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Laplacian in regions D ⊂ Rd . Always |D| <∞ and |∂D| <∞.

D open connected finite volume, ∆D Dirichlet Laplacian.

ZD(t) = trace(et∆D ) =
∞∑

j=0

e−tλj =

∫
D

pD
t x , x)dx

=
1

(4πt)d/2

∫
D

Px{τD > t
∣∣Xt = x}dx ,

τD exit time from D of Brownian motion. In fact,

pD
t (x , y) =

1
(4πt)d/2 e

−|x−y|2
4t Px{τD > t |Bt = y}

= pt (x − y)− Ex (τD < t ,p(t−τD)(X (τD), y)
)

= pt (x − y)− rD
t (x , y).

The function rD
t (x , y) is called a killing measure.
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Theorem (M. Kac ’51 (?))

For any D ⊂ Rd of finite volume

lim
t↓0

td/2ZD(t) =
|D|

(4π)d/2 = p1(0)|D|

Corollary

Then (Karamata tauberian theorem)

lim
t→0

tγ
∫ ∞

0
e−tλdµ(λ) = A⇒ lim

a→∞
a−γµ[0,a) =

A
Γ(γ + 1)

gives Weyl’s asymptotics:

lim
λ→∞

λ−d/2N(λ) =
p1(0)|D|

Γ(d/2 + 1)

N(λ) be the number of eigenvalues {λj} which not exceeding λ
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Theorem (Minakshiusundaram ’53)

D ⊂ Rd bounded “smooth". Then

ZD(t)− 1
(4πt)d/2

m∑
j=0

cj t j/2 = O(t (m−d+1)/2), t ↓ 0

c1 = |D|, c2 = −
√
π

2
|∂D|.

Theorem (McKean ’67)

D ⊂ R2 with r holes. Then

lim
t↓0

{
ZD(t)− |D|

4πt
+

|∂D|
4(4πt)1/2

}
=

(1− r)

6

Theorem (C1-domains: Brossard-Carmona ’86. Lipschitz domains: R.
Brown ’93. )

ZD(t) = (4πt)−d/2

(
|D| −

√
πt
2
|∂D|+ o(t1/2)

)
, t ↓ 0
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Uniform bounds

There are many uniform bounds on the trace.

Theorem (R-smooth domains: van den Berg ’87)
If ∂D satisfies uniform inner and outer ball condition with radius R∣∣∣∣∣ZD(t)− (4πt)−d/2

(
|D| −

√
πt
2
|∂D|

)∣∣∣∣∣ ≤ d4

πd/2
|D|t

td/2R2 , t > 0.
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Problem: Investigate similar properties for “other" Lévy
processes, and especially those subordinate to Brownian motion
whose generators are simple transformations of the Laplacian

Definition
A Lévy Process is a stochastic process X = (Xt ), t ≥ 0 with

X has independent and stationary increments

X0 = 0 (with probability 1)

X is stochastically continuous: For all ε > 0,

lim
t→s

P{|Xt − Xs| > ε} = 0

Note: Not the same as a.s. continuous paths. However, it gives
“cadlag" paths: Right continuous with left limits.
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Stationary increments: 0 < s < t <∞, A ∈ Rd Borel

P{Xt − Xs ∈ A} = P{Xt−s ∈ A}

Independent increments: For any given sequence of ordered times

0 < t1 < t2 < · · · < tm <∞,

the random variables

Xt1 − X0, Xt2 − Xt1 , . . . ,Xtm − Xtm−1

are independent.

The characteristic function of Xt is

ϕt (ξ) = E
(
eiξ·Xt

)
=

∫
Rd

eiξ·xpt (dx) = (2π)d/2p̂t (ξ)

where pt is the distribution of Xt . Notation (same with measures)

f̂ (ξ) =
1

(2π)d/2

∫
Rd

eix·ξf (x)dx , f (x) =
1

(2π)d/2

∫
Rd

e−ix·ξf (ξ)dξ
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The Lévy–Khintchine Formula

The characteristic function has the form ϕt (ξ) = etρ(ξ), where

ρ(ξ) = ib · ξ − 1
2
ξ · Aξ +

∫
Rd

(
eiξ·x − 1− iξ · x1{|x|<1}(x)

)
ν(dx)

for some b ∈ Rd , a non–negative definite symmetric n × n matrix A and a
Borel measure ν on Rd with ν{0} = 0 and∫

Rd
min

(
|x |2,1

)
ν(dx) <∞

ρ(ξ) is called the symbol of the process or the characteristic exponent. The
triple (b,A, ν) is called the characteristics of the process.

Converse also true. Given such a triple we can construct a Lévy
process.
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Example (The rotationally invariant stable processes:)

These are self–similar processes, denoted by Xα
t , in Rd with symbol

ρ(ξ) = −|ξ|α, 0 < α ≤ 2.

α = 2 is Brownian motion. α = 1 is the Cauchy processes.

Example (Relativistic Brownian motion)

According to quantum mechanics, a particle of mass m moving with
momentum p has kinetic energy

E(p) =
√

m2c4 + c2|p|2 −mc2

where c is speed of light. Then ρ(p) = −E(p) is the symbol of a Lévy
process, called “relativistic Brownian motion."

In fact, these are Lévy processes of the form Xt = BTt where Bt is Brownian
motion and Tt is a “subordinator" independent of Bt .
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Example ( Subordinators)

A subordinator is a one-dimensional Lévy process {Tt} such that

(i) Tt ≥ 0 a.s. for each t > 0

(ii) Tt1 ≤ Tt2 a.s. whenever t1 ≤ t2

Theorem (Laplace transforms)

E(e−λTt ) = e−tψ(λ), λ > 0,

ψ(λ) = bλ+

∫ ∞
0

(
1− e−λs) ν(ds)

b ≥ 0 and the Lévy measure satisfies ν(−∞,0) = 0 and∫∞
0 min(s,1)ν(ds) <∞. ψ is called the Laplace exponent of the subordinator.

Example (α/2–Stable subordinator)

ψ(λ) = λα/2, 0 < α < 2 gives the stable with b = 0 and

ν(ds) =
α/2

Γ(1− α/2)
s−1−α/2 ds
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Example (Relativistic stable subordinator:)

0 < α < 2 and m > 0, Ψ(λ) = (λ+ m2/α)α/2 −m.

ν(ds) =
α/2

Γ(1− α/2)
e−m2/αs s−1−α/2ds

Many others: “Gamma subordinators, Geometric stable subordinators,
iterated geometric stable subordinators, Bessel subordinators,. . . "

Theorem
If X is an arbitrary Lévy process and T is a subordinator independent of X ,
then Zt = XTt is a Lévy process. For any Borel A ⊂ Rd ,

pZt (A) =

∫ ∞
0

pXs (A)pTt (ds)
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Symmetric Stable Transition Densities, 0 < α < 2

Px (Xα
t ∈ A) =

∫
A

pαt (x − y)dy ,

pαt (x) = t−d/αpα1
( x

t1/α

)
.

Heat Semigroup in D is the self-adjoint operator

T D
t f (x) = Ex

[
f (Xα

t ); τD > t
]

=

∫
D

pD,α
t (x , y)f (y)dy ,

pD,α
t (x , y) ≤ pαt (x − y) ≤ pα1 (0)t−d/α =

(
1

(2π)d

∫
Rd

e−|ξ|
α

dξ
)

t−d/α

= t−d/α ωd

(2π)dα

∫ ∞
0

e−ss( n
α−1)ds

= t−d/α ωd Γ(d/α)

(2π)dα
, ωd = σ(Sd )
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As before,

pD,α
t (x , y) = pαt (x − y)− Ex (τD < t ,pαt−τD

(X (τD), y)
)

= pαt (x − y)− rD,α
t (x , y).

and

pαt (x − y) =

∫ ∞
0

p(2)
s (x) gα/2(t , s)ds =

∫ ∞
0

1
(4πs)d/2 e−|x−y|2/4sgα/2(t , s) ds

where
gα/2(t , s) = density of Tt

This leads to:

pαt (x − y) ≤ c
(

t
|x − y |d+α

∧ 1
td/α

)
, x , y ∈ Rd , t > 0

and

rD,α
t (x , x) ≤ c(

t
δd+α

D (x)
∧ 1

td/α ), x ∈ D, t > 0
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Relativistic Symmetric Stable, 0 < α < 2, m > 0

Two expressions for the “free density"

pα,mt (x) = emt
∫ ∞

0

1
(4πs)d/2 e

−|x|2
4s e(−m1/βs)gα/2(t , s)ds,

pα,mt (x) =
1

(2π)d

∫
Rd

eix·ξe−t{(m2/α+|ξ|2)α/2−m}dξ

pα,mt (x − y) ≤ c(α,d)

{
md/α−d/2

td/2 +
1

td/α

}
, x , y ∈ Rd , t > 0

pα,mt (x − y) ≤ c1emt
{ t e−c2|x−y|

|x − y |d+α
∧ 1

td/α

}
, x , y ∈ Rd , t > 0

rD,α,m
t (x , x) ≤ c1emt

{
t e−c2δD(x)

δD(x)d+α
∧ 1

td/α

}
, x ∈ D, t > 0

lim
t→0

pα,mt (0)e−mt td/α = C1(α,d) =
ωd Γ(d/α)

(2π)dα
, ωd = σ(Sd )
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Trace, stable and relativistic stable (we drop the α, and m)

ZD(t) =

∫
D

pD(t , x , x)dx =

∫
D

pt (x − x)dx −
∫

D
rD
t (x , x)dx

= pt (0)|D| −
∫

D
rD
t (x , x)dx

Lemma (Both Stable and Relativistic Stable)

lim
t→0

td/α
∫

D
rD
t (x , x)dx = 0

Proof.

Recall td/αrD
t (x , x) ≤ C( td/α+1

δd+α
D (x)

∧ 1). Set Dt =
{

x ∈ D : dd (x) > t1/2α
}

. Then

td/α
∫

D\Dt

rD
t (x , x)dx ≤ C|D \ Dt |,

td/α
∫

Dt

rD
t (x , x)dx ≤ Ctd/2α+1/2|D|, t � 1
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Corollary (For any set of finite volume D)

lim
t→0

td/αZD(t) = C1(α,d)|D| =
ωd Γ(d/α)

(2π)dα
|D|, Stable

lim
t→0

td/αe−mtZD(t) = C1(α,d)|D| =
ωd Γ(d/α)

(2π)dα
|D|, Relativistic Stable

Stable proved under assumption vold (∂D) = 0 by Blumenthal-Getoor
1959.
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From now on, only α-stable, 0 < α < 2

Theorem (R-smooth domains: B.–Kulczycki ’08)∣∣∣∣ZD(t)− C1(α,d)|D|
td/α +

C2(α,d)|∂D|t1/α

td/α

∣∣∣∣ ≤ C3|D|t2/α

R2td/α , t > 0.

Theorem (Lipschitz domains: B.–Kulczycki–Siudeja (preprint))

td/αZD(t) = C1(α,d)|D| − C2(α,d)|∂D|t1/α + o
(

t1/α
)
, t ↓ 0

C1(α,d) = pα1 (0) =
ωd Γ(d/α)

(2π)dα
,

C2(α,d) =

∫ ∞
0

rH
1 (q,0, . . . ,0), (q,0, . . . ,0))dq, where H = {x : x1 > 0} .
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Idea of Proof for Uniform bound on R-smooth domains

Lemma (M. van den Berg)

Let D ⊂ Rd be R-smooth. Set Dq = {x ∈ D : dD(x) > q}. Then(
R − q

R

)d−1

|∂D| ≤ |∂Dq | ≤
(

R
R − q

)d−1

|∂D|, 0 ≤ q < R.

Corollary (For any 0 < q ≤ R/2)

(i)
2−d+1|∂D| ≤ |∂Dq | ≤ 2d−1|∂D|,

(ii)

|∂D| ≤ 2d |D|
R

,

(iii) ∣∣∣|∂Dq | − |∂D|
∣∣∣ ≤ 2ddq|∂D|

R
≤ 22ddq|D|

R2 .

R. Bañuelos (Purdue) ESI, Vienna May, 2009 18 / 26



Proof.
(i) follows directly from van den Berg, under our restriction on q.
By (i) we obtain

|D| ≥ |D \ DR/2| =

∫ R/2

0
|∂Dq |dq ≥ 2−d |∂D|R,

which gives (ii).
Again by van den Berg,((

R − q
R

)d−1

− 1

)
|∂D| ≤ |∂Dq | − |∂D| ≤

((
R

R − q

)d−1

− 1

)
|∂D|.

Now (iii) follows from the mean value theorem and the fact that the derivatives
of both ( R

R−q )d−1 and ( R−q
R )d−1 with respect to q ∈ (0,R/2] are bounded by

2ddR−1.
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Proposition (t1/α > R/2)

ZD(t) ≤ C1|D|
td/α ≤

C1|D|t2α

R2td/α

and by (ii),
C2|∂D|t1/α

td/α ≤ 2dC2|D|t1/α

Rtd/α ≤ 2d+1C2|D|t2/α

R2td/α

This implies Theorem for t1/α > R/2.

ZD(t)− C1|D|
td/α = −

∫
D

rD
t (x , x)dx = −

∫
DR/2

rD
t (x , x)dx −

∫
D\DR/2

rD
t (x , x)dx

As before, for t1/α ≤ R/2,∫
DR/2

rD
t (x , x)dx ≤ C|D|t2/α

R2td/α
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Lemma
For x ∈ D \ DR/2, let x∗ ∈ ∂D with dD(x) = |x − x∗|. Let B1(z1,R) and
B2(z2,R) be the balls of radius R passing through x∗ with B1 ⊂ D and
B2 ⊂ Dc . Let H(x) be the half space containing B1 perpendicular to z1z2. For
t1/α < R, ∣∣∣∣∣

∫
D\DR/2

rD
t (x , x)dx −

∫
D\DR/2

rH(x)
t (x , x)dx

∣∣∣ ≤ C|D|t2/α

R2td/α

Recall
H = {(x1, x2, . . . , xd ) ∈ Rd : x1 > 0}

Set
fH(t ,q) = rH

t ((q,0, . . . ,0), (q,0, . . . ,0)), q > 0

Then,

rH(x)
t (x , x) = fH(t ,dH(x)(x))

and
fH(t ,q) = t−d/αfH(1,qt−1/α), fH(1,q) ≤ c(q−d−α ∧ 1).
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∫
D\DR/2

rH(x)
t (x , x) dx =

∫ R/2

0
|∂Du|fH(t ,u) du

=
1

td/α

∫ R/2

0
|∂Du|fH(1,ut−1/α) du

=
t1/α

td/α

∫ R/(2t1/α)

0
|∂Dt1/αq |fH(1,q) dq,

⇒ (by part (iii) of Corollary above)

t1/α

td/α

∫ R/(2t1/α)

0

∣∣|∂Dt1/αq | − |∂D|
∣∣ fH(1,q)dq ≤ c|D|t2/α

R2td/α

∫ R/(2t1/α)

0
qfH(1,q)dq

≤ c|D|t2/α

R2td/α

∫ ∞
0

q(q−d−α ∧ 1) dq

≤ c|D|t2/α

R2td/α .
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Remains to show:∣∣∣∣∣ t1/α|∂D|
td/α

∫ R/(2t1/α)

0
fH(1,q) dq − t1/α|∂D|

td/α

∫ ∞
0

fH(1,q) dq

∣∣∣∣∣ ≤ c|D|t2/α

R2td/α .

or
t1/α|∂D|

td/α

∣∣∣∣∣
∫ ∞

R/(2t1/α)

fH(1,q) dq

∣∣∣∣∣ ≤ c|D|t2/α

R2td/α .

Recall: R/(2t1/α) ≥ 1. Thus, for q ≥ R/(2t1/α) we have

fH(1,q) ≤ cq−d−α ≤ cq−2,

⇒
∫ ∞

R/(2t1/α)

fH(1,q) dq ≤ c
∫ ∞

R/(2t1/α)

dq
q2 ≤

ct1/α

R
.

Again, use

|∂D| ≤ 2d |D|
R

,

to conclude.
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Proposition

D ⊂ Rd , d ≥ 2 with R-smooth boundary. For any x ∈ D \ DR/2 and
t1/α ≤ R/2, then

|rD
t (x , x)− rH(x)

t (x , x)| ≤ ct1/α

Rtd/α

((
t1/α

δD(x)

)d+α/2−1

∧ 1

)
.

Note that
B1 ⊂ D ⊂ (B2)c ,

and
B1 ⊂ H(x) ⊂ (B2)c .

For any open sets A1, A2 such that A1 ⊂ A2 we have

rA1
t (x , y) ≥ rA2

t (x , y)

so
|rD

t (x , x)− rH(x)
t (x , x)| ≤ rB1

t (x , x)− r (B2)c

t (x , x).
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Recall and B1 and B2 be the balls with radius R such that B1 ⊂ D,
B2 ⊂ Rd \ (D ∪ ∂D), ∂B1 ∩ ∂B2 = x∗.

Assume x∗ = 0 and choose an orthonormal coordinate system (x1, . . . , xd ) so
that the positive axis 0x1 is in the direction of ~0p where p is the center of the
ball B1. Note that x lies on the interval 0p so x = (|x |,0, . . . ,0). Note also that

1
td/α

{
rB1/t1/α

1

( x
t1/α ,

x
t1/α

)
− r (B2)c/t1/α

1

( x
t1/α ,

x
t1/α

)}

≤ ct1/α

Rtd/α

{(
t1/α

δD(x)

)
∧ 1

}
,

for any x = (|x |,0, . . . ,0), |x | ∈ (0,R/2].

Lemma

Let D,F ⊂ Rd such that D ⊂ F Then for any x , y ∈ D we have

pF (t , x , y)− pD(t , x , y) = Ex (τD < t ,X (τD) ∈ F \ D; pF (t − τD,X (τD), y)).
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Set W = B1/t1/α, U = (B2)c/t1/α and s = R/t1/α. Note that s is the radius of
W .

Replacing x/t1/α by x , it follows that in order to prove the proposition it
suffices to show

rW (1, x , x)− rU(1, x , x) ≤ cs−1(|x |−d−α/2+1 ∧ 1),

for any x = (|x |,0, . . . ,0), |x | ∈ (0, s/2].

FINALLY, NEED TO PROVE:

Ex (τW < 1,X (τW ) ∈ U \W ; pU(1− τW ,X (τW ), x)) ≤

cs−1(|x |−d−α/2+1 ∧ 1),

for any x = (|x |,0, . . . ,0), |x | ∈ (0, s/2].

R. Bañuelos (Purdue) ESI, Vienna May, 2009 26 / 26


