GEOMETRIC AND ENERGETIC CRITERIA FOR THE FREE
BOUNDARY REGULARITY IN AN OBSTACLE-TYPE PROBLEM

ARSHAK PETROSYAN AND HENRIK SHAHGHOLIAN

ABSTRACT. We consider an obstacle-type problem

Au= f(z)xq in D,

u=|Vul=0 on D\Q,
where D is a given open set in R™ and 2 is an unknown open subset of
D. The problem originates in potential theory, in connection with harmonic
continuation of potentials. The qualitative difference between this problem
and the classical obstacle problem is that the solutions here are allowed to
change sign. Using geometric and energetic criteria in delicate combination
we show the C11 regularity of the solutions, and the regularity of the free
boundary, below the Lipschitz threshold for the right hand side.

1. INTRODUCTION AND THE MAIN RESULTS

The statement of the problem. In recent past, starting with the seminal work
of Caffarelli [Caf98] and Caffarelli, Karp, and Shahgholian [CKS00], there has been
a renewed interest in the study of the well-known obstacle problem, as well as
some variations of it. The use of the monotonicity formula of Alt, Caffarelli, and
Friedman [ACF84] has been a key ingredient in answering many questions within
the free boundary regularity, that was not possible earlier. However, the drawback
of using such a strong tool is its limitation in applying it to more general settings.

Our objective in this paper is to find new ways to circumvent such difficulties,
as well as to strengthen earlier results, in this direction, to its sharpest possible
form. We use Weiss’s monotonicity formula [Wei99] in delicate combination with
well-known geometric criteria in such problems. This will be explained in details
in the text.

The setting we consider here is the obstacle-type problem

(1) Au= f(z)xe in D,
(2) u=|Vul|=0 on D\Q,

where D is a given open set in R™, € is an apriori unknown open subset of D, and
u is a locally bounded distributional solution.
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For the function f(z) we assume
(3) 0<a< f(z)<b<oo, z€D
for some positive constants a and b and
(4) feco(p)

with a modulus of continuity w, satisfying a certain Dini-type integrability condi-
tion, to be specified later. Then we are interested in the optimal regularity of the
solution w and the regularity of the free boundary 02 N D. Note that we do not
make any assumptions on the sign of u.

We next give some examples where the problem occurs.

Example 1 (Classical obstacle problem). Given a strictly superharmonic function
¢ € Cllo’c1 (D) and a function g > ¢ on 9D, consider the problem

/|Vv|2dx—>min, for 11|(,)D:g7 v>¢ in D.
D

We may think of the graph of v as a membrane and the graph of ¢ as an obstacle.
Clearly, the minimizer v is harmonic in the absence of the obstacle. In general, the
membrane can touch the obstacle and one will have

Av=A¢xr in D,

where A := {v = ¢} is the coincidence set. Then the difference u := v — ¢ satisfies
the conditions (1)—(2) with f := —A¢ and Q := {u > 0}. We call this problem
the classical obstacle problem. We refer to [Caf98] for more details. Note that we
have an additional property u > 0, which comes from the fact that the membrane
stays above the obstacle. So, the problem (1)—(2) can be interpreted as the “no-
sign” version of the problem above, where the membrane is allowed to “cross” the
obstacle.

Example 2 (Harmonic continuation of Newtonian potentials). Suppose now we
are given a bounded domain €2 and a function a < f(z) < b on Q. Then consider
the Newtonian potential generated by the distribution of mass fxq

U:= (I)n * fXQ7
where ®,, is the fundamental solution of the Laplacian in R™. Then U satisfies
AU = —fxq ae.in R™

In particular, U is harmonic outside Q. Suppose now for some g € 9 there exists
a harmonic continuation of U through 02 near xg, i.e. a function v such that

Av=0 in B,(xo), v’Br(zo)\ﬁ =U

for some r > 0. Then, the difference u := v — U satisfies (1)—(2). Clearly, if 09
and f are real analytic, such v exists by the Cauchy-Kovalevskaya theorem. So,
in a sense, the problem (1)—(2) is an inverse problem for the Cauchy-Kovalevskaya
theorem. Note that in this case we have no information on the sign of u.

The problem (1)—(2) arises also in inverse source problems [Isa90], in the theory
of quadrature domains [Sha92], in Hele-Shaw flow problems [Mar95], in certain
models in superconductivity [CSS04] and several other related problems.
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Regularity of solutions and scaling. Let u € L (D) be a distributional solu-

tion of (1). Then Au € L*°(D) and we will have
u € W2P(D), forevery 1<p< oo,
by the Calderén-Zygmund estimates. This also implies that
we CL¥(D), forevery 0<a<l1,

loc

by the Sobolev embedding W;? ¢ Cib% with v = 1 — 2 for p > n. However, it is

C
well known that one cannot generally claim that u € Wf)coo = Cllo’cl, based solely
on the local boundedness of v and Au. Instead, one can show (e.g. by using the
methods in Chapter V of Stein’s book [Ste70]) that every directional derivative

v = Oeu is locally of the so-called Zygmund class, which yields the estimate
1

(5) [Vu(z) = Vu(y)| < Ckle —y|log r—t
for any z,y € K CC D with |z — y| < 1/2. The presence of the logarithm in
this estimate is the source of major complications in this and several other free
boundary problems (see e.g. [CGKO00], [Bla04], [MWO05]), since it does not play well
with the natural quadratic scaling of the problem, described next.

Suppose that u is a solution of (1)—(2) and 0 € 9Q. For A > 0 consider the
functions

(6) ux(z) = u()\);m)’ for x € Dy := %D,
which we call rescalings of u. Then u) satisfies
(7) AUA = f)\(l')XQA, uy = |VU)\| =0 on D)\ \ Q)\,
where
1
(8) @)= f(Az), Q=<0

A
Note that if f(z) has a modulus of continuity w(r), then f) has a modulus of
continuity wy(r) := w(Ar) < w(r), if 0 < A < 1. Consider then the family uy of
rescalings with small A > 0. If we had uniform estimates on wuy, we could extract
a converging subsequence uy, — up as A, — 0, where uy will be a solution of
the problem in the entire space R™ (see Section 3 for more details). The problem,
however, is that the Zygmund class estimate tells us only that

1
u(z)] < Cola|*log —,
||
for = near the origin and this estimate does not survive the scaling as A \, 0. In

contrast, if we knew that u € C’llo’i , we would have the quadratic growth estimate

lu(x)| < Colaf?

for |2| < 4 and consequently

ua(2)] < Colz?
for |z| < §/\ and we could perform the above described blowup procedure. Note
that C! is the highest regularity that one can expect from the solutions u of (1),
as Au is discontinuous. The quadratic growth is very well known for the solutions
of the classical obstacle problem, see [Caf98], and one only needs f to be bounded
measurable. However, when one drops the sign assumption u > 0, the situation
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changes drastically: the quadratic growth is known only for Lipschitz continuous
f(z) (see Theorem 3 and Remark 3 below).

To put the results in this paper into a proper perspective, we start with a brief dis-
cussion of some known results, mainly in the case f = const. There are essentially
two approaches to the free boundary regularity: geometric, due to L. A. Caffarelli,
and energetic, due to G. S. Weiss. But first, let us define the class of local solutions
that we will work with.

Definition 1 (Local solutions). Given positive numbers R and M and a modulus
of continuity w(r), 0 < r < R, we define Pg(M) as the class of distributional
solutions u of (1)—(2) in D = Bpg such that

|u(z)| < M, =z € Bg,
|f(z) = f(y)| <w(lz—yl), =,y € Bg,
f0)=1,
0 € 0Q.
Besides, we always require (3). Without loss of generality we assume
N=Q,:=D\A,, where A,:={u=|Vu| =0}
We also use f, to indicate the function f that corresponds to the solution w.

Remark 1. When w = 0 we obtain the class of solutions Pj(M) with f = 1. Note
that the general case f = const =: fo > 0 is easily reduced to the normalized case
f =1 simply by dividing u by fy.

Geometric approach. This approach to the free boundary regularity was pio-
neered by Luis A. Caffarelli in his celebrated papers [Caf77], [Caf80].

Definition 2 (Thickness function). For a solution u € Py (M) we let

5(r ) = min diam (A, N B,) ,
r
where A, = Bg \ ©Q and mindiam(E) is the minimal diameter of the set E, which
is the infimum of the distances between two parallel planes that contain the set E

in the strip between them.

Theorem 1 (Geometric criterion). Let u € PY(M). Then there exists a modulus
of continuity o(r), depending only on M and the dimension n, such that if
d(ro,u) > o(rg) for some 0<ry<1
then
00N Be, is an analytic hypersurface
for some small ¢y = ¢(M,r9,n) > 0.

Proof. This is Theorem IIT in Caffarelli, Karp, and Shahgholian [CKS00]. It gen-
eralizes Caffarelli’s result for the classical obstacle problem, see [Caf98]. O

Remark 2. Another way of understanding Theorem 1 is that we have the following
Caffarelli’s alternative, which provides the classification of free boundary points:
every x € 0 is either
(i) a cusp-like point with a universal estimate §(r,u) < o(r), or
(ii) a regular point, i.e. the free boundary is regular in a neighborhood of that
point.
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Energetic approach. This is a relatively new approach, introduced by Georg S.
Weiss in [Wei99].

Definition 3 (Weiss’s functional). For a local solution u € Pg (M) consider the
following energy functional

(9) W(rsu, f) := r"1+2 /B (|Vul® + 2f(z)u) dz — T"2+3 /a u?dH"

r

r

Quite often, when there is no ambiguity, we will abbreviate W (r;u, f) to W(r;u).

The functional W has the following remarkable properties:
(1) W(r;u) is monotone nondecreasing in r for 0 < r < R if f =1, see [Wei99],
and “almost” monotone under certain assumptions on f (see Theorem M
in Section 2);
(2) Ifue Cllo’g, then W (0+;u) exists and is finite;

3) fue C’ll’1 there are only two possible values for W (0+; u), namely

oc’?

A,, and then we call the origin “regular”,

W(0+;u) = {

2A,,, and then we call the origin “singular”,

for some constant A,, > 0, depending only on the dimension n.

So, the functional W, similarly to Caffarelli’s alternative, provides a classification
of free boundary points. And “regular” in that classification means regular in the
usual sense. The quantitative version of the latter statement is as follows.

Theorem 2 (Energetic criterion). Let u € P)(M). Then there exists a modulus of
continuity o(r), depending only on M and the dimension n, such that if
W (ro;u) < 24, —o(rg) for some 0<ryg<1
then
00N Be, is an analytic hypersurface
for some small ¢y = ¢(M,r9,n) > 0.

Proof. This is essentially Theorem 5 in [Wei99]. The main difference is that Weiss
does not specify the critical constant, mainly to avoid the classification of homo-
geneous global solutions (see Lemma 3 in Section 3), which is very specific to this
problem and is hard to generalize to a larger class of problems. An alternative proof
of this stronger version of Weiss’s theorem can be obtained directly from Theorem 1
by utilizing Proposition 1 below. (I

The following result is a direct link between Theorems 1 and 2: the geometric
and energetic conditions in these theorems are equivalent, in a sense, provided the
solution is known to be C'1.

Proposition 1 (Equivalence of geometric and energetic criteria for C1'! solutions).
Let u € PP (M) and assume also that |[ullc1.1(s, ,) < Co. Then, given € > 0, there
exist n. = n(e, M, Co,w,n) >0 and r. = r(e, M, Cy,w,n) > 0 such that

W(rp;u) <24, —€¢ = d(ro,u) > ne
O(ro,u) >e = W(ro;u) <24, —ne
for any 0 < rg < re.

We prove this proposition by a compactness argument in Section 4.
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CY! regularity. As we already mentioned, the C'1'! estimates are crucial for the
study of problem (1)—(2). With no sign assumption on u, the largest class of
functions f for which these estimates are known is the class of Lipschitz continuous
functions.

Theorem 3 (CU! regularity when f € Lip). Let u € PP(M) with w(r) = Kr.
Then, there exists a constant Cpy = C(M, K,n) < oo such that

||u||01,1(31/2) S CM

Proof. This is a particular case of the main result in Shahgholian [Sha03]. A dif-
ferent proof for f = 1 can be found in [CKS00], which can be also generalized to
f € Lip, see [CS04]. O

Remark 3. One of the main reasons why the result above is known only for f € Lip
is as follows. Given a unit vector e € R™ consider the positive and negative parts
of the directional derivative vy = (Oeu)+. Then they satisfy

(10) Avy > —-K, v4(0)=0, vy-v_=0 in By,

where K is the Lip constant of f. To such functions one can apply the following
deep estimate of Caffarelli, Jerison, and Kenig [CJK02]:

I(ryvy) I(ryo-) < C(L+1(1,vy) + 1(1,0-))2,

for any 0 < r < 1, where
1 Vol?
I(r,v) = —/ &dx,
2 Jp lz|n2
which is a generalization of the celebrated monotonicity formula of Alt, Caffarelli,
and Friedman [ACF84]. (The latter says that that I(r,vy)I(r,v_) is monotone

nondecreasing in r if (10) is satisfied with K = 0.) The application of this estimate
is crucial for Shahgholian’s method.

Main results. The main objective of this paper is to study the problem (1)—(3)
when the %! regularity of the solutions is generally unknown. This includes the
case of Holder continuous functions f, which will be our main target. So for these
f, the analogues of Theorems 1 and 2 or the equivalence of their geometric and
energetic criteria as in Proposition 1 are unknown. What is interesting, however,
is that the combination of the geometric and energetic criteria ensures the C1!
regularity of the solution and implies the regularity of the free boundary. The
following theorem is our main result.

Theorem A (Geometric-energetic criterion). Let u € P (M) with w satisfying

w(p)log L
(11) /(p)gp dp < 0.
0 P

Then there exists a modulus of continuity o(r) such that if for some 0 < rg <1
0(ro/2,u) > o(rg) and W(rg,u) <24, —o(ro)

then

(A1) [ullcracs,,) < Co

and

(A2) ONNB,, isaCt hypersurface
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for some large Cy = C(M,rp,w,n) < 0o and small cg = ¢(M,r9,w,n) > 0.

Remark 4. The integrability condition (11) is needed for two main reasons: the
generalization of Weiss’s monotonicity formula (see Section 2) and Blank’s sharp
version of C'! regularity theorem for the classical obstacle problem (see Theorem 4
in Section 6). This condition is slightly stronger than that of Dini, and covers the
following cases:

(i) f € C%(By) for some 0 < o < 1. Then one can take w = Cr® and condition
(11) will be readily satisfied.

(ii) f € WHP(Bg) with p > n and some R > 1, since by the Sobolev embedding
theorem f € C%(B;), witha =1 — 7

Remark 5. Earlier results on the problem with non-Lipschitz f had to impose a
certain uniform thickness condition for the zero set of u or a uniform vanishing
thinness of the negativity set of u in a whole neighborhood of the point, see [KS99],
[BS03]; see also Section 6. The main achievement of Theorem A is that we ask a
condition at just one free boundary point.

Finally, we give a purely geometric criterion for the regularity of the free bound-
ary, which is a consequence of Theorem A.

Theorem B (Non-cusp-like points are regular). Let u € PP (M) with w satisfying
(11). Then, if

lim sup §(r, u) > 0,
7N\,0

there exists a small cg > 0, depending on u, such that
0N B, isaCl hypersurface.

Remark 6. This theorem essentially provides a weaker version of Caffarelli’s alter-
native (see Remark 2 above): every free boundary point is either

(i) a cusp-like point with §(r,u) — 0 as r \, 0, or
(ii) a regular point, i.e. the free boundary is regular near that point.

The following corollary from Theorem B is immediate.

Corollary 1 (Exterior cone implies regularity). Let u € P{(M) with w satisfying
(11). If Q satisfies the exterior cone condition at the origin i.e.

QN B,, C{z, < K|2'|} N B,,

for some constants rg > 0 and K < 0o, after a suitable rotation of coordinate axes,
then OQ N B, is a C' hypersurface for some co > 0. (]

The paper is organized as follows. In Section 2 we prove a generalization of
Weiss’s monotonicity formula. In Section 3 we recall some known results from the
literature, mainly for the case f = 1. In Section 4 we establish the equivalence of
geometric and energetic criteria for C1'! solutions. Sections 5 and 6 contain the
proofs of the first and the second parts of Theorem A, respectively, and in Section 7
we prove Theorem B.
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2. MONOTONICITY FORMULA

In this section we establish the following generalization of Weiss’s monotonicity
formula.

Theorem M (Monotonicity formula). Let u € Py(M) with w satisfying (11).
Then there exists a continuous function F“(r) for 0 <r <1 with F*(0) =0 and a
constant Cpy = C(M,w,n) such that

W(r;u, )+ Cy F(r) /0 for 0<r<1/2.

Namely, one can take

t 1 Li—i;) %Tnjtl

Remark 7. Note that when w = 0, i.e. when f =1, we have F' = 0 and therefore
W(r;u, f) itself is monotone. This is the original case of Weiss’s monotonicity
formula. Moreover, in this case something more can be shown: if W(ry;u) =
W (rq;u) for r1 < ro then u is homogeneous of degree two in By, \ B;,, i.e. -Vu—
2u = 0 there.

Proof. We are going to exploit the identity
(13) W(Ar; u, f) = W(r;ua, fr),

where uy and f) are as in (6)—(8). To proceed, we introduce the following notation
for the “homogeneous derivative”

d

Lw= 2+
YA,

wy(z) =z Vw — 2w

for any function w, for which it is defined. Note that generally we have

d 1
(14) a’w)\ = XL’U}A

for any A > 0. We are also going to use the following easily verifiable identities

(15) L(|Vw]?) = 2Vw - V(Lw),
(16) % N (w,\)2 = 2w Lw.

Fix now 0 <7 < s < 1/2 and 0 = s/r. Then

Wi(siu, f) = W(riu, f) = W(riue, fo) = W(rsu, f)
— r"%/g (\Vuo,|2 _ |Vu\2) dx + M%/B (fo(®)uy — f(z)u) dx

2
- m/aB (ugf’u,z)danl.

r r
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Using (14)—(16), we will have

/ (|Vua|27|Vu|2)dx:/ / lL(\vw)?dgcdx
B, 1 B,,./\
72
:/ 7/ Yy - V(Luy) do dX
1 AJg,

72 1
:/ {/ AU)\LUACZI’+7/ :c~Vu>\LuAdH"1}d/\
1A B, r JoB,

:/ 2{— f)\(x)Lu,\dx—k}/ x-Vu,\LuAdH”_l}d)\
1 A B, 0B,

r

and

7 2
/ (u2 —u?)dH" ' = / Zuy Luy dH" 1 dA.
OB, 1 Jop, A

Then

Wi(s;u, f) = W(r;u, f)

71 2 2 e
=/1 )‘{_W/BT fx(x)ﬁuxdxﬂLM/aBr(Lw)de 1}6”
2
T /B o) uy — (@)} da

> rfﬁ /B {f(o’x) o — f(@)u— /10 FOw) (ddAuA) dA} da.

Now that we have this inequality, we argue as follows. Approximate f with a
smooth function f€¢ with the same modulus of continuity w(r), for instance by
taking a convolution with a mollifier. Then we rewrite

/BT {fﬁ(”) g — fo(x)u— /10 feOa) (j)\w\) d)\} da
= /B/la (ifﬂx)) uy d\ dax

:// x - Vf(x)uydedA.
1 JB,

Next, by changing to polar coordinates and integrating by parts, we transform

/Bra:.VfE()\x) uy dx/SBl/o DpfE(NpO)ux(p0)p™ dpdH} "
-/ {[f%me)—l]m(re)r"— / [fe(Apﬁ)—1]8p(ux(p9)p”)dp}dH§1-
0B, 0

Now, recall that in general we have the Zygmund class estimate

1 1 1
ul < CarlePlog ., [Vul < Culallog 7y Jal <5

|| ||
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for solutions in P{(M). Then we obtain
/ - Vf(Ar)uyde
B

1 " 1
> —Cu (w()\r)r"+2 log g +/ w(Ap)p™ T log v dp> )
0

Since this inequality is purely in terms of the modulus of continuity w, we can let
e — 0 to obtain

W(s;u, f) = W(r;u, f)

v 11" ety 1
> —Cy : (w()\r) log By + m/o w(Ap)p" T log Y dp) dA.
Changing the variables, we can rewrite the above inequality as

W(S;va)_ ( ’f)

Cm
> — / t)log — dt+// t"+2 log det)

s 1 g w(t)log ¢ n+1 1
—Cuy T(/y« dt+// t”+3 log dr dt
We also have

S
1
/0/0 w(r )thr3 log drdt = // t”+3 logTdth

1 1 1
_ n+1
- n+2/0 w(T)T L’nﬁ - n+2:| logTdT

Y

Thus, introducing,

we obtain
W(siu, f) = W(ru, f) = ~Cu 2 [F(s) = F(r)]

for any 0 < r < s < 1/2. Finally, we can drop the factor s/r in the right-hand side,
for instance, by taking a partition r = sp < s1 < ... < sy = s and applying the
inequality for W (s;4+1;u, f) — W(s;;u, f), summing up, and letting the size of the
partition tend to 0. We will arrive at

Wi(s;u, f) = W(riu, f) = =Cu[F(s) = F(r)],
for any 0 < r < s < 1/2, which is equivalent to saying that
W(riu, f)+CuF(r) / as r /.

The theorem is proved. (I
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3. CONVERGENCE AND BLOWUP

In this section we have collected some technical material that will be used later
in the paper.
Lemma 1 (Nondegeneracy). Let u be a solution of (1) with f satisfying (3). Then
there exists a constant co = c¢(a,b,n) > 0 such that

sup u > CQ’I”Q,
B, (z)

for any free boundary point x € 9Q N D and radius r > 0 such that B,.(xz) C D.

Lemma 2 (Convergence). Let u; € Py(M) for j = 1,2,..., and u; — ug in
CL%(By). Then ug € PP(M). Moreover, we also have
(17) Int(Ay,) C liminf Int(A,).

j—00

Proof. Without loss of generality, we may assume that f,, — fo for some function
fo with the same modulus of continuity w as f,, and the same bounds (3). Let
now x € €, = B1 \ Ay,- Then either ug or |Vug| are non-zero in a small ball
B, (z) and consequently B, /5(x) C Q,, for large j. Thus, ug will satisfy Aug = fo
weakly in B, s(z). This shows that Aug = fo in Q,,. On the other hand, by
Calderdén-Zygmund estimates, u; are locally uniformly bounded in I/V120’p (B1) and

C
therefore also ug € Wif (B1). Since Vug =0 on A,,, taking a weak derivative, we
will obtain that D?*up = 0 a.e. on A,,. Thus, we established that Aug = fOXQuO
weakly in Bj.

Next, it is immediate that |ug| < M in B;. Hence, to conclude that uy € Py (M),
it remains to show that the origin is a free boundary point for uy. Clearly 0 € A,
since 0 € Ay,, j = 1,2,.... So we have to make sure that the origin is not an
interior point of A,,. The latter is a direct consequence from the nondegeneracy
(see Lemma 1 above). Indeed, for any 0 < r < 1, we have
sup u; > cor2
for all 7 and consequently

sup ug > cor2
B,

which shows that B, ¢ A,,. More generally, the same argument also shows the
inclusion (17). O

Particularly, we can apply the convergence lemma in the following situation.
Suppose we have u € Py (M), which is also known to be in C'(B,,) for some
ro > 0. Then there exists a constant C' such that

lu(z)| < Clz|?, € B,,.
Rescaling, we obtain
|’U,)\($)| SC‘.’EF, xeBro/)\v
for any A > 0, which implies that the family u) is uniformly bounded on compact

subsets of R™. Hence, we can extract a subsequence of uy as A — 0 converging in

C’llo’f (R™) to a certain function ug, which we call a blowup of u at the origin. This

function will be a solution of (1)—(2) with f = f(0) = 1 in D = R” or, in other
words, it will be a global solution. Moreover, we will have

lug(x)| < Clz|?, = €R™,
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i.e., ug will have at most quadratic growth at infinity. This motivates the following
definition.

Definition 4 (Global solutions with quadratic growth). Given a positive number
M we define P% (M) as the class of all solution of (1)—(2) in D = R™ such that
lu(z)] < M(1+ |z|?), z€R",
flz)=1, zeR",
0 € 09.

The following two examples are of fundamental importance.

Halfspace solutions: u(z) = h(x) = (- €)% is a global solution for any unit
vector e € R".

Polynomial solutions: u(x) = p(x) = szzl a;jx;x; is a global solution, pro-
vided Ap=23""  a; = 1.

Note that both of the examples above are homogeneous of degree 2, i.e.,
u(Az) = Nu(z), = €R™ A>0.
It is a remarkable fact that these are the only homogeneous global solutions.

Lemma 3. Let u € P (M) be homogeneous of degree 2. Then u is either a
halfspace solution or a polynomial solution.

Proof. This fact is essentially proved in [CKS00]. The proof is by distinguishing
the cases when Int(A,) = 0 and Int(A,) # 0 and is based on a deep monotonicity
formula of Alt, Caffarelli and Friedman [ACF84]. See Cases 1 and 2 in the proof of
Theorem II" in [CKS00]. We also refer to Lemma 6.3 in [CPS04] for a more explicit
proof of a generalization of this result to time dependent solutions. O

Remark 8. If u is a homogeneous global solution, the energy W (r;w) is constant in
r. Thus, without ambiguity we may denote

W(u) = W(r;u).

Moreover, if W (r;u) = const for any global solution « (not necessarily with qua-
dratic growth at infinity), then by Remark 7, v must be a homogeneous solution.

Lemma 4. There exists a constant A, depending only on the dimension n, such
that for any halfspace solution h(z) = 3(z-€)% and any polynomial solution p(x) =
Z?jzl a;;T;x;, we have

(18) W(h) = A,, Wi(p)=2A,.

Moreover, for any global solution u € P% (M) and r > 0

(19) Ap, <W(r,u) < 24,

with a strict inequality from above for all r > 0, unless u is a polynomial solution.

Remark 9. The case of equality from below in (19) is more delicate: w must be

either a halfspace solution or given by u(z) = 3(z - €)% + J(z - e + a)? for some

a> 0.
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Proof. Since (18) can already be found in the original paper of Weiss [Wei99], we
concentrate here on the rest of the lemma.

We start by observing that the second order derivatives of a global solution
u € P2 (M) are uniformly bounded in R", see Theorem 3. Then we may consider
the rescalings u) and extract converging subsequences as A — 0 and A — oco. We
will denote the corresponding limits by ug and us,. Then

W (r;ug) = )\lig()W(r;uAj) = )\l_igl(]W()\jr; u) = W(0+;u) = const

is independent of r. Thus, ug is a homogeneous solution and therefore W (0+; u) is
either A,, or 2A4,,. Similarly,

W(r;us) = Al_iLnOOT/V(r; uy,) = )\l_iinoo W(Ajr;u) = W(oo;u) = const

is independent of r and therefore W (oo;u) is either A, or 2A4,. Hence, by the
monotonicity of W (r;u), we will have

Ap SW(0+,u) < W(r;u) < W(ocosu) < 24,

which proves the required inequality.

Finally, assume that for some ry > 0 the equality from above is attained, i.e.
W(rg;u) = 2A,. Then, by monotonicity, we must also have W (r;u) = 24, for
all # > rg. This will imply that w is homogeneous of degree 2 in R™ \ B,,, see
Remark 7, and therefore u = uy, for the blowup u, considered above. We will also
have W(us) = 2A4,, which will imply that u. = p is a homogeneous quadratic
polynomial. Thus v = p in R™\ B, and by a unique analytic continuation argument
we will have that w = p in R™ \ A,. Since A, is nowhere dense, u = p in R™. O

4. EQUIVALENCE OF GEOMETRIC AND ENERGETIC CRITERIA FOR chl
SOLUTIONS
Proof of Proposition 1. 1) First show that
W(ro;u) <24, —¢ = 0(ro,u) >0

if 7o > 0 is sufficiently small. If this is not so, there exist sequences r; — 0 and
uj € PY(M), 7=1,2,..., with

ujllcra(s, ) < Co
and such that
W(rj;uj) <24, —e and d(rj,u;) — 0.
Consider then the rescalings
vy = (uy)y, € P2 (M/13).
From C'! estimates on u; we will have

C
u (@) < Lol € By

which will translate to
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Thus, we can extract a subsequence v; converging in C’ll.f (R™) to a global solution
vp € P (Cp). For this global solution we will have

W(l;v) = lim W(l;v;) = lim W(r;;u;) <24, —e.

Jj—oo Jj—oo

On the other hand, we will also have

oo

d(1,v9) < liminf 6(1,v;) = liminf 6(r;,u;) = 0.
J—00 J—

This means Avg = 1 a.e. in B;. Therefore, any blowup of vy at the origin must also
have that property, which is possible only if the blowup is a quadratic polynomial
(by Liouville’s theorem). Thus,

W (0+;v9) = 24,,
which contradicts to the fact that

W(0+;v0) < W(Lv) < 24, —e.

2) Next we show that
O(ro,u) >e =  Wirg;u) < 24, —ne,
for sufficiently small ro > 0. Assuming the contrary, we will have sequences r; — 0
and u; € PY(M), j =1,2,..., with
ujllcracs, ) < Co

and such that
d(rj,u;) > e and liminf W(r;;u;) > 24,.

J—00

As before, consider the rescalings

Wi

v; = (uj),, € Pl/rjj(M/T]Q»)7
which will also satisfy
Co
lvj(z)] < 5 z|*, @€ By,

and extract a subsequence v; converging in C’ll’a(R") to a global solution vy €

P (Cp). We will have

W(1l;v0) = lim W(1;v;) = lim W(rj,u;) > 2A4,.
j—o0

J—

Invoking Lemma 4, we obtain that W (1;vy) = 2A4,,, which is possible only if v is
a quadratic polynomial. But this contradicts to

§(1,v9) > limsup 6(1,v;) = limsup o(r;, u;) > € > 0.

Jj—00 j—o0

The proof is complete. O
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5. C1'! REGULARITY

In the next two sections we prove Theorem A by splitting it into two parts. The
main result of this section, Theorem Al, is equivalent to the first part of Theorem A.

Before we proceed, note that from now on we will not explicitly indicate the
dependence of constants on the dimension n and/or on the modulus of continuity
w; this should be clear from the context.

Theorem A1l (CU! regularity). Let u € P¥(M) with w satisfying (11). Given
€ > 0, there exists re pr > 0 such that if for some 0 < 1o < re pr

0(ro/2,u) > € and W(rg,u) < 24, —€

then

(20) ull Lo (B,) < Cer?  for every 0<r<rg
and

(21) [ullcri(m.,) < Cenyro

for some small ¢y = c(e, M,rq) > 0.
We start with a growth estimate near the origin.

Lemma 5. Let u € PY(M). Given € > 0 and Wy < oo, there exist Ae,w, > 0 and
Cew, < 00 such that if for some 0 < 19 < Ac,w,

d(ro/2,u) > € and W(rp;u) < Wy
then
||UHL°°(BTO/2) < (C€7W0)Tg'

Remark 10. We emphasize that the constants A w, and C¢w, do not depend on
M.

Proof. Note that it will suffice to prove that

lullL20B,,) < (Cewo)rg ™

since one has an interior estimate

1
lullz (s, ) < Co ( ol + 1l o3 ).
This can be easily seen by decomposing « in B, into the sum of a harmonic function
with the same boundary values and a function with zero boundary values and the
same Laplacian.

We argue by contradiction: assume that there exist sequences r; \, 0 and u; €
Py (M;) such that

(S(Tj/Q,Uj) > €,
W (rj;u;) < W,

llujliL2(08,,)
J = n+1 . S
"'
Consider then the functions
w;(r;x)
w](m) - 6;2 ) HAS Bl/rj~
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Then w; will be a solution of (1) with

- fu, (rjzx)
fi(z) == Jcija x € By,
J
Besides, we will have
(22) 0(1/2,w;) > €
(23) w;llL2(o8,) = 1.
Furthermore,
e w 5 Ujs Juy
W (Lwy, f5) = Weryivg fu) o Wo

S

In particular,

Wo
(24) /Bl |ij‘2 §2/aBlw + C2 +Fsupfuj.

Since the last two terms converge to 0, the right-hand side is bounded and we
conclude that w; are uniformly bounded in W'2(B;). Hence, over a subsequence

w; — wo  weakly in - Wh2(By).

Now the compactness of the Sobolev trace operator implies that, over yet another
subsequence,
w; — wy strongly in  L*(9B)

and consequently

(25) lwollz2(om1) = 1.
On the other hand, passing to the limit in (24), we will obtain

(26) / V|2 < 2/ w?.
B4 OB1

‘We will also have

~ 1
(27) |Aw;| <sup f; < asupfuj — 0 in By,
B J Br;

implying that wq is harmonic in B;. On the other hand, by Almgren’s frequency
lemma (e.g. see Lemma 4.1 in [Wei01])

(28) / |Vawol? 22/ wi,
B4 0B,

since wp(0) = |Vwg(0)| = 0, and the inequalities (26) and (28) are possible iff wy is
a homogeneous quadratic polynomial in B;. Now, to complete the proof, we note
that

0(1/2,wp) > e.
This follows from (22) and the fact that, over a subsequence, w; — wy in Cll.f(Bq),
since w; and Awj; are locally uniformly bounded in B;. Thus, wg must be identically
0, contradicting (25). O

To simplify the statement of the next few lemmas, we use the notion of e-closeness
of two functions.

Definition 5. (e-closeness) We say that functions « and v are e-close on a set E,
whenever ||u — ||z g) < €. We also use dist(u,v) on E to indicate |[u — v| g (p).



GEOMETRIC AND ENERGETIC CRITERIA 17

Lemma 6. Letv € P10/4(C'0) and W(1/4;v) < 2A,, —€¢/2. Then for every By > 0
there exists a small to = te g, co > 0 such that v is Byt3-close to a halfspace solution
m Bto .

Proof. Assume the contrary. Then there exist sequences ¢; \, 0 and v; € Plo/ 1(Co)
such that

(29) dist(v;,h) > Bot; in By,
for any halfspace solution h. Consider now the rescalings
wy = (), € Py, (Co/E2).

Using the C'! estimates, available for solutions with f = 1, see Theorem 3, we

can extract a subsequence w; — wg converging in Cllo’;l (R™) to a global solution

wo € P2 (C(Ch)). Note that from construction we will have
W(r;we) = lim W(r;w;) = lim W(rt;;v;)
j—oo j—o0
< lim W(1/4;v;) <24, —€/2,
J—00
for any r > 0. In particular, W(oo;wg) < 24,,. Repeating the arguments as in the
proof of Lemma 4, we find that W (oo;wg) can take only two values: A, or 2A4,,.
Hence, W(oo;wg) = A,, which implies that W(r;wy) = A, for any r > 0. The
latter is possible only if wq is a halfspace solution, see Remark 8 and Lemma 4.
But then
dist(wj,wo) < ﬂo in Bl,
for large j, implying that
dist(vj, wp) < ,6’015? in  By,.
This contradicts (29). O

Lemma 7. Let u € P(M). Given € > 0 and (o > 0 there exist small pie., > 0
and te g, > 0 such that if for some 0 < rg < pieg,

d(ro/2,u) > e, W(ro/4;u) < 24, —€/2, W (ro;u) < 24, —€/2

then

u is Bo(rote,)?-close to a halfspace solution in By, , -

Remark 11. The double energetic condition is necessary to avoid the use of the

monotonicity formula and the dependence on constant M. The latter is crucial in
our arguments.

Proof. Let tcg, = tcg,/2,0, be as in Lemma 6 above with Cy = Cc24, as in
Lemma 5 and assume that the statement of Lemma 7 fails. Then there exist
sequences r; \, 0 and u; € Pj’(M;) such that

6(rj/2,u;) 2 €, Wi(rj/4u;) <240 —€/2,  W(rju;) <24, —€/2
and
diSt(’U,j7 h) > ﬂO(te,ﬁUTj)Q in Bteﬂorj’

for any halfspace solution h. Consider then the rescalings

vj = (uj)r, € Py} (Mj/r5).
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We will have that
0(1/2,v5) > €,
dist(v;, h) > ﬁotgﬁo in By g,
for any halfspace solution h. Moreover, by Lemma 5, we will have that
luj| < (Ce2a,)ri i By,
which is equivalent to
i < Ce2a, in By s.

Thus, we can extract a subsequence v; — vp, converging in C® norm in Byy.
The limiting vy will be a solution with f = 1. Besides, we will also have

W(1/4;v0) = lim W(1/4;v;) = lim W(r;/4;u;) < 24, —€/2.
J—00 J—0o0
Applying now Lemma 6 above, we obtain that vy is (30/2)(tc g,)*-close to a halfs-

pace solution in By, , . But then v; is (300/4)(tc g,)*-close to a halfspace solution in
B, 4, for sufficiently large j, which is a contradiction. This proves the lemma. [

Lemma 8. Let u € PP (M) be By-close to a halfspace solution in By. Then, if By
is sufficiently small (independent of M), we will have

o(u,1/2) > 1/2.
Proof. Assume the contrary. Then there exist a sequence u; € Py’(M;) and halfs-
pace solutions h; such that
diSt(’U,j, hJ) — 0 in Bl
and
O(u;,1/2) <1/2, ji=12....
Without loss of generality we may assume that h; — ho which will imply that, over
a subsequence, u; — hg in Cllo’g‘ in B;. But then, we will obtain that

0(uj,1/2) — 0(ho,1/2) =1
by Lemma 2. This is clearly a contradiction. O

Proof of Theorem Al.
Step 1: We start with an observation that by the monotonicity formula (Theo-
rem M) there exists pe as > 0 such that

W(ri;u) < Wirg;u) +€/2, forevery 0<ry <ry < pew,

if u e PY(M). In particular,

W(ro;u) < 24, —e for some 0 <719 < pem
implies

W(r;u) <24, —€¢/2 forevery 0<r <ro.

Step 2: Let By be as in Lemma 8, t. = t. g, and p. = pe g, as in Lemma 7 and
Ae = Ae24, as in Lemma 5. Assume now that
d(ro/2,u) > e and W(rg;u) <24, —¢

for some
0 < ro < min{A, tte, pe,ar}-
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Then we also have W (rg/4;u) < 2A4,, —¢/2, see Step 1. Then by Lemma 7, we will
have that

u is Bo(rote)?-close to a halfspace solution in By, .

Applying now Lemma 8 to the rescaling u,,;,_, we find that
0(rote/2,u) = 6(1/2, upet,) > 1/2.

Step 8: Induction. Set now

ik
u® () = uge () = u(t;k:c)’ k=0,1,2,....

Then from Steps 1 and 2, we have that

w (T;u(l)) =Wi(ter;u) <24, —¢/2 forevery 0<r <ry,

5 (7"0 /2, u<1>) = 8(rote/2,u) > 1/2 > e.
Then we can apply Step 2 to the function u(*) to obtain
5 (rotE/Q,u(l)) >1/2.
Iterating this process, we obtain that for any £k =1,2,...
S(rot¥/2,u) > 1/2.
Then, applying Lemma 5, we obtain

U < Co(roth)?, k=1,2,....
ol (s, ) < Celrotd

By a standard procedure, this implies that
||UHL<>°(B,,.) < CN’JQ, for every 0 <71 < rg.
This proves (20).

Step 4: Finally, to conclude the proof, we notice the following. If instead of
the origin we take any of the free boundary points z¢ € 922 N B,,, for some small
constant ¢y = ce pr,r, > 0, and define

(30) i = W € P2 (2M),
we will have that
(31) 5((3/)ro, i) > €/2, Wi(ro, i) < W <24, — /4.

(Note that |1 — f(xo)] < w(cp) can be made as small as we wish). This is slightly
different than the condition we had for u, nevertheless, we can easily adjust the
lemmas above to deal with these modified conditions. Then, going back to the
original u, we will obtain that it satisfies

lu(x)| < Codist(z,00)?, for any = € B,,.

Invoking now a standard procedure based on the interior derivative estimates, see
e.g. [CKS00], we establish (21) and thereby conclude the proof of the theorem. O
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6. REGULARITY OF THE FREE BOUNDARY
In this section we prove the second half of Theorem A.

Theorem A2 (Regularity of the free boundary). Let u € Py (M) with w satisfying
(11). Given € > 0, there exists Te pr > 0 such that if for some 0 < ro < rem

0(ro/2,u) > € and Wi(rg,u) <24, —¢

then
00N B, isaC! hypersurface

for some small ¢y = c(e, M,rq) > 0.

A similar result was known earlier under much stronger assumptions on u, such
as the uniform thickness of A, in a neighborhood of the origin, i.e.

min diam(A, N B(z0))
r

for any 0 < r < rg and zy € B,, N 0, see Blank and Shahgholian [BS03], or the
uniform vanishing thinness of the negativity set Q~ = {u < 0}, i.e.

lim maxrad(2™ N By(z0))
r\,0 T

uniformly in g € B,, N 01, see Karp and Shahgholian [KS99]. (Here maxrad(E)
is the maximal radius of the set F, which is the supremum of the radii of balls fully
contained in E.)

Our geometric-energetic condition implies both of the conditions above. How-
ever, we choose to work with the former one, since it yields a slightly stronger
result.

The main idea of the proof is to show that u becomes nonnegative in a small
neighborhood of w. Then the result will follow from the corresponding result for
the classical obstacle problem. Namely, we will use Blank’s sharp form for the C!
regularity of the free boundary, see [Bla01] and Theorem 4 below.

260>0,

=0,

Lemma 9 (Local nonnegativity). Let u € Pf(M) with w satisfying (11). Given
e > 0, there exists rc pr > 0 such that if for some 0 <r < re

0(ro/2,u) > € and W(ro,u) < 24, —€
then there exists pe ar,r, > 0 such that u >0 in B

Pe.M,rg *
Proof. We go back to the proof of Theorem Al, where we showed that
S(thro/2,u) > 1/2, for k=1,2,....
This immediately implies that
o0(r/2,u) >t /2, for 0<r<ry,

by finding the integer k such that t’j“ro <r< tfro.

Arguing now as in Step 4 of the proof of Theorem A1, we find that
min diam(A,, N B (z0))

O (1 0) 1= .

>1./2,

for any 0 < 7 < ro and xg € B, N 0L, or in other words A, is uniformly thick in
a neighborhood of the origin. Then the lemma follows from Theorem 1.6 of Blank
and Shahgholian [BS03]. O
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The following theorem of Blank is the sharp version of Caffarelli’s theorem for
(nonnegative) solutions of the classical obstacle problem.

Theorem 4. Let u € PP (M), u > 0, with w satisfying the Dini condition

/Owl(op)dp<oo.

Then there exists a modulus of continuity o(r) such that if
d(ro,u) > o(rg) for some 0<ry<1

then
00N B, isaC' hypersurface

for some small co = ¢(M,rq) > 0.
Proof. See Theorem 0.1 in [Bla01]. O
We are now ready to prove the main result of this section.

Proof of Theorem A2. By Lemma 9, u > 0 in pc ar,r,-neighborhood of the origin.
Since the modulus w satisfies condition (11) which is stronger than the Dini integra-
bility condition, we can apply Theorem 4. To finish the proof, we must find 7o > 0
such that §(g,u) > o(7y) for the modulus of continuity o(r) as in Theorem 4. But
the latter follows easily from the fact that 6(r/2,u) > t./2 > 0 for all 0 < r < ro,
as we established in the proof of Lemma 9.

This completes the proof of the theorem. ([

7. PURELY GEOMETRIC CRITERION

In this section we prove Theorem B, which provides a purely geometric criterion
for the regularity of the free boundary.

Proof of Theorem B. Let u € P¥(M) and r; — 0 be a sequence such that

(32) 0(rj/2,u)>e>0, j=1,2,....
We claim that
(33) W(0+;u) = h{% W(r;u) = Ap,.

(Note that the limit exists by Theorem M). To prove this claim, observe that
u € PP(M) automatically implies that

W(1/2;u) < Wiy
Then, by the monotonicity formula (Theorem A) we can assume also that
W(r;u) < Wy, forevery 0<r<1/2.
Next, consider the rescaled functions
vj(z) == up, (z), x€ By,
Given K > 1, observe that
3(rj/2,ur) = 6(rjK/2,u) > 6(r;/2,u)/K > ¢/K

and
W(rj,ug) =W (Krj,u) < Wy
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provided Kr; < 1/2. Applying now Lemma 5, we obtain that there exists a constant
Ce v,k such that

2 . .
lurcllLe~(B,, ) < Cemrry for j=>jenk.
This is equivalent to

HUHLOO(BK,.J_/Q) < CE,M,KK27"]2- for j > jemx
or
[0l (Bre) < Cenr, kK2 for > jen k.
This means we can extract a subsequence of v; converging to a global solution v
in C%*(R™) (which might not necessarily have a quadratic growth at infinity).

loc

Observe then
W(r;v) = lim W(r;v;) = lim W(rrj;u) = W(0+;u).

j—o0 j—o0
In particular, W(r,vg) = const. Since vy is a solution of (1) with f = 1, this
is possible iff vy is homogeneous of degree two. Then by the classification of such
solutions (see Lemma 3), v is either a halfspace solution or a nonzero homogeneous
quadratic polynomial. Let us show that the latter is impossible. Indeed, we have

8(1/2,v;5) = 0(r;/2,u) > €>0,
which implies that
(5(1/2,1}0) > €.
Thus, if vg were a quadratic polynomial it would have been identically 0, which
would contradict the nondegeneracy (see Lemma 1). Consequently, v is a halfspace
solution. But then
W (0+;u) = W(l;v) = Ay,

which proves (33). Once we have both (32) and (33), we can find r; > 0 as small
as we like such that

O(rj,u) >e and W(rju) <24, —e
Then, applying Theorem A, we complete the proof of the theorem. O
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