder of this section), this propo-
sition can be deduced from corollary 13.4.2, the canonical Hodge decomposition
(10.2.4) and GAGA. As corollary, we can calculate many of the Hodge numbers
of X.

Corollary 15.2.2. The Hodge numbers h?4(X) = §,q, where 0pq is the Kro-
necker symbol, when n —1 #p+q < 2n — 2.

Proof. For p+q < n—1, this follows from the above proposition and proposition
15.1.4. For p+ g > n — 1, this follows from GAGA and 9.2.3. O

This leaves the middle Hodge numbers. For h%"~1(X), this is equivalent to
computing the Euler characteristic x(Ox). From the sequence

0 — O]P"L(*d) — O]pn — OX — O

+(Ox) = <22n> - (HZ—d)

In general, the formulas can be given in terms of a generating function. Let
h?%(d) denote the pgth Hodge number of smooth hypersurface of degree d in
Prtatl Define the formal power series

H(d) = Z(hpq(d) — Opg)a’y?

pq

we obtain

in x and y. Then:

Theorem 15.2.3 (Hirzebruch).

1 1 (1 d
Hd) - EEL S
1I+2)1+4+y) [I+y)ir—(1+2)%y
Hirzebruch [[Th] deduces a slightly different identity from his general Riemman-
Roch theorem. The above form of the identity appears in [ , exp X1].

Similar formulas are available for complete intersections.
Exercise 15.2.4.

1. Show that the generating for h%? obtained by setting x = 0 in H(d) is
correct.

15.3 Machine computations

The formulas of the previous section are easily implemented on computer and are
rather efficient to use when X is a hypersurface (or a complete intersection).
There is, in principle, a method for computing Hodge numbers of a general
X C P" given explicit equations for it. In rough outline, one can proceed as
follows:

122



e View the sheaves Q% as coherent sheaves on P". These can be given an
explicit presentation. For example by combining

Qx = Qpn/(IQpn +dI),
with the formulas from section 15.1, where I is the ideal of X.

e Resolve this as in theorem 14.3.8.

e (Calculate cohomology using the resolution.

Nowdays, it is possible to do these calculations on a machine using packages
such as Macaulay2 [M2]. Below is part of a Macaulay 2 session for computing
H'? and H?2 of the Fermat quartic threefold 2* 4 y* + 2* + u* +v* = 0 over Q.
The commands should be more or less self explanitory. The answer H'? = Q3°
and H?? = QQ can be checked against the formulas from the previous section.

i1 : S = QQ[x,y,z,u,v];
i2 : I = ideal (x"4+y~4+z"4+u"4+v~4);
i3 : X = Proj(S/I);

i4 : Oml = cotangentSheaf (1,X);
i5 : HH"2 Omil

30
o5 = QQ

i6 : Om2 = cotangentSheaf (2,X);
i7 : HH"2 0Om2

1
o7 = QQ

Exercise 15.3.1.

1. Do more examples in Macaulay 2. (Look up the commands HH, cotan-
gentSheaf... first.)
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Chapter 16

Deformation invariance of
Hodge numbers

In this chapter, the various strands (algebra, analysis, topology) will converge.
Our goal is to prove that Hodge numbers of a family of smooth complex projec-
tive varieties stays constant. While this can be proved purely analytically, we
develop much of background using Grothendieck’s language of schemes which
gives a particularly elegant approach to families.

16.1 Families of varieties via schemes

We gave a definition of schemes 2.3 earlier without giving much geometric mo-
tivation. Varieties often occur in families as we have already seen. As a simple
example, let f(x,y,t) = y?> —xt be a polynomial over a field k. We can view this
as defining a family of parabolas in the xy-plane A2 parameterized by ¢ € A'.
When t = 0, we get a degenerate parabola y? = 0 which is the “doubled” 2-
axis. It is impossible to capture this fully within the category of varieties, but
it makes perfect sense with schemes. Here, we have a map of rings

klt] = klz, y,t]/(f (2, y,1))
which induces a morphism of schemes
7 : Specklz,y,t]/(f) — Speck[t] = A
We can view this as the family of schemes
{Specklz,y,t)/f(x,y,a) | a €k}

given by the fibers of .
More generally, let R = O(Y) be the coordinate ring be an affine variety YV
over an algebraically closed field k. Affine space over R is

A% = Spec R[xy,...x,) 2 AL X Y.
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Let I C R[z1,...2,] be an ideal. It is generated by polynomials

fi(zy) = ij,il,...in (y)at ...y
We get a morphism
Spec R[z1,...xp]/I — SpecR=Y
We can view this as a family of affine subschemes of A}’
Spec R[x1,...x,]/I @ R/mg = Specklzq,...x,)/(fj(z,a))

parameterized by points a € Y. If (f;(x,a)) is a radical ideal in k[z1,...zy],
this would be a subvariety of A}, but in general it be a closed subscheme.

Similarly, a (not necessarily radical) homogenous ideal I C k[x1,...z,] gives
rise to a closed subscheme called Proj k[z1,...xz,]/I of P}. More generally if
I C R[z1,...2,] = S is an ideal with homogenous generators f;(z,y). We can
loosely define Proj S/I as the family of subschemes of P} defined by the ideals
(fj(x,a)) for points @ € Y. A bit more formally, the projective space over R
P% =Py x Y can be constructed by gluing n + 1 copies of affine space

Ui.r = Spec R[xo/Tiy .. . XifTi ... Tn /T4

together. Given a homogenous polynomial in f(z,y) € S = R[x1,...x,], we get
a polynomial in f(z1/x;,...x,/x;,y) in the above ring. Thus a homogenous
ideal I defines ideals in I; C R[z1/z;,...] by applying this substitution on the
generators. The scheme ProjS/I is defined by gluing the affine schemes defined
I, together. See [I] for a more precise account of Proj.

16.2 Cohomology of Affine Schemes

Let R be a commutative ring.

Definition 16.2.1. An R-module I is injective iff for any for injective map
N — M of R-modules, the induced map Homp(M,I) — Homp(N,I) is sur-
jective.

Example 16.2.2. If R = Z then I is injective provided that it is divisible i.e.
if a = nb has a solution for everya € I andn € Z — 0.

A standard result of algebra is the following. A proof can be found in several
places, for example [I, p. 627].

Theorem 16.2.3 (Baer). Every module is (isomorphic to) a submodule of an
injective module.

Recall construction of the sheaf M of section 2.5.

Proposition 16.2.4. If I is injective and R is noetherian, then I is flabby.
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Proof. Suppose that U = D(f) is a basic open set. Given an element of f(U),
it can be written as a fraction x/f™. Consider the map R — I which sends
1 +— . Since [ is injective, this extends to a map R[1/f™] — I. In other words,
x/f™ lies in 1.

For a general open set U, express U = UD(f;). We have a diagram

where 7 is injective. s is surjective by the previous paragraph, therefore r is
surjective. U

Theorem 16.2.5 (Grothendieck). Let X = spec R, then for any R-module,
HY(X,M)=0

Proof. Let M be an R-module, then it embeds into an injective module I. Let
N =1I/M. By lemma 2.5.2, M — M is exact, therefore

0-M-—-I—N-=0
is exact. As H'(X,I) =0 for i > 0, we obtain
I —N—HYX, M) —0,

and ‘ ~ ‘ ~
H™(X, M) = H(X,N).

I — N is surjective, therefore H'(X, M) = 0. Note that this argument can be
applied to any module, in particular to N. This implies that

H?*(X,M)= HY(X,N)=0.
We can kill the all higher cohomology groups in the same fashion. O

There is an analogous theorem in the analytic category which predates this.
A complex manifold is called Stein® if it can be embedded into some C. For
example, any nonsingular complex affine variety is Stein.

Theorem 16.2.6 (Cartan). Let £ be a coherent sheaf on the Stein manifold
then HY(X,E) =0 for all i > 0.

Proof. [r, 7.4.3] O

I This definition is nonstandard but equivalent to the usual ones, see [IIr, 5.1.5, 5.3.9].
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16.3 Semicontinuity of coherent cohomology

Let R = O(Y) be the coordinate ring of an affine variety, and let S = R[xo, . .. z,]
@ S; with the usual grading. Given a finited generated graded R-module M.
We can construct a coherent sheaf M on P}, = P? x Y as in section 14.3. Propo-
sition 14.3.2 generalizes to this setting [I1, II, ex. 5.9]. For each point a € Y,
we get a a graded k[zo,...x,]-module M, = M ® R/m,. Thus we get a fam-
ily of coherent sheaves M, parameterized by Y. This can be constructed sheaf

theoretically. Let i, : P} — P xY be the inclusion z — (,a), then M, = i* M.

Example 16.3.1. Let M be a finitely generated graded k[xo,...x,]-module,

P

then R ® M is a finitely generated graded S-module. R® M is a “constant”
family sheaves; we have R ® My = M. This can be constructed geometrically.

Let m: P} xY — Y be the projection. Then RoM = 7*(M). A special case is
O]p;ctxy(i) which is the constant family m* Opyp.

Example 16.3.2. Let I C S be a homogeneous ideal, this gives rise to a family
of projective schemes of P} with ideal sheaves I,.

We now ask the basic question, suppose that M as above, how do the di-
mensions of the cohomology groups

hi(M,) = dim H*(M,)
vary with a? We look at some examples.

Example 16.3.3. If M is constant family, then clearly a — hi(M,) is a con-
stant function of a.

In general, this is not constant. Here is a more typical example:
Example 16.3.4. Set R = k[s, t], and choose three points
pP1 = [0?0) 1]a P2 = [5707 1}7 pP3 = [Oat7 1}

in P} with s,t variable. Let T be the ideal sheaf of the union of these points in
IE”% X Ai. This can also be described as I, where I is product

(I7y,2’*1)($*S,y72*1)(iﬂ7y7t72*1) CR[‘TayVZ]

Consider (1) = I(1). The global sections of this sheaf correspond to the space of
linear forms vanishing at p1,p2,p3. Such a form can exist only when the points
are colinear, and it is unique upto scalars unless the points coincide. Thus

2 ifs=t=0
RO(Z(1)s)) =4 1 if s=0 ort=0 but not both
0 ifs#0andt#0
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In the above example, the sets where cohomology jumps are Zariski closed.
This can be reformulated as saying that the function h°(Z (1)(s,1)) is upper semi-
continuous for the Zariski topology. Let’s try to show this in general for the top
cohomology (which is technically easier). Suppose that M is a finitely graded
module S = R[xo,...xzy,]-module, with R = O(Y). Choose a graded presenta-

tion
@S(ij) — @S(fm) —-M—=0

The first map is given by a matrix of polynomials. In order for this presentation
to be useful to us, we want

@S(ij)y - @S(zm)y — M, —0

to stay exact for any y € Y. This to leads to concept of flatness.

Definition 16.3.5. An R-module T is flat if the functor N — T ®gr N is exact
(note that it always right exact).

Lemma 16.3.6. If T is flat, and
0-A—-B—-T—0

is exact, then

0-ARC—-BC—-TxC—0
1s exact for any module C.

Proof. This follows immediately from properties of the Tor functor. See for
example [[, ppl62-172]. O

Now suppose that M is a flat R-module. Break the above presentation into
exact sequences

0= K —@SWm) = M—0

@S(ij) —-K—0

J

The above lemma, shows that

O—>Ky—>®5(€m)y—>My—>O

is exact, and we also have a surjection

@S(ij)y — Ky, —0

J
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Applying H™ to the corresponding sequences of sheaves, and splicing the result-
ing sequences yields

1" (B 0G) “ @ H" (B O(6) — H" (", 11,) = 0

Note that the first two spaces are constant. Thus we can view the map between
them, A(y), as matrix depending algebraically on y (i.e. it comes from the
evaluation of a matrix over R). The (r + 1) x (r + 1) minors of A(y) define a
closed subset Y, CY. Set N = > h"(Ol,,). Then we obtain

h"(M,) = N — rank(A(y)) > N —r

if and only if y € Y;.. Thus we have shown that h™(M,) is upper semicontinuous.
In general,

Theorem 16.3.7 (Grothendieck). If M is a flat finitely generated graded
R-module, then o
y = h'(My)

s upper semicontinuous, and the function

y = x(M,y) = Z(_l)ihi( v)
1s locally constant.
Proof. See [H, 12.8] and | , II]. O

Grauert has established analogous results in the analytic setting, see | ].
We say that the subscheme Z C P} x Y is flat over Y, if Oy is given by a flat
R-module The geometric meaning of flatness is a little elusive. However the
above theorem implies

Corollary 16.3.8. If Y is flat over Z, then the Hilbert polynomial x(Oy (d))
1s locally constant.

It follows from this that the fibers of Y — Z have the same dimension. Thus,
for example, the blow up of point on surface is not flat. If fact, constancy of
the Hilbert polynomial characterizes flatness [H][9.9].

16.4 Smooth families

We introduced flatness as techinical assumption without really giving any ex-
amples. We now introduce a stronger notion, where the geometric meaning is
clear. To simply matters, we restrict out attention to nonsingular varieties.

Definition 16.4.1. A morphism f : X — Y of nonsingular varieties is smooth
if for every point x, the induced map T,, — T, is surjective.
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Example 16.4.2. Let f : A]" — A} be given by f(z) = (fi1(z),... fu(z)). where
fi are polynomials. Then f is smooth if and only if the Jacobian (0f;/0x;) has
rank n. When this is satisfied, it is clear that the fibers f~1(y) are nonsingular
varieties of dimension m — n.n

Theorem 16.4.3. If f : X — Y is a smooth morphism of nonsingular varieties,
then f is flat and the fibers f~1(y) are all nonsingular varieties.

Thus we can view a smooth morphism as a family of nonsingular varieties
over a nonsingular parameter space. We can define an equivalence relation on
nonsingular projective varieties weaker than isomorphism. We say that two
nonsingular projective varieties X1, Xo are deformations of each other if there
is a smooth map of nonsingular varieties f : Z — Y such that the fibers are
all projective varieties and X; = f~1(y;) for points y; € Y. This generates an
equivalence relation that we will call deformation equivalence. For example, any
two nonsingular hypersurfaces X; C P" of degree d are deformation equivalent,
since they members of the the family constructed below. Let V; be the space of
homogeneous polynomials of degree d in n 4 1 variables. A C P(V,) the closed
set of singular hypersurfaces. Then

U=A{(z,[f]) e P" x (P(Va) = A) [ f(z) = 0}

Then U — P(Vy) — A is a smooth map containing all nonsingular hypersurfaces
as fibers.

Since any elliptic curve can be realized as a smooth cubic in P?, it follows
that any two elliptic curves are deformation equivalent. Considerably deeper
is the fact that any two smooth projective curves of the same genus g > 2 are
deformation equivalent. This can be proved with the help of the Hilbert scheme.
A weak formulation of its defining property is as follows:

Theorem 16.4.4 (Grothendieck). Fix a polynomial p € Q[t]. There is a
projective scheme H = Hilbh, with a flat family U — H of closed subschemes
of P™ with Hilbert polynomial p, such that every closed subscheme with Hilbert
polynomial p occurs as a fiber of U exactly once.

For example, the space P(V;) above is the Hilbert scheme Hilbp, with
) . ) n+1 n+i—d
pli) = X(Oen () ~ x(Omn(i - ) = (" F7) = ("F 17,
n n
Choose N > 3, then for a smooth projective curve X of genus g, w?}N is very
ample. The set of such curves in PO~DEN-1) s parameterized by an open

subset of the Hilbert scheme with p(t) = (29 — 2)Nt + (1 — g). This set can be
shown to be irreducible. See [[HM] for further details.

16.5 Deformation invariance of Hodge numbers

In this section, we revert to working over C.
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Theorem 16.5.1 (Kodaira-Spencer). If two complex nonsingular projective
varieties are deformation equivalent, then their Hodge numbers are the same.

Proof. Let f : X — Y be asmooth projective morphism of nonsingular varieties.
Then by theorem 16.3.7, there there are constants gP? such that

hPU(X,) > g7 (16.1)

for all t € X with equality on an a nonempty open set U. Choose a points t € U
and s ¢ U. Then since X; and X are diffeomorphic 12.1.1, they have the same
Betti numbers. Therefore by the Hodge decomposition (theorem 9.2.4),

thq(Xs) - ngq

pq
and this implies that (16.1) is an equality. O

This kind of result is not true of all the invariants considered so far. Any
elliptic curve can be embedded as a cubic in P2, thus any two elliptic curves
are deformation equivalent. Likewise for the products of elliptic curves with
themselves. But we saw in section 11.3 that the Picard number of E x E was
not constant. Therefore it not a deformation invariant. Other examples of this
phenomenon are provided by:

Theorem 16.5.2 (Noether-Lefschetz). Let d > 4 then there exists a surface
X C IP? of degree d with Picard number 1.

Remark 16.5.3. This is true “for almost all” surfaces.

Proof. We sketch the proof. Since H'(X,Ox) = 0 for any surface in P3, ¢; :
Pic(X) — H?(X,Z) is injective. On the other hand, H*(X,Ox) # 0 if X is
has degree d > 4, therefore ¢; is not onto. Choose a Lefschetz pencil {X;}iept
of surfaces, let X — P! be the incidence variety and let U C P! parameterize
X smooth 13.3. The set of all curves lying on some X; is a parameterized by
a countable union of Hilbert schemes. Each irreducible component will either
parameterize curves lying on a fixed X; or curves varying over all X;. Therefore
for all but countably many t, any curve lying on a an X; will propogate to
all the members of the pencil. Choose such a nonexceptional ty € U. The
group c¢1(Pic(Xy,)) is the group of curves on X;,, and this is stable under the
action of (U, tp) since any such curve can be moved along a loop avoiding
the exceptional t’s. By theorem 13.3.4, H?(X;,,Q) = image(H?*(P?)) @ V,
where V' is the generated by vanishing cycles, and 71 (U) acts irreducibly on
this. Since C = ¢1(Pic(Xy,)) ® Q contains image(H?(P?)), it follows that
either ¢1(Pic(Xy,)) equals image(H?(P?)) or it equals H?(Xy,). The last case
is impossible, so ¢; (Pic(Xy,)) = image(H?*(P?)) = Q. O

Exercise 16.5.4.
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1. Construct a smooth quartic X € P? containing a line L. It can be shown
that L? = —2, assume this and prove that the Picard number of X is at
least 2.
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Chapter 17

Mixed Hodge Numbers

Deligne has extended Hodge theory to algebraic varieties which may be be singu-
lar or noncompact. Surprisingly, some of these results were motivated by certain
analogies with varieties over finite fields. Here we give a brief introduction to
these ideas by concentrating on the purely numerical aspects.

17.1 Mixed Hodge numbers

We defined compactly supported cohomology of manifolds with real coefficients
using differential forms in section 4.3. We can define this with Z coefficients for
any (locally compact Hausdorff) topological space X by

H{(X,Z) = H'(X /{+},Z)

where X = X U {«} is the one point compactification. Note that X can be
replaced by any (reasonable) compactification, say X. Then from (6.2), we get
a long exact sequence

L HY(X,7Z) - H\(X,Z) - H(X - X,Z) —» H''(X,Z) - ...  (17.1)

In De Rham cohomology, the first first map is given by extending a compactly
supported form by 0.
The following is really an amalgam of various theorems in [D2].

Theorem 17.1.1 (Deligne). To every complex algebraic variety X, there is a
canonical bigrading
H(X,C)= P H'(X)»9
P,q€T;
where T = {(p,q) | 0 < p,q <4, p+q < i} such that
1. if X is smooth and projective HP1(X)(P® = [9(X, Q%)

2. dimH' (X)) = dim H*(X)(®P)
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3. If U C X is a Zariski open subset of a projective variety, with Z = X —U,
then the long exact sequence is compatible with the bigrading:

CHYU)YPD - qY(X) PO gi(Z) 0 g () e

We introduce the mixed Hodge and Betti numbers
REP9D(X) = dim H (X ) P9

by
bgm) - Z hi;(nq)(X)
ptg=m
To get some feeling for this, let us calculate the dimension of these invariants
for smooth nonprojective curve U. We can find a smooth compactification X
of genus g. Let Z = X — U, this is a finite set of say s points. The map
H2(U) — H?*(X) is an isomorphisms and H)(U) = 0, thus we get

0 — HO(X)(O’O) N HO(Z)(p,q) N Hcl(U)(p,q) N HI(X)(p,q) =0
Which gives
hl;(0,0)(U) —s— 1’ hl;(l,O)(U) _ hl;(O,l) (U) =g

In order to further facilitate calculations, let us introduce the Euler charac-

teristics o
P (X) = Z (=1’ RBP9(X)
A0 =320 E)

i
following [DI]. The theorem yields.
Corollary 17.1.2. In the above notation, P9 (X) = xPD(U) + xPD(Z)
and x""(X) = x"(U) + x\")(Z) If X is smooth and projective xP9(X) =
(—1)PHapP(X), and "™ (X) = (—1)™b;(X), where h?? = dim H?(X Q%) and
b; are the usual Hodge and Betti numbers.

This leads to a practical tool for computing Hodge and Betti numbers for
projective varieties that can be decomposed into simpler pieces. As an example
of this, let X be smooth projective variety of dimension n. Choose z € X. We
can define the blow up Bl,X by generalizing the construction in 11.1. This
is a smooth projective variety with a morphism n : Bl,X — X which is an
isomorphism over X — {x} and such that 7—!(z) = P"~!. Then the Hodge
numbers of Bl, X are determined by

xPO(BlX) = xPOP ) 4 PD(X — {z})
PO (P 4 PO (X)) — xPD({2))
_ XPX) 41 ifp=q>0
P9 (X) otherwise.

The previous corollary has a rather surprising consquence:
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Corollary 17.1.3 (Durfee). If X = UX,; and Y = UY; are smooth projective
varieties expressable as disjoint unions of locally closed subvarieties such that
X; 2Y;, then X and Y have the same Hodge and Betti numbers.

Proof. These decompositions are necessarily finite since the spaces are Noethe-
rian. Therefore repeated applications of corollary 17.1.2 leads to

PO (X) = Zx(p,q) (X;) = Zx(p,q) (V;) = xPO(Y).
i i

O

Each of the ruled surfaces F},, described in section 11.1, can be decomposed
as a union of P! and P' x A'. Thus the Hodge numbers are the same as for
Fy = P! x P!, and this is easy to compute.

17.2 Cohomology of the complement of a smooth
hypersurface

While we won’t even pretend to prove theorem 17.1.1. It is instructive to see
where some of this structure comes from in a special case. Let us consider
an n dimensional smooth projective variety X with a nonsingular connected
hypersurface D C X. Let U = X — D, andlet i : D - X and j : U — X
denote the inclusions. Let 7 : T — D be a tubular neigbourhood of D 4.4.1.
Any differential form with compact support on U can be extended by 0 to X.
Thus the sheaf of compactly supported forms £%; can be regarded as subsheaf
of £%. This lies in the kernel IC*® of the restriction map £% — £p.

Lemma 17.2.1. £3; is quasi-isomorphic to K°.
Thus the long exact associated to
0-K*—=Ex—&p—0

is just (17.1).
We want to replace these with holomorphic objects. We define QX (xD) C
J+El to be the sheaf of meromorphic p-forms which are holomorphic on U.
0% (log D) C Q% (xD) is the subsheaf of meromorphic forms « such that both
«a and da have simple poles along D. If we choose local coordinates z1, ...z,
so that D is defined by z; = 0. Then the sections of Q% (log D), are locally
spanned as an Ox module by
dz1 A\ dziz VAN dzip

zZ1 }

0% (log D)(—D) is the product of the ideal sheaf of D with the previous sheaf.
Locally this is spanned by

{dzil/\...dz,'p |ij>1}U{

{Z1d2i1 AL .dZip | ij > 1} U {dz1 A dZi2 A dzlp}

These are exactly the forms vanishing along D. Thus
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Lemma 17.2.2. QX (log D)(—D) = ker[Qf — QF)]

Clearly Q% (log D)(—D) is a subcomplex of Q%. It is not difficult to see,
using 10.5, that in the diagram

0 - Q%(logD)(-D) — Q% — Q) — 0
| ! !

0 — Kce - & — & —
the vertical maps are quasi-isomorphisms. Thus
.. — H(Q% (log D)(—D)) — H'(Q%) — H'(Q}) — ...
coincides with (17.1). We also have sequences
.. — HY(O% (log D)(—D)) — HY(Q%) — HI(QL) — ...
We can now express the mixed Hodge numbers as

| dim ker[H1(Q%) — HI(O)] ifp+qg=1i
WPEN(U) = § dimim[HY(Q% ) — HI(Q})] ifp+g=i—1
0 otherwise

Notice that
dim H?(X, Q% (log D)(—D)) = h*%PT9(U) + pPEPTa=1 (1))
We have thus proved

Proposition 17.2.3 (Deligne). There is a noncanonical decomposition
HY(U,C)= € HI(X, Q% (log D)(~D))
pFq=i

Corollary 17.2.4. H (X,Ox(—D)) = 0 if the 2n — i the Betti number of U
vanishes.

Proof. This follows from Poincaré duality: H(U) = H?"~{(U)*. O

This yields a special case of the Kodaira vanishing theorem. The method
used is closely related to various “topological” proofs found by Esnault, Viehweg,
Kolldr and others (see [V]). We say that

Corollary 17.2.5 (Kodaira). If D is very ample (the intersection of X with a
hyperplane under a projective embedding), then H'(X,Ox(—D)) =0 for i > 0.

Proof. Since X — D is affine and hence Stein, this follows corollary 10.5.4 [
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17.3 Counting points over finite fields

Suppose that X is a complex quasiprojective algebraic variety with a fixed em-
bedding into PY. By adjoining the coefficients of the defining equations (and
inequalities) to Z, we obtain a finitely generated algebra A C C. Choose a
maximal ideal @ C A, then A/Q will be a finite field. Recall that, up to iso-
morphism, there is exactly one such field F, with ¢ elements, for each prime
power g. Fix an isomorphism A/Q) = F,. Now we can reduce the equations
modulo @) to get a quasiprojective “variety” X¢ defined over F,. We can define
Xo(F4n) to be the set of points of ]P’J\Z satisfying the equations (and inequal-
ities) defining X. Since these sets are finite, we can count their elements. Let
N, (Xq) = N, be the cardinality of this set. In more abstract terms, we have
a scheme X — Spec A called a model of X. The original variety X is the fiber
product X' X gpec 4SpecC, and and X is the scheme theoretic fiber over (). Note
that even if X is smooth, X need not be; we say that X has “good reduction”
at @ if this is the case. We have X (Fyn) = Homgchemes(SpecFgn, Xo).
Let’s consider a few simple examples.

Example 17.3.1. Let X = Af, then A is the obvious model. Nn(A]’}?q) = ¢"*.

n

Example 17.3.2. Let X = P§, then P is a model. Writing P¥ = A UAF-1U
... gives Nn(IF’H’?q) =" gD g

Example 17.3.3. Consider the elliptic curve E defined by zy? = 2% — 23. This

equation gives a model over the integers. Then N1(E,) =p+1 ifp=2 mod 3
s an odd prime, but not in general as the following table shows:

p | V1 p | M p | M p | M
7 4 67 52 127 | 148 || 193 | 192
18| 12 78 84 139 | 124 || 199 | 172
19 | 28 79 76 151 148 || 211 | 196
31| 28 97 84 157 | 144 || 223 | 196
37| 48 || 103 | 124 || 165 | 172 || 229 | 252
48| 52 || 109 | 108 || 181 | 156 || 241 | 228

As the last example indicates, it is not usually possible to write down exact
formulas. So we should seek qualitative information. A quick inspection of
the table suggests N1 (E,) stays fairly close to 1 + p. In fact, we always have
following estimate:

Theorem 17.3.4 (Weil). If X is a smooth projective curve of genus g, and
suppose that X has good reduction at Q. Then

INn(Xq) — (14+¢")| < 29v/q

This is very remarkable formula which says that topological and arithmetic
properties of curves are related. Weil conjectured, and Deligne [D4] subsequently
proved, that this phenomenon holds much more generally. To formulate it, let
us say that an algebraic number A € Q has uniform absolute value z € R if
|t(\)] =  for all embeddings ¢ : Q — C.
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Theorem 17.3.5 (Deligne). Let X be a smooth projective d dimensional va-
riety and suppose that X has good reduction at Q. Then

2d bl
Na(Xq) = (=)' Y A%,
i=0 =1

where \j; are algebraic integers with uniform absolute values q"/? and b; coin-
cides with the ith Betti number of X.

See [I, appendix C] and especially [I<] for a more involved discussion of this
and the other Weil conjectures. It is worth noting that the classical method of
Lefschetz pencils play an important role in the proof. Deligne [D3], [D5] found
a subsequent refinement which gives meaning to the mixed Betti numbers.

Theorem 17.3.6 (Deligne). Let X be a d dimensional variety Then

2d b;
No(Xg) =D (=1)F > N
i=0 j=1

where \j; are algebraic integers with uniform absolute values in {0, q‘2.q,. .. qi/z}.
b; = dim Hi (X, C) and

B™(X) = #05 | [Nij] = ™}

17.4 A transcendental analogue of Weil’s con-
jecture

The discussion in the previous section may have a seemed a bit like black magic.
It may be worthwhile to explain a little more about the philosophy behind it.
Let X be a smooth projective variety defined over F,, and X be the extension
of X to the algebraic closure F,. Fix a prime ¢ different from the characteris-
tic of F,. If we choose an embedding X C PV, we have F : X — X be the
Frobenius morphism which acts by raising the coordinates of the gth power (see
[I1] for a more precise description). Then N, (X) is just the number of fixed
points of F™. Weil suggested that that these numbers could be computed by
an appropriate generalization of Lefschetz’s trace formula. This was realized by
Grothendieck’s ¢-adic cohomology theory [Mi], which assigns to X a collection
of finite dimensional Q-vector spaces H:,(X,Q;) which behaves very much sin-
gular cohomology of a complex variety. In particular, if X is obtained as in
the previous section by reducing modulo Q, dim HZ,(X,Q;) coincides with the
Betti number of the original complex variety. The Grothendieck-Lefschetz trace
formula shows that

No(X) =Y (~1)'trace[F™ : H,(X, Q) — HL,(X, Q)]

)
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The Aj; of theorem 17.3.5 are precisely the eigenvalues of F' acting on these
cohomology groups. Thus the real content of this theorem is the estimate on
these eigenvalues.

Around 1960, Serre [S3] had proved an analogue of theorem 17.3.5 for com-
plex varieties. This is something that we can prove. To set up the analogy let
us replace X above by a smooth complex projective variety Y, and F by and
endomorphism f : Y — Y. As for g, if we consider, the effect of the Frobenius
on IP’]IF\Q , the pullback of O(1) under this map is O(q). To complete the anal-
ogy, we require the existence of a very ample line bundle Oy (1) on Y, so that
F*Oy (1) =2 Oy (1)®4. We can take ¢ (Oy (1)) to be the Kéhler class w Then we
have f*w = quw.

Theorem 17.4.1 (Serre). If f : Y — Y is holomomorphic endomorphism
of a compact Kahler manifold with Kdhler class w, such that f*w = qw for
some q € R. Then the eigenvalues X of f* : H(Y,Z) — H*(Y,Z) are algebraic
integers with uniform absolute value ¢*/?

Proof. The theorem holds for H?"(Y') since w™ generates it. By hypothesis,
f* preserves the Lefschetz decomposition (theorem 13.1.1), thus we can replace
H(Y') by primitive cohomology P*(Y). Recall from corollary 13.1.4,

Q(a, ﬁ) = Q(a7 CB)

is positive definite Hermitean form P¥(Y'), where
Qa,0) = (172 [anpran
Consider the endomorphism F = ¢~/2f* of P*(Y). We have

Q(F(a), F(8)) = (~1){-D/2g / f(@nBAW) = Qo B)

Moreover, since f* is a morphism of Hodge structures, it preserves the Weil
operator C. Therefore F is unitary with respect to @, so its eigenvalues have
norm 1. This gives the desired estimate on absolute values of the eigenvalues of
f*. Since f* can be represented by an integer matrix, the set of it eigenvalues is
a Galois invariant set of algebraic integers, so these have uniform absolute value
qi/2. 0

Grothendieck suggested that one should be able to carry out a similar proof
for the Weil conjectures. However making this work would require the full
strength of his standard conjectures | , KI] which are, at present, very much
open.
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