LECTURE 9

9. NORMALIZED SOLUTIONS, RESCALINGS, AND BLOWUPS

9.1. Local and globals solutions. The further analysis of the free boundary is
based on so-called blowup approach. Since the regularity of the free boundary is a
local question, we may restruct ourselves to solutions in defined in balls, which are
centered at free boundary points. We start with the definition of the appropriate
classes of normalized solutions.

Definition 9.1. (Local solutions) For given R, M > 0, and z¢ € R"™ let Pgr(xzq, M)
be the class of C11 solutions u of Problems A, B, or C in Br() such that

o [ D2ull L (B(z0)) < M,

o 2y € I'(u).
In the case zo = 0 we also set Pr(M) = Pr(0, M).

Taking formally R = oo in the above definition, we obtain solutions in the entire
space R™, which grow quadratically at infinity. Slightly abusing terminology, we
call them global solutions.

Definition 9.2. (Global solutions) For given M > 0 and z¢ € R"™ let Py (z9, M)
be the class of C! solutions u of Problems A, B, or C, such that

loc
o | D%ul| oo mny < M,
o 1y € I'(u).
We also set Poo (M) = Poo(0, M).

9.2. Rescalings and blowups. The following scaling and translation properties
are enjoyed by the solutions in the above classes. If u € Pr(xzo, M) and A > 0, then
the rescaling of u at xg
(9.1) U () = ugy A () == o + )\;2) u(x0)7 T € Bp/x
will be from class Pr/»(M). Using this simple obervation, we will often state the re-
sults for normalized classes Pg(M) or even P; (M) as the corresponding statements
for classes Pgr(M) can be easily recovered.

Observe that the rescalings satisfy the estimate |D?uy| < M in Bp /x for all
A > 0. For solutions of Problems A, B, as well as solutions of Problem C with
xo € I'"(u), after integration, we obtain the uniform estimates

1
lua(x)] < §M|x|2, T € Bgya.
Hence, if we can find a sequence A = A\; — 0 such that

uy, — up in C’l’a(R") forany 0 < a <1

loc

where ug € C’llo’i (R™). Such ug is called a blowup of u with fized center xy and

Proposition 9.3 below implies that ug is a global solution; more precisely, ug €
1
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Po(M). An important remark is that it is apriori not clear if ug is unique, as
different sequences \; — 0 may lead to different limits wug.

The construction above can be easily generalized to the case when we have a
sequence of free boundary points z; — =z (variable centers) instead of a fixed
center xg. Namely, we consider the limits

Ug, n;, — Up N CLY(R™) for any 0 < a < 1.

loc

for A; — 0. We call such ug blowups at xo (emphasizing variable centers, if nec-
essary). Furthermore, sometimes we may need to study the limits of (uj)wj, A, for
different u; € Pr(xj, M) and we will still call such limits blowups.

In the case when u € P5 (M), we may also let A\ — oo. The resulting limits are
called shrink-downs, instead of blowups.

Proposition 9.3 (Limits of solutions). Suppose that we have a sequence u; €
Pi(M), j=1,2,..., and that

U; — Ug m Cl’a(Bl)

for some 0 < a <1, as j — oo. Then

(i) uo € PL(M)
(ii) In the limit we have the inclusions

(9.2) Q(uo) € lim inf Q(u;),
(9.3) lim sup{| V| = 0} € {|Vuo| = 0},
(9.4) Irjlt({|Vu0| = 0}) C liminf{|Va,| = 0}
(9.5) lim sup T'(u;) C T'(uo)

o

(ill) wj; — wug strongly in I/Vli’cp(Bl) forany 1 < p < 0.

In (ii), for a sequence of sets £, limsup denotes the limit points of all sequences
zj, € Ej,, jr — oo and liminf is the set af all limits of sequenses z; € E;, j — oo.

Proof. 1) We start by showing the part (ii). The inclusions (9.2) and (9.3) follow
from the C! convergence u; — ug. For (9.5) one also needs to use the nondegneracy
(Lemmas 8.1, 8.4, 8.5). Let us give a more detailly proof of (9.4).

If [Vuo| = 0 in B,(z¢) then |[Vu;| = 0 in a smaller ball B,(x¢), p < r, for large
J, otherwise by non-degeneracy of the gradient (see Corollary 8.6).

sup |Vu;| > ¢(r — p),
Br(xo)

which contradicts to the uniform convergence of |Vu,| — 0 in B,(x¢). As a conse-
quence, we obtain

B,(x0) C liminf{|Vu;| = 0}
j—o0

and consequently (9.4).

2) To show that ug € Py(M) observe that the condition (i) in Definition 9.1
follows easily, since D?u; — D?uqy weakly in LP(B,) for all p < co. The condition
(ii) follows immediately from nondegeneracy.
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It remains to show that wug satisfies the corresponding equation for Problems A,
B, C. Consider first Problems A, B. Since Vug = 0 off Q(ug), Aug = 0 a.e. there.
Therefore, for any ¢ € C§°(B;), we have

/Auo ¢dx=/xg(uO)Auo odr
:jlgIolo/Xn(uo)Aumdz :jlingo/XQ(uo)XQ(uj)Qde

= /Xﬂ(uo) ¢dx,

where in the last step we have used the inclusion (9.2).

Finally, for Problem C, we may use the same argument, since the portion I'”(ug)
of the free boundary where |Vug| # 0 is a smooth surface. Hence, ug satisfies the
desired equation.

3) To prove that u; — ug strongly in Wli’cp ,
that

1 < p < oo, it will siffice to show

DQuj — D%uy  a.e. on B,
since D?u; are uniformly bounded. The pointwise convergence in Q(ug) follows
from (9.2) and the interior Schauder estimates. The convergence on Int(£2(ug))
follows from (9.4). The only remaining points are the ones on the free boundary

I'(up) and since it has Lebesgue measure zero, we obtain the a.e. convergence of
Dzuj to D?uqg. O



