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Multi-asset American options

Q LetS;, Sy, ... S, denote the prices of n risky dividend paying assets that
satisfy the stochastic differential equations
dSi(t) = (‘Ll, - 5,‘)81'(1')611' + ol-S,-(t)dW,-,
where d W;(t) are standard Brownian motions such that

E(dW;) =0, Var(dW;)=dt, Cov(dW;,dW;) = pjjdt.
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Multi-asset American options

Q LetS;, Sy, ... S, denote the prices of n risky dividend paying assets that
satisfy the stochastic differential equations

dSi(t) = (‘Ll, - 5,‘)81'(1')611' + ol-S,-(t)dW,-,
where d W;(t) are standard Brownian motions such that
E(dW;) =0, Var(dW;)=dt, Cov(dW;,dW;)=p;;dt.

Q IfV(Sy,..., Sy, t) is the price of the European style option derived from
these assets, with payoff function ®(S;, ..., Sy) at time T, then V must
satisfy the Black-Scholes equation

0 n aV
LV i=—V ; -rV = t<T
5 +22“]SS]8SBS +Z 3 r 0 (t<T)

i,j=1 i=1 i

V(Str..sSm T) = ®(Sp, ..., Sn).
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Multi-asset American options

Q@ IfV(Sy,...,Sy,t) is the price of an American type option with payoff
function ®(S;, ..., S,), then V satisfies the variational inequality

FV <0, V20, LV(V-0)=0 on(R,)"x(-00,T)

V(S,T) = (S).
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Q@ IfV(Sy,...,Sy,t) is the price of an American type option with payoff
function ®(S;, ..., S,), then V satisfies the variational inequality

FV <0, V20, LV(V-0)=0 on(R,)"x(-00,T)

V(S,T) = (S).

@ Of special interest is the exercise region

€={(S,t): V(S,t) =D(S),t < T}.
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Multi-asset American options

Q@ IfV(Sy,...,Sy,t) is the price of an American type option with payoff
function ®(S;, ..., S,), then V satisfies the variational inequality

PV <0, V>0, LV(V-®)=0 on(R,)"x (-0, T)
V(S, T)=9(S).
@ Of special interest is the exercise region
€ ={(S,t): V(S,t) =D(S),t < T}.

@ Typically @(S) is only Lipschitz continuous
» n=1®(S) = (S - K), American call option
» n=1®(S) = (K -S8), American put option
» n=2: O(S) = (max{S;, S, } — K), American call max-options
» n=2: O(S) = (min{S;, S, } — K), American call min-options

Not that these @’s are also piecewise smooth (important!)
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Multi-asset American options

®(8) = (S-K)s

D(8) = (K=$)+

O (81, S2) = (max{Sy, $2} -~ K)+

O(81,52) = (min{$),S2} - K)+

o =
Obstacle problems with Lip obstacles
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Parabolic obstacle problem

@ With an appropriate transformation of variables (including x; = log S;),
this can be rewritten as a variational inequality for the heat operator for a
function v = v(x, t)

(A-0/)v<0, v—¢20, (A-9)v(v—¢)=0 inR" x(0,00)

v(x,0) = ¢(x,0).
This is nothing but a parabolic obstacle problem with obstacle ¢.
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Parabolic obstacle problem

@ With an appropriate transformation of variables (including x; = log S;),
this can be rewritten as a variational inequality for the heat operator for a
function v = v(x, t)

(A-0/)v<0, v—¢20, (A-9)v(v—¢)=0 inR" x(0,00)

v(x,0) = ¢(x,0).
This is nothing but a parabolic obstacle problem with obstacle ¢.

@ The exercise region € transforms to the coincidence set

A={(x1) v(x, 1) = 9(x, 1)}
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Parabolic obstacle problem

@ With an appropriate transformation of variables (including x; = log S;),
this can be rewritten as a variational inequality for the heat operator for a
function v = v(x, t)

(A-0/)v<0, v—¢20, (A-9)v(v—¢)=0 inR" x(0,00)

v(x,0) = ¢(x,0).
This is nothing but a parabolic obstacle problem with obstacle ¢.

@ The exercise region € transforms to the coincidence set

A={(x1) v(x, 1) = 9(x, 1)}

@ The solutions of the obstacle problem are well understood when ¢ is
smooth. However, the general theory of free boundaries with nonsmooth
(say Lipschitz) obstacles ¢ is still lacking. We will discuss what
complication arise when ¢ is piecewise-smooth.
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o Given

» () domain in R"

«gr «Fr o« > < ) o



Classical obstacle problem

o Given

» ) domain in R”
» ¢:Q — R (obstacle) g: 0Q2 - R
(boundary values), g > ¢ on 0Q

Arshak Petrosyan (Purdue) Obstacle problems with Lip obstacles Rutgers Math Fin PDEs 2011 6/30



Classical obstacle problem

o Given

» ) domain in R”
» ¢:Q — R (obstacle) g: 02 - R
(boundary values), g > ¢ on 0Q
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Classical obstacle problem

o Given

» ) domain in R”
» ¢:Q — R (obstacle) g: 0Q2 - R
(boundary values), g > ¢ on 0Q ¢

@ Minimize the Dirichlet integral

Da(u) = [ [vuPdx
on the closed convex set

R={ueW"*(Q)|u=gonoQ,u>g¢onQ}.
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Classical obstacle problem

o Given
» ) domain in R”

» ¢:Q — R (obstacle) g: 0Q2 - R
(boundary values), g > ¢ on 0Q ’

@ Minimize the Dirichlet integral K 9
: |
DQ(U) = ](;|Vu| dx I “:\u:(/’
on the closed convex set | :

R={ueW"*(Q)|u=gonoQ,u>g¢onQ}.

e The minimizer u solves the variational inequality

Au<0, u>¢, (Au)(u-¢)=0 inQ

Arshak Petrosyan (Purdue) Obstacle problems with Lip obstacles Rutgers Math Fin PDEs 2011 6/30



Classical obstacle problem

o Itis know that u is as regular as ¢, up to
C"! [CAFFARELLI 1998].

=} = = = £ DA
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Classical obstacle problem

o Itis know that u is as regular as ¢, up to
C! [CAFFARELLI 1998].

o Ifgpe C"! then u is also C! and satisfies /
Au = A(pX{u:(P} in Q. u g
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Classical obstacle problem

o Itis know that u is as regular as ¢, up to
C! [CAFFARELLI 1998].

o If ¢ € C"! then u is also C*! and satisfies ’ '
Au = A(p)({u:q,} in Q. u g
o The set I"’ ‘A |
A=AQu)={xeQ|u= g}

is known as the coincidence set.

Arshak Petrosyan (Purdue) Obstacle problems with Lip obstacles Rutgers Math Fin PDEs 2011 7130



Classical obstacle problem

o Itis know that u is as regular as ¢, up to
C! [CAFFARELLI 1998].

o If ¢ € C"! then u is also C*! and satisfies ’
Au = Agy(y-p) in Q. | u
o The set I'/ ‘ A |
A=A(u)={xeQlu=g} g

is known as the coincidence set.
@ One of the main objects of study is the free boundary

T(u) := 0A(u).
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Classical obstacle problem

o Itis know that u is as regular as ¢, up to
C! [CAFFARELLI 1998].

o If ¢ € C"! then u is also C*! and satisfies ’
Au = A(p)({u:q,} in Q. u g
o The set I'/ ’ A |
A=Au)={xeQ|u=g} g

is known as the coincidence set.
@ One of the main objects of study is the free boundary

T(u) := 0A(u).

o The regularity properties of u and T are fairly well studied when ¢ € C"!
and Ag < 0.
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Piecewise smooth Lipschitz obstacles
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Piecewise smooth Lipschitz obstacles

o Given
» ) domain in R”
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Piecewise smooth Lipschitz obstacles

o Given

» ) domain in R”
» JM smooth hypersurface,
QM=0Q, U0
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Piecewise smooth Lipschitz obstacles

o Given

» ) domain in R”

» JM smooth hypersurface,
QM=0Q, U0

» ¢ : Q — R piecewise smooth

@ € C*(Qy u ) NLip(Q)

0y+@+ 0y >0 on.l

We call it a rooftop-like obstacle
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Piecewise smooth Lipschitz obstacles

o Given

» ) domain in R”
» JM smooth hypersurface,

QANM=Q,uQ_ /
» ¢ : Q — R piecewise smooth \

@ € C*(Qy u ) NLip(Q) , ¢
0y+@+0,_¢>0 on.l /ﬂ

We call it a rooftop-like obstacle :\\ \ g
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Piecewise smooth Lipschitz obstacles

o Given

» ) domain in R”
» JM smooth hypersurface,

QN M=Q,uQ_ /
» ¢ : Q > R piecewise smooth , \

@ € C*(Qy u ) NLip(Q) , ¢
0y+@+0,_¢>0 on.l /ﬂ

We call it a rooftop-like obstacle :\\\ \ g

@ Let u solve the obstacle problem with
obstacle ¢. Then

u € Lip(Q)
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Piecewise smooth Lipschitz obstacles

o Given

» Q) domain in R"

» JM smooth hypersurface,
QM=0Q, U0

» ¢ : Q — R piecewise smooth

¢ € CP(Qy uMt) NLip(Q)

0y+@+ 0y >0 on.l
We call it a rooftop-like obstacle

@ Let u solve the obstacle problem with
obstacle ¢. Then

u € Lip(Q)
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Piecewise smooth Lipschitz obstacles

o Given

» Q) domain in R"

» JM smooth hypersurface,
QM=0Q, U0

» ¢ : Q — R piecewise smooth

@ € C*(Qy u ) NLip(Q)

0y+@+ 0y >0 on.l
We call it a rooftop-like obstacle

@ Let u solve the obstacle problem with
obstacle ¢. Then

u € Lip(Q)

o This generally cannot be improved if ¢ is only Lipschitz, but our extra
structure allows an improvement.
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Piecewise smooth Lipschitz obstacles

The minimizer u satisfies

° Au:A(pX{u:(P} mONM=0,uQ_

Arshak Petrosyan (Purdue) Obstacle problems with Lip obstacles Rutgers Math Fin PDEs 2011 9/30



Piecewise smooth Lipschitz obstacles

The minimizer u satisfies

© Au=A¢xu=py MO NM=0Q, 00

e Signorini conditions on .l

u-¢2>0
Oyt + 0y-1u >0
(u—9)(0pru+0,-u)=0

Arshak Petrosyan (Purdue) Obstacle problems with Lip obstacles Rutgers Math Fin PDEs 2011 9/ 30



Piecewise smooth Lipschitz obstacles

The minimizer u satisfies

© Au=A¢xu=py MO NM=0Q, 00

e Signorini conditions on .l

u-¢2>0
Oyt + 0y-1u >0
(u—9)(0pru+0,-u)=0

o A related problem is the so-called thin —— T
obstacle problem, where ¢ is given only
on J.
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Piecewise smooth Lipschitz obstacles

The minimizer u satisfies

© Au=A¢xu=py MO NM=0Q, 00

e Signorini conditions on .t P
u— ¢ 2 0 \ ‘ u

\ h
O+t +0y-u>0 @ L /
(u—9)(0pru+0,-u)=0 :

o A related problem is the so-called thin e
obstacle problem, where ¢ is given only
on J.
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Piecewise smooth Lipschitz obstacles

The minimizer u satisfies

© Au=A¢xu=py MO NM=0Q, 00

e Signorini conditions on .t P
u-¢20 U

\ - N
O+t +0y-u>0 ¢ L‘
(u—9)(0pru+0,-u)=0 :

@ A related problem is the so-called thin e
obstacle problem, where ¢ is given only
on J.

@ Many of our techniques has been developed first for this problem:
[ATHANASOPOULOS-CAFFARELLI 2006, [ CAFFARELLI-SILVESTRE-SALSA 2008],
[GAROFALO-P. 2009], etc.
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Piecewise smooth Lipschitz obstacles

@ The condition
0y+@+0y_9 >0

allows to have a contact over the “ridge” ’ /
of ¢, which makes the problem more

difficult. , ¢
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Piecewise smooth Lipschitz obstacles

@ The condition
0y+@+0y_9 >0

allows to have a contact over the “ridge”
of ¢, which makes the problem more
difficult.
» This corresponds to American call
min-options.
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Piecewise smooth Lipschitz obstacles

@ The condition

0y+@+0y_9 >0

allows to have a contact over the “ridge”
of ¢, which makes the problem more
difficult.

min-options.

@ On the other hand, if

» This corresponds to American call

0v+@ +0,—9 <0

then there could be no contact points on
the ridge.

Arshak Petrosyan (Purdue)
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Piecewise smooth Lipschitz obstacles

@ The condition
0y+@+0y_9 >0

allows to have a contact over the “ridge”
of ¢, which makes the problem more
difficult.

» This corresponds to American call
min-options.

@ On the other hand, if
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then there could be no contact points on
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Piecewise smooth Lipschitz obstacles

@ The condition
0y+@+0y_9 >0

allows to have a contact over the “ridge”
of ¢, which makes the problem more
difficult.

» This corresponds to American call
min-options.

@ On the other hand, if
0y+@ +0y,_9 <0

then there could be no contact points on
the ridge.
» This corresponds to American call
max-options.

Arshak Petrosyan (Purdue) Obstacle problems with Lip obstacles Rutgers Math Fin PDEs 2011

10/ 30



CV/2 regularity

In the case when .l is flat, we have the following theorem.
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CV1/2 regularity

In the case when .l is flat, we have the following theorem.

Theorem ([%.-To 2010])

If u is a solution of the obstacle problem with rooftop-like obstacle in Q), then

ueCH2(Q, ua).

loc

@ This is the best possible regularity. The function

u(x;,x2) = Re(x + i|x2|)3/2

solves the obstacle problem with ¢(x) = —C|x,|.
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CV1/2 regularity

In the case when .l is flat, we have the following theorem.

Theorem ([%.-To 2010])

If u is a solution of the obstacle problem with rooftop-like obstacle in Q), then

ueCH2(Q, ua).

loc

@ This is the best possible regularity. The function

u(x;,x2) = Re(x + i|x2|)3'/2

solves the obstacle problem with ¢(x) = —C|x,|.

@ The regularity is the same as in the thin obstacle problem
[ATHANASOPOULOS-CAFFARELLI 2006 ]
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Normalization: class G,

o Assume . is flat: M = R"! x {0}.
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Normalization: class G,
o Assume . is flat: M = R"! x {0}.

@ Replacing u with u(x) — ¢(x’,0) it is enough to prove the result for u in
the following class.
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Normalization: class G,

o Assume .l is flat: A = R"™! x {0}.
@ Replacing u with u(x) — ¢(x’,0) it is enough to prove the result for u in
the following class.

Definition

We say u € G if |u Lipep,) < M
© Au = fin Bf with ||f| =) <M
@ u>0, —(0y,+u+0x,—t)>0, u(dy,+t+0dy,_u)=0 onB|
@ 0eT(u)=0A(u) =0{x": u(x',0) =0}.
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Normalization: class G,

o Assume .l is flat: A = R"™! x {0}.
@ Replacing u with u(x) — ¢(x’,0) it is enough to prove the result for u in
the following class.

Definition

We say u € G if |u Lipep,) < M
© Au = fin Bf with ||f| =) <M
@ u>0, —(0y,+u+0x,—t)>0, u(dy,+t+0dy,_u)=0 onB|
@ 0eT(u)=0A(u) =0{x": u(x',0) =0}.

e Notation: R" = {+x, >0}, Bf =B nR?, Bj:=Bn(R""x{0})
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Che-regularity

Lemma

If u € &) then there exists a = apg € (0,1) and Cyp > 0 such that

Il creme umy ) < Cu
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Ch%-regularity

Lemma

If u € &) then there exists a = apg € (0,1) and Cyp > 0 such that

lullcrecss, B ,) < Cu

@ Originally by [CarrareLLI 1979] when f = 0 then by [Urar’TsEva 1985] for
bounded f.
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Almgren’s monotonicity of the frequency

Theorem (Monotonicity of the frequency, [ALmcren 1979])

Let u be harmonic in B,. Then the frequency function

”fBr [Vul?

/: 9B, u?

Moreover, N(r,u) =k <= x-Vu—«u =0in By, i.e. u is homogeneous of
degree « in Bj.

r— N(r,u):= A for 0<r<l.
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Almgren’s monotonicity of the frequency

Theorem (Monotonicity of the frequency, [ALmcren 1979])

Let u be harmonic in B,. Then the frequency function

"fBr [Vul?

/: B, u?

Moreover, N(r,u) =k <= x-Vu—«u =0in By, i.e. u is homogeneous of
degree « in Bj.

r— N(r,u):= A for 0<r<l.

@ [ALMGREN 1979] for (multi-valued) harmonic u
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Almgren’s monotonicity of the frequency

Theorem (Monotonicity of the frequency, [ALmcren 1979])

Let u be harmonic in B,. Then the frequency function

"fBr [Vul?

/: B, u?

Moreover, N(r,u) =k <= x-Vu—«u =0in By, i.e. u is homogeneous of
degree « in Bj.

r— N(r,u):= A for 0<r<l.

@ [ALMGREN 1979] for (multi-valued) harmonic u

@ [GaroraLO-LIN 1986-87] for divergence form elliptic operators with
applications to unique continuation
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Almgren’s monotonicity of the frequency

Theorem (Monotonicity of the frequency, [ALmcren 1979])

Let u be harmonic in B,. Then the frequency function

"fBr [Vul?

/: B, u?

Moreover, N(r,u) =k <= x-Vu—«u =0in By, i.e. u is homogeneous of
degree « in Bj.

r— N(r,u):= A for 0<r<l.

@ [ALMGREN 1979] for (multi-valued) harmonic u

@ [GaroraLO-LIN 1986-87] for divergence form elliptic operators with
applications to unique continuation

® [ATHANASOPOULOS-CAFFARELLI-SALSA 2007] for the thin obstacle problem
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Figure: Solution of the thin obstacle problem Re(x; + i|x,|)*/2
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Figure: Multi-valued harmonic function Re(x; + ix,)*/?

«40>» «Fr» «)» « > Q>



Truncated frequency function

Theorem (Monotonicity of truncated frequency, [?.-To 2010])
Let u € Spy. Then for any & > 0 there exists C = C(M, 8) > 0 such that
cr? d 2 n+3-20 crd
r—>®(r,u)=re d—logmax /(; us,r +3(e"" -1)
r B,

for0<r<L
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Truncated frequency function

Theorem (Monotonicity of truncated frequency, [?.-To 2010])

Let u € Syy. Then for any & > 0 there exists C = C(M, §) > 0 such that

re®(r,u) = recrddilogmax{/;B uz,r””m} + 3(eCr6 -1/
r r

forO<r<L

@ Originally due to [CAFFARELLI-SALSA-SILVESTRE 2008] in the thin obstacle
problem.
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Truncated frequency function

Theorem (Monotonicity of truncated frequency, [?.-To 2010])
Let u € Syy. Then for any & > 0 there exists C = C(M, §) > 0 such that
cr® d 2 n+3-26 cr®
r—O(r,u) =re”” — logmax f us,r +3(e"" -1)
dr 9B,

forO<r<L

@ Originally due to [CAFFARELLI-SALSA-SILVESTRE 2008] in the thin obstacle
problem.

@ Proof consists in estimating the error terms. The truncation of the growth
is needed to absorb those terms. C% regularity is used in an essential way.
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Blowups at the origin

@ Let u € Gy and for r > 0 consider the rescalings

u(rx) rf(rx)
el O L S
(r%—l faB, ”2) /

ur(x) =
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Blowups at the origin

@ Let u € Gy and for r > 0 consider the rescalings

u(rx) rf(rx)

(L fo u2)? (7 fom, 12"

e Au, = f,in Bi with Signorini conditions on By I

up(x) := fr(x) =
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Blowups at the origin

@ Let u € Gy and for r > 0 consider the rescalings

u(rx) rf(rx)

(L fo u2)? (7 fom, 12"

® Au, = f,in Bli/r with Signorini conditions on By /

fr(x) =

ur(x) =
-
@ The rescaling is normalized so that

lurli2 a8,y = L
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Blowups at the origin

@ Let u € Gy and for r > 0 consider the rescalings

u(rx) rf(rx)

(L fo u2)? (7 fom, 12"

® Au, = f,in Bli/r with Signorini conditions on By /

fr(x) =

ur(x) =
-
@ The rescaling is normalized so that

lurli2 a8,y = L

@ Moreover, if r > 0 is such that /. 3B, u® > r"*372% (above truncation), then

1fi(x)| < Mr° >0, xe By,
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Blowups at the origin

@ Using the monotonicity of the truncated frequency it can be shown
consequently that {u,} is uniformly bounded

WI’Z(BI)’ Lip(By/»), Cl’a(Bl/z;)
provided ®(0+,u) < n+3-24.
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Blowups at the origin

@ Using the monotonicity of the truncated frequency it can be shown
consequently that {u,} is uniformly bounded

wh(By), Lip(By)2), che (By/a)

provided ®(0+,u) < n+3-24.
@ Thus, for a subsequence rj — 0+, we may assume that

Uy, >ty in Cl(Bl/4).
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Blowups at the origin

@ Using the monotonicity of the truncated frequency it can be shown
consequently that {u,} is uniformly bounded

wh(By), Lip(By)2), che (By/a)

provided ®(0+,u) < n+3-24.
@ Thus, for a subsequence rj — 0+, we may assume that

Uy, >ty in Cl(Bl/4).

@ It can be shown that u, is a homogeneous solution of the thin obstacle
problem
Aug=0 il‘lR:‘_URf

up 20, —(0x,+Uo+0x,-tp) >0, ug(dy,+Uo+0x,-tp) =0 on R™'x{0}.
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Blowups at the origin

@ Using the monotonicity of the truncated frequency it can be shown
consequently that {u,} is uniformly bounded

wh(By), Lip(By)2), che (By/a)

provided ®(0+,u) < n+3-24.
@ Thus, for a subsequence rj — 0+, we may assume that

Uy, >ty in Cl(Bl/4).

@ It can be shown that u, is a homogeneous solution of the thin obstacle
problem

Aug=0 il‘lR:‘_URf
up 20, —(0x,+Uo+0x,-tp) >0, ug(dy,+Uo+0x,-tp) =0 on R™'x{0}.

@ Moreover, the degree of homogeneity « of 1 is such that

O(0+,u) =n—-1+2k.
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Proof of C'/2 regularity

Lemma ([ATHANASOPOULOS-CAFFARELLI 2000])

Let ug be a homogeneous global solution of the thin obstacle problem with
homogeneity . Then x > 3/2.

o Explicit solution for which x = 3/2 is achieved is Re(x; + i|x,|)>/?
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Proof of C'/2 regularity

Lemma ([ATHANASOPOULOS-CAFFARELLI 2000])

Let ug be a homogeneous global solution of the thin obstacle problem with
homogeneity . Then x > 3/2.

o Explicit solution for which x = 3/2 is achieved is Re(x; + i|x,|)>/?

e From Lemma we obtain that ®(0+,u) = n—1+2«k > n+2forany u € Gy;.
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Proof of C'/2 regularity

Lemma ([ATHANASOPOULOS—CAFFARELLI 2000])

Let ug be a homogeneous global solution of the thin obstacle problem with
homogeneity . Then x > 3/2.

o Explicit solution for which x = 3/2 is achieved is Re(x; + i|x,|)>/?

e From Lemma we obtain that ®(0+,u) = n—1+2«k > n+2forany u € Gy;.
@ From here one can show that

f w<cr? o<r<l1
2B,

and consequently that

uce Cl’l/z(Bli/2 UBj),).
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Parabolic Signorini problem

@ Let () be abounded setin R”, Ml c 0Q and & = 0Q \ J.
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Parabolic Signorini problem

@ Let () be abounded setin R”, Ml c 0Q and & = 0Q \ J.

o Consider the solution v(x, t) of the Parabolic Signorini Problem
Av—-90w=f inQr:=Qx(0,T]
v, 0,20, (v—¢)o,v=0 onlr:=Mx(0,T],
v=g on%r:=Fx(0,T]
v(,0) =99 onQqp:=Qx{0}
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@ Let () be abounded setin R”, Ml c 0Q and & = 0Q \ J.

o Consider the solution v(x, t) of the Parabolic Signorini Problem
Av—-90w=f inQr:=Qx(0,T]
v, 0,20, (v—¢)o,v=0 onlr:=Mx(0,T],
v=g on%r:=Fx(0,T]
v(,0) =99 onQqp:=Qx{0}

@ Here f: Qr - R,p: My >R, g:F - R, g : Qo > Rare given
functions.
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Parabolic Signorini problem

@ Let () be abounded setin R”, Ml c 0Q and & = 0Q \ J.

o Consider the solution v(x, t) of the Parabolic Signorini Problem

Av—-90w=f inQr:=Qx(0,T]
v, 0,20, (v—¢)o,v=0 onlr:=Mx(0,T],
v=g on¥r:=%x(0,T]
v(,0) =99 onQqp:=Qx{0}

@ Here f: Qr - R,p: My >R, g:F - R, g : Qo > Rare given
functions.

@ In particular, this includes (locally) the parabolic obstacle problem with
piecewise smooth rooftop-like obstacles with

f = A?X{u:rp} € LOO(QT)'
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Parabolic Signorini problem: known results

Theorem ([UrarL’TsEva 1985])

Let v be a solution of the Parabolic Signorini Problem with ¢ € Ci”lt (M),

@0 € Lip(Qo), and f € L(Q7). Then Vv € Cg)’f‘/z(K)for any K€ Qp u My
and

[Vv] cosarz iy < CrU@lc2tagyy + 1f L= (ary + I P0liipcan))
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Parabolic Signorini problem: known results

Theorem ([UrarL’TsEva 1985])

Let v be a solution of the Parabolic Signorini Problem with ¢ € Ci”lt (M),

@0 € Lip(Qo), and f € L(Q7). Then Vv € Cz,’f/z(K)for any K€ Qp u My
and

[Vv] cosarz iy < CrU@lc2tagyy + 1f L= (ary + I P0liipcan))

e This corresponds to C* regularity of solutions in the elliptic case
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Parabolic Signorini problem: known results

Theorem ([UrarL’TsEva 1985])

Let v be a solution of the Parabolic Signorini Problem with ¢ € C)zc”lt (M),

@0 € Lip(Qo), and f € L(Q7). Then Vv € Cz,’f/z(K)for any K€ Qp u My
and

[Vv] cosarz iy < CrU@lc2tagyy + 1f L= (ary + I P0liipcan))

e This corresponds to C* regularity of solutions in the elliptic case

@ Our goal is to extend the optimal regularity result in the elliptic case to
the time dependent case.
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Parabolic Signorini problem: optimal regularity

Theorem ([DaNiELLI-GAROFALO-P.-To 2011])
Let v be a solution of the Parabolic Signorini Problem with flat M and

C2y(Mr), po € Lip(Qy), and f € L= (Qr). Then Vv € Cl/2 1M(K)for any
K € Qrudly and

[Vvl s ey < CU@l 2t aayy + 1f L= (ary + I 90lLipean))
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Parabolic Signorini problem: optimal regularity

Theorem ([DANIELLI-GAROEALO-P.-To 2011])
Let v be a solution of the Parabolic Signorini Problem with flat M and

@ € C24(Ar), ¢o € Lip(Qo), and f € L (Qr). Then Vv € Cl/2 1M(K)for any
KeQrudly and

[Vvl s ey < CU@l 2t aayy + 1f L= (ary + I 90lLipean))

o This theorem is precise in the sense that it gives the same optimal
regularity of C*'/2 in the time-independent case.
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Poon’s monotonicity formula

o The optimal regularity in the elliptic case was obtained with the help of
Almgren’s Frequency Function. So we need a parabolic analogue of the
frequency.
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Poon’s monotonicity formula

o The optimal regularity in the elliptic case was obtained with the help of

Almgren’s Frequency Function. So we need a parabolic analogue of the
frequency.

Theorem ([Poon 1996])

Let u be a caloric function (solution of the heat equation) in the strip
Sg = R" x (=R%,0]. Then

N(ru) = [ |VulPG(x,r*)dx
o) = Jie_ 2 u?G(x,7?)dx

/' forO<r<R.

Moreover, N(r,u) = k <= u is parabolically homogeneous of degree , i.e.
u(Ax, A%t) = \u(x, t).
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Poon’s monotonicity formula

o The optimal regularity in the elliptic case was obtained with the help of

Almgren’s Frequency Function. So we need a parabolic analogue of the
frequency.

Theorem ([Poon 1996])

Let u be a caloric function (solution of the heat equation) in the strip
Sg = R" x (=R%,0]. Then

N(ru) = [ |VulPG(x,r*)dx
o) = Jie_ 2 u?G(x,7?)dx

/' forO<r<R.

Moreover, N(r,u) = k <= u is parabolically homogeneous of degree , i.e.
u(Ax, A%t) = \u(x, t).

@ Here G(x,t) = (4711‘)_”/26_""2/“, t > 0 is the heat (Gaussian) kernel.

Arshak Petrosyan (Purdue) Obstacle problems with Lip obstacles Rutgers Math Fin PDEs 2011 24/ 30



Subtracting the thin obstacle

@ Suppose now v solves the Parabolic Signorini Problem in
Q; = By x (-1,0] with .l = Bj.
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Subtracting the thin obstacle

@ Suppose now v solves the Parabolic Signorini Problem in
Q; = By x (-1,0] with .l = Bj.

@ We want to “extend” v to the half-strip S; = R’ x (-1, 0] in the following
way.
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Subtracting the thin obstacle

@ Suppose now v solves the Parabolic Signorini Problem in
Qf = Bf x (~1,0] with /M = B!,

@ We want to “extend” v to the half-strip S; = R’ x (-1, 0] in the following
way.

e Let 5 € C;°(B;) be a cutoft function such that

n=n(x[), 0<n<l, x|, =1, suppycBsy

B1/z

and consider

u(x,t) = [v(x, 1) - 9(x',0,) ] (x).
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Subtracting the thin obstacle

@ Suppose now v solves the Parabolic Signorini Problem in
Qf = Bf x (~1,0] with /M = B!,

@ We want to “extend” v to the half-strip S; = R’ x (-1, 0] in the following
way.

e Let 5 € C;°(B;) be a cutoft function such that

n=n(x[), 0<n<l, x|, =1, suppycBsy

B1/z

and consider
u(x,t) = [v(x, 1) - 9(x',0,£) ]n(x).
@ Then u solves the Signorini problem in the half-strip S; = R’ x (-1,0]
with a modified right-hand side

Au-0mu=F:=n(x)[f-A¢+0p]+[v—o(x t)]An+2VvVy
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Subtracting the thin obstacle

@ Suppose now v solves the Parabolic Signorini Problem in
Qf = Bf x (~1,0] with /M = B!,

@ We want to “extend” v to the half-strip S; = R’ x (-1, 0] in the following
way.

e Let 5 € C;°(B;) be a cutoft function such that

n=n(x[), 0<n<l, x|, =1, suppycBsy

B1/z

and consider
u(x,t) = [v(x, 1) - 9(x',0,£) ]n(x).
@ Then u solves the Signorini problem in the half-strip S; = R’ x (-1,0]
with a modified right-hand side

Au-0mu=F:=n(x)[f-A¢+0p]+[v—o(x t)]An+2VvVy

o The new right-hand side F is nonzero even if f = 0.
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Averaged and truncated Poon’s formula

@ For the extended u define

ha(£) = fR u(x, 1)2G(x, —t)dx

u(t) = —tfw Vu(x, £)2G(x, —t)dx,
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Averaged and truncated Poon’s formula

@ For the extended u define
ha(t) = fR u(x, 1)2G(x, —t)dx
u(t) = —tfw Vu(x, £)2G(x, —t)dx,

e Poon’s frequency is now given by

_ iu(_rz)

N(r,u) = B (o)
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Averaged and truncated Poon’s formula

@ For the extended u define

ha(£) = fR u(x, 1)2G(x, —t)dx
u(t) = —tfw Vu(x, £)2G(x, —t)dx,

e Poon’s frequency is now given by
(2
iu(-17)
hu (_ r2) .
o For our generalization, however, i, and h,, are too irregular and we have
to average them to regain missing regularity:

H,(r) = % [0 h,(t)dt = lz f+ u(x, t)*G(x, —t)dxdt

r

I,(r) :%Ir i,(t)d f |t|Vu(x, £)[*G(x, —t)dxdt

N(r,u) =
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Averaged and truncated Poon’s formula

Theorem ([DaNiELLI-GAROFALO-P.-To 2011])
Let u be obtained from the solution of the Parabolic Signorini Problem in Q" as
described. Then for any § > 0 there exist C such that

1
®,(r) = Erecf‘%1ogmx{Hu(r),r‘*-m} + %(M -1 A

forO<r<L

Arshak Petrosyan (Purdue) Obstacle problems with Lip obstacles Rutgers Math Fin PDEs 2011 27/ 30



Averaged and truncated Poon’s formula

Theorem ([DANIELLI-GAROEALO-P.-To 2011])
Let u be obtained from the solution of the Parabolic Signorini Problem in Q" as
described. Then for any § > 0 there exist C such that

1
O, (r) = Erecr‘?%logmax{Hu(r)’r4—28} o %(ecr‘? ) A

forO<r<L

o Using this generalized frequency formula, as well as an estimation on
parabolic homogeneity of blowups we obtain the optimal regularity.
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Rescalings and blowups

@ Asin the elliptic case, we consider the rescalings

_u(rx,r’t) _ r*F(rx,r’t)
u(x,t) = W» F,(x,t) = W’
for (x,t) € Sf’/r =R” x (-1/r2,0]
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Rescalings and blowups

@ Asin the elliptic case, we consider the rescalings

_ r*F(rx,r’t)

2
wrrt) - p ) - RO

Hu(r)l/Z ’
for (x,t) € Sf’/r =R” x (-1/r2,0]
o If®,(0+) < 4 — 24 then one can show that the family {u,} is convergent

in suitable sense on RY} x (—o00,0] to a parabolically homogeneous
solution u of the Parabolic Signorini Problem

u(x,t) =

Aug — ;g =0 inR” x (—00,0]

up 20, =0y, up20, Uudx,up=0 onR" " x (~00,0]
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Rescalings and blowups

@ Asin the elliptic case, we consider the rescalings

_ r*F(rx,r’t)

2
wrrt) - p ) - RO

Hu(r)l/Z ’
for (x,t) € Sf’/r =R" x (-1/r%,0]
o If®,(0+) < 4 — 24 then one can show that the family {u,} is convergent

in suitable sense on RY} x (—o00,0] to a parabolically homogeneous
solution u of the Parabolic Signorini Problem

u(x,t) =

Aug — ;g =0 inR” x (—00,0]
up 20, —0y,up20, Uy, tg=0 onR" ! x(-00,0]

e Parabolic homogeneity ug is k = 30 (0+) < 2 - & < 2. Besides, because of
C"*-regularity, also x > 1 + a > 1. Thus:

1<k<2.
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Homogeneous global solutions

Lemma ([DANIELLI-GAROFALO-P.-To 2011])

Let ug be a parabolically homogeneous solution of the Parabolic Signorini

Problem in R’ x (—o0, 0] with homogeneity 1 < k < 2. Then necessarily k = 3/2
and

uo(x, t) = CRe(xy + ix,)*2,

after a possible rotation in R"™,
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Homogeneous global solutions

Lemma ([DANIELLI-GAROFALO-P.-To 2011])

Let ug be a parabolically homogeneous solution of the Parabolic Signorini

Problem in R’ x (—o0, 0] with homogeneity 1 < k < 2. Then necessarily k = 3/2
and

uo(x, t) = CRe(xy + ix,)*2,

after a possible rotation in R"™,

@ The proof is based on a rather deep monotonicity formula of Caffarelli to
reduce it to dimension n = 2 and then analysing of the principal
eigenvalues of the Ornstein-Uhlenbeck operator —A + %x -V in R? for the
slit planes

Q, = R>~ ((—o0,a] x {0}).
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Proof of optimal regularity

o From Lemma we obtain that ®,(0+) > 3, if ®,(0+) < 4 — 24. Thus,
always @, (0+) > 3.

Arshak Petrosyan (Purdue) Obstacle problems with Lip obstacles Rutgers Math Fin PDEs 2011 30/ 30



Proof of optimal regularity
o From Lemma we obtain that ®,(0+) > 3, if ®,(0+) < 4 — 24. Thus,

always @, (0+) > 3.
@ This implies H,(r) = fRi u’G(x,~t)dxdt < Cr’
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Proof of optimal regularity

o From Lemma we obtain that ®,(0+) > 3, if ®,(0+) < 4 — 24. Thus,
always @, (0+) > 3.

o This implies H,(r) = fRi u’G(x,~t)dxdt < Cr’
o This further implies that

sup  |u| < Cr3?

Q) (x0.t0)

for any (xo, fo) € Ql'/2 such that u(xo, tp) = 0.
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Proof of optimal regularity

o From Lemma we obtain that ®,(0+) > 3, if ®,(0+) < 4 — 24. Thus,
always @, (0+) > 3.

o This implies H,(r) = fRi u’G(x,~t)dxdt < Cr’
o This further implies that

sup  |u| < Cr3?

Q:—/Z(XOJO)
for any ('an tO) € Qll/z SUCh that M(XO, to) =0.

@ Using interior parabolic estimates one then obtains

1/2 1/4

Vu € (Q1/4)
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