OPTIMAL REGULARITY IN ROOFTOP-LIKE OBSTACLE PROBLEM

ARSHAK PETROSYAN AND TUNG TO

ABSTRACT. We study the regularity of solutions of the obstacle problem when the obstacle is
smooth on each half of the unit ball but only Lipschitz across the shared boundary. We prove that

1
the optimal regularity of these solutions is CY2 up to the shared boundary on each half of the
unit ball. The proof uses a modification of Almgren’s frequency formula.

1. INTRODUCTION

1.1. The obstacle problem. Given functions ¢ : B; — R and g : dB; — R satisfying ¢ > ¢ on
0By, consider the problem of minimizing the Dirichlet integral

/ Vu?
B

{ue W"?(By) |u=gon 0By, u>¢in B;}.

This problem is called the obstacle problem with ¢ being the obstacle. It is well-known that the
problem has a unique solution u which enjoys the following properties (see [5]):

on the closed convex set

i) w is superharmonic.
il) Au =0 on the set {u > ¢}.
iii) w is locally as regular as ¢ up to C':1.

In this work, we study the regularity of u when the obstacle ¢ is assumed to be smooth (C'!) up to
the boundary on each half-ball Bi¥ (see Fig. 1 for illustration). One of the motivations for the study
of piecewise-smooth obstacles comes from applications to math finance, where the time-dependent
version of this problem appears in the valuation of so-called American options on multiple assets,
see e.g. [3,7].

Since ¢ is Lipschitz in By, the result mentioned above says that u is also Lipschitz in B 1 and
that regularity is optimal unless extra condition is imposed on ¢. However, since ¢ is smooth up to
boundary on each Bljt7 it is reasonable to expect that u enjoys better regularity when restricted to
these subsets. Indeed, in this work, we will prove that u is C12 in B:%'E U B’% (Theorem 6.7). It can

be easily seen that C12 is the optimal regularity, similarly to the thin obstacle problem (see [2]):

the function .
5

u(z) = Re(zy + ilzy|)
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FIGURE 1. A solution of the obstacle problem with rooftop-like obstacle

is a solution of the obstacle problem with the obstacle ¢(x) = —Clx,,| for sufficiently large C'.

1.2. Notation. To proceed, we fix the notations that we are going to use throughout the paper.
For each

x = (x1,29,...,2,) € R,
we denote
¥ = (v1,T2,. .., Tp_1).

For any r > 0 and « € R", define

Br(z) ={y eR" ||y -z <7}

Bf(z) ={y € R" | |y — 2| <7,y > z0}

B (x) ={y eR" | ly —z| <ryyn <an}

B(z) ={y €R" ||y — 2| <7,yn = an}.
When z = 0, we normally omit it and write B,, Bf and B..

Partial derivative in the direction 7 is denoted by 0.. Higher-order derivatives are written as
Ory7ys --; Oy denotes the outward normal derivative.

Since we have to work with functions which are not differentiable in the classical sense on By, we
introduce following notations,

lim O, v(a,x,)

T —0

oF v(a',0) =

o, v(z',0) = lin%V Oe, (2, )
) = =0 v(@',0),

9, v(x',0) =8, v(2',0).

Here 9, and 9, should be understood as outward normal derivative with respect to the sets {z,, > 0}
and {z, < 0} respectively.
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We also use V'’ to denote
(8617682’ . '7a€n—1)'
The frequently used set Bj N {u = ¢} is denoted as X.

1.3. Assumptions. We assume that ¢ is C' up to boundary in Bf and the boundary value g is
bounded. This condition implies that u is C%! locally in B; with the norm |ul|co.1(p,) depending
only on n, [|¢|lc1(,), [|9]lL=(aB,) and p for any 0 < p < 1 (see [5]). Moreover, the optimal regularity
theorem of [5] also implies that u is locally C*! in BE (but not up to B}).

1.4. Outline of the proof.

- In Section 2, we show that u is almost convex in every tangential direction 7 € Bj, in the sense
that O.,u is bounded below. The proof is in the spirit of [2].

- In Section 3, the almost-convexity is used to derive a C'® estimate for w. The proof follows
ideas of [2,4]. This result is used in two places. First, the extra smoothness gained enables us to
prove a monotonicity formula. Secondly, it gives a uniform C1® estimate for appropriately defined
scalings in our study of blowups of u. For this second use that we have to prove the C'*® estimate
on slightly weaker assumptions about u and . Precise conditions are stated at the beginning of
Section 3.

- In Section 4, we obtain a monotonicity formula which, in a sense, is a truncated version of
Almgren’s frequency formula [1] (see Theorem 4.3). This type of monotonicity formulas has been
first used in [6] and subsequently in [10] in the study of the thin obstacle problem.

- In Section 5, we derive the existence of a constant J as a consequence of the monotonicity
formula such that u grows as a C%? functions from the free-boundary 9%.

- Finally, in Section 6, we show that the limit of appropriately chosen scalings of u solves a thin
obstacle problem. Moreover, it is homogeneous of degree 1 + 3. Since the optimal regularity for
solutions of thin obstacle problem is known to be CV2 (see [2]), we conclude that 3 > 1. This in

turn leads to the desired C'12 regularity of v up to the boundary on B f
2

2. ALMOST CONVEXITY

The first step in our proof is the almost convexity estimate on u in tangential directions 7 € 9B].
We mainly follow the ideas from [2,4], suitably modified for our problem.

Lemma 2.1. There exists a constant C' depending on ”‘P”Clvl(chuB;)’ lgllz=(oB,) and dimension
n such that

inf 9 ;u > C

B1

for any unit vector T € OB].

Remark 2.2. The inequality is understood in the sense of distributions. Namely, if ¢ is any nonneg-
ative function in Wol’l(B%), then

- / @) @) =C [ .
B% B%

In fact, since u is locally C*! in By \ B}, the inequality is also equivalent to saying that 0,,u > C
a.e. in B 1
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Proof. Without loss of generality we may assume that ¢ is defined in a slightly larger ball, say Bj,.
Then for 0 < € < ¢y define the mollifications of ¢ as follows. Fix a smooth radial function ¢ on R”
with support in By such that
¢(=1.
R’n.
and let

pe(z) = ; C(y)p(z + ey) dy.

Then the following properties are immediate:
i) @ is smooth in Bj.
ii) @, converges to ¢ uniformly on B; as € goes to 0.

iii) [|[Vellzoe(m,) and [|0r7¢c| 1o (B,) are bounded uniformly by respective norms of ¢ (here 7
is any unit vector in dBY).

Let u. be the solution for the obstacle problem with the obstacle ¢, and boundary data g on Bj.
Then it is standard that [|uc — ul/zo(p,) < |l@e — @llLe(s,) — 0. Moreover, [juc|cor(p,) are
2

uniformly bounded by |[[¢[/co1(p,) and ||g|/z~@p,). Thus, it will be enough to prove the almost
convexity estimate for u. with a bound from below independent of e.

We denote by A. the set {u. = ¢} and by d.(x) the distance from z to A.. We have as a
consequence of a result in [5] that u, € C*! and for almost every x € B 1

(2.1) Orrue(x) 2 Orrpe(z) — 0(de(w)) = C — o(de(w)),

where o is a modulus of continuity depending on ¢ and e. Let ¢ be a nonnegative smooth cut-off
function with support in B 3 such that ( =1 in B%. Consider the function

M(z) = C(x)23”ue(x) - A |Vu€(a:)|2
where X is some constant to be specified later. We will estimate an essential lower bound for M
in By, independent of e. This will imply our desired estimate, since |Vu,| are equibounded on B 1
because of the equiboundedness of |V¢,| on By.

Further, we only need to estimate M (x) in the set {u. > ¢.}. Note that u. is harmonic, hence
smooth there. Since as a consequence of the estimate (2.1),

liminf Orruc(z) > C,

z— A,

ze{uc>p}

we only need to consider the case M (x) attains its minimum value at some point in the interior of
{ue > @c}. Call that minimum point zy. We can also assume that ((zg) # 0, otherwise the lower
bound for M (z) is trivial. One then has

0=VM =2((V)drrtie + PV 0y e — 2005, ue VO, e,

or

2VC8 U +%

VO e = ———
¢ ¢

Oz, Ue V Oy, Ue.
We also have
1
0< SAM = (CAC+ (V¢ rtte + 20V C - VOrrtie — Ay, Ue Oy, U

= (CAC + V¢ rtie +20VC - VOrrue — A | Du|”.
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Here, we have used that Au, = 0 in a neighborhood of .
Combining the computations above, we obtain
A
0< (gAg ~3 |v<\2) Orrt + 45 (VC VO,u)Or,te = A |D2u, |,
or
2 2 A
A ‘D ue’ < CIZ |vaz1ue| |6a:1ue‘ + CO |a‘r‘rue| )

where Cy and C; depend on ¢ only. Since |V, uc| < ’Dzue‘ and |0rru] < ’DQu6
inequality simplifies to

, the above

AP < cl% 10, 1| + Co.

Now, if |D?ue| < 1, then [d;,uc| < 1 and we have an lower bound for M (). Otherwise, choosing
A > 2C,, we have

¢ |D?ue| <201 [Vu|
and so,
M > =201 |[Vue| — X |Vue]?. O
Remark 2.3. Since u is superharmonic in By, Lemma 2.1 implies immediately that

SUp Oe, e, u < C.
B
2

Again, this should be understood in the sense of distributions.

Next, we derive some basic facts about u as consequences of this almost-convexity property.
Lemma 2.4. Let Cy be a constant such that in B%,
Orru > —Cy, VT €EIB]
Oe, e, < Cp.
Then we have
1) Oe,u(z',t) — Oe, u(z’,s) < Co(t — s) for any (2',t), (2, s) € By witht> s andt,s # 0.
i) lim g+ Oe, u(x’,€) and lim._ g+ O, u(x’, —€) exist.
iii) For any (2',s) € B;,
De,u(a’, s) — 0 u(a’,0) < Cos
0y u(x',0) — e, u(a’, —s) < Cos.
iv) Ofu(x) + 0, u(x) > 0 (or equivalently, 9, u(x',0) > 97 u(z’,0)) on B’%.
v) dfu(z) + 0, u(xr) =0 on B’ N{u > ¢}.
vi) Oru(a’ 4 s7,2,) — Oru(z, z,) > —Cys for any (' +s7, ), (2, 2,) € B% with x,, #0, s > 0,
and T € 0B].

Proof.
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i) Recall that the inequality O, ., u < Cp in B 1 means that for any nonnegative smooth function n
with support in B% one has

- 8enu8€nn 2 CO/ UE

B1 Bi
2 2

If the test function n has the form
(@', zn) = G(a')F(zn),

where G € C§°(Be(z")) and F € C§°(s — ¢€,t + €) for some e small, then we have

- G(2')F'(xy,) e, u > Cy G(2')F(x,).
Bl Bl

Since ||ul[¢o.1(p,) < 0o and 9., u(z) is continuous in By \ B, we can apply this inequality to a
sequence of smooth functions G;(z') converging to the Dirac’s delta function concentrated at 2/,
and then pass to the limit to obtain

¢ ¢
—/ F'(z) 0, u(x, z,)dwy ZCO/ F(zy)dzy,.

Applying this inequality to a sequence of smooth functions F; converging to x (s, in VVO1 ts—e t+e)
such that F/(0) = 0 (it is possible since s,t # 0) and pass to the limit to obtain
D, u(z' t) — Oe, u(z’,s) > Co(t — s).

ii) From i) we have 0., u(2’,x,) — Cz, is a decreasing function of z,, in the set {z,, # 0}. The
existence of those limits follows trivially.

iii) Just apply the result of i) for ¢t = x,, and s = € (or s = —z,, and t = —e) and let € go to 0.
iv) For any € > 0, we have
O, u(x',€) — De, u(x', —e) < 2Cpe.
Passing € to 0 we obtain the inequality.
v) When u(z) > ¢(x), u is harmonic in a neighborhood of = and hence smooth at x.

vi) The proof is similar to i). O

3. C1® ESTIMATE

The next step in the proof is the O regularity of v up to the boundary in Bli. We will mainly
follows the ideas in [2]. Alternatively, one may use the approach in [12].

Later, in Section 6, we are going to apply the result of this section not just to u but also to
some rescalings of u to obtain a uniform C'*® bound. Since the respective rescaled obstacles are not
necessarily uniformly bounded in Cl’l(BfE U B1), we need to relax our requirement on u and ¢ a
little bit. More precisely, we will prove the C1'® estimate using only the following conditions on u
and ¢ that have been established in the previous section: there exists a positive constant Cy such
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) Au <0 in B%
2) Au > —Cj in B
) Orru > —Cy and2 Oe, e, < Cp in By
) HD290HL°°(B:f) <Gy
3.5) u(x) > ¢ onzBi
3.6) Ofu(z) 4+ 9, u(z) > 0 on B’%
3.7) Ofu(z) 4+ 9, u(z) =0 on B’% N{u> ¢}
3.8) lullcors,) < Co
3.9) IV'¢llB; < Co.

It is very important that we do not assume any bound on |0.,¢|. The regularity exponent o and
the norm Cl’“(Bli) will depend only on Cj and the dimension n. In the rest of this section, unless
2

stated otherwise, all constants C are understood to depend on Cy and n only.

We observe that if u satisfies these properties, then so does

u(x', xy) +u(z', —x,)
5 )

On the other hand, if u* is C1® up to the boundary in B, then u(.,0) is C* in B since u and u*
2 2

u* (2, x,) =

agree on B’. Together with the fact that 0 > Au > —Cj in Bf, the boundary regularity theorem
2
(see e.g. [11, Theorem 8.34]) implies a C* estimate for u in BFY. Thus, for the purpose of this

2
section, we may assume without loss of generality that v is an even function with respect to z,,. A
consequence of this assumption is that properties (3.6) and (3.7) above can be simplified to

(3.6") OFu(z) >0 on B'%
(3.7) O u(x) =0 for all x on B) N {u > p}.
2

As the first step, we will show that v is C1'® at any point in the set 9%. To simplify the presentation,
we will assume 0 € 0¥ and prove that

u(z) — u(0) — 2 - Vu(0)| < C ||
for some positive constants C and «.
Since we can subtract the linear function
Lz’ z) = ¢(0) + 2" - V'p(0)

from both ¢ and u without affecting the validity of (3.1)—(3.9) (with possibly 2Cy in the place of
Cp), we can assume without loss of generality that

©(0)=0 and V’'p(0)=0.

We start with an auxiliary lemma.
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Lemma 3.1. For any (z',z,) € By and v > 0 such that 22 + (r + |2'|)2 < 1/4, there exists
a half-ball in R"~Y of radius r with center at (2',x,), denoted by HB,(x',x,), such that for all
y/ € HBT(LU/,.’L'H),

Co

w(y',xn) > u(a’,x,) — 77"2

Proof. We consider the case x,, # 0 first. If V'u(a’, z,,) # 0, define
HB, (2, z,) = {y/ eR" |y -2 | <y —2) Vu(z',z,) > 0} .

On the other hand, if V'u(z',z,) = 0, let HB,.(z',z,) be any half-ball of radius r with center at
(2’,2y,). In either cases, the inequality

C
u(y', an) > u(a',,) — ?OTZ

is an elementary consequence of the fact that d;u(z’,x,) > 0 and d,,u > —Cy where 7 is the unit

vector parallel to i/ — z’.

When z,, = 0, we choose a sequence of zf, — 0 such that the sequence of symmetry axes of
HB, (2, z!) converges. Then, we can take as HB,(z’,0) the limit of HB,(z',2J) as j — oc. O

For each r > 0, define
! % [0,7/2n]
I, =B x [-r/2n,0]
I, =B x[-r/2n,7/2n].
Our next result says that a lower bound on d,,u is enough to imply a bound on u around 0.

Lemma 3.2. There exists a constant C' such that for any r > 0 and § > Cyr, the condition

infO. u>—¢
rf

implies
osc u < Cré.
L

Proof. From 9} u(x’,0) > 0 and e, ., u < Cy, one has
O, u(x',2,) < Cozpy < 8

for all (2, x,) € T'}. Therefore,

sup |0, u| < 9.
e

Consequently, for any fixed 2’ € B,
2
, 1
osc  u(x',x,) < —rd.
0<z,<r/2n 2n

Thus, it is enough to show that
—Crd <u(z',0) < Cré
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in Bf«/z for some C'. Due to the normalizing assumption ¢(0,0) = 0, V/¢(0,0) = 0 and |D2<p| < Cy,
we have on B/,

C 1
uw(@’,0) > p(z',0) > —707“2 > —57“5.

Thus, we only need to prove the right hand side inequality u(z’,0) < Crd. Assume that u(xj,0) >
Cré for some x|, € B;/Q and C' > 0. We want to derive a contradiction when C' is large. First, by
Lemma 3.1, we have that for all ' € HB,(x(,0),

C 1
u(y',0) > Crd — 21 > s
and consequently
u(y', zn) > uy',0) — z, || Vul| >lCr(5—x (5>107“(5—i7“(5>107“(5
Y,Tn) = Yy, n L — 2 nt Z 2 m =
for all 0 < z,, < r/2n, as long as C' > max {Cy, 2}.

Next, denote by V' the solution of the problem

Ay V(z')=46(z') in B,
V=0 on JB].

Applying Green’s formula for V and u in BJ.(0, 2, ), one has that for any x,, € (0,7/2n)

(0, z,) —/ (Apru(2’, x,))V da’ z][ u(z', z,) ds.
- 9B;,

Since
1
< _ =
w(0,2,) <u(0)+ 2nr6 5 rd,
1 Cy 1
/ > / o > = 2 -
u(z', x,) > u(z’,0) 2nr5 z2-3 r 2n7"5,
1

u(y', xn) > ZCT(S, for all y' € HB,(x,0),

one has

J

where a(n) is a positive dimensional constant. Therefore,

r/2n
1 (1 4 Co a(n)c> 28 > / / (Agr) Vda'den,
2n 2 0 .

n
r/2n r/2n
:/ / (Au)de’dxn—/ / (O, e, u) Vda'dr,
0 , 0 :

r/2n
2/ / (=0e, e, u)Vdz'dr, (Au,V <0)
0 ”

(Apu)Vdzr' < <21 + % — a(n)C’) ré,
n

’
r

:/ V[0, u(x',0) — O, u(x',r/2n)]dz’
B

2/ V| (—26)dz’
Bl
> —b(n)r?s,
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where b(n) is another positive dimensional constant. We can choose C large enough to obtain a
contradiction here. That contradiction implies that for that value of C, we cannot have

u(@’,0) > Cré.

The desired conclusion then follows. O

Next, we show a lower bound on 0, u.
Lemma 3.3. There exist C > 0 and p € (0,1) such that for any positive integer k,

'Pf Oe, u > —C’uk.

1"2_k

Proof. We prove by induction. Clearly, since |Vu| < Cj in By, given any p € (0,1), we can find C
such that the conclusion holds for k¥ = 1. Assuming that it holds for k = kg, we will prove that it
holds for k = kg + 1.

To simplify the notation, we also use r in the place of 2750 in the rest of the proof. Let {x;} be
a sequence in B’ N {u > ¢} such that 2, — 0. For each j, define the auxiliary function

w;(a', ) = u(x', zn) — p(a,0) — (2" —25) - V'p(z,0) — 2Cy (‘m’ — x;|2 - nxi) .
Consider the function w; in Fjﬂ. Since

ij:Au+4C()>0

when z,, > 0, w; must attain its maximum value on the boundary 8Fj/2. On the other hand, at the
point (z},0) we have

w(z},0) =0
e, w(x},0) =0,

and therefore, by the Hopf boundary principle, 0 cannot be the maximum value for w;. Hence the
maximum value of w; must be positive. Since V'¢(0) = 0 and |D?p| < Cj, we have [V'¢(2/,0)| >
Co [a'|. Thus, on the set B; , N {u = ¢}, we have

w;(a',0) = —(2' — ) - V'p(a!,,0) = 2Cy |2’ — 2,* <0,
while on B]. , N {u > ¢},
fwj(a’,0) = dfu(z’,0) =0,
hence w; cannot attain its maximum value on B,. In other words, w; must attain its positive

maximum value on (“)Fj/Q \ B! /2 Passing j to oo, we derive that the function

n

w=u(x',z,) —2C (|ac’|2 — nxQ)
must be nonnegative at some point on
T2\ By = 0B, x [0,7/4n]( | B}/, x {r/4n}.

We consider two cases separately.
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1) w is nonnegative at some point (z,7/4n) € By 5 x {r/4n}. Then, at that point

u(zh,r/4n) > 2C,(|2'|> = n(r/4n)?) > —%r%

For all y' € HB, j3(xy,r/4n) we then have

C() 2 CO 2
%T g’r .
On the other hand, for any ', if 9., u(z’,0) = ¢ < 0, then

(3.10) u(y',r/4n) > —

u(e!,0) = (o', 0) < L1 < L2

and so, together with 0., ., u < Cp, one obtains

C() r C()
3.11 ! < 22 qpe— 4 =2 2,
( ) u(z',r/2n) < 5 r +02n + 5 (r/2n)

Combining (3.10) and (3.11), we have for any y' € HB,./5(x{,r/4n),
/ 0

2n Co Co C() Co (n2+n+2)00 A
9. o) > o 2 - 2 202 T p/op)2 ) = - T 2 0o ko,
Lu(y',0) = ( or? = 2 = 02— 20 (1 /2m) "

r
2) w is nonnegative at some point (2, 2n) € 0By ), x [0,7/4n]. It is equivalent to

00(471 — 1) 7’2

w(xh, Tn) > 200((7"/2)2 — na:i) > 200((7"/2)2 — n(r/4n)2) = 2

and consequently, for y' € HB, j5(2', zy,),
00(4TL - 1) 2 CQ 2 00(311 - 1) 2

!
> 20T T e 0 HOURT )2
' an) 2 =g = sn
As shown in (3.11), if 9., u(z’,0) < 0, then
C C C -1
u(z', z,) < %TQ + 70(r/2n)2 < 70(387:1 )1"2.

Hence, we must have 0., u(y’,0) = 0 for all ¥ € HB, /3(xg, z,,).

In both cases, we have reached the conclusion that there exists a point (z(,x,) € F:/Q such that
for all y' € HB, j2(x(, Tn),
2 2)C
0., uly 0 > 12 - 2yt
n

If C' is chosen so that
(n2 +n+ 2)0()
2n ’

then as long as p > %, we have for all y' € HB, j5(x, 2n),

C >

_(n2+n+2)002
4dn
Denote by G (z,y) the Green’s function for I'f, then the Green’s function for I'} is given by

Grlo,y) = 6 (5,2)).

’
T r

1
Oe,uly’,0) = > oot
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Given any fixed = € B;/z x {r/4n}, we apply the Representation Formula to 0. u
0., u(0) = = [ 8, u)0,Crle)dy— [ Grla,)B0,, udy

ary r
= —/ e, u(y) 0, Gr(,y) dy+/ e, Gr(z,y)Audy

ory T

> —f(n)Curo — C /F+ e, G (2, y)| dy

= —0(n)Cufo — CyCy(n)r,

where
C = Oe, G1(z,y)| d
2(n) ZEB/lmxa{f/%}/FT [0, G (2, y)| dy
2
and 6(n) € (3,1) is a dimensional constant. Since

O, u(z’ ;7 /4n) — Oe, u(x’, x,) < Co(r/dn — x,,),
we have for all 2’ € B] , and x, € (0,7/4n)
Do, u(z’,x) > —0(n)Cuko — CoCy(n)r — Co(r/4n)

= —C,uko (H(n) + %2(11)(2/1)4@0 + 4200(2/1)—1%) .

Fix p to be some number between 6(n) and 1, then we could choose C' large enough so that

COCQ(n) CO
O(n) + C + e <M

Since 2p > 1, it immediately leads to

in T,

Lemma 3.4. There exist C' and a such that for all x € B%,
|0c, u(z)] < C'la|®

Ju)] < C 2"

Proof. The proof is elementary, following Lemmas 3.2 and 3.3.

Remark 3.5. A consequence of this lemma is that w is differentiable at 0.

Theorem 3.6. Suppose u, ¢ and Cy satisfy (3.1)—(3.9). Then there exist « € (0,1) and C > 0

depending only on Cy and dimension n such that

||UHCLQ(BY UBll) < O
2 2

Proof. The proof is similar to the one in [2], except for a small change.

We may apply the result of Lemma 3.4 to any point in the set B} N 9% by translating, scaling,

2
and subtracting a linear function. Namely, at any z € B}, N 90X, Vu is well-defined in the classical
2

sense and for any z € Bf with |z — 2| < 1, we can write that

(3.12) lu(z) —u(z) — (z — 2) - Vu(z)] < Clz — 2.
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In order to show that u is C* up to boundary in B}, by the boundary regularity theorem (see e.g.

2
[11, Theorem 8.34]), it is enough to show that V'u(z’,0) is a C* function of 2’ since u is bounded
and

—Cy <Au<0
in B .
Let y1 and y2 be any two points in B’%. For i = 1,2, let z; € 9% and d; > 0 be such that
|zi — yi| = d; = dist(y;, 0%).
We also denote d = dist(y1,y2).
To show that |V'u(y1) — V'u(y2)| < Cd*, we consider several possibilities:

1) If both y1,y2 € {u = ¢}, then
[V'u(yr) = Viulyz)l = [Vie(y1) — Vie(ye)| < Cd.
2) I y1 € {u> ¢} and y3 € {u = ¢}, then we argue as follows. Consider the auxiliary function
w(z) = u(z) —u(z1) — (x — 21) - Vu(z).
Then by (3.12)
lw| < Cdi™ in By, (1),

since By, (Y1) C Bag, (21). Further, from to the definition of d; we have that u > ¢ on the set
By, (y1) N B}. Consequently, we have

—Co <Aw=Au<0 on Bg,(y1)-
Applying the result of [11, Theorem 3.9] to the function w in By, (y1), one obtains
[Vu(yr) = Vu(z1)| = [Vw(y)| < Cdy.
Now, to finish this case, note that d > d; and estimate
IV'u(yr) = V'u(yz)| < [Viu(yr) — Viu(z)| + [V'u(21) = Viu(ys)|

< [V'u(yr) — Viu(z)| + [V'e(21) — V()|
< Cdf + C(d+ dy)
< Cd*.

3) If y1,y2 € {u > ¢}, we consider two subcases.

a) If 4d > max {dy, dz2 }, then similarly to case 2) we have the estimates |V'u(y;) — V'u(z;)| < Cd$
and therefore

[V'u(yr) = Vu(yz)| < [V'u(yr) — Viu(ar)| + [Viu(yz) — Vu(z)| + [V'u(z1) — Viu(zo)]
< Cdf + Cd + C(dy + do + d)
< Ca”.
b) If 4d < d; = max {d;,d>}, then the auxiliary function
w(z) =u(z) —u(z1) — (x — 21) - Vu(z)

satisfies
—Co < Aw=Au<0 in By, (y1).
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Applying [11, Theorem 3.9] to w in By, (y1), we have

&2 [Vw(y1) — Vw(ya)|
! d

< Cn)(sup ] + d sup |Au]) log

d
< Cdﬁa log El

d
[Vu(yr) — Vu(ys)| < C’ald?*1 log El

dl a-l dl

< (o2 =

Cd <d> log pi
< Cd*.

In the last step, we have used the fact that the function t*~!logt is bounded in [4, 00| for all
a > 0. O

Remark 3.7. From now on, o will be reserved for the C1® regularity exponent in Theorem 3.6. We
also denote by C\, a constant such that ||“||Clva(BiuB'l) < C,.
2 2

4. MONOTONICITY FORMULA

We are going back to our original problem as stated in Introduction. Our aim in the rest of this
work is to show that u is C1:2 up to the boundary in Bf We will need the full strength of the
definition that w is the solution to an obstacle problem. In2particu1ar, we need the fact that Au =0
in {u > ¢}. Substituting it by the conditions that u is superharmonic and Au > —C' in B, for
example, is not enough for our proof to work. Therefore, while conditions (3.1)—(3.9) are enough to
guarantee a C1® estimate, they are not enough for our C*2 result.

In this section we prove a monotonicity formula that will be our main tool in establishing the
optimal C1:2 regularity of w. This type of formulas goes back to Almgren [1] in the study of
multivalued harmonic functions and to Garofalo-Lin [8,9] in the context of unique continuation.
Recently, this formula has been adapted to the thin obstacle problem in [6,10] by the means of the
truncation of the growth rate of the function.

As demonstrated in the proof of Theorem 3.6, in order to show that u is Ch3 in BT, it is enough
2
to assume that 0 € ¥ and to show that

Ju(x) —u(0) — & - Vu(0)| < Clz|* Va e B.

Furthermore, since subtracting a linear function from both v and ¢ does not effect the hypotheses
or conclusions of the problem, we can assume that

(4.1) u(0) =0 and Vu(0)=0.

Note that this assumption implies that ¢(0) = 0 and V/'¢(0) = 0 (but not 9., ¢(0) = 0).
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We start by defining the operators involved in the monotonicity formula. For each function v in
By and r € (0,1) let

D(r,v) :/B Wk

r

Hir,v) = /8 o
G(r,v) = /BT v?

I(r,v) :/ VU, :/ |Vv|2+/ vAv—2/ v (0 v*)
OB, B, BfuB; B!,
rD(r,v)
N = —"
(T, U) H(T'7 'U) b

whenever those quantities are well defined.
Then we have the following differentiation formulas.

Lemma 4.1. For any r € (0,1) we have

-2 2 4

D'(r,u) = I D(T,u)+2/ ui—f/ (a:-Vu)Au—f/ (z-Vu)ofu*
r 0B, T JBfuB; "B,

H'(r,u) = - lH(r,u) + 21(r,u)

G'(r,u) = H(r,u)

) n—2 , 2 4 .

I'(r,u) = I(r,u) +2 ul — = (z-Vu)Au—= [ (z-Vu)diu

r 9B, T JBjuB; "B,

-2 2(n—2
_n / uAu—M/ u@ju*—i—/ uAu—2/ uw O u*
r BfuBy r B 3B, B!,

Proof. All computations are standard (see for example [8,9]). The only difference here is that we
have used 29; u* in place of 9 u + 9, u on B... Recall that
u(a', xy) +u(z, —xy,)

(2! zy) = . O
u*(z', xy,) 5

/
r

Using the O result for u, we obtain some estimates for H(r,u) and G(r,u) in terms of D(r,u).

Lemma 4.2. There exists a positive constant C depending only on Cy and n such that for all
r € (0,1)

H(r,u) < C(rD(r,u) + r"+1+29)

G(r,u) < C(r*D(r,u) + r" 22,

Recall that o denotes the regularity exponent in C1® result of Theorem 3.6 and Cj is the constant
defined in (3.1)—(3.9).

Proof. For each r € (0,1) define
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Since u is superharmonic, one has
a(r) < u(0) = 0.
On the other hand, from the C1® estimate we also have that
a(r) > —Cur'™™,

Applying Poincaré’s inequality to u on B,, we obtain

/a& u? — 2a(r) /BBT u+a(r)? < a(n)r/B Vul?

r

/BBT u? + (1 b(n)r"Vya(r)? < a(n)T/ Y

Br

/ u? < a(n)r/ IVul® + b(n)C2 prtit2e,
0B,

where a(n) is a dimensional constant. This gives us the first inequality. Integrating it, we obtain
the second inequality. O

Finally, we can prove the monotonicity formula.
Lemma 4.3. There exist ro > 0 and C,, > 0 depending only on Cy and n such that

Crr Tn+2+%}

d
D(r,u) =re p log max { H(r, u),
r

is increasing for v € (0,79).

Proof. Note that ® is absolutely continuous (or equivalently W) in (0, 1) and therefore it is enough

to show that o) ()
¢ H'(r,u g (n—1 I(r,u
‘I) — Cmr2 ) — Cr2 2 )
(ryu) =re Hiw) re " + Hru)
is nondecreasing in each component of the set U = {r € (0,7¢) | H(r,u) > r""2T% }. We will prove
the monotonicity of

Cmr% I(T‘, u)
H(r,u)’

re

since (n — 1)eCmr%

0 g I(r,u) 1 « qra  I'(ryu)  H'(r,u)
71 Cpr2 ) _ - i 1 ) _ )
08 <T€ H(r, u)) + 207”71 o I(r,u) H(r,u)

is clearly increasing. We do it by showing that

0

v

which is further reduced to

1 2 2 n—2
E - - _ = . A _ = /. / +o 0k A
(r) Tru) ( " /BfoBr (z - Vu)Au 7‘/}3 (" V'u)0Tu " /BfoBT uAu

-2
_n / u@ju*—i—/ uAu—/ uofu*
r B 9B, dB!,

on the set U for some positive constant C. This reduction is pretty standard and can be seen for
example in [6,8,10].

/
"
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Using Holder’s inequality and the estimates in Lemma 4.2, we have

/ (2 Vu)Au| < (/ J;|2|Vu|2> (/ Au|2>
BfuB, BfuB; BfuB;

< CD(r, u)%r%Jrl

1 1
2 2
/ ulAu| < (/ u|2> (/ Au|2)
BfuB;- BfuB; BfuB;

< CG(r,u)

< CD(r, u)%T%Jrl + Cyprtita

n
2

[SE

r

1

<(f, 1) (], )

n—1

< CH(r, u)%r 2
< CD(r,u)2r3 + Crte,

/ uAu
OB,

Next, we estimate terms involving 9;fu*. First, one has 9} u* = 0 on B N {u > ¢}. On the other
hand, on B.. N {u = ¢} one has that,
}3ju*| < Cr®

C
.
|V/’U/| = |v/<p| < COT,

ul =[] <

as consequences of the C'*® estimate for u. Combining all these estimates, we obtain
D(r,u)2rs + pnte
D(r,u) — CD(r,u)zr3 1t — Cpntita’
When H (r,u) > r"+2T% | the first inequality in Lemma 4.2 gives
D(r,u) > Crtits — opnt2,

Therefore, for some rg > 0 and C' > 0 one has

|E(r)] < C

()| < CD(r,u)fr? + prte < Cr1t3
D(r,u)
on the set
{r € (0,r9) | H(r,u) > r"+2+%} .
As noted before, this completes the proof of the lemma. O

5. C1# REQULARITY

Due to the monotonicity of ®(r,u) for r € (0,79), under the normalization conditions (4.1), there
must exist some 3 such that

lim ®(r,u) =n+1+20.

r—0+t

Our objective in this section is to show that u grows as |x\1+6 near the origin. In other words,

Ju(x)| < Clz|"*7.
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In fact, we are going to see in the next section that G > %, and combined with this growth estimate
it will ultimately imply the C'1'2 regularity.

We start with an observation that the “truncation” of the growth of H(r,u) in the formula for
®(r,u) provides a natural bound for 8 from above.

Lemma 5.1. We have the inequality

B< -+

(07
1

N

Moreover, if

1 «
,8<§+Z

then there exists r, > 0 such that H(r,u) > r"t?%5 for 0 <r <r,.

r}+2+%

Proof. If there exists a sequence r; — 0 such that H(r;,u) <r;

, then
®(rj,u) = (n +24 %)
and consequently, 5 = % + . Therefore, we only need to consider the possibility that

H(r,u) > pot2ts

for r close to 0. This assumption implies

H'(r,u)
@ _ Cr2 )
(ryu) =re Hinw)
and thus,
HI
lim r (r,v) =n+1+28.

r—0+  H(r,u)
Given any e > 0, there must exist some r. > 0 such that

H'(r,u)

2 \BY) 1493 —
TH(T7U)>TL+ +20—¢€

for all r € (0, r.). Following a straightforward computation we can derive that

H(re) _
H(r,u) < 7rn+1+2€5_6r”“+2ﬁ €
€

Combining that with the assumption that
H(r,u) > r"*2+3
when r is close to 0 we have
n+2—|—% >n+1426—-e
Since this inequality holds for any € > 0, passing to the limit one obtains

1 «
< -4 -
ﬂ_2+4
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Lemma 5.2. There exists C' depending only on Cy and n such that for all r € (0, %),

H(ryu) = / u? < Copntit2s
OB,

G(r,u) = / u? < Opnt2t2s
B

T

D(r,u) = / |Vul|® < Crnt?0

o

Proof. We start with the estimate on H(r,u). First, we can choose C' large enough depending on
llull Lo (B,) and 7o such that
H(r,u) < Crnt1+28
for all » > rg. Here 7 is the constant from Lemma 4.3. For all r in the set
{r|H(rou) <r"t*e},

the estimate for H(r,u) is trivially satisfied since n+1+23 <n+2+ 5. Any other value of » must
belong to some maximal open interval

(r1,72) © {r € (0,70) | H(r,u) > "2+ }
Note that because either rz = ro or H(rz,u) =r; +2+%, one always has
H(ry,u) < Cryti20,

We have for any r € (ry,rs),

g H'(r, .
®(r,u) = refm" H((:,ZLL)) > TILI(I)IJr O(r,u) =n+1+24
and so
H'(r,u) 1
_— > 1+208)—
H(r,u) — (14 ﬁ)re mr 2
Cor® _ ceC . re
> 1+2 2
> (n+1+206) ot

1 o g
>n+1+20) (7‘ — C%Cmr_“r?e_c’”r )

where c is a constant such that
o
e’ <1 +c§x V€ (0,Cp,).
Integrating both sides from r to ro one obtains

H(rg,u)

1 N4
°®H(r,u)

> (n+1+20) (log i ce‘cm’"g)
T

T2
> = —
(n+1420) (log . c)
or

H
H(r,u) < Tn(ﬁ::;) cc(n+1+28), n+1+23
2

< Cec(n+1+25)rn+l+2ﬂ )
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This proves the estimate for H(r,u). Integrating, one obtains the estimate for G(r,u).
To prove the estimate for D(r,u), fix a smooth radial cut-off function 7 such that
0<n<1inR"
n=1in B 1
n=0inR"\ Bs.

For each r > 0, denote by 7, the scaled function

Applying Green’s formula to 7, and u? one has
/ nv'Au2 - / U2A77’r = / 7]7-3;”2,
B B B,
or equivalently,
1
nrulu + e | Vul? = = u?An, = new (0 ).
B B 2/t B!

Doing the same for B, and summing up, one obtains

1
/ nrulAu +/ Ny \Vu\2 — 7/
BYUB; B, 2 /B

Rearranging and applying Cauchy-Schwartz inequality to the first term, we have

1 1 r2
[oneva <3 [ weanse [ onwiopey gl [owt e [ g
B, 2 Jp B 2r% Jp, 2 BfuB,

’
r T

u?An, = 2/ neu (O u*).
B

’
r r

Using assumptions on 7 and the fact that

1
o}

[owap Bt [ D sz [ wogu)
B 2r B, 2 BfuB;- B

z 8
< C,,,n+25 + Crn+2 + Crn+1+oc
< Crnt20,

An. = —An,

we can derive

Here we have used the estimate
/ u(9fu*) < Crrtite

r

proved in Lemma 4.3.

Lemma 5.3. There exists C depending only on Cy and n such that for any r > 0,
lu(z)| < Crtth

m B.
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Proof. First, since u is superharmonic, v~ is subharmonic. Together with the integral estimate
G(r,u) < Ornt2+28
one has
u” < COrith,
In other words,
u> —Crtth,
To obtain the estimate from above, we cannot use that uT is subharmonic, since it is not generally
true. However, we claim that the function v = max {Cor?, u} 4 Cy |z|? is subharmonic in B,. Away

from {B} N ¥}, Au > —Cy and so u+ C |z|? is subharmonic. Therefore, we only need to study the
behavior of v near B, NX. If x € B, N X, then

u(z) = p(z) < Cor?  (p(0) =0, V'¢(0) =0, d,r¢ < Cp)

and so, v = Cor? + Cy |gc|2 in a neighborhood of z. Thus, v is subharmonic in B,.. On the other
hand, we easily have from the definition of v that

/ v < / ut 4+ Crnt?
B, B,
<C

(r"G(r, u))% + Crnt?

< CpnHIts,
Therefore,
v < Cr'th
and so,
u < COrtth, O

1
6. BLowuPS AND C'1'2 REGULARITY

To complete the proof of clz regularity, we will show in this section that
1
> —.
pz 2
We will always assume that
< 1 + «
2 4
since otherwise, there is nothing else to do.

Under the normalizing conditions (4.1), for each r > 0, define the rescaling factor

1 3
d, = (ran(r, u))

and rescaled functions

_u(re)
ur(x) = 7

_ p(ra)
@T(x) d’r

The inequality G > % will follow from the study of the limits of these rescalings over sequences

r =r; — 0%, which are called blowups. In fact, we will show that such blowups solve a thin obstacle
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problem and are homogeneous of degree 1+ (3. From the known C' L3 regularity for the thin obstacle
problem, we will immediately obtain § > %

First, in order to show that such limits exist, we start with a uniform C1* estimate on u, as an
application of Theorem 3.6. To apply that theorem, we need to verify the existence of a constant C,
independent of r such that the triple (u,, ¢,, C) satisfies (3.1)—(3.9). The only non-trivial condition
to check is (3.8).

We start with relatively simple estimates for second derivatives of w, and ¢,..
Lemma 6.1. Define

1 «

Lab s

There exists some positive constant r,, (possibly depending on w) such that for 0 < r < r,, we have

i) u, is superharmonic in By.

i) Au,. > —Cor? in Bi
iil) Orrupr > —Cor? and Oe,e, ur < Cor?Y in Bj.

iv ‘D2<p ’ < Cor" in Bf UB).

Proof. Since

we must have

when r is small. Thus,

d, >ritd
or )
r
o<
4, =
for r small. All inequalities are consequences of this fact and the corresponding inequalities for u
and . |

Lemma 6.2. Forall0<r < % we have

i)
i) 3+ur( )+ 0, u.(z) >0 on Bj.

i) OFu.(x)+ 0, u.(r) =0 on B} N{u, > ¢, }.
iv) |V, < Cor? on Bj.

ii

iii

Proof. All are trivial consequences of the corresponding properties of u and . In the last one, we
have used V', (0) = 0 and |D%p,| < Cor” in Bf U Bj. O
In order to estimate |Vu,|, we first show a uniform W? estimate for u,..

Lemma 6.3. There exists some 1, > 0 such that for all 0 < r <1,

i) G(r,u) <rH(r,u) for r small.
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ii) lim, g+ N(r,u) =1+ 4.

iii) G(1,u,) <1 forr small.
iv) lim,_o+ D(L,u,) =14 0.

Proof.
i) Since
1 o
B<5+7
we have ()
T, U
o = :
(ryu)=r Hru)
for r small (say r < r, for some r, > 0). The definition of 3 therefore becomes
H'(r,u)
li L = 1+24.
ri%l+rH(r,u) n+1+28

In particular, H'(r,u) > 0 or H(r,u) is an increasing function. Consequently,
G(r,u) = / H(s,u)ds < rH(r,u).
0

ii) Plugging the formula (Lemma 4.1),

n—1

H'(r,u) = " H(r,u) + 21 (r,u)

-1
n H(r7u)—|—2</ |Vu\2+/ uAu—/ u@ju)
r B B B!,

into the formula for ®(r, u) above one has
D(r,u) + [+, 5- uAu—2 [, u(0Fu*)
lim r L z
r—0+ H(r,u)

— 148

We will show that

i Jprop wAu—2 [ u(0fu*)
m r -
r—0+t H(r,u)
First, in order to estimate the numerator, we use the inequalities in the proof of Lemma 4.3 and the
results of Lemma 5.2 to obtain
/ uAu
BfuB;

=0.

[NE

< CG(r, u)%r

n+2428 n
<Cr 2z r2
= Opntits

and
/ u (0Fu*)| < orntite,
On the other hand, from
H/
T it GO I )

r—ot  H(r,u)
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we can deduce by using an argument similar to the one in the proof of Lemma 4.3 that for any ¢ > 0,
there exist C > 0 and r. > 0 such that

H(r,u) > CrntiH28te 0 <r <.

Combining all these estimates, one then has
fBiuB: uAu — 2 fBL u (0 u*)

li =u.
oo H(r,u) 0
Therefore,
) . D(r,u)
rlg(l)l+ N(r,u) = rli%l+ 7nH(r, u) L+6.
iii) A restatement of i), since G(1,u,) = G(r,u)/(rH(r,u)).
iv) A restatement of ii), since D(1,u,) = N(r,u). O

Lemma 6.4. There exists r,, such that [|[Vu,|cor(p,) are uniformly bounded for 0 < r < r,.

Proof. First, by using the same argument as in the proof of Lemma 5.3, the bounds for second
derivatives of u, in Lemma 6.1 and W12 estimates in Lemma, 6.3, one obtains
|UT| S Cl

in B 3 where C' can be made independent of 7.

In the next step, we bound 0., u, from below in BY by using the estimate for |u,| and ., ., u,.
2
Since O, e, ur < Cp, we have

1
’I,LT(J?/,I.” + 7) - u’('(x/,xn) S

1
/ PR
1 (e, ur (', 2p)) + 37 Co.

NG

Therefore,
1 1
—-2C; < — 86 T /7 n =C
1S 700, un(2’, 20)) + 5500
which implies 0., u, > —Cs in BT. On the other hand, the same argument for the negative side B
2 2

yields an upper bound
Oe, ur(x) < Co
there. For the other direction of the inequality, recall that
Ofu, +0,u, >0 or O, ur > 8e+nuT

on Bj. From the upper bound for J, u, in B;, we immediately have
OF up(2',0) < Cs.
Together with 0., ., u, < Cp, this leads to
Oe, ur(z) < Cy + %C’o.
Combining together the lower and upper bounds, we can write
|0, ur| < Co
in B L where Cs is independent of r.
As the last step, we estimate |V'u,.|. Since V',.(0) = 0 and ‘D2<pT’ < Cp, we have
Vo] < Co
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in By. Fix any 7 € 9B]. Consider the function v = max {Cy, 0-u,}. We want to show that it is
subharmonic. If z € {d,u, > Cy}, then

Ory > 07y
It implies that
ur(z) # or(2).
Therefore
Au,(z) =0
or consequently,
A(Oruy) =0

in a neighborhood of z. It is enough to say that v is a subharmonic function in B;. On the other
hand, since

lim D(1,u,) =lim [ |Vu|* =1+ 8,

r—0t —0 B
D(1,u,) is uniformly bounded when r is small. Together, they imply that
87-Ur < C3
in B 1 for some C5 independent of r and 7. Since 7 is an arbitrary unit vector in 9B, we obtain

\V’ur| S C3. O

We have demonstrated a uniform C'* estimate on w,. It guarantees the existence of at least one
blowup. In the next step, we study the properties of this blowup. We want to show that it solves a
thin obstacle problem and is also a homogeneous function.

Lemma 6.5. Assume that f < % + . Let {r;} be any sequence converging to 0. If there exists a
function ug on By such that

— ug in CLN(BE U BY),

then ug possesses the following properties:

Uy,

i) wg is not identically 0 in By.

ii) Aug =0 in BE.

iii) ug >0, 0 ug + 9, up >0, ug(9 ug + 9, ug) =0 on BY.
)

iv) ug s homogeneous of degree 1 + (3.

Proof.

i) We can derive directly from the definition of u, that

2 _
/ U =1
831

for any j. Since we have a uniform W2 bound on u, in Bj, see Lemma 6.3, we may assume that
u,.. — ug strongly in L?(0B;) and passing to the limit we obtain

J
2 _
/ ug = 1.
6B1

Therefore ug cannot be identically 0 in Bj.
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ii) From Lemma 6.5 we have in Bi-
0> Au, > —Cor”
for some v > 0. Passing r to 0, we immediately obtain Aug = 0 in Bft.

iii) The facts that ug > 0 and d;fu + 9, u > 0 on B are elementary consequences of inequalities

u(@’,0) 2 p(a’,0) 2 ~Co|a'|*
Ofu(x’,0) + 9, u(x’,0) > 0.
It is then enough for us to show that
OFug(z) + 0, up(x) =0

when z € Bj N {up > 0}. For any such z’, there must exist some ¢ > 0 and K such that for all

J= K,
ur; () > c
which is equivalent to
_n—1
u(rjx) > cry ? H(r;, u)%
34 o
>erzti,

<

By choosing a bigger K if necessary, one has for all j > K,
Co ,

u(rjz) > cr%+% > —r >
J 7 i =

2
; 210l 2 olrja).

0
2
Therefore,

Ofu(rjx) + 0, u(rjz) = 0.
Passing j to oo, one has
Ofuo(z) 4+ 9 ug(z) = 0.
iv) From the definition of N(r,v) and uy we observe that

N(r,ug) = limoN(r, Up;) = limON(rrj,u).
ri— k Ti—

Thus, we have
N(T’, UO) =1 + ﬂ

for any r > 0. The conclusion then follows immediately from the lemma below.

Lemma 6.6. Assume that v is a function on By with the following properties
i) v is not identically 0 in By.
ii) Av=0in B UBj.
iii) v >0, 9fv+ 9, v >0, v(dfv+0,v)=0 on Bf.

Then N (r,v) is nondecreasing as a function of r. Moreover, if N(r,v) =k for all r € (0,1), then v

is homogeneous of degree k.

Proof. The proof in [10] works for symmetric function v but can be easily modified for this non-

symmetric case. We just have to substitute 9;7v by 9; v + 9, v on Bj.

Lemma 6.7. We must have

DN | =

O
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Proof. Combining Lemmas 6.1, 6.2, and 6.4 with Theorem 3.6 we can deduce that u, are uniformly
bounded in C**(Bf U B}) for some A > 0 when 7 is small. Because of this, we can always find
a sequence {r;} converging to 0 such that u,, converges to some function ug in Cl”\(Bli U BY}).
Properties of ug as stated in Lemma 6.5 means that wug is a solution to a thin obstacle problem as
studied in [2]. We know from that work that ug is Cl3 in B,. However, our g is also non-zero
and homogeneous of degree 1 + . Therefore, we must have

1
> —. ]
ﬁ_2

Theorem 6.8. Let u be a solution of the obstacle problem in By with rooftop-like obstacle ¢ €
CYY(BE U BY) and boundary values g € L>®°(9By). Then there exists C > 0 depending only on n,
||S0||Cl’1(BitUBi) and ||g||L=(aB,) such that

<C.

HUHCI’%(Bf us,) =
2 2

Proof. From Lemmas 5.3 and 6.7 we have
[u(@)] < Clal*

forall z € B 1 where C' is a constant depending on Cjy and n. Combining this growth estimate with

arguments used in Theorem 3.6, we obtain the C' 1.3 estimate for u in Bf U B’. Finally, notice that
2

2
the constant Cy depends only on n, ||<p||cl,1(BliUB£) and ||g|| = (aB,)- O
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