ALMOST MONOTONICITY FORMULAS
FOR ELLIPTIC AND PARABOLIC OPERATORS
WITH VARIABLE COEFFICIENTS
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ABSTRACT. In this paper we extend the results of Caffarelli-Jerison-Kenig
[Ann. of Math. (2) 155 (2002)] and Caffarelli-Kenig [Amer. J. Math. 120
(1998)] by establishing an almost monotonicity estimate for pairs of continu-
ous functions satisfying
ut >0, Luy >-1, ugp-u_=0
in an infinite strip (global version) or a finite parabolic cylinder (localized
version), where £ is a uniformly parabolic operator
Lu=Lpcu:=div(A(z,s)Vu) + b(z,s) - Vu + c(z, s)u — Osu

with double Dini continuous A and uniformly bounded b and c¢. We also prove
the elliptic counterpart of this estimate.

This closes the gap between the known conditions in the literature (both
in the elliptic and parabolic case) imposed on u+ in order to obtain an almost
monotonicity estimate.

At the end of the paper, we demonstrate how to use this new almost mono-
tonicity formula to prove the optimal C1:1 regularity in a fairly general class
of quasilinear obstacle-type free boundary problems.

1. INTRODUCTION
1.1. Background.

1.1.1. Original Monotonicity Formulas. In a seminal paper [ACF84], Alt, Caffarelli,
and Friedman have proved the following monotonicity formula: if uy are two con-
tinuous functions in the unit ball B; in R™ such that

ugr >0, Aug >0, uy-u_=0 in B
then the functional

1 [ |[Vug] IVu_|?
olr) = p(r,u ,u_>=—/ t dx/ e
+ P Tl R

is monotone nondecreasing in r € (0,1]. This formula has been of fundamental
importance in the regularity theory of free boundaries, especially in problems with
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two phases. One of its applications is the ability to produce estimates of the type
en|Vuy (0)][Vu— (0)? < o(0+) < (1/2) < Cullugll7z(py lu-ll72(s,);

which are crucial in establishing the optimal regularity in a number of free boundary
problems.

The parabolic counterpart of the monotonicity formula above has been estab-
lished by Caffarelli [Caf93]: if uy(z,s) are two continuous functions in the unit
strip S; = R™ x (—1,0] with moderate growth at infinity and such that

ur >0, (A=05)ur >0, wuy-u_=0 in S,

then the functional
1 (0 0
O(r,us,u_) = 74/ / \Vu+|2G(x,—s)dxds/ / |Vu_|*G(x, —s)dxds
_r2)pn _r2JRn

is monotone nondecreasing. (Here G(z,t) is the heat kernel; see more on notations
in Section 2.1.) Already [Caf93] contains a localized version of this monotonicity
formula. It says that if uy are defined only in a parabolic cylinder Q7 = By x(—1,0]
then for any spatial cutoff function ¢ € C§°(B1) such that 0 < ¢ <1, w’Bl/2 =1,

the functional ®(r) = ®(r,uy1p,u_1)) is almost monotone in a sense that

—C 7‘2
(04) — B(r) < O™/ s |2 i 20

1.1.2. Almost Monotonicity Formulas. In recent years, several generalizations of
the monotonicity formulas above has been obtained, mainly motivated by increasing
the range of their applicability. These results share the same general trait: while
relaxing conditions on u, they give up the full monotonicity of ¢ (or ®), but retain
an estimate of the type (in the elliptic case)

(0+) < C (llus |l z2(sy), lu—llr2(By)) »

which still has a strong potential in applications. We call such results almost
monotonicity formulas, even though, in fact, no monotonicity is left at all.

One notable result is the almost monotonicity formula of Caffarelli and Kenig
[CK98] which generalizes the parabolic monotonicity formula of Caffarelli [Caf93]
to the variable coefficient case: if £ is a uniformly parabolic operator

Lu = Lapcu:=div(A(z, s)Vu) + b(z,s) - Vu + c(z, s)u — Osu

with Dini continuous coefficient matrix A(x, s) and uniformly bounded b(z, s) and
c(x, s), then for a pair of continuous functions uy in Q7 = By x (—1, 0] satisfying

ugr >0, Lur>0, uy-u_=0 in Q7,

we have an estimate

2
O(r,uytp,utp) <C (”“+||2L?(Q;> * ””’Hiz(@ﬁ)

for sufficiently small r, where ¢ € C§°(By) is a cutoff function with | By = LA

similar result can be proved also in the elliptic case.
Another notable result is the following estimate of Caffarelli, Jerison, and Kenig
[CJKO02]: if uy are continuous functions in the unit ball, satisfying

uy >0, Augr>-1, wuy-u_=0 in By,
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then we have

2
o u-) < C (14 e + lu-3as,) )

for r € (0,1/2). Even though one only changes the condition Auy > 0 to Auy >
—1 compared to the original monotonicity formula of [ACF84], the proof of this
estimate is very involved and is based on a sophisticated iteration scheme. Recently,
a parabolic analogue of this result has been proved by Edquist and Petrosyan [EP0S§]
for a pair of functions satisfying

ugr >0, (A—-0s5)ux > -1, wuy-u_=0 in S5j.
A localized version of this formula for functions ui defined only in @7 has also

been proved.

1.2. Main Results. The main purpose of this paper is to further extend the almost
monotonicity formulas above, to the pairs of functions satisfying

uy >0, Lu>-1, wuy-u_=0 in S5,

where £ is a uniformly parabolic operator with variable coefficients (Theorem I).
Essentially, we accomplish this by combining the techniques from aforementioned
papers [CK98,CJK02,EP08]. We further prove the localized version of this estimate
(Theorem II), as well as its elliptic counterpart (Theorem IIT).

To be more specific, let £ be a uniformly parabolic operator in S; := R™ x (-1, 0]

(1.1) Lu = Lapcu:=div(A(z, s)Vu) + b(z, s) - Vu + c(z, s)u — Osu

with the following assumptions on the coefficients: there exist positive constants A,
i, and a modulus of continuity w(p) such that at every (z,s) € S; we have

(1.2) NP <€ Ale,5)6 < SIe?  for any € € R,
(1.3) A, 5) — A, 0)| < wi((|af? +|s])?)
(1.4) bz, )| + le(, )] < .

Throughout the paper we will assume that the modulus of continuity w(p) satisfies
the double Dini condition
1

11 T 1(.() 10 =
(1.5) / 7/ w(p) dpdr = / M dp < oo.
o "Jo P 0 p

Note that a Hélder modulus of continuity w(r) = Cr®, 0 < « < 1, readily satisfies
(1.5). In fact, a somewhat weaker condition

(1) [ 2 0) i<

would be sufficient for us, see Remark after Proposition 3.1. Note that (1.5") follows
readily from (1.5), since

Likewise, let ¢ be a uniformly elliptic operator in B

(1.6) lu="Lpcu:=div(A(x)Vu) + b(x) - Vu + c(x)u
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such that

(1.7) NP < € A@)e < 1€ for any € € R”
(1.8) JAG) — AO)] < w(la])

(1.9) b()| + le(a)| < p

for positive constants A and p and a modulus of continuity w(p) satisfying (1.5).
The main results of this paper are the following three theorems. We refer to
Section 2.1 for the notation used in the statement of these results.

Theorem I (Parabolic Almost Monotonicity Formula). Suppose we have two con-
tinuous functions uy (x,s) in the unit strip Sy that are also in V;2.(S1) and satisfy

uyr >0, Lug>-1, up-u_=0 in 5

with operator (1.1) having the properties (1.2)—(1.5). Assume also that uy have
moderate growth at infinity, so that

M3 = // ui(x,s)2e_”2/32da:ds < 0.
S1
Then the functional
O(r):=r"1A (r)A_(r), where Ai(r):= // |Vui|? dvy,
Sy
satisfies
(r) < Co(14+ M3+ M2)?, for0<r<r,.
Next we state the localized version of Theorem I.

Theorem II (Localized Parabolic Almost Monotonicity Formula). Suppose we
have two continuous functions uy(x,s) in the parabolic halfcylinder Q7 that are
also in V2(Q7) and satisfy

ugr >0, Lux >-1, up-u_=0 in Q7

with operator (1.1) having the properties (1.2)—(1.5). Let ¢ € C§°(B1) be a cutoff
function such that
¢’Bl/2 = 17 SupprB3/4'

Define wy(z,s) = us(x, s)(x). Then the functional
O(r) :=r *A (r)A_(r), where Ai(r):= // |Vw | dvy,
S,
satisfies

+ [lu—|| for0<r<r,.

2 2 )2
L2(Q7) L2(Qy))

Finally, we state the result in the elliptic case.

(1) < Cuy (1+ Ilus |

Theorem IIT (Elliptic Almost Monotonicity Formula). Suppose we have two con-
tinuous functions ux(x,s) in the unit ball By that satisfy

uy >0, fug >-1, uy-u_=0 in B

with operator (1.6) having the properties (1.7)-(1.9). Then the functional

o(r) :==r"tay(r)a_(r), where ax(r) ::/B
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2
o(r) < Co (14 s lamy + lu-liesy) s for0<r<r.

1.3. Structure of the Paper.

Section 2 contains notations as well preliminary results that will be used
later in the paper.

In Section 3 we prove Theorem I (global parabolic case). The technical
core of the proof is Proposition 3.1, followed by Proposition 3.2-3.4, which
allow to establish the iterative estimates in Proposition 3.5-3.6, ultimately
implying Theorem I.

In Section 4 (local parabolic case) we prove Theorem II. The proof is
essentially the same, only we have to take into account new terms coming
from the cutoff function, which turn out to be exponentially small.
Section 5 establishes Theorem III (elliptic case) as a direct corollary of
Theorem II.

In Section 6, we give a variant of the almost monotonicity formula (in local
parabolic case) under additional growth assumption near the origin.
Finally, in Section 7 we give an application of the new almost monotonicity
formulas (in the elliptic case) to a quasilinear obstacle type problem that
arises in superconductivity.

2. NOTATION AND PRELIMINARIES

2.1. Notation. Throughout the paper we will use the following notations:

B.(z)={y €R": |z —y| <r} (spatial ball)

B, = B,(0)
Q. = B, x (—r%,0] (lower parabolic cylinder)
S, =R" x (—r%,0] (infinite strip)
1
G(z,t) = Weflwﬁ/“, x € R",t >0 (the heat kernel)

dvy(x,s) = G(x,—s)dx ds
dv®(z) = G(z,—s) dx

dv = dy~1/? (the standard Gaussian measure)
Au = Z Op;z;U (Laplacian)
i=1

Vu=V,u=(0pu,...,05,u) (spatial gradient)

For integrals in space and time we use the double-integral sign [, regardless
of the space dimension, while for the integrals in space only we use the
single-integral sign |.

By a modulus of continuity we understand a continuous nondecreasing func-
tion w : (0,00) — (0, 00) such that w(0+) = 0.

2.1.1. Conwvention for Constants. We will use the following convention for denoting
various constants that appear in this paper, unless stated otherwise.
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Cny Cn Dimensional constants, depending only on dimension n

¢, ¢, C,Cy Universal constants, depending only on the structural con-
stants A, p in (1.2)—(1.4) or (1.7)—(1.9) and dimension n

cr, Cy Constants depending also on f (a constant or a function)
in addition to A, u, n

CtrrofrsCrio o Constants depending on fi, ..., fi (constants or functions)

in addition to A, u, n.

2.2. Notion of Solution. We use the notion of a weak solution of the inequality
Lu > f in the sense of [LSU68]. More specifically, let Q be an open subset of R™,
T>0,0r =Qx(=T,0] and let

V2(Qr) := C ((=T,0]; L*(Q)) N L* ((=T,0]; W"(Q))

be the Banach space with the norm

Hu||%/2(QT)= sup /u(x,s)zdx—F// |Vul?dzds.
Q Qr

—T<s<0

The corresponding space VZ(7) is defined as the closure of C§°(Q27) in VZ(Qr).
Further, we say u € V.2 (Q7) if u € VZ(Q,) for any @' € Qand 0 < 7" < T..
We say that u € VZ(Qr) is a weak solution of Lu > f with f € L?(Qr) if

// —Vn - AVu+n(b- Vu+ cu) + (9sn)udrds > / fndxds
QT QT

for any 1 € VZ(Qr) vanishing on Q x {0}. This is equivalent to saying that Lu > f
in  x (=T,0) in the sense of distributions.

Lemma 2.1 (Energy Inequality). Let u € V2(Q7) be a weak solution of Lu > f
in Q7. Then

2 2 2
lll}aqe;,,) < © (Ilullm<@3/4> s |L2<Q3/4)) o

In the expanded form, the Energy Inequality reads as

sup / u(z, s)*dx + //
—9/16<s<0J By 4 Q

We refer to [LSU68]| for a proof.

|Vu|*deds < C// (u? + f?)dxds.
Qr

3/4

2.3. Inequalities in Gaussian Spaces. In this section we collected some inequal-
ities for functions in Gaussian spaces that we are going to use in this paper. Recall
that dv® = G(z, —s)dx for s < 0. In particular dv = dy~1/? is the standard Gauss-
ian measure. We say f € WH2(R", dv®) whenever f € L*(R",dv*) and all its
distributional derivatives 9., f € L*(R",dv®), i =1,...,n.

Lemma 2.2 (Log-Sobolev Inequality). For any u € W2(R", dv*) we have

/ u?logu? dvy® < </ u? d73> log (/ u? dvs> —|—4|s|/ |Vu|>dy®. O
n n n RTI,

For a proof, see [Gro75].
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Lemma 2.3 (Poincaré Inequality in Gaussian Spaces). For any v € W12(R", dv*)
with [, vdy® =0 we have

/02d78§2|s|/ |Vo2dys. O
R® R™

For a proof of a generalization, see [Bec89].

Lemma 2.4 (Eigenvalue Inequality in Disjoint Domains). For a nonempty open
set Q C R™ define

VfI2dy*
(@) — ing 2 VIO I dy
Jo 12 dve
where the infimum is taken over all nonzero functions f € C%Y(R™) vanishing on

R™ N\ Q. Then for any two nonempty disjoints Q4 be two monempty disjoint open
sets in R™, we have

(2.1) A (Q4) + AS(Q.) > 205 (R?) = 1/|s|. O

This inequality is originally due to Beckner, Kenig, and Pipher [BKP98]!. It is
closely related to the inequality of Friedland and Hayman [FH76] for eigenvalues of
disjoint domains on the sphere.

3. PARABOLIC FORMULA

The purpose of this section is to prove Theorem I. The technical core of the
proof is Proposition 3.1, followed by Propositions 3.2-3.4. The latter provide the
technical background for establishing the iterative inequalities in Propositions 3.5—
3.6 that ultimately imply Theorem I.

3.1. Initial Reduction. First, we make few simplifications.

1°) Without loss of generality we may assume that

(3.1) A(0,0) = 1.

Then the difference

(3.2) B(z,s) =1— A(z,s)
will satisfy

(3.3) 1Bz, )l < (|22 + |s)/2)

with a double Dini w as in (1.5). Besides, we may also assume that for any (z,s) €

S
(3.4) 1B(z, s)|| <

2°) Further, we may assume
(3.5) c(z,s) =0.
Indeed, if u(x, s) satisfies

u > 0, L.AJ),CU > -1

ISince [BKP98] is not published, we refer to Section 2.4 in [CK98] for the proof of (2.1).
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then

Lapole " u(z,s)) =e " [Lapoulz,s) + pu(z, s)]
>e " Lapeu>—e M > 1

3°) Finally, without loss of generality we may assume
My <1
and prove that
O(r,uy,u_) <C,, forr<r,.
In the general case, we may replace vy with 44 = uy /(1 + M) and use that
O(r,uy,u) = ®(r, iy, a0 )(1+ My)?(1+ M_)?

to arrive at the conclusion of Theorem I.

3.2. Main Estimates.

Proposition 3.1 (cf. [EP08, Propositions 1.1 and 2.1]). Let u € C(S1) N V;2.(S1)
satisfy

u>0, Lapou>-1 1inb.

// u(w,s)Qe_xz/?’zdxds <1
S1

A\ /2
(1 —¢c,6(r)) // |Vu\2d'y < Cor* + Cpr? (/ u(-, —r?)2dy™" )
ST‘ n

1
+ 5/ u(e, —1?)2dy™"

Suppose also

Then

for any 0 < r <r,, where

r? W 1/4\2 1/2
0(r) = Cr + w(r'/?) + </0 (/)p ) dp) )

Remark. The double Dini condition (1.5) on w(r) is to ensures that 6(r) above
satisfies the Dini condition fol(H(r)/r)dr < 00. Indeed, recall that (1.5) implies
(1.5") and notice that the Dini integrability of any function o(r) is equivalent to

that of o(r®) for any a > 0, since fol (o(r)/r)dr = afol (o(r®)/r)dr.
Also note that in fact the term w(r!/?) is superfluous in the formula for 6(r), in
the sense that 6(r) can be replaced with

r? wlpt/4)2 1/2
Ir)=Cr+ (/0 (pp)dp> .

Indeed, modifying slightly the proof (splitting fRn = flr|<l\€|1/4 + f\z|>l|s\1/4) one
<1 >1]
may replace 0(r) by 0(r/4), which is easily majorized by C,9(r).
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Proof of Proposition 3.1. Because of the assumption A(0,0) = I, we view L as a
perturbation of the heat operator A — 95 and write
(3.6) (A = 9s)u = L apou+div(B(z,s)Vu) — b(z, s) - Vu,
(3.7) (A = 95)(u?/2) = w(L A pou + div(BVu) — bVu) + |Vul?
> —u + udiv(BVu) — ubVu + |Vul?,

in the sense of distributions. Thus, the latter inequality means that for any non-
negative n € C§°(S1) and —1 < s9 < s1 < 0 we have

1 /5 1
5 [ [t aondeds = 5 [ Cosontos) <t osnt slds
Z// [—un — V(un)BVu — nubVu + n|Vul?|drds.

Note also that one can actually take n(x,s) = G(x,—s) in the formula above,
because of the growth assumption that we impose on u, as well as the energy
inequality (Lemma 2.1). The same argument justifies also the formal integration
by parts in space variables that we are going to use throughout the proof.

Now, the inequality (3.7) implies that

//S Vul?dy < ;//ST(A - 63)(u2)d7+//sr udy
- / /S TudiV(BW)dv— / /S ubVudy

1
= 5.[1 +.[2+13+I4

The rest of the proof consists in a careful estimation of each of the integrals Iy, I,
I, 1y.

Before starting the estimations, we introduce the following convention for the
modulus of continuity 6(r): we let

2 1/2
0(r) = 0c(r) == Cr + w(r'/?) + </O “(”lp/4)2dp> :

where C' > 0 is a generic universal constant, that may change due course. This
convention allows to use inequalities of the type

02(r) < 0(r),  Cr+0(r) < 0(r),

for r < r,. Thus, the first inequality assumes that 6(r) < 1 for r < r,, while the
second one should be understood in the sense that Cr + 6¢, (r) < 0, (1).

1°) To estimate I, we integrate by parts and use that (A + 95)G(z,—s) = 0 in
{s < 0}

I =— //S 05 (u2G(x, —s))dads = / u(-, —r2)%dy™" = u(0,0)?
<

< / u(, —r2)2dy
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2°) To estimate I, consider the weighted averages of u(-, s)

m(s) = /n u(-, 8)dy® = /n u(z, s)G(x, —s)dzx.

Then, for —r? < s < s1 <0, using (3.6) and the equality (A + 95)G(x, —s) =0 in
{s < 0}, we have

m(s1) — m(ss) = — / jl/n(A — 0)uG (@, —s)dads
< / / (1 — div(BVu) + bVu) Gz, —s)dads
= (51— 82) + /S:i/ﬂ (BVuVG(z, —s) + bVuG(x, —s))dzds

= (51 — 82) + /81 (EQ(S) + HQ(S))dS,

52

where

Es(s) = BVuVG(x, —s)dz, Hg(s):/ bVuG(z, —s)dzx.
]R'n. n

We next estimate Es(s) and H(s).

2.1°) To estimate Es(s), split it into two parts

EQ(S) = / —|—/ =: E21(S) + EQQ(S).
|z >]s|t/4 [z]<|s[t/4

Using the equality VG(z,—s) = 5-G(z,—s) and applying the Cauchy-Schwarz
inequality, we obtain

||
<C V|2 Ga, —s)d
- |x\z\s|1/4| u|2\3\ (#, ~a)d

A jaf? v
SC’(/ Vu d'ys> / G(x, —s)dx
R Ve ol 5174 4l8]? (. =s)
s 1/2
< Ce—oo/lsl" (/ |Vu|2d75) ;

2
where we have used that flm\>\8|”4 %G(x, —s)dx < Cne—Qco/|s\1/2.
Further,

|Ea1(s)| =

/ BVuVG(x,—s)
|| >]s|t/4

|Eaa(s)| = / BVuVG(x,—s)
|| <|s|1/4

<w 31/4/ VUMGQT,—S
<wls) [ (VUG —s)

1/2 1/2
1/4 25 s / |z
<ol ([ vapar) ([ {Tgee-9)

Now, note that

2
/ ||x|G(x7 —s)dx = —2/ z-VG(z,—s) = 2/ (diva)G = 2n
R |8 " "
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Therefore,

wlls|1/4 . 1/2
Ba(o) < B ([ watar)

Thus, we obtain that

w(|s]'/4) A
Bl < (o+ 2BUD) ([ vaper)

For Hs(s), we obtain

1/2
ml<n [ |Vu|G<x,—s>sc(/ VuPdfw) .
Rn R’!L

2.11°) We continue the estimation of m(s). Integrating the estimates for |Ea(s)]

and |Hs(s)| in 2.i° and applying the Cauchy-Schwarz inequality, we obtain for
2
—r*<s<0

0 1/4 1/2

" EEE

<m(—r?) + 1%+ CL0(r) (//S |Vu|2d'y) 1/2.

Integrating one more time gives

0 1/2
I, = // udry = / m(s)ds < r*m(—r?) 4+ r* + C,r20(r) (// |Vu|2d’y)
S, —r2 S,

< r2m(=r?) + 1t + Cprt + 6(r)? // |Vul2dy
S

< r?m(—r?) + Cpr* +6(r) // |Vul*dy.
S
That is,
L < r?m(—r?) + Cpr* 4+ 0(r) // |Vul*dy.
Sr

3°) We now estimate

I3 = —// wdiv(BVu)dy = // VuBVuG + // uBVuVG =: I31 + I39.
S, S, S,

3.1°) Repeating the arguments as before, we obtain

|I51] < // ) w(|s|1/4)|Vu|2G(x, —-s)+C |Vu|2G
lz|<[s|1/4

|| >]s|/4
< w(rl/g) // |Vu|2dy + Ce—/T,
Sr
where in the estimation of the second integral over we have used that
G(z,—s) < 6750/|3\1/26712/8, for || > |s|*/*

and the following corollary from the Energy Inequality (Lemma 2.1)

// |Vu|26_x2/8d$cds < C// u2e™ " Sdzds < CM = C
S, 5
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for r <1 (recall the assumption M = 1).

3.ii°) To estimate I3y we introduce v(x, s) = u(z, s) — m(s) and split the integral
into

I35 = // vBVuVG + // m(S)BVUVG = I391 + I399.
S Sy
(Notice that Vv = Vu.)

3.40.a°) Is9; is estimated as in [CK98, p.404]. Let

Es(s) :/ vBVoVG(z, —s) = —/ vBVvﬁG(x, —5)

:/ —|—/ = E31(8) +E32(S)
lz|>[s*/4 Jlz|<]s]t/4

3.ii.a.a®) Applying Cauchy-Schwarz and then Poincaré inequalities, we obtain

1/2 of? 1/2
|E31<s>|sc< / v2G<x,—s>) [ PG
n || >]s]1/4 Is|
12 of? 1/2
< O8] ( / |w|2G<x,—s>) [ G-
R™ || >]s|1/4 |s]

_ 1/2 .2
< Cpe=co/lsl / |Vo|?e™® /8dx,

where, we have used that

G(z,—s) < Cn|s|*"/2eﬂ”2/4 for any (z,s) € 51,
=2

BE G(z,—s) < Cpe=co/1s1"?e=a?/8 o lz| > ||/, -1 < s < 0.
s

But then

0
| 1Batsids < ceeolr [ [9upeans < oo,
2 ST

—r
where we have used the Energy Inequality, as in Step 3.i.
3.ii.a.3°) Further

ol <o ([, MG())/ ([ 1vePcte 5>)1/2

gcnw(|s|1/4)/ VoG, —s),
RTL

provided we use following claim.

Claim.

2@d5<c 2d5
v|s|27_ nR\Vv| e,
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Proof. We have,
‘$| ) - 2 _
v? 5] G(x,—s) = -2 v7eVG(z, —s)
= 2n/ v2G(z, —s) +4/ vVozG(x,—s)
< 2n/ v?G (2, —s)

+4 (/ v2|”i||2c;(g:, s)> v (|5| /R VoG, 5)) v

Then, we use the Poincaré inequality Lemma 2.3 to finish the proof. [

Collecting the estimates for E3;1(s) and Eso(s), integrating, and using that
e~C/m < Cr*, we obtain

|I501| < Cr? +C’nw(r1/2)/ |Vu|?dy.
Sr

3.i1.b°) Further, write

0
1322 = / m(s)EQ(s)ds

—r2

and recall the estimates from 2.1°-2.ii°:

m(s) < m(—r?) +r*+ C,0(r (/ |Vu|2d7) v

for —r* < s < 0. The proof of the estimate above contains also the following

inequality
0
/ |Ba(s)]ds < Cob(r (/ vl d7>

Combining these estimates and using the Cauchy-Schwarz again, we obtain

1/2
s < Coaf(r)? // Vuldy + Cor20(r) ( // |Vu2d7>
Sr
1/2
+ Cym(— </ |Vul d’y)

< Cor* + Cum(—1)0(r) + Co(6(r / Vuldy.

2

Thus, we have
|I300] < Crt + CL0(r)m(—12)% + C,0(r) // |Vu|>dy.
S,
Collecting the estimates in 3.i-3.ii° we also obtain

L] < Crt 4+ Cob(r)m(—r2)? + Cné’(r)/ Vuldy.
S
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—// ubVuG(z, —s)dxds.
Sr

4°) Finally, we estimate

We use approach similar to the estimation of I3. Let v(z,s) = u(z,s) —

before, and split

// vbVuG — // $)OVUG =: Iy1 + Iyo.

4.1°) Using Cauchy-Schwarz and Poincaré inequalities, we obtain

| < p / o] [Voldy
Sr

1/2 1/2
<l Jf ) (I 19e0)
Sr S
< CT// \Vol2dy = CT‘// |Vu|?dy.
S S

4.%°) Further, we have

0 1/2
el <u [ o) ([ 1vupar) s

1/2
< p[ sup m(s)}r (// |Vu|2d'y) .
(—=r2,0] Sy
Recalling the estimate

m(s) < m(—r?) + 1%+ C,0(r (// |Vu|2d’y)

for —r?2 < s < 0, we therefore obtain

m(s), as

/2
[Lio| < p [m(—r?)r +1° </ |Vl d’y) + Cré(r / |Vu|*dy

<Cm(—r*)?r+Cr* + [Cr® + 7+ 0(r / |Vu|2d'y

< Om(—r?)r + Cr* +6(r) // |Vul|?dy.
Sy

Thus, collecting the estimates in 4.i°-4.ii°, we conclude
|1, < Crt 4+ 0(r)ym(—r%) + 0(r) / |Vu|>dy.
S’r

5°) Combining all the estimates in 1°-4°, we arrive at

// |Vu|2d7§%n9(r)/ u(-, —r2)2dy~ ~ ot
S n

+ r2m(—r?) + C,0(r) // |Vu|?dry.
s,
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Dividing by 1+ C,0(r), and assuming that r < r,, is small enough, we obtain
1
(1= Cot)) [[ FuPar <5 [l —rt2ar s ort s ot
Sr n

Finally, applying the Holder inequality
1/2

m(—r?) < (/ (-, —r2)2d7_r2) ,

we complete the proof of Proposition 3.1. ]

We will also need the following simple corollary from Proposition 3.1.

Proposition 3.1'. If u is as in Proposition 3.1, then for 0 < r < r, we also have

// |Vul?dy < Cor* + C inf / u(-, s)2dy*
S, n

s€[—4r2,—r2?] Jr

C
// |Vul|?dy < Cor* + —g // wdy. O
Sy r S2,-\Sr

The proof of the next two propositions is based on the key Proposition 3.1
combined with the log-Sobolev inequality (see Lemma 2.2). It is not much different
from the case when £ = A — 95, detailed proof of which can be found in [EP0S].
Therefore, the proofs are omitted.

Proposition 3.2 (cf. [EP08, Propositions 1.2 and 2.2]). Let u(z, s) be as in Propo-
sition 3.1 and Q2 := {u > 0}. Suppose

// |Vul?dy = ar? < oo
Qns,

4
ar
|Vul?dy > —,
//msm 256

for some 0 < r <r,. Then
2N (ST/2 ~ Sr/4)| > 007"2 > 0,

and

provided o > g for sufficiently large ag. (Here |E| = y(E) = ffE dy, for E C
R™ x (—00,0).) O

Proposition 3.3 (cf. [EP08, Propositions 1.3 and 2.3]). Let u(z, s) be as in Propo-
sition 3.1 and Q := {u > 0}. Suppose

// |Vul|? dy = ar? < oo,
Qns,

for some 0 < r <r,. Suppose also there exists n > 0 such that
120 (Sry2 \ Spya)| < (L =1)|Sy/2 \ Sp/al-
Then there exists 3 = 3, <1 such that

// Vul dy < 8 // Vul? dv,
QNS, /4 QNS

provided o > «q for sufficiently large ayg. O
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In the next proposition, we let

A(r) = eI AL, g(r) = / iy

for a universal constant ¢y > 0 to be determined, and
O(r) =r4AL (r)A_(r).

Notice that since we assume the double Dini condition on w(r), 6(r) satisfies the
Dini condition and therefore g(r) is finite and converges to 0 as r — 0+.

Proposition 3.4 (cf. [EP08, Propositions 1.4 and 2.4]). Let uy be as in Theorem I
with My <1 an~d Ay, ® as defined above. Then there exists a universal constant
Co such that if Ay(p) > Cor* for all p € [37,7], 0 <71 <71y, then

(I) > C(]T

1
¢A+ W;_(p)
forall p € [Lr,r].

Remark. We may replace Ay by A in this proposition, since the factor e©9(") is
bounded away from 0 and co. Yet, we must take the derivative of ® to compensate
for having 6(r) in Proposition 3.1.

Proof. We start with the same remark as in the proof of Lemma 2.4 in [CJK02].
The functions AL are continuous nondecreasing functions, hence @’ is the sum of
a nonnegative singular measure and an absolutely continuous part and we need to
obtain the bound on @’ at the points r that are Lebesgue points for the integrands
of A1. Thus, we assume that r is such that

Ba(r) = [ Vuso—r)Pdy <o

and that A’ (r) = 2rBy(r).
‘We then have

(g((:)) = 2cog'(r) — % +2r ii E:; +2r i: E:;
= % (—4 + 2¢o0(r) + 212 iJrE:; + 272 i: E:;)

Next, by Proposition 3.1, we have

2

21— uf(r) Ay (r) < Cr 4 Cr [ [t —r2>2d~y-ﬂ g [ st

for a universal constant C'. Before we proceed, observe that u, (-, —r?) cannot
vanish identically on R™ if the constant Cj in the statement of Proposition 3.4
is sufficiently large. Indeed, otherwise we would have A, (r) < Cr* from Propo-
sition 3.1, which would be a contradiction. Similarly, u_(-, —72) cannot vanish
identically on R™. Then

Q:T:TQ = {ui(-, 77“2) > 0}
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are nonempty. If we now denote AL = P2\ (Qf2), the normalized eigenvalues
of QI’“Q as defined in Lemma 2.4, we will have

(3.8) Ap+A- > 1.

Next, by the definition of Ay we have

2 2
)\j:/ LfPdy STQ/ LIVPdy
Q" Q"

+ +

Combining this with Proposition 3.1, we obtain

(3.9) 2(1 — cp,0(r)As(r) < Cr* + Cr3\/Bx(r)/Ax + r*BL(r)/ ¢
To complete the proof, we consider the following possibilities:

1°) 2B, (r) > 2A, (r) (or 7>B_(r) > 2A_(r)). Then

'(r) 1 2B~ 2B~
- =—|—-4+2 2rf— 4+ 2r*— | > 0.
(r) r< T 2000(r) 27 2 ) 20

2°) 2By (r) <2A,(r) and Ay > 1 (or 7?B_(r) <2A_(r) and A_ > 1). Then by
(3.9), if AL (r) > Cor* is sufficiently large, we have

2(1 — ¢, 0(r)) A4 (r) < Cr* /AL (r) + r* By (r).

It follows then

£ oo i)
r T +\r
2Cr 1 2Cr
—————t —(—4 4+ 2¢0(r) + 4 — 4¢,,0(r)) > ——=,
VA e el = =

if we choose cg > 2¢,,.

3°) 12By(r) < 2A4(r) and Ay < 1. Then by (3.9), if Ay (r) > Cor? are sufficiently
large, we have

221 (1 — ¢, 0(r)As(r) < Cri\/AE(r) + r2By(r).
If we use now that Ay + A_ > 1 and choose ¢y > 2¢,, then

Bi(r)  , »B- <r>>

5/
o'(r) 1 <4 + 2¢o0(r) + 212

_ 2
3(r) v e

Ay (r) A_(r)

L,
VAL(r) VA

>

S|

(—4 +2¢00(r) + 4(My + A (1 — ¢ 0(r)) — Cr?

1 1

VA VAD

In the same way we prove the estimate for @'(p) for any p € [1r,r] and the proof
is complete. [

> —(Cr
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As we mentioned before, the propositions above constitute the technical core of
the proof of Theorem I. The rest of the proof is purely arithmetic in nature and is
exactly the same as in [CJK02]. We consider a geometric sequence of radii r = 47,
k=0,1,2,..., and define

A= AgUh), B = 4 ir,
where A4 (r) = e©9(") AL (r) are as in Propositions 3.4, so that we have
(4R =4 AT A = Afby = ALD]

One may also treat Bf as the correctly rescaled versions of flki because of the the

following property: if we consider the parabolic scaling u,(z, s) := r~2u(rz, r%s),

then
A(lu,) = // |V, |[*dy =r* // |Vul2dy = r—*A(r, u).
51 S,

The proofs of the next two propositions are the same as those of [CJK02, Lem-
mas 2.8-2.9], based on Propositions 3.2-3.4 instead of [CJK02, Lemmas 2.1-2.3],
and therefore are omitted.

Proposition 3.5 (cf. [EP08, Propositions 1.5 and 2.5]). Let u+ be as in Theorem I
with My < 1. There exists a universal constant Cy such that if bf > Cy fork >k,

then
Co Co

~ + ~ N

+ —
Y, by, \ by,
Proposition 3.6 (cf. [EP08, Propositions 1.6 and 2.6]). Let uy be as in Theorem I
with My < 1. There exists a universal constant €9 > 0, such that if bi > Cy and
41AT A

b = AL for k> ke, then A, < (1—e0)Ay. 0

PAF A S AFAL(L+6) with &= 0

Proof of Theorem I. Recalling the initial reduction steps in Subsection 3.1, we need
to show that

O(r,uy,u_) <C,, forr<r,.

Now, Propositions 3.5-3.6 provide the same iteration scheme (starting from k = k)
as in [CJKO02] which implies that

O(rug,u ) < Cy (14 Ap(dhe) 4 A_(ako))? | p<ahe,
Finally, note that by Proposition 3.1’ A4 (4~%«) < C, which completes the proof of
the theorem. 0

4. LoCALIZED PARABOLIC FORMULA

In this section we prove Theorem II. The proof is essentially the same as in
the global case, i.e. Theorem I, but has to take into account additional error terms
coming from the cutoff function . Those new error terms, as we will see, are
actually exponentially small, since they are basically the integrals over the tails of
Gaussian function G(z, |s|) for |z| > 1/2.

Proposition 4.1 (cf. Proposition 3.1). Let u € C(Q7) NV2(Q) satisfy

u>0, Lapou>-1 1inQ7.



ALMOST MONOTONICITY FORMULAS 19

// u(z, s)dxds < 1.

Let 1 € C*°(By) be such that 0 < ¢ <1, 7’[}|Bl/2 =1 and define
w(x,s) =u(z,s)Y(z), (x,s)€QT.

Suppose also

Then
A\ 1/2
(1 —c,6(r)) // |Vw|?dy < Cyr* + Cpr? (/ w(-, —r?)2dy™" )
5. n

1
+§/ 111(-7—7"2)2cl'y”2

for any 0 < r <r,, where

r? w 1/4\2 1/2
0(r) = Cr + w(r'/?) + </0 (,Op ) dp) )

Proof. Let w(z, s) = u(z, s)y(x). Then for £ = L4,,0, we have
(4.1) (A = 0s)w = Lw + div(BVw) — bVw
= YLy + uly + 2V AVu + div(BVw) — bVw
> —1+div(BVw) — bVw + uly + 2V AVu
(4.2) (A — 9,)(w?/2) > w[—1+ div(BVw) — bVw + uLl)
+ 2V AVY] + |Vw|?
> —w + wdiv(BVw) — wbVw + wuly
+ 2wV AVU + |Vw|?,

in the sense of distributions. Then (4.2) implies

J[ vt < g [ @ opwtiar [ war - [ wanisvun

+ // wbVwdy + // (wuly + 2wVYPAV)dy
Sy S
1

= 5]1+Ig+]3+[4+]5

The terms I, ..., I4 are estimated very similarly to the global case, however, there
are some minor differences and we prefer to provide more details. The term I5 is
new, but we are going to see that its contribution is exponentially small.

1°) Exactly as in the global case, we have

2

L §/ w(-, —r?)2dy™" .

2°) To estimate I, consider the weighted averages of w(-, s)

i) = [ wtsar = [ w96 -
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Then, for —1? < s5 < 51 < 0, using (4.1) and that (A + 9,)G(x, —s) = 0, we have
m(s1) —m(se) = — /81/ (A = 95)w(z)G(z, —s)
03 JR7
< /Sl/ (1 =div(BVw) + bVw — uLly) — 2V AVu)G
s JR7

=(s1—$2)+ / BVwVG + bVwG — (uly) + 2V AVU)G

so JR™

(51— )+ / " (Ba(s) + Hals) + Ka(s))ds,

52

where

Es(s) = BYwVG(z,—s),
R’L

Hy(s) = / VG, -s),

Ky(s) == — /n(uﬁw + 2V AVU)G(z, —s).

2.i°) Arguing exactly as in the global case, we obtain

w(ls|1/4 . 1/2

1/2
|H2(s)§0</ |Vw|2d'ys> .
R‘IL

Further, to estimate Ks(s), integrate by parts the first term
Kals) = — / (udiv(AVY) + ubVep + 2V AVY)G
= / VuAVYG + uAVYV G — ubVyY G — 2VYAVUG

and note that the cutoff function ¢ appears in the latter integral only in the form
of V4, which vanishes on Bj/,. Therefore, using the Energy Inequality and the
fact that G(z, —s) and |VG(z, —s)| are bounded above by e~</Isl for |z| > 1/2, we
easily obtain that

|K2(S)| S Cwe_co/‘sl.

2.11°) We continue the estimation of m(s). Using the estimates on |Ea(s)|, |Hz2(s)]
and |K3(s)| in 2.i° and applying the Cauchy-Schwarz inequality, for —r? < s < 0
we obtain

0 1/4 1/2
m(s) < m(—r?) + Cyr* + C, <C+ w(lsl )) (/ |Vw|2d’ys> ds

e |s[172

1/2
<m(—r%) + Cyr? + CL0(r) <// |Vw|2d’y) .
s,
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Integrating one more time gives

0 1/2
I, = // wdy = / m(s)ds < r*m(—r?) + Cyr* + Cr26(r) (// |Vw|2d7)
Sr —r2 Sr

< rPm(—r?) + Cyr* + Cpr* + 0(r / |Vw|*dy

< rim(—r?) + Cyr* + 9(7“)/ \Vw\Qdfy.
S,
That is,
Iy < r?m(=r?) + Cyr* +0(r) // |Vw|?dy.
Sy

3°) We now estimate

I3 = —// wdiv(BVw)dy = // VwBVwG + // wBVwVG
S S Sr

r

=:I31 + I32.
3.i°) Repeating the arguments as before, we obtain
|I31] < // w(|s|¥4) | Vw|?G(z, —s) + C / |Vw|?*G
lz]<Is Il/4 ] >]s] 1/
w(r?) [[ WPy + cyer

where in the estimation of the second integral over we have used that

G(z,—s) < 67C0/|5‘1/2, for |z| > |s|*/*

// |Vw| da:ds<C’¢// u?dzds < Cy,

for r < 1/2 (recall the assumption M = 1) by the Energy Inequality (Lemma 2.1).

and that

3.ii°) To estimate I3 we introduce v(x, s) = w(x, s) — m(s) and split the integral
into

I35 = // vBVuVG +/ m(s)BVwVG = I391 + I399.
Sr Sr
(Notice that Vv = Vw.)

3.ii.a°) Repeating the arguments in the global case, we estimate
[Is21] < Cyr* + an(rl/Q)/ |Vwl|?dy
Sr
3.i1.0°) Further, to estimate I322, we write it as

0
I322=/ m(s)Ea(s)ds.

—r2

Arguing as in the global case, we obtain from 2.i° that

0 1/2
| Bats)las < Cuotm (/ IVw|d7> ,
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which combined with the uniform bound from 2.ii°

m(s) < m(—r?) + Cyr? + Cr0(r </ Vw2d7> 2,
for —r? < s <0, gives

[I322| < C’WA + Cpb(r)ym(=r*)? 4 C,0(r) //S |Vw|?dy.
Now collecting the estimates in 3.i-3.ii° we also obtain T

5] < Cyrt + Crb(r)ym(—12)? + Cnﬂ(r)/ Vw|2dy.
Sr

4°) Next, we estimate

I, = 7// wbVwG(x, —s)dzds.
s

T

As before, we denote v(z, s) = w(z, s) ) and split the integral

// vbVuG — // m(s)bVuG =: Iy1 + Iyo.

Same arguments as in the global case prove that

|14 < C’r// |Vw|2d'y,
S

Lo < Om(—r?)%r + CWA + 9(1")/ |Vw|*dy
S
which implies that

|14] < C¢T4 + Q(T)m(fr2)2 + 0(7“)/ \Vw\Qd'y.
s,

5°) Finally, we estimate
I = // (wul) + 2WVYAVY)dy
Sr
Integrating by parts in space, we obtain

Is = // wu div(AVY)G + wubVyY G + 2wV AVuG
Sr

= / —VuwuAVYG — wVuAVYG — wuAVYV G + wubVyYG + 2wV AVuG.
Sr

Every term in the last integrand contains V1), which vanishes on By /. Then using
the Energy Inequality and the estimate on G and |V@G| for |z| > 1/2, we easily
obtain that

|I5| < Cpe0/,

6°) Combining all the estimates in 1°-5°, and using that

m(r < [ wl Py
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we arrive at
1 +C,0
/ Vel C; v / U’('»H"Q)Qd’fr2 JFCWA

+r2m(—r2) + Cof(r) / [ vupar.
Dividing by 1+ C,,0(r), and assuming that r < r,, is sr;lall enough, we obtain
(1—C,0(r / |Vw|?dy < = / w(-, —r2)2d7_7"2 + Cyrt + Cprim(—r?),
as claimed. This completes the proof of Proposition 4.1. O

Proof of Theorem II. Using Proposition 4.1 one may prove the analogues of Propo-
sitions 3.2-3.6, with obvious changes, possibly adding the dependence of constants
on . But then we argue as in the proof of Theorem I to complete the proof. [

5. ELLipTIC FORMULA

In this section we prove Theorem III. Even though it possible to give a direct
proof (by working on spheres as in [CJKO02] instead of Gaussian spaces), we prefer
to obtain the elliptic almost monotonicity formula from the localized parabolic one
(Theorem II).

Proof of Theorem III. Let u(z) satisfy the assumptions of Theorem III. Adding
a “dummy” variable s by setting

g (z,8) =us(z), (z,5)€QT,
we see that a4 satisfy also the assumptions of Theorem II with the operator
Lu = ({—0s)u = div(A(z)Vu) + b(z)Vu + c(z)u — dsu.
Moreover, we claim that
(5.1) a(ryuy) < CpAy(rypuy), r<1/2

or in the expanded form

/ |Vlf|‘n iz <, // IV (4p(2)u(z))[2G(z, —s)dzds.

Since ¥ = 1 on By, it is enough to show that

2
T
o g/ G(x,t)dt, for z € B,.
[z["=2 = Jo
Making a substitution ¢ = |z|?>7, we obtain

T2 T2
/ Gz, t)dt = Cn/ /21214t gy
0 0

C r?/|z|?
_ ‘x|n712/ T—n/2 —1/47’d7_ >
0

- ‘x|n—2'

1
/ T—n/2€—1/47'd7_

|=’E|n 2 Jo

Hence (5.1) follows. Consequently, we obtain that
p(ryugp,u) < Cp®(r, gy, Yu_).
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Fixing a cutoff function ¥ and applying Theorem II, we obtain
2
plry e, us) < Co (1 184 120 ooy + -2

2
= Co (1 sl + Il ullFes)

for r < r,. The theorem is proved. O

6. A VARIANT OF THE FORMULA

Under assumptions on the growth of functions w4 near the origin, following
[CJKO02, Theorem 3.8], it is possible to prove versions of Theorems I-1II, where
®(r) (and ¢(r)) retain more monotonicity properties, e.g. that the limit ®(0+)
exists.

Here we state only the result in the localized parabolic case. We also assume
that we are in the normalized case (3.1)-(3.3), as well as under the assumption
¢ = 0, which does not limit the generality.

Theorem IV (Almost Monotonicity Formula with Growth Assumption). Let ug,
Y, we, Ay and ® be as in Theorem II. Assume additionally that

us(@,s) < o((|z* +[s)"?)  for (z,5) € Qr
for a Dini modulus of continuity o(r) (so that fol @dp < ). Then
O(r) < 1+ a(p)]®(p) + Cymowalp), 0<r<p<ry,

. 1/2 r

a(r) = Co [r+a(r1/2)+/0 ('Op)dp+/0 a(pp)dp},
r? w(pl/4)2 1/2

0(r) = Cor +w(r'/?) + ( / (pp)d’)> ’

and M = [uy || 2= + llu-ll 205

where

Remark. It is easy to see that the inequality above implies the existence of the limit
@(04—) = limrH(H (I)(’I’)

Proof. As before, without loss of generality we may assume M < 1, otherwise
we could consider uy /(1 + M). To simplify notations in this proof, we are going
to deviate from our convention for constants and denote by C' a generic constant
depending 1, o, w in addition to n and the structural constants in (1.2)—(1.4),
which we would normally denote Cy 4.

Notice that if ®(r) = 0, then the estimate in the theorem is trivially satisfied.
Therefore we will assume that ®(r) > 0. Further, as in the proof of Proposition 3.4,
we may assume 7 to be a Lebesgue point for B4, which yields that

2
AL(r) =20Ba(r), Ba() = [ [Vusl, )Py < cx.
Next, as in Proposition 3.4, we introduce

R N
B(r) =r~ AL (r)A_(r) = 209N d(r).
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Then we have

'(r) , 4 By (r) B_(r)
(6.1) 3 2c09' (1) — . +2r A0 +2r A0
_L1/ cnl(r rzB+(7") TQB—(T)
= < 4+ 2¢00(r) + 2 A+(T)+2 A(r)).

To proceed, we are going to assume that
o(r'/?) > r.
This does not limit the generality, since we can replace o(p) with o(p) + p? without
affecting the form of a(r) in the statement of the theorem.
1°) We now claim that the additional growth assumption on u implies that
(6.2) AsL(r) < Co(r'?)? r<r,.

Indeed, let w be either w, or w_. Then by Proposition 4.1, we have

// |Vw|?dy < Cr* +C | w?(x, —r?)G(x,r*)dz
S R™

=Crt+C w?G(x, —r?)dx + C w?G(x, —r?)dx

|z|<rl/2 |z|>rl/2
< COrt + CU(T1/2)2 + Ce /™ < Co(r1/2)2.
This implies (6.2).

2°) We next claim that ® satisfies

U(T1/2)2 B Co.(rl/2)

T T

(6.3) '(r) > -C d(r), 0<r<r,.

2 2 2
To this end, let Q3" = {w(-,—r?) > 0}. Denoting by Ay = r2A~" (Q;’" ) the
normalized eigenvalues of Q;TQ, as defined in Lemma 2.4, we have
(6.4) Ap A > 1L

Now, by the definition of Ay, we also have
)\:I:/ fPay < r2/ VR dy™
Q Q"

+ +

and therefore, using Proposition 4.1, we obtain that
(6.5) 2(1 — ¢ 0(r))Ax(r) < Crt 4+ Cr3\/By(r)/ A+ + r*Bi(r) /M.
We may rewrite the previous inequality as
(6.6) T2Bi(7")/>\d: > 91— en0(r) — crt Criy Bi(T)/)\i'

Ax(r) Ax(r) Ax(r)
Using (6.6), we next obtain estimates on ®’(r) by considering three possibilities.
2.i°) r2By(r) > 2A, (r) (or 72B_(r) > 2A_(r)). Then from (6.1) we have

i)/(T) — (I>(7’)

Bt B~
<4 + 2c00(r) + 2r2 — + 27’2_) > 0.

T At A
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2.4°) r?By(r) < 2A.(r) and Ay > 1 (or r2B_(r) < 2A_(r) and A_ > 1). Then
by (6.6) we have

2B+ Crt Cr?
2 >2(1—cpf(r) — — — —.
2 X ) =12 o

Then, assuming ¢y > 2¢,, from (6.1) we obtain

@’(ﬂji(ﬂﬂ L2 al ))} rzﬁ_}

T A+
C’@(r) rt r2
> — + —
r A+ A /A+
2¢og(r) C’ec‘)g(”)\/‘i) r
_C’e A (r) i
r r
1/2\2 1/2 -
> —c"(rr y_ OU(TT ) Jo().

2.iii°) r2B4(r) < 2A4(r) and A+ < 1. Then by (6.6) we have
4 2
£ S on,(1— end(r)) — 2 = T

2B
Ai - " Ai «/Ai.

Using now that Ay + A_ > 1 and assuming ¢g > 2¢,, from (6.1) we obtain

¥ = 220) { {ﬂi: (2 009(7")))\4 + [r % ~ (2= aof(r)A } }

r
o C’@( ) n r2 +i+ r2
- T A+ 1/A+ Af ,/A_
Ce2cog(r) Clecod(r) /
> ——— AL+ A ] - \/A+—|—\/
1/2 1/2 —
> - oty ~e? D) Ja
r r
for r < ry,.

Thus, we see that the inequality (6.3) holds in all cases.

3°) We next claim that
d

(6.7) = {(@(r) + caz(r))l/2 n C(fl(r)] >0, 0<7r<ry,

_ [T et _ [T
al(r)—/o 5 dp, 0'2(7')—/0 5 dp.

where

Indeed, (6.7) is equivalent to

¥(r) = ~Cop(r) - 201(r) (8(r) + Coa()

which follows easily from (6.3).
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4°) Taking now 0 < r < p < r,,, we obtain
- - 1/2
b(r) < (&(r) + Cos(r))  + Con(r)
- 1/2
< (8 +Coa(p)) " +Canp)

<\ ®(p) + C[Vo2(p) + 01(p)].
2/ oo (r) < 24/a(r1/2)oy(r) < o(rt/?) + o1 (r)

and therefore, introducing

Note that

5(r) = o(r'/?) + au(r),

Vo) < /o) + Colp).

Squaring and using that (a + b)? < a?[1 4 &(p)] + b*[1 + 1/5(p)] with a = 1/®(p)
and b = Cé(p), we obtain

we have

() < [1+5(0)]B(p) + C5(p). 0<r<p<r,.

Now recalling that ®(r) = €2©9(")®(r) and using that e2©09() < 1 4+ Cyg(p) for
0 < p <r,, provided r,, is so small that g(r,) < 1, we arrive at

O(r) < [L+ (14 Co)a(p) + Cog(p)]@(p) + C5(p).

This implies the theorem with a(p) = (14 Co)&(p) + Cog(p), which clearly has the
required form. O

7. AN APPLICATION

The almost monotonicity formulas proved in the previous sections can be applied
to various free boundary problems, such as the ones considered in [CJKO02], with
more general assumptions on the governing operator. In this section, however, we
give an application of the almost monotonicity formula to a quasilinear obstacle
type problem

(7.1) div(a(|Vul*)Vu) = f(z,u, Vu)xa,
(7.2) [Vu| =0 on Q°

in a certain domain D in R"™, where {2 is an apriori unknown open set. This
kind of free boundary problems appear e.g. in mean-field models describing type I1
superconductors, see [BBC94].

If the operator is uniformly elliptic and f is bounded, then from the general
theory of quasilinear equations, (7.1) alone would imply that u € C’llo’f (D) for some
0 < B < 1. However, to study the finer regularity properties of the free boundary
I' = 09N D, one in fact will need the optimal C’llo’i -regularity of u, see [CSS04],
where a simplified equation with a = 1 is considered.
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We will make the following assumptions on the functions a : R — R and
f:DXxRxR"” —R:
(73) aeChi(0.00)),
(7.4)  alq),a(q) +24d'(q)q € [Mo,1/No] for any ¢ > 0 with \g > 0,
(7.5)  |fI+IVafl+10.f] + |Vpfl < M uniformly for (z,z,p) € D x R x R".
Note that (7.4) is the uniform ellipticity condition on the quasilinear operator

div(a(|Vul*)Vu), while (7.5) means that f is uniformly bounded and Lipschitz
continuous with respect to all its variables.

Theorem 7.1. Let u € W12(B1) N L>(By) be a weak (distributional) solution of
(7.1)~(7.2) with assumptions (7.3)~(7.5). Then u € C’loc( 1) and

ullcri(s,,.) < C (Caya,n, Ao, M, |lull L (5,))
with Cq = Hchm([O,R(n,AO,M,HuHLm(Bl))])'

This theorem generalizes that of Shahgholian [Sha03] for equations of the type
Au = f(z,u)xq, |Vu| = 0 on Q°. See also the work of Uraltseva [Ura0l] for a
similar result in a two-phase membrane problem. We explicitly remark here that
the result in Theorem 7.1 is new even in the case a = 1 when f(x,u, Vu) depends
nontrivially on z, u, Vu.

The key idea and the connection with the almost monotonicity formulas is seen
in the following lemma.

Lemma 7.2. Let u be as in Theorem 7.1. Then for any direction e the functions
wy = (Qou)* = max{+0d.u,0} satisfy
wy >0, div(A(x)Vwy) + b(x)Vwy + c(x)wy > —M, wy-w_ =0,
where
A(z) = a(|Vu(z) )T + 2d' (|Vu(z))?) Vu(z) @ Vu(z),
—(Vp )@, u(x), Vu(z)),
c(z) = =(0:f)(@, u(x), Vu(z)).

Remark. Note that from equation (7.1) we have u € C\27(B;) and therefore A €
% (B (B1), so the double Dini continuity condition on A is satisfied. Also, the

loc
condition (7.5) implies the uniform boundedness of b and ¢. Furthermore, since

the exponent 3 and [[ul[c1s (s, ,,) depend only on n, Ao, M and |[ufz=(s,), the
structural constants in (1.2)-(1.5) depend only on the latter constants and the

C12 norm of a on 0, ||vu||%°°(33/4):| '

Proof of Lemma 7.2. The idea of the proof is as follows: in the open set QF =
{0.u > 0} C Q we may differentiate the equation to obtain

(7.6)  Ocdiv(a(|Vul*)Vu) = div [a(|Vul*)V(deu) + 2d/ (| Vu|*) VuV (deu) Vu]
=eVyf + 0cud, f + V(0eu)V, f,

which implies that

(7.7) Lapec(Oecu)=eVyf>—-M inQf.
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Then by using Kato’s inequality [Kat72], we conclude that
(7.8) Lape(Geu)t >—M in D.

In fact, (7.6)—(7.7) is quite easy to justify in the sense of distributions and we
therefore have for w = d.u

/ —A(x)VwVn + b(x)Vwn + c(x)wn > —M/ n
D D
for any 1 € Wy *(F), n > 0. To justify (7.8), we choose
w
n=Xx (;) Y(z)
where ¢ € C§°(D), ¥ > 0, and x € C*°(R) is such that

X' () >0, x(t)=0fort<1, x(t)=1fort>2.

Then we have

/D —[A(x)VwVw]%x' (g) v+ x (%) [—A(x)VwV + b(z)Vwyp + c(x)wy]

=M [ x(2)vz-m [ v

Now using that A(z)VwVw >0, x’ >0, v > 0, we may throw away the first term
in the above integral to obtain

w

/D X (Z> [—A(z)VwVY + b(z)Vwy + c(x)wip] > —M/Dw.

Noticing that x(w/e) — xq+ a.e. as € — 0+ and using the dominated convergence
theorem, we obtain that

—A(z)VwV + b(x)Vwy + c(z)wy > —M /D 1,

Qf

which is equivalent to £4 cwt > —M. The proof of the lemma is complete. O

Proof of Theorem 7.1. First, without loss of generality, we assume that |[ul| L (g,) <
1, otherwise we replace u with u/(1 + ||ul|f(p,)), Which satisfies an equation of
the type (7.1) with rescaled a and f.

Next, from the Calderén-Zygmund estimates it follows that u € I/Vlif (B1) for
any 1 < p < oo. Fixing a p > n, this implies that at any Lebesgue point xy of D?u
the function u is twice differentiable, see e.g. [Evad8, Theorem 5.8.5]. Then we fix
such zg € By, and define

w(x) = Oeu(x)

for a unit vector e orthogonal to Vu(xg) (if Vu(xg) = 0, take arbitrary unit e).
Without loss of generality we may assume xg = 0. Our aim is to obtain a uniform
estimate for 0,,.u(0) = 0,,w(0), j = 1,...,n. By construction, w(0) = 0 and w is
differentiable at 0. Hence, we have the Taylor expansion

w(z) =& -x+o(z|), &= Vw(0).

Now, if £ = 0 then 9,,w(0) = 0 for all j = 1,...,n and there is nothing to estimate.
If £ # 0, consider the cone

Ce={zeR": { x> [¢]|x|/2},
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which has a property that
CeNB, C{w>0}, —C:NB,C{w<0}
for sufficiently small » > 0. Consider also the rescalings

wy(z) = @, x € By.

Note that w,(z) — we(z) := £ - z uniformly in By and Vw, — Vwg in L?(B),
p > n. The latter follows from the equality

/ Vw,(z) - EPde = — / Vw(z) — Ve(0)|de,
By ™ JB,

where the right-hand side goes to zero as r — 0, since o = 0 is a Lebesgue point
for Vw. Then for ¢, > 0 we have

Cn|§\4=/ |Vw0(x)2d$/ |Vwo(x)|>dx
CeNBy —C¢NBy

|x|n72 |$|n72
_ lim |Vwr(xE|22dx / \Vwr(x2|22dx
r—0 CEﬁBl |:L-|1’L 7C§I"WB1 ‘xln
. 1 |Vw(x)|2dx/ |Vw(z)|?dx
= lim — - 7 -~ 7
=01t Joons, 21" J_cenm,  |@|"T2
1 Vuwt(z)|?d Vw~(2)|%d
Sliminfj/ Ve E;/I:—)2| x/ Ve (nm_)2| x,
r—0 1t Jp || B, |7l

where in the last step we have use the inclusion £C¢ N B, C {fw > 0} for small
r > 0. Summarizing, we obtain that

|Vw(0)[* < C, lim iélf o(r,wt,w™),

where ¢ is as in Theorem III. Now, by Lemma 7.2, w® satisfy the conditions of
Theorem III (in B/, instead of B;) and therefore we have

2
N + 2
ll?Jgfw(r,w ,2wo)<C (1 + ||w||L2(Bl/2)) <C.

(Recall that we assume |[ufze(p,) < 1 which gives that |[w|[z2(p,,,) < C.) The
latter implies that

|VOeu(zo)| < C,
which doesn’t yet give the desired estimate on |D?u(xg)|, since e is subject to the
condition e - Vu(zg) = 0, unless Vu(zg) = 0. If Vu(zg) # 0, we may choose the
coordinate system so that Vu(zg) is parallel to e;. Then, taking e = es, ..., e, in
the estimate above, we obtain

02,2, u(z0)] <C, i=2,...,n, j=12,...,n
To obtain the estimate in the missing direction e;, we notice that since u €
Wf)’f(Bl), the equation div(a(|Vu|?)Vu) = f(x,u, Vu) is also satisfied in the strong
sense
[a(|Vu|2)5ij + 2a'(|Vu|2)8ziu31ju} Og,z;u+ b(x)Vu + c(z)u = g(x),
where

9(x) = f(z,u(z), Vu(z))xa(z).
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In particular, we may assume that this equation is satisfied at zy. Then at z( the
second-order term has the form

a(|Vu(zo)[*) Au(zo) + 20’ (|Vu(wo)[*)[Vu(@o)[* Oz, zy ulo)

and thus using (7.4) we obtain

1 n
A0l0az ul@o)| < lg (o) + 3 Y 10uulzo)| + M|Vu(o)| + Mlu(o)|-

k=2

This implies the missing estimate

|aw1£v1u<x0)| <C

and completes the proof of the theorem. ([
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