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Abstract

We establish the behavior of the solutions of the degenerate parabolic

equation
u =V - (\Vu|p_2Vu), p> 2,

posed in the whole space with nonnegative, continuous and compactly
supported initial data. We prove a nonlinear concavity estimate for the
pressure away from the maximum point. The estimate has important
geometric consequences: it implies that the support of the solution be-
comes convex for large times and converges to a ball. In dimension one,
we know also that the pressure itself eventually becomes p-concave. In
several dimensions we prove concavity but for a small neighborhood of
the maximum point.

1 Introduction

In this paper we establish the large time behavior of the solutions of the degen-
erate parabolic equation

(1.1) u =V (|[VulP~>Vu),

usually called the evolution p-Laplacian equation (PLE for short). We consider
the initial value problem for this equation posed in Q@ = R™ x (0,00), with
initial data

(1.2) u(x,0) = up(x) on RV,

where ug is a nonnegative integrable function in R™ with support contained
in the ball Br centered at 0 and having radius R. Our main concern are the
geometric properties of the solutions corresponding to nonnegative, integrable
and compactly supported data as time goes to infinity, so-called eventual prop-
erties. In particular, we prove convexity of level lines for large times, even if the
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property was not true for the initial data. This property derives from a non-
standard concavity property, that we call p-concavity, that sets in eventually for
general solution in the considered class.

NONLINEAR DIFFUSION EQUATIONS WITH GRADIENT-DEPENDENT DIFFUSIV-
ITY. The evolution p-Laplacian equation is one of most widely researched equa-
tions in the class of nonlinear degenerate parabolic equations. The particular
feature of equation (1.1) is its gradient-dependent diffusivity. Such equations,
and their stationary counterparts, appear in different models in non-Newtonian
fluids, turbulent flows in porous media, certain diffusion or heat transfer pro-
cesses, and recently in image processing. See in that last respect [23, 7, 3].
Equation (1.1) is the most representative model in that class, already studied
by Raviart [24], 1970 (along with the extension called doubly-nonlinear parabolic
equation).

For exponent p = 2 the equation reduces to the classical heat equation, the
theory of which is well known. Among its features we find C'*° smoothness of
solutions, infinite speed of propagation of disturbances and the strong maxi-
mum principle. These properties generalize to a number of related evolution
equations, notably those which are linear and uniformly parabolic.

A marked departure occurs in (1.1) when the exponent p is larger than 2.
The equation is degenerate parabolic and finite propagation holds. It is well
known that there exists a unique nonnegative weak solution of (1.1)—(1.2) and
for each t it has compact support that increases with . Hence, there exists an
interface or free boundary separating regions where u > 0 from regions where
u = 0. It is remarkable that the interface might not be a smooth surface if ug is
topologically complicated, as the focusing solutions studied by Gil and Véazquez
[17] show, see also [2]. However, the solutions are known to have locally Holder
continuous first derivatives, see [8, 11].

Though p-Laplacian equations are better studied in the stationary case due
to their interest for elasticity and the Calculus of Variations, the evolution equa-
tion we study here offers the big mathematical extra feature of the evolution of
the interface (and the level lines) and their eventual stabilization. These matters
are of concern in this paper. In particular, our work contributes to the task of
showing the essentially simple structure of the asymptotic behavior of solutions,
free boundaries and level lines for equations whose mathematical theory is not
at all simple and departs strongly from the standard heat flow.

LARGE-TIME BEHAVIOR. Kamin and Véazquez [18] studied the uniqueness and
asymptotic behavior of nonnegative solutions with finite mass. i.e., with ug €
LY(RY). They proved that the explicit solutions

Uni(,t) =t <C—q <tz|jj|v) 7 )

+

found by Barenblatt in 1952, are essentially the only positive solutions to the



Cauchy problem with initial data

u(z,0) = Mé(z), M > 0.

B py-L p=2(k =
k—(p 2+N) ’ = P (N)

and C is related to the mass M by C = ¢ M®*, where a = p(p —2)k/(N(p—1))
and ¢ = ¢(p, N) is determined from the condition [Us(x,t)dz = M. Using
the idea of asymptotic radial symmetry, [18] establishes that any nonnegative
solution with globally integrable initial values is asymptotically equal to the
Barenblatt solution as ¢ — oco.

Here

EVENTUAL GEOMETRIC PROPERTIES. The main result of this paper is the
property of asymptotic concavity that can be best expressed in terms of the
convenient variable,

—1 p-2
(1.3) Do b=

ur—1t,

U:p—2

known as the generalized pressure (while u is known as the density) and which
satisfies

(1.4) vy = pivapv—HVvP’.

We remark that this pressure variable, introduced in [15, 16], is appropriate to
study properties related to interface behavior and geometry, while u is better
suited for existence and uniqueness questions. We show that when t is suffi-
ciently large v(x,t) becomes concave in z away from its maximum point and
inside the positivity set

P(t;v) = {x :v(z,t) > 0} = {z : u(z,t) > 0},

which tends to a ball of prescribed radius (see Theorem 3.2 for a precise for-
mulation). In particular, we obtain that the positivity set P(t;v) eventually
becomes convex. This result is the counterpart of the asymptotic concavity
of the pressure in porous medium equation u; = Au™ obtained by two of the
authors in [22].

We recall that convexity properties of level sets or log-concavity of solutions
are well-known subjects in the theory of the heat equation, but standard results
deal with conservation in time of such properties, while in the present case we
show convexity properties that arise from non-convex data as a consequence of
the asymptotic stabilization process.

The rough idea of the proof is the following concavity property of the pressure
Vs of the Barenblatt solutions observed in [16]: Vs (-, ) is concave in its support
and satisfies
p— 2> 2(p—1) k

K
p_2 = — — = _—
(1.5) O (IVV P20 Var) - K (p — N



in the set {Vas(:,t) > 0} for every spatial direction e. Contrary to what hap-
pened in the porous medium case, we now have to involve a strange-looking
second-order operator in the right-hand side of (1.5), which reduces to the di-
rectional second derivative for p = 2. However, it is exact and neat on V' and
that is what counts. Actually, it reflects the peculiar geometry associated to the
p-Laplacian. We call an estimate of the form 9, (|V f(z)[P~20.f(z)) < —c, for a
function f(z), € Q, a uniform p-concavity estimate for f in Q.

As a consequence of that formula, if we show that the appropriate rescalings
of v converge to Vjs at least in C2 norm near the interface (more generally, away
from the maximum point of Vi), we will obtain that

(1.6) 3e(|Vv|p72aev) <0,

which implies the concavity of v (in the usual sense, see Lemma 5.1.) An impor-
tant technical step is to prove the above mentioned estimates near the interface,
which is done by generalizing the method developed originally by Koch [20] for
porous medium equation (see Theorem 3.1 and Section 4.). In combination with
the rates of asymptotic convergence and regularity and compactness, we obtain
the final result.

Moreover, in one dimension we can tell a bit more (see Theorem 3.2’.) The
pressure eventually becomes concave in the whole set {v(-,¢) > 0}. In particular
v(+,t) has only one point of maximum, which we denote v(t). We show that
v(t) becomes C1* regular for large t as a consequence of the work of Bertsch
and Hilhorst [4] on the regularity of the interface in one-dimensional two-phase
porous medium equation.

OUTLINE OF THE PAPER:

- Section 2 contains definitions and preliminary results and in Section 3 we state
our main results.

- Section 4 contains the proof of C*° regularity near the interface for p > 2.
- Section 5 deals with convergence to the Barenblatt solution.
In the next three sections we work in one dimension.

- Section 6 contains the proof of eventual concavity for 1 < p < 2 and Section 7
for p > 2.

- The study of the curve of maxima is done in Section 8.

2 Definitions and preliminary results

The Cauchy problem (1.1)—(1.2) (or (CP) for short) does not possess classical
solutions for general data in the class ug € L*(RY), ug > 0 (or even in a smaller
class, like the set of smooth nonnegative and rapidly decaying initial data).
This is due to the fact that the equation is parabolic only where |Vu| > 0,
but degenerate where |Vu| = 0. Therefore, we need to introduce a concept of
generalized solution and make sure that the problem is well-posed in that class.



By a weak solution of the equation (1.1) we will mean a nonnegative mea-
surable function u(x,t), defined for (x,t) € @ such that: (i) viewed as a map

(2.1) t— (-, t) = ult).

we have u € C((0,00); LY(RY)); (ii) the functions u and |Vu[P~2Vu belong to
L'(ty,to; LY (RY)) for all 0 < t; < to; and (iii) the equation (1.1) is satisfied in
the weak sense

//{ugpt — |VulP~2Vu - Vp} dadt = 0

for every smooth test function ¢ > 0 with compact support in Q.

By a solution of (CP) we mean a weak solution of (1.1) such that the initial
data (1.2) are taken in the following sense:

(2.2) u(t) = uy in LY(RY) ast— 0.

In other words, u € C([0,00); L' (RY)) and u(0) = uo.

The existence and uniqueness of solutions of (CP) in @ for the general class
of initial data ug € L{,.(RY) with an optimal growth condition at infinity when
p>2

sup p7>‘/ up(x)dr < oo, A=N+ P
pP>po B,(0) p—2

is shown by DiBenedetto and Herrero [12, 13].

Next, we list some important properties of solutions.

Property 1 The solutions of (CP) satisfy the law of mass conservation

(2.3) /RN w(a, t) dz = /RN wo(w) da,

ie., Hu(t)”Ll(RN) = ||u0||L1(RN) for all ¢t > 0.

The proof is standard in this type of problems. The proof of the following
estimate can be found in [28].

Property 2 The solutions are bounded for ¢ > 7 > 0. More precisely,
(24) Ju, )] < Uni(0,8) = c.(p, N)MPH/NEE,

where M = ||ug||p1(r~) and k = (p— 2+ p/N)~ L.

Property 3 The weak solutions u(x,t) and their spatial gradients Vu(x,t) are
uniformly Hélder continuous for 0 < 7 <t < T < oc.

See e.g. [8, 11] for detailed regularity results. The next semi-convexity esti-
mate is due to Esteban-Vézquez [16].



Property 4 For p > 2N/(N + 1) there exist a constant C = C(p, N) such
that for any nonnegative solution u of the Cauchy problem (CP), the pressure
v satisfies the estimate

(2.5) Apv > —%.

in the sense of distributions.

Property 5 (Finite propagation property) If the initial function ug is com-
pactly supported, so are the functions u(-,t) for every ¢ > 0. Under these con-
ditions there exists a free boundary or interface which separates the regions
{(z,t) € Q : u(x,t) > 0} and {(z,t) € Q : u(x,t) = 0}. This interface is usually
an N-dimensional hypersurface in RV+1,

Property 6 (Scaling) One of the critical properties of the p-Laplacian equa-
tion is the scaling invariance. Any solution u(z,t) of (1.1) will produce a family
of solutions

(2.6) (f;) T u(Az, Bt)

for any A, B > 0. In particular, choosing A = 0~%*/N B =60~ for > 0, we
obtain the scaling

1 x t
which is the one that conserves the mass for the density wu.

Next, we point out that the source-type solutions Uy, (x, t) are weak solutions
of (1.1), but they are not solutions of problem (CP) as stated, since they do not
take L! initial data. Indeed, it is easy to check that Ups; converges to a Dirac
mass
(2.8) Unm(z,t) — M(x) as t— 0,

This is the reason for the name source-type solutions. They are invariant under
the scaling for the choice A = BF/N.

The asymptotic behavior of any solution of the Cauchy problem is described
in terms of the Barenblatt solution with the same mass.

Theorem 2.1 Let u(x,t) be the unique solution of problem (CP) with initial
data ug € L*(RN), let M = [wuo(x)dx. If Un is the Barenblatt solution with
the same mass as ug, then ast — oo we have

(2.9) Jim. t*llu(t) — Unr ()| oo (rn) = O.

The proof can be found in [16]. Let us finally recall that the functions U (z, t)
have the self-similar form

(2.10) Un(z,t) =t "F(at™/N; C),



where k = (p — 2+ p/N)~! and k/N = (N(p — 2) + p)~! are the similarity
exponents and

(2.11) F(s) = (C - qs71) 1"

is the profile, where C' = ¢ M®, with o = p(p — 2)k/N(p — 1), ¢ = ¢(p, N) and
q=(1—2/p)(k/N)"/®=1)_ For the pressure variable we can write

1 |z|
V t) = G
M(ra ) (Lt)kgif L ((Lt)k/N> )
with L = MP~2 and profile
Grls) =L (c—qs77);

for ¢, g depending only on p and N. The free boundary is given by the equation
x| = (c/q)(Lt)*/N.

Property 7 (Asymptotic error for the support) Using Aleaksandrov’s Re-
flection Principle, one can prove the following sharp estimates on the size of the
positivity set Q(t) = {v(-,t) > 0}, see e.g. [29]

By C Q) C Bry, R(t) <7v(t)+2Ro, R(t) ~ (c/q)(Lt)*'",

if the support of the initial data contained in the ball of radius Ry (with center
at 0).

3 Statement of the main results

We are going to impose the conditions on the initial pressure vy, which have
been used to get the long-time nondegenerate Lipschitz solutions in [9, 29] and
C1@ regularity of the interface in [19]. These conditions go back to the papers
of Caffarelli, Vdzquez and Wolanski [5] and Caffarelli and Wolanski [6] on the

porous medium equation.
Conditions:
1. The support of vg, Qy = m, is contained in a ball of radius R > 0,
2. Regularity: 0Qq is C! regular and vy € C1(Qy),
3. Non-degeneracy: 0 < 1/K < vy + |Vuvo| < K in Qy,
4

. Semi-concavity: O..vg > —Kj in a strip S C Qg near the boundary 99
for any direction e.

The uniform convergence result (2.9) can be restated as

—2
(3.1) lim #5571 [[u(t) — Vag (8)|| oo mvy = 0.

t—o00



Our goal in this paper is the improvement of the uniform convergence up to
C*-convergence. This will imply the convexity of the positivity set, Q(t) =
{v(+,t) > 0} (or the support, which is its closure) and the concavity of v(z, )
in Q(¢t) (away from the maximum of Vjs) at large times ¢ > 1.

Scaling (see Property 6 in the previous section) will play an important role
in what follows. As the first application, we use it to reduce the problem to the
case with the mass 1. Indeed, given a solution with mass M > 0 we can use the
scaling

o(z,t) = L v(Ax,t)

p—1

with A = M*/N)(2=2) o get another solution ¢ with mass 1. Therefore, we can
take M = L =1 in the sequel. We will write G instead of GGy for the Barenblatt
profile, and V instead of V; for the corresponding solution.

On a more fundamental level, given a solution v = v(x,t) with mass M we
will define the family
(3.2) ua(z,t) = /\kz%fv()\k/Nx, At), A >0,

which are again solutions of the same equation with same mass, now normalized
to 1. The long-time behavior can be captured through the uniform bound for
the scaled solutions. Formula (3.1) can be stated equivalently as

lox(z,t) = V(x,t)] — 0 as A — oo,
uniformly in |z] < K, 1 <t < 2. Therefore, we will concentrate on the conver-
—2
gence of vy toward V(z,t) = L= G(xt—k/N).

First, we will show estimates for all possible derivatives of vy (for large
A > 0); they hold at times uniformly for ¢ € [1,2] everywhere except in an
arbitrary small ball B, centered at the origin.

Theorem 3.1 For every k > 0 and € > 0 there exists a value of the scaling
parameter Ay . and a uniform constant Cy . > 0 such that

(3.3) ) < Che for all A > A e,

lox(@, D)l cr | @@ b.0)x1.2

where
Qvx) = {(z,t) vrlz,t) >0, 1 <t <2}

Let us translate these results into the asymptotic concavity statements. We
remark that we have the following identity for G(x)

0e(|VGP20.G) = —¢P~!

for every direction e and at all points x such that G(z) > 0. Then the C2-
convergence away from the origin implies

De(|VuaP720,v5) < 0 on {vy(-,t) >0} \ B:
for A large.



Theorem 3.2 There exists to > 0 such that Q(t) = {z : v(z,t) > 0} is a convex
subset of RY for t > tg and its curvature converges to the constant curvature
of the free boundary of the Barenblatt solution

(3.4) lim t*/N K (z,t) = C.

t—o0

uniformly in x € OQ(t). Moreover, for every e > 0 there exists to. such that
v(z,t) is concave in Q(t) \ Be/n fort > tg.. More precisely,

(3.5) tlim t0e(|VU[P~20v) = —¢P*
— 00
for every direction e uniformly for x € Q(t) \ B/~ for every e > 0.
In the one-dimensional case, we can also establish the concavity near the origin.

Theorem 3.2 In dimension N = 1, the convergence (3.5) is uniform for x €
Q(t). As a consequence, all level sets {z : v(z,t) > ¢}, ¢ > 0, are convex (if not
empty). The function u(-,t) has only one mazimum point v(t). Moreover, the
curve x = (t) is CY*-regular for t > ty.

In the next sections we perform the proofs of these results.

4 Regularity near the interface, p > 2

Let v be a solution of (1.4) for p > 2. Due to Esteban and Vazquez [16], we
know that

(4.1) Ay > —%, for C =C(p,N) >0
-1 C

(4.2) v > _ii.?v

and also -

(4.3) v, |VolP =0 (t—kﬁ—l) :

which after the scaling (3.2) take the form
p—1
(44) AI)U)\ 2 _Oa V¢ 2 _m C/Uk7 U)\,ta |vv|p S C

with C independent of .

4.1 Nondegeneracy of Vv, near the free boundary.

From the exact estimates on the growth of the domain Q(t) = {x : v(x,t) > 0},
see Property 7 in Section 2, after rescaling we can assume that

(4.5) B,, C Q\(t) ={z :vx(z,t) >0} C B,,, forte]l,2]



for some pg, p1 > 0, independent of A\. We claim that there is do > 0 and ¢y > 0
independent of A such that

(4.6) |[Vua| > ¢o  in dp-neighborhood of 9, (¢) , ¢ € [1,2].
or, equivalently,

(4.7) ux + [Vua| > K (K, Ko) >0 in {vy > 0} for ¢t € [1,2].
The proof of this statement is based on the inequality

A—p
p—1

(4.8) v(z,t) +x - Vo(z,t) + (At + B)vg(z,t) >0

in R x (0, 00), which can be found in [9, 29]. Here A, B > 0 depend only on K
and K. Using straightforward computations, one can show that after rescaling
(3.2) the inequality (4.8) will take the form

A—p
v
p—1

(4.9) Az, t) + @ - Voa(z, t) + (At + B/A) va(x, t) > 0.

Now, using ideas analogous to those in the proof of Lemma 3.3 in [5], and carried
out in detail for p-Laplacian equation by Ko [19], Section 3, one can prove the
estimate (4.7). An important observation is that even though B/A — 0 as
A — 00, the estimates in [19] depend only on A and At + B/A, and when
t € [1,2] and A > 1, we have

A< At+ B/XN<2A+ B,

which implies the uniformity of these estimates.

4.2 ('“-regularity of the pressure

From now on, when there is no ambiguity, we will omit the index A and will
write v for the rescaled pressure vy.

From the result of Y. Ko [19], we know that the interface 9Q(t) will be C1:*
regular for ¢ € [1,2]. However, we need also C1'® regularity of the pressure v in
order to prove C* regularity of the interface. We apply the method originally
due to Koch [20], which was used to prove C'* regularity of the interface in the
porous medium equation.

We know that the positivity set Q(t) of v(-,t) contains a ball B, fort € [1,2].
Moreover, we may assume €2(0) is contained in B, /, for large A. Then, a simple
reflection argument used in [1], Proposition 2.1, implies that there is a uniform
cone of directions C = {a € SV~ : angle (o, z/|z|) < /2 — 1o} such that the
function v(z,t) decreases in any direction from C for z with |z| > py/2. Here
1o > 0 is a uniform constant, which can be made as small as we wish if we
take A sufficiently large. This, together with the uniform nondegeneracy of the

10



gradient of v(-, t) near 9Q(t), implies that there exist uniform positive constants
0o and cg such that
Oev(z,t) < —cg

for x € Bs,(z0), where zg € 9Q(t) and e = z¢/|zo].

Let us now fix (zg,t9) € 9{v > 0} with ¢y € (1,2). Denote e = x¢/|xo|
and without loss of generality assume that Vu(xg,to) is directed along ey =
(0,0,...,1). Since e is the axis of the cone of monotonicity C with opening
/2 —ng, we have that angle(e, —en) < 19 and therefore, if A is sufficiently large
and 7 is small, we will have

Oenv(z,t) > o

in Bs,(xo) (with possibly different cg, dp than before.) Consider now the map-
ping (z,t) — (y,t) = (z/,v(z,t),t) defined in a small neighborhood

Vo = Bs, (o) X (to — do,to + o) N {v > 0}

into a subset Wy of {(y,t) : yny > 0} which is open in the relative topology of
the half-space and contains the point (0,%p). The Jacobian of this mapping is
Oen¥ > ¢o > 0 and hence by the implicit function theorem there exist an inverse
mapping (y,t) — (z,t) = (v, w(y,t),t), where the functions w and v are related
through the identity

(4.10) zn = w(z',v(z,t),t).

Differentiating (4.10), we find

1 .
(411) woy = ——, vy, =W =192 N—1, v =—

Wy N Wy N Wy N

and using the differentiation rules

1 Wy,
(4.12) Opy = —— Oyy, Op, = 0y, — —~

i

'LUyN wyN

0

YN

one can deduce an equation for w from the equation (1.4) for v:

-1 1 1 )
_ W P UN <ap—2 ) _ <ap—2 wy> +
wyN b= 2 wyN wyN YN wyN Yi

4.13 4y (g2 Ly +aP
(4.13) ;
wyN wyN Yi
where
NGES\TE:
(4.14) 0= a(Vyw) = [V = YVl

YN

After the simplification, the equation above can be rewritten in the form

4o p2 1+ |Vy/w|2)
N a )
YN

(4.15)  wy=cpyn (ap72wy7:)y7: — YN’ (y
Wy

11



where i )
p—

(416) Cp:m and U:—Zi > —1.
To the equations of type (4.15) one can apply the regularity theory of Koch
[20]. What follows is mainly a modification of the proof of Theorem 5.6.1 in
[20]. We show first that the derivatives w,, are C* for i = 1,...,N — 1 and
then we prove C'*-regularity of wy, .

Let g be a difference quotient of w in a direction tangential to the boundary.
Then it satisfies

(4.17) 90 = yn (A7 gy, )y + 95" (un" AN gy,)

where A" is uniformly elliptic. Then by [20], Theorem 4.5.5, g are uniformly
C*®, hence so are the derivatives wy,, i =1,...,N — 1.

Next, the derivative g = w,, satisfies an equation

(4.18) g1 = yN(Bij Gy )y + y]?rlig (yJQV+UBNj9yj) v T Cp(ap72wyi)yr

Y

Applying now [20], Theorem 4.5.6, we find constants C, ¢ > 0 such that on any
cube Qp, = @Q},(0) x [0, 2h] x [t° — h, t° + h] with closure contained in Wy we have

N-1
(4.19) llgllca@n) < C+e Y laP > wy,llce (@)
i=1
where
TV, uf
(4.20) a=a(Vyw)= M

wyN
We can rewrite

ap72wyi = fi(Vy/w)wigp

‘ p=2
where f{(V,w) = (1+|Vyw|?) T w,, will be C* and moreover

(4.21) fi(vy,w)y(wo) =0, i=1,...,N—1

Next, we can estimate

1P~ wy, 0w (@) = 11 (Vyrw)wy llow (@)

(4.22) < Cillwyy lleo @l 11z (@ + Callfllca@u)-

If we now take h sufficiently small, so that

1l Lo (@n) < €0

(which is possible by (4.21)) we will obtain

(4.23) lla?~* wy, [lce(@n) < Creollwyy llcaqn) + Cs.

12



Substituting this estimate into (4.19), we obtain

(4.24) [wy, [lca(@n) < Ca 4 Cseollwy,

C>(Qn)
and taking h small enough so that Cseo < 1/2 we find

(4.25) lwyxllow@n) < Ce-

which proves that w, and consequently v, is C1.

4.3 (*°-regularity of the pressure

To prove the C*°-regularity of v we should basically iterate the argument for the
CYe_regularity. That is, we should take successive derivatives of the equation
(4.15) first in the directions e;, ¢ = 1,2,..., N — 1 and then in ey. The new
terms, that will appear in the equation, will be of the form f+3" 8;(yn f?) with
f and f7 already known to be C®. For more details we refer to Koch’s paper
[20], proof of Theorem 5.6.1. The result that can be proved is as follows.

Proposition 4.1 There exist a uniform neighborhood U of (0,t) in RNV ~! x
[0,00) x R such that wy € C*(U) and [[wx|c: () < Cp for £ >0 and A > Ao.

We also find that our C1®-estimate is enough to use the Schauder-type estimates
in Daskalopoulos—Hamilton [10] for higher regularity. In [10], they assumed
weighted C’?’a regularity of the initial data to get a degenerate equation with
Holder coefficient in a fixed domain after a global change of coordinates. On
the other hand those assumptions are not necessary in our case, since we just
make a local argument. In other words, C'1'®-regularity of v gives us the same
type of degenerate equation (4.17) with Holder coefficient.

5 Convergence to the Barenblatt solution

In this section we prove Theorems 3.1 and 3.2.

After the inverse change of variables, the C°° estimate in Proposition 4.1
implies that the uniform convergence of vy(z,t) as A — oo to the self-similar

Via,t) = t = GatFN), t € [1,2], is in fact a convergence in C* norm for
every £ > 0 near the interface 0{G(xt~*/N) > 0}. The latter is understood in
the sense that for large A there exists a C* function hy(z,t) such that

(5.1) on(z,t) =t Fi= G (xt*k/N + h,\(x,t)a:/|a:|>

in the d-neighborhood of interface N5 = {(x,t) : dist(z, 00 (¢)) < J, t € [1,2]},
where Q,(¢t) = {va(-,t) > 0}, and

(5.2) ||h,\(x,t)\|cﬁ’t(j\/5) —0 as A — 0o
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for every £ > 0. As a consequence of this convergence (in fact £ = 2 is enough)
and the identity

(5.3) 9 (IVGIP20.G) = —¢*™",  q=4q(N,p)>0

we will have that
(5.4) Oe (|V’U>\|p72861))) <0

in N for large A\. Moreover, we claim that the inequality (5.4) is true in Q,(¢) \
B, for any small ball B, centered at the origin, if we take A sufficiently large.
Indeed, if dist (z,0Qx(t)) > §, we will have vy(x,t) > n > 0 and the uniform
C1@ regularity of the density wuy(-,t) (see [11]) will imply the uniform C
regularity of vy(-,t) in {vx(,t) > n}. In particular, vy(-,t) will converge to
V(-,t) in CY# norm. Observe now that for the Barenblatt solution we have
|[VV (x,t)] > 0 for || > 0, hence the equation (1.4) for vy is uniformly parabolic
on {(z,t) : valz,t) > n,1 <t < 2} \ B x [1,2] for sufficiently large A and
therefore

(5.5) (1) = VBl lerqunsnizy — 0 85 A — 0o

for every £ > 0, see e.g. [21]. As a consequence, we obtain that (5.4) holds in
Q(t) \ Be for sufficiently large .

Proof of Theorem 8.1. The proof follows from (5.1)—(5.2) and (5.5). O

Proof of Theorem 3.2. The proof follows from (5.1)—(5.2), (5.3), (5.4) in Q(¢)\ B,
and the Lemma 5.1 below by rescaling vy back to v. O

Lemma 5.1 Let w(z) be a C? function in an open set U of R™ such that
Ze = 0.(|Vw[P~20,w) < 0
for any spatial direction e. Then w(x) is locally concave in U.
Proof. For a spatial unit vector e define
Ze = |Vw|P 2 wee + (p — 2)|Vu|P~*(Vw - Vw,)we.

Let now 2y € U and choose the spatial coordinate system so that the matrix
D?w(wg) is diagonal and let e be directed along one of the coordinate axes.
Then, at x¢ we have

Ze = |VwlP2wee + (p — 2)|Vw|P 0w,
= (Vo™ + (p - 2)| Vo'~ w?)wee.
Now, since |Vw|P~2 + (p — 2)|Vw[P~*w?2 > (p — 1)|Vw|P~*w? is always nonneg-

ative, Z, < 0 implies we. < 0. This proves that the eigenvalues of D?*w(x() are
nonpositive and the lemma follows. O
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6 Convexity in fast diffusion, 1 <p <2, N =1

In this section we work in dimension one and for p € (1,2). The equation is
called in this exponent range the fast diffusion p-Laplacian evolution equation
in analogy with the porous medium equation with m € (0,1). In contrast to
the case p > 2 the equation does not have the finite propagation property and
the density becomes positive everywhere for ¢ > 0.

In this case there is a problem with the definition (1.3) of the pressure v,
since it becomes negative. We prefer therefore redefine it as

p—1 _2-p
V= —"U -t
2—p

Now it is positive and in dimension N = 1 satisfies

(6.1) v = cpv (Jv2|P20,) 0 — |va]?, cp=——=

p—1
Next, we know that v is C™® and that it is close to the Barenblatt profile after
we pass to the rescaled solutions vy. The convergence is uniform away from
xr = 0 so we assume that v is close in C? (hence, convex) in any compact set
except a small neighborhood of 0.

To prove the convexity of v in a small neighborhood of the origin, it is
enough to prove that Z = (Jv,|P~2v,), > 0, as one can see from an obvious
generalization of Lemma 5.1. As a starting point we mention the following
estimate by Esteban and Vazquez [16]

(6.2) —Slez< 22

for some positive constants K; and K5 depending only on p.

We introduce an auxiliary function U = |v,[P~2v, so that we have Z = U,.
We are going to derive equations for U and Z, but the problem is that these
quantities are not generally smooth, so we have to use a regularization. It can
be done as in [16], or as we do below.

For a given € > 0 consider the solutions v¢ of the approximating equation

(6.3) v = 0 (5 (02))a — 9F (V)
where

(6.4) Fols) = (P4+e)7s

(6.5) ) = (47 (P+2-1/(p-1)e).

Since the equation (6.3) is locally uniformly parabolic, the solutions v¢ are C'*
and taking e small enough we can assume that v¢ are sufficiently close to the
pressure v in C'® norm on compact subsets of Q. Next, we introduce

(6.6) U= f(5), 2 =UL
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Differentiating (6.3) with respect to x and multiplying by (f¢)’(v®) we find the
equation for U¢

Ug = v (f9) (v3) Ugy + [epuz(£9) (v5) — (9°)'(v3)] Uy
(6.7) = a(z,t) U, +b°(x,t) US
(6.8) *(z,t) = cuei+e)T (p— 1)l +e)
(6.9) b(z,t) = —2(p—1)v,(v2+¢)°7.

Differentiating now (6.7), we obtain the equation for Z°:
(6.10) ZE=af Z5, +b° 75 — 2(p — 1)(Z°)?,

where a° as above, b° = 2¢,v,(f) (V) + Ve (f5)" (v2) — (9°) (v2). In com-
putation we used the identity

cp(£9)"(s) = (9°)"(s) = Cp(f)'(5), Cp=2—2p—cp.

Consider now Z¢ in a rectangle R = (—r,r) x (1,2) and assume that v = v
is the rescaled pressure. From the C*° convergence of vy to the Barenblatt
solution on every compact K separated from 0, we have that Z) > 26y > 0 on
{—=r,7} x [1,2] for large A\. But then, taking ¢ < ¢(\), we can make Z5 > dy on
{—=r,r} x [1,2]. For simplicity we will omit the indexes € and X in what follows,
if there is no ambiguity. Also, if it is not stated otherwise, the constants that
appear below are uniform in ¢ and A.

Lemma 6.1 Suppose that Z > dy > 0 on the parabolic boundary of a rectangle
R = (=r,r) X (t1,t2), i.e. on [—r,r] x {t1} U{=r,r} X [t1,t2]. Then Z¢ > 61 in
R, where 61 > 0 depends only on g, t1 and ts.

Proof. The proof is rather standard and uses the comparison with the stationary
solutions of (6.10), i.e. functions ((t) satisfying

¢ =—=2(p—1)C
The solutions of this ODE have the form

(6.11) ct) = —< !

:7’ C = ————
t+ to 2(p— 1)

and we can choose ¢ very large, so that ((t) < do/2 on [t1,t2]. Then we claim
Z(x,t) > ¢(t) in R. Indeed, assuming the contrary, let t* be the minimal
t € [t1,t2] such that Z(z,t) = ((t) for some x € [—r,r]. It is clear that t* > t;
since Z(x,t1) > 69 > ((t1). Next, let z* € [—r, r] be such that Z(z*,t*) = ((¢*).
Then x* is an interior point, since for Z(x,t) > §y > ((t) on the lateral boundary
{=r,r} X [t1,t2]. It is easily follows now that

Z;C(J)*,t*) > 07 Z:C(m*7t*) = 07 Zt(x*at*) < C/(t*)
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Here, we actually need to modify ((¢) a little bit if we wish to arrive at a

contradiction. Let everywhere above ((¢) be given by (6.11) but with ¢ < ﬁ,

so that we have
¢t = (1) < ~20p —~ 1)),
But then the contradiction is immediate:
—2(p = 1)) > {'(t*) = Zu(a*, ") > —=2(p — 1) 2% (2", 1),

where in the last inequality we have used the equation (6.10) for Z. Hence
Z(x,t) > ((t) in R and the lemma follows. O

We are thus left with the proof of the strict p-convexity (i.e. the positivity of
Z) at some time. We make a second-order estimate for U, namely an estimate

for
I://ngxdt://Ugmdxdt.

We multiply the equation (6.7) by U,, and integrate by parts in a rectangle
R = (—r,r) x (1,2) with r > 0 small to get

(6.12) //asz drdt = // Up Upa dxdtf//bUmUm drdt = I + Is.

Since b is small, b = O(r), we have
1/2

1/2
(6.13) || <Cr (//Uﬁdxdt) (/ ngdxdt> <Ccriv/z

since U, = Z is bounded. We estimate the other term as follows

[12—//Uwatdxdt+/Utdet=
s
1 1
(6.14) i/Uw(x,l)daﬁ—§/U$(m,2) dx—|—/Ut U, dt.
s

Now, the first terms are bounded uniformly as O(r) and the last term is very
small when A\ > 1 because of the uniform convergence away from = = 0 of the
rescaled solutions. Summing up, we get

(6.15) Cr~ P/ (=1 // U2, dedt < //aU;;. dzdt < C + CrI/?,

which means that I is bounded and small. But as an iterated integral it means
that for some ¢t = ¢; € (1,2) the integral [ Z2dx is small. At that ¢ we obtain

x

1/2
(6.16) |Z—K1/t|§e+/ |Zy| da < & + 11/? (/Zﬁ@) < 2,

-Tr
hence Z > ¢y > 0. Observe that we may assume t; € (1, %) But then, by
Lemma 6.1 we will have that Z > ¢y > 0 on [—r,7] x [2,2]. In particular, we
obtain that v§ (-, 3) is convex in R for A very large and 0 < & < (), and
therefore vy, is convex everywhere in R. But then, taking A = %t this precisely

means v(-,t) is convex in R for large ¢.
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7 Concavity near the origin for p > 2, N =1

We now perform the concavity analysis in the dimension N = 1 for the slow
diffusion case, p > 2, and prove the first part of Theorem 3.2" that the rescaled
solutions vy are concave near the origin for A > 1.

As before, concavity of v will follow if we prove that the quantity Z =
(|vz|P~2v,), is nonpositive. In this case we only have a bound from below for
Z by Esteban and Vazquez [16].

The proof is similar to the convexity proof in the case of the fast diffusion
from the previous section. We consider an auxiliary variable U = |v,|P~2v,, so
that U, = Z. All computations below are formal, but can be justified precisely
as we did for the fast diffusion by considering regularizations v¢, U¢, and Z°.

From the pressure equation

-2
(7.1) Vg =CpU (\vz|p_2vx)m + v [P, cp = p=2
p—1
we obtain that U satisfies
U = (p—2)v|vg[P"2Use + (2p — 2) |0, [P 20, U,

(7.2) = a(x,t) Upy + b(2, ) U,.

Lemma 7.1 There is a second-order estimate for U of the form
(7.3) I://angxdt://aUrzxdxdtgC.

Proof. We multiply by U,, and integrate by parts in the rectangle R = (—r,r) X
(1,2) with small r > 0 to get

(7.4) //ang dxdt = // Uy Uy dxdtf//mbUm daxdt = I + .

First, we estimate I

2
(7.5) |I5] < 2//b—U§ dxdt+%//aU§m dxdt.
a

The quantity b%/a above equals C(p)|v.|P, hence b%/a = O(rp%l). Also, we
know that U, is L? integrable, see [11], Chap. VIII, Proposition 3.1, which
implies that

P 1
(7.6) || < CriT + 51

Next, to estimate, I; we integrate by parts.

S

1 1
(7.7) 5/@@Um—§/m@mm+/m@ﬁ
S
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Again, since U, is spatially L? integrable (see the reference above), the first two
integrals are bounded. The last integral will be bounded since U.U, converges
uniformly to the corresponding quantity for the Barenblatt solution on S. Hence
we obtain that

(7.8) L <C

with C independent of 7. Combining the estimates above, we obtain that

(7.9) / / a Z? dxdt < C.

Lemma is proved. O

Proof of Theorem 3.2. We should start with a remark that as everywhere else
in this section we must work with approximations of U and Z (as well as of a
and b) as in the previous section, but for simplicity of the presentation we do
formal computations with U and Z. From Theorem 3.2 it follows that for a
given r > 0 and € > 0 and large A we have

|Z(z,t)+ K/t <e for x € suppw(-,t) \ (-r,7), t €[1,2],

where K = K(p) > 0. From Lemma 7.1 above it follows that the integral
[ aZ?dz is bounded for some ¢ = t; € (1,2). At that particular ¢ we have

|Z(x,t)+ K/t| < 6+/ | Z| dx

-T

T q 1/2 1/2
(7.10) <e+ </ dm) (/aZz dx)
@

and the negativity of Z will follow once we show that

xr 1 xr
(7.11) / fd:c:/ |2 Pde —0  asr — 0.
-Tr a T
An indication that this might work is the fact that a = |v,|> P ~ |z|~®=2 (-1
which also suggests that the above quantity should actually be O(rl/ (1’*1)).
However, we need to make this precise. We start from a small distance x =
—r where the difference is less than e (sufficiently small) and we integrate in
the interval [—r,2’] where 2’ € (—r,r), for instance, is the first point at Z =
—K/(2t). Then U, = Z will be bounded away from zero and this implies that
even if U vanishes at a point z¢ € [—7,2’] (in the worst case) we will still have

|U(z,t)] > Clz —z0| inl=][-r2a].

Since a = (p — 2)v|U|P=2/P=1) < ¢(p)|z — 2o|P=2/P=D the above formula
(7.11) holds at # = 2’ and leads to contradiction in the preceding estimate for
Z. Indeed, we will have

K/(2t) = |Z(',t) + K/t| < e + Crt/ 71
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with C' depending only on p, which is impossible if r and ¢ are sufficiently small.
Therefore, Z never reaches the level —K/2t, and in fact stays near —K/t, for
this particular ¢t = t; € (1,2). Observe, however, that we may assume ¢; € (1, %)
and then apply an analogue of Lemma 6.1, which says that if Z < —§y < on a
parabolic boundary of (—r,7) x (t1,t2) then if fact Z < —é; < 0 everywhere in
[—r,7] X [t1,t2]. In our case we obtain Z < —cg < 0 in [—r,7] x [2,2] and in
particular that vy (-, %) is strictly concave in its positivity set. But then, taking
A = 2t, we find that v(-, ) is strictly concave in Q(t) = {v(-, ) > 0}.

The second part of Theorem 3.2" on the regularity of the curve of maxima
is the content of the next section, where we conclude the proof of the theorem.

8 Regularity of the curve of maxima

As we have seen in the previous section, when the space dimension is one, after
some moment the pressure v(+, t) will become strictly concave in its positivity set
Q(t). As a consequence, the function v(-,t) will have only one maximum point.
We will denote this point by v(¢). Below we show that the result of M. Bertsch
and D. Hilhorst [4] on the regularity of the interface in one-dimensional two-
phase porous medium equation implies that the curve z = v(¢) is C1'* regular.
The connection with the porous medium equation is as follows. It is clear that
~(t) is also the only maximum point of u(-,t). Moreover, v(¢) is the only point,
where the derivative u, crosses the value 0. In other words, the curve z = ()
separates the regions {u, < 0} from {u, > 0}. Finally, the function

(8.1) w(z,t) = ug(x,t)
satisfies
(8.2) wy = (|w|P W) 4e,

which is precisely the two-phase the porous medium equation with the parameter
m=p-—1.

Before we proceed, we remark that the C'* regularity of the curve of max-
ima was proved earlier by Sakaguchi [25]. However, the eventual concavity of
the pressure was unknown at that time, and that did not allow to prove C'®
regularity. A related result for the fast diffusion can be found in [26].

Proposition 8.1 Let w be a solution of (8.2) on (=L, L) X (tg,00) with the as-
sumptions that w(-, t) is nonincreasing on (—L, L) and w(—L,t) = a, w(L,t) =
—b fort > to for some positive constants a and b. Then the null-set N'(t) = {x :
w(z,t) = 0} can be described as follows. There exist Lipschitz functions y_(t)
and v4(t) such that

N(t) = [v-(0),7+(B)],  fort = to.

and there is t* > ty such that
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(i) v=(t) = v4(t) = (1) for t = t*;
(ii) (|w|P~2w)y =0 on N(t) for t € [to,t*] and (Jw|P~2w), < 0 fort > t*.

Moreover, v € CH%((t*,0)) for some a € (0,1).

Proof. This is a particular case of [4], Theorem 1.3 (see also Lemma 4.1.) O

Proof of Theorem 3.2 (continuation.) In order to use Proposition 8.1 for w = u,
we must prove that w(-, tg) is nonincreasing on (—L, L) for small L and large ¢.
We actually consider the rescaled solutions uy(x,t) for on R = (—r,r) x (1,2)
and respectively defined wy = (uy),. Then (omitting A)

(ol "2w)s = G (V5207 20,) = Cu™ (cplual? + v(lva P~ 20,).)
and therefore for small r and large A we have
(JwalP"2wp)e <0 on R = (—r,7) x (1,2).

Indeed, this simply follows from the fact that for large A we have (|v[P~2v,), <
—C(p) < 0 and for small r > 0 v, is small and v is like a positive constant. As
a consequence, we obtain also that wy (-, 1) is nonincreasing on (—r, 7). Also for
t € [1,2] wa(—r,t) > 0 and wy(r,t) < 0. Even though wy(—r,t) and wx(r,t)
are not constants, (but separated) from 0, the conclusion of Proposition 8.1
above holds, since this condition is not essential for the proof. Moreover, we
can take t* = 1, since we proved that (Jwy[P~2w)), < 0 in R. Scaling wy back
to w we obtain that the curve z = ~(t) is C1® regular, where 7(t) is the only
maximum point of the pressure v at time ¢, for ¢ > t¢. This finishes the proof
of Theorem 3.2’ a
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