ON THE TRACE OF SYMMETRIC STABLE PROCESSES
ON LIPSCHITZ DOMAINS
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ABSTRACT. It is shown that the second term in the asymptotic expan-
sion as t — 0 of the trace of the semigroup of symmetric stable processes
(fractional powers of the Laplacian) of order «, for any 0 < a < 2, in
Lipschitz domains is given by the surface area of the boundary of the
domain. This brings the asymptotics for the trace of stable processes in
domains of Euclidean space on par with those of Brownian motion (the
Laplacian), as far as boundary smoothness is concerned.

1. INTRODUCTION AND STATEMENT OF MAIN RESULT

Let X; be a symmetric a-stable process in R?, o € (0,2]. This is a pro-
cess with independent and stationary increments and characteristic function
EVeiXe — o tEl® ¢ e R, t > 0. By p(t, x,y) = pi(x — y) we will denote the
transition density of this process starting at the point . That is,

Pz(XteB)=/p(t,x,y)dy-
B

Since the transition density is obtained from the characteristic function by
the inverse Fourier transform, it follows trivially that pi(z) is a radial sym-
metric function. However, it is also the case that (page 261 of [21])

* 1 —|z|?/4s
pt(x):/o e ) s

where g, /2(t, 5) is the density of an /2 stable subordinator T; whose Laplace

—tA/2

transform is given by fooo e Mg, s2(t,u)du=e . Hence, p;(z) is radially

decreasing and
pi(x) = t=¥op (V) < = (0), t>0, xR (1.1)
We also have (see (1.2) [2])

_ aa wal'(d/0)

Pi(0) (2m)da '

/2 . . .
where wg = ngrT//Q) is the surface area of the unit sphere in R%.
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Let D C R? be an open nonempty set and denote by 7p = inf{t > 0: X; ¢
D} the first exit time of X; from D. The transition density pp(t,x,y) of the
process killed while exiting a domain D («-stable heat kernel) is defined by

PY(X e A,tp >t) = / pp(t, z,y)dy. (1.2)
A
This subprobabilistic density satisfies
pD(t,9U73/) :p(t7x7y> _TD(taxay)v (13)
where
rp(t,2,y) = E*(tp < t;p(t — 7, X(TD),y)). (1.4)

By {PP}i>0 we denote the semigroup on L?(D) of X; killed upon exiting
D. That is, for any t > 0 and f € L*(D) we define

PP f(x) = B¥(rp > t; f(Xy)) = /D po(t,z,y)f(y)dy, =€ D.

The study of the spectral properties of the a-stable heat semigroup { PP }1>0
has been the subject of many papers in recent years see e.g. [1], [2], [9], [10],
[12]. Whenever D is bounded (or of finite volume), the operator P maps
L?(D) into L>=(D) for every t > 0. This follows from (1.1), (1.4), and the
general theory of heat semigroups as described in [I1]. In fact, it follows
from [11] that there exists an orthonormal basis of eigenfunctions {¢, }5°
for L?(D) and corresponding eigenvalues {\,}°% of the generator of the
semigroup { PP }1>0 satisfying

O<Mi<X<A<...,
with A\, — 0o as n — oo. That is, the pair {p,, A, } satisfies
PPon(x) = e Mlou(z), zeD, t>0.

Under such assumptions we have
o0
po(tz,y) =Y e on(x)en(y). (1.5)
n=1

The trace of the a-stable heat kernel on D (often referred to as the par-
tition function of D) is defined by

ZD(t):/DpD(t,:L’,:E)d:E. (1.6)

Because of (1.5), we can rewrite (1.6) as

Zp(t) = Z e Ant /D @2 (z)dz = Z e Mt (1.7)
n=1 n=1

It is shown in [4] that for any open set D C R? of finite volume

}ir%td/aZD(t) = C1|D, (1.8)
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where C7 = wyl'(d/a)(2m)"%a~!. This result is proved in [4] under the
assumption that 0D has zero Lebesgue measure. As observed in Remark
2.2 of [2], the result in fact holds for all open sets of finite volume.

As is well known, the asymptotic behavior of the partition function as
t — 0 implies Weyl’s formula on the growth of the number of eigenvalues.
Indeed, if we let N (\) be the number of eigenvalues {\;} which do not exceed
A, it follows from (1.8) and the classical Karamata tauberian theorem (see
[2] for full details) that

Cl|‘D‘ )\d/a

N @)~ T(d/a+1)"

as A — oo. (1.9)
This is the analogue for stable processes of the celebrated Weyl’s asymptotic
formula for the eigenvalues of the Laplacian.

The asymptotics for the trace of the heat kernel when v = 2 (the case of
the Laplacian with Dirichlet boundary condition in a domain of R%), have
been extensively studied by many authors. In particular, van den Berg [3]
proved that under an assumption of R—smoothness of the boundary (that
is 0D satisfies uniform outer and inner ball condition with radius R), when
a =2,

Vit

1-d/2
) < Cd|D‘t

s 1> 0.

(1.10)

Z(0) - (amt) (D] - *T*ri 0D) )

When the domain has C* boundaries the result

Zp(t) = (4wt)~9/? (\D[ — \/fHd_l((?D) + 0(t1/2)> , t—0, (111
was proved by Brossard and Carmona in [6]. R. Brown subsequently ex-
tended (1.11) to Lipschitz domains in [7]. We refer the reader to [6] and [7]
for more on the literature and history of these type of asymptotic results.
In [2], the exact analogue of (1.10) was proved for any stable processes
of order 0 < a < 2. Our goal in this paper is to obtain the second term in
the asymptotics of Zp(t) under assumption that D is a bounded Lipschitz

domain, in complete analogy to the R. Brown result, [7].

Theorem 1.1. Let D C R?%, d > 2, be a bounded Lipschitz domain. Let
|D| denote d-dimensional Lebesque measure of D and HY*(0D) denote the
(d — 1)-dimensional Hausdorff measure of 0D. For any 0 < a < 2, the
partition function of the symmetric a-stable process in D satisfies

tY°Zp(t) = C1|D| — CoHTL(AD) Y™ + o(t1/%), (1.12)

where

C1=p1(0) = W (1.13)
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and
CQZ/ T’H(l,(xl,o,...,0),(3}1,0,...,0))d$1. (1.14)
0

Here,
H={(z1,...,25) €R*: z; >0} =R%
is the upper half-space of R% and
ra(t,x,y) = E¥(tg < t;p(t — 7, X (18),v)), (1.15)
is as in (1.4).

It is now well known (see [15], [17], [18], [19], [20] and references therein)
that in the case of the Brownian motion (the Laplacian), the second term
in Weyl’s asymptotics for N(\) is also given by the surface area of the
domain—at least in the case of smooth domains. In fact,

N(\) = C1|D| X2 — C4|0D|A T + o(A“T), (1.16)

where C] and Cs are explicit constants depending only on d.

The arguments used to obtain such results employ tools from the theory
of the wave equation. An interesting and challenging problem is to develop
the wave techniques in the case of the fractional Laplacian to obtain simi-
lar results for the counting function of stable processes. To the best of our
knowledge the “wave group” corresponding to these operators has not been
studied before. An alternative approach would be to find a probabilistic
(heat equation) proof for (1.16) and then try to adapt such arguments to
stable processes. A success with either approach is likely to lead to applica-
tions that will be of independent interest.

2. PRELIMINARIES

In this section we present several facts concerning symmetric a-stable
processes and recall several geometric properties of Lipschitz domains which
will be needed in the proof of our main result, Theorem 1.1. These geometric
facts, and notation, for Lipschitz domains are standard and follow [7].

The ball in R? with center at z and radius 7, {y € R? : |z—y| < r}, will be
denoted by B(x,r). We will use dp(x) to denote the distance from the point
x to the boundary, 0D, of D. That is, dp(z) = dist(x,dD). Throughout
the paper, we will use ¢ to denote positive constants that depend (unless
otherwise explicitly stated) only on d and « but whose value may change
from line to line.

The Lévy measure of the stable processes X; will be denoted by v. Its
density, which we will just write as v(z), is given by

Ad—a
v(z) = 7|x"f;m, (2.1)
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where Ag, = I'((d — 7)/2)/(277%?|T(v/2)]). We will need the following
bound on the transition probabilities of the process X; which can be found

in [24]. For all z,y € R? and ¢ > 0,

t 1

The scaling properties from (1.1) of py(x) are inherited by the kernels pp
and rp. Namely,

! LTy
pD(taxvy) - WPD/tl/a < T l/a’ m) ’

and

ro(t2,y) = td% rpjre (L o) (2.3)
Also, both pp and rp are symmetric. That is, pp(t,z,y) = pp(t,y,x) and
rp(t,x,y) = rp(t,y,x). The Green function for the process X; in the open
set D C R? will be denoted by Gp(z,y). In fact, this can be written in
terms of the transition probabilities as

o0
GD(xay) :/ pD(t,a:,y) dtv x,y eRd'
0
We have the following estimates for rp.

Lemma 2.1. Let D C R? be an open set. For any x,y € D we have

t
rp(t,z,y) < C ( —— A td/a> : (2.4)
05 ()
This Lemma follows from [2], Lemma 2.1.

Lemma 2.2. Let D C R? be an open nonempty set. Fiz e > 0. For any
y €D, and x,z € D such that 5p(x) > €, dp(z) > €, we have

’rD(lvxay) - TD(LZ,:I/)’ < C(é‘)‘l’ - Z’
Here ¢(g) depends on g, d, a.

Proof. Recall that

o] —| 2
p1(x) :/0 Wexp (JLu’) Gas2(1,u) du, (2.5)

where g,/2(t,-) : (0,00) — (0,00) is the density of the a/2-stable subordi-

nator whose Laplace transform is given by [ e™*"g, /o(t, u) du = e~tA?

For the rest of the proof of this Lemma, let us denote p; by pgd) in order

to stress the dependence on the dimension d. Differentiating in (2.5), we get
for any = € RY,

o’ _ ¥ —|zf* _ (a+2)
. (z) = —2x1/0 Wexp 1 Jas2(1,u) du = —2z17p;

(7),



6 RODRIGO BANUELOS, TADEUSZ KULCZYCKI, AND BARTLOMIEJ SIUDEJA

where T = (z,0,0) € R4*2,
Since for any dimension d we have (see (2.2)), pgd)(a:) < clz|%, we get

opt”

Tm(x)

< C|x1||x‘fd727a < C|x’fd717a.

Set e; = (1,0,...,0) € R% Since the function pgd) is radial, pgd) (x) =

pgd)(|az|el). Hence, the mean—value theorem gives

P (@) =) = 1 (|zler) — P (|zler)]
op'
= G (©llaler ~ [zlea]

cle =2 la| = |2
[~ o]~ |

IA N

cllz| Azl 2],

where & = (£1,0,...,0) € R? is the point between |z|e; and |z|e;. By the
scaling of pq,

rp(l,z,y) = EY(rp < L;p(1—71p,X(mp), 7))

- & (<t Tt ((ﬁ:fg;ﬁl» |

|TD(17x>y) - TD(lazay)‘

v . 1 @ (z—X(p)\ (@ (z2—X(D)
E<W<Lu—mwﬂlQmeW>1“<u—mWJN
(u—xmm u—wig“*”
(1= 7p)¥e \ (L —mp)/e (1 —71p)l/e
rx—vay_v—me|>

(1—mp)l/e (1 —rp)l/e

cEY(tp < 1;(1 — 1)) (dp(z) A 5D(z))_d_1_°‘|x — 2|

c(e)lx — 2|,

It follows that

< cEY (TD <1

<
<

where we used our assumption that both dp(x) and dp(z) are larger than
E. u

As an immediate corollary of this lemma we obtain the following diagonal
estimate for rp.

Lemma 2.3. Let D C R? be an open nonempty set. Fiz ¢ > 0. For any
x,z € D such that op(x) > ¢, 6p(z) > €, we have

|7“D(1,$,1‘) - ’f’D(l,Z, Z)‘ < C(€)|JJ - Z|‘

Here c(g) depends on e, d, «.
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Proof. By the fact that rp(1,z,2) = rp(1, z,x2) and Lemma 2.2 we get

lrp(1,z,2) —rp(1, z,2)| + |rp(l,z, 2) — rp(l, 2, 2)|
c(e)|z — z|.

"I“D(l,x,l')—TD(l,Z,Z)‘ <
<

O

In the sequel we will need several facts concerning the a-harmonic mea-
sure P*(X(7p) € -) of an open nonempty set D C R?. We say that an
open set D C RY satisfies the outer cone condition if there exist constants
n = n(D), Ry = Ro(D) and a cone C = {z = (z1,...,24) € RT: 0 <
xg, ||[(x1,...,24-1)|| < nzq} such that for every @ € 0D, there is a cone Cg
with vertex @, isometric with C' and satisfying Cg N B(Q, Ry) C D°. It is
well known that if D is an open set satisfying the outer cone condition then

PI<TD<OO,X<TD)68D)=O, x € D.

This fact is proved in [5], Lemma 6, for bounded open sets with the outer
cone condition. However, by the same arguments as in the proof of Lemma
2.10 in [16], it holds also for unbounded open sets.

In the sequel we will also use the Ikeda—Watanabe formula for the space-
time a-harmonic measure in terms of the Green function Gp(z,y) (or the
transition density pp(¢,x,y)) and the Levy measure of the process. This
formula is from [23], Theorem 2.4.

Proposition 2.4. Let D be an open nonempty set and A a Borel set such
that A C D¢\ 0D. Assume that 0 < t; <ty < 0o, x € D. Then we have

to
P*(ty <71p < ty, X(1p) € A) = / / pp (S, 2,Y) ds/ v(y — z)dz dy.
D Jy A

(2.6)

By letting to — oo in (2.6) we see that this formula also holds for ¢y = cc.
With this and the fact that

0

we have

Corollary 2.5. Let D be an open nonempty set and A a Borel set such that
AC D\0D, x € D. Then we have

P*(tp < 00, X(mp) € A) = / GD(a:,y)/ v(y — z)dz dy.
D A
We also recall here that
Kp(w.2) = [ Golaly—2)dy (2.7)
D

denotes the Poisson kernel for the a-stable symmetric process and the open
set D.
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As in the proof in [7], we need to divide the domain D into a good and a
bad set. We recall several geometric facts about Lipschitz domains, most of
which come from [7].

Definition 2.6. Let e,r > 0. We say that G C 9D is (g, r)-good if for each
point p € G, the unit inner normal v(p) exists and

B(p,r)NdD C{x: |(z —p)-v(p)| <elz—pl}. (2.8)

Using this definition we can construct a good subset of the points near
the boundary.

g - U Pr(p7€)7 (29)
peEG

where I'y(p, €) is a truncated cone
T,(p,e) = {x Sz —p)-v(p) > V11— 2z — p|} N B(p,r) (2.10)

Figure 1 shows one of the cones I',(p, €) together with the boundary of D
contained in {z : |[(z — p) - v(p)| < €|z — pl|}.

F1GURrE 1. Cones at a good point p.

Lemma 2.7. Let 0 < ¢ < 1/2, r > 0 and suppose that G is a measurable
(e,1)-good subset of OD, the boundary of a Lipschitz domain. There exists
50(0D, G) such that for all s < s

{z € D:op(x) <s}\G| <sHTHOD\ G) +e(3+HTLOD))]. (2.11)
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This lemma states that the measure of the set of the bad points near
the boundary is small. The proof is essentially the same as the proof as
Proposition 1.3 in [7]. We present the proof here due to the fact the set G
is constructed from narrower cones than those in [7].

Proof. 1t is enough (see proof of [7, Proposition 1.3]) to show that
[{z € D:dp(x) < s} NG| >s(HTHG) —e(2+HITHG))).  (2.12)

Choose v, s, ...,vy € S and closed disjoint sets Fy, Fy,...,Fy C G
satisfying H91(G\ UY, F) < ¢, diam(F}) < r and |[v(p) — vi| < &, for any
p € F.

Note that p 4+ pv; € I'y(p,e) for any p < r and p € F;. Indeed ¢ <
[(0,1) — (e,v/1 — &?)|, where the last distance is the distance between v(p)
and the arbitrary unit vector ppi, where p; is on the boundary of I's(p, €).

We claim that p — p + py; is injective when p € F; and 0 < p < 7.
Suppose that p — ¢ = (p — o)y; for p,q € F; and p,o € (0,7). Since p € G
and [p—gq| <r

lp—al=I[(p—0o)vi-vi|=I|(p—q) v
<llp—q) -v)|+Ip—-9q) - v—v) (2.13)
<elp—gq|l+elp—ql=2¢lp-ol

This is a contradiction for ¢ < 1/2.

Now we can estimate the Lebesgue measure of the set {x € D : dp(x) < s}N
G. Let v denote the minimum of 2 dist(F;, F) for i # j and sop = min(r, 7).
For any s < s¢

N
]{meD:éD(w)<s}ﬁg]EZ\{p—i-tvi:peFi,O<t<s}\

N =1 (2.14)
>s(1—e) Y HNE) > s(HH(G) —e(2+HTHG))),
=1

where the second inequality follows from the formula for the area of a Lips-
chitz map in [13, Theorem 3.2.3] applied to the map (p,t) — p + tv;. This
proves (2.12). O

The existence of a set G is established in [7, Section 4]. We recall the
following from [7], Section 4, page 897.

Lemma 2.8. For arbitrary € > 0 there exists r such that an (e,r)-good set
G ezists and

HITHOD\ @) < e. (2.15)
This and Lemma 2.7 imply that
{z e D: ép(x) <s}\G| < se(d+HITLOD)). (2.16)
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For arbitrary 0 < ¢ < 1/4, let G be the (e,7)-good set from the above
Lemma. We construct a good set G using this particular set G. For any
point z in G there is a point on the boundary p(z) such that x € T',.(p(z), ).

We define inner and outer cones as follows

Lr(p(z)) = {y : (y = p(x)) - v(p(x)) > ely = p(x)[} N B(p(x),7),  (2.17)
Ur(p(x)) ={y : (y = p(2)) - v(p(2)) < —ely = p(2)[} N B(p(x), 7). (2.18)
For e < 1/4 and = € G we have
I (p(z),e) C I (p(x)) € D C Us(p(x)). (2.19)
Now our aim is to show that there exists a half-space H*(z) such that

€ H'(x), Op+@)(x)=0dp(x), IL(p(x)) C H (z)C Ui(p(x)). (2.20)

4 \

. outer cone U,

. /
inner cone I,
/

D \\ // HJ_

\ 7

FIGURE 2. A halfspace preserving the distance from x to the
boundary of D.

Let H(x) be the halfspace containing the inner cone I.(p(z) with the
boundary OH*(z) containing p(x) and perpendicular to z — p(z). Con-
sider an arbitrary 2-dimensional plane containing the axis of the inner cone
I.(p(x)). (The projections of U,(p(x)), I.(p(x)), T'+(p(z),e) onto this plane

are shown on Figure 1.) Let p(xz)p; be a unit vector lying on this plane
—_—

such that p; € Ol (p(x),e) and p(x)p2, p(x)ps be unit vectors lying on
this plane such that p2,p3 € OUx(p(x)) and let [p1 — p2| < |p1 — p3|. Then
note that due to the chosen apertures of I'no (p(),€) and Uso(p(x)) vectors

p(z)p1 and p(z)py are perpendicular. It follows that H'(x) is contained in
Uf(p(x)) and contains I, (p(x)) (see Figure 2).

Let 7 be the unit inner normal vector for H+. Let [ be the point p(z)
when the dimension d = 2 and let [ be the (d — 2) dimensional hyperplane
containing p(z) and perpendicular to v(p(x)) and 7 when d > 3. If d > 3
and v(p(z)) = 7 let | be a fixed arbitrary (d — 2) dimensional hyperplane
containing p(x) and perpendicular to v(p(x)). By rotating H+ around [ by
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some angle (3 we obtain the halfspace H'(x) such that x € H'(x), 0g(z)(7) =
01, (p(x))(z) and I (p(z)) C H'(x) C Ug(p(x)) (see Figure 2). Note that

O, (p(x)) (T) = 01 () (%) < Op(z) < |2 — p()| = 1 (1) (T) = S, (p(a)) (T)-

It follows that by rotating H' around ! by some angle, which is smaller or
equal than (3, we can obtain the halfspace H*(x) such that = € H*(x) and

0g+(2)() = dp(2).
We also have
I (p(z)) € H(z) C Ug(p(x)).

To simplify notation we will write

fu(t,q) =ru(t, (¢,0,...,0),(q,0,...,0)), t,q>0, (2.21)
where as before H = {(x1,...,24) € R?: 21 > 0} is the half space.
Our Proposition 2.9 below is a modification of Proposition 1.1 in [7]. We

need this modification because we need to apply it to the function ¢ —
fr(1,q) (see formula (2.21) for the definition of fz) which is not known to
have the necessary estimates on its derivatives needed in the formulation of
Proposition 1.1 in [7].

Let o, = 7%/2/T(s/2 + 1) and for 0 < k < d we recall that the the
Minkowski content of a set E is defined by

{x € D : dist(x, F) < r}|

M(E) = li
(E) o0t swh rd=k
We note that if £ C 0D, the boundary of a Lipschitz domain, and F
is closed, then M4~ 1(E) = H?1(E) [[13], Theorem 3.2.39], where H?!

denotes the more familiar Hausdorff measure. Note also that %wi = 1.

Proposition 2.9. Let D C R be a bounded Lipschitz domain. Suppose
that f : (0,00) — R is continuous and satisfies f(r) < c(1 Ar75), r > 0,
for some B > 1. Furthermore, suppose that for any 0 < Ry < Ry < 00, fis
Lipschitz on [R1, Re]. Then we have

lim 1/Df <5D(x)> dx = H* (D) /OOO F(r)dr. (2.22)

n—0t 1 Ui

Proof. Let ¢,(r) = n7'{z € D : dp(x) < nr}|. We have (cf. proof of
Proposition 1.1 in [7]

)
= /D F (b)) di = /0 " 1) di(r).

So in order to prove the proposition we need to show that

i - = HI! - r)dr
lim /O () diby (r) = H1(OD) /0 £(r) dr. (2.23)

n—0+
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Let 0 < Ry < Ry < 00 and n > 0 be arbitrary. We claim that

Ry
(r) dipy(r) < cRy, (2.24)
0
- F(r) dipy(r) < en® '+ cRy P, (2.25)
Rs
and that
R2 Ro
lim F(r) dipy(r) = HEH(OD) f(r)dr. (2.26)
n—0T JRy Ri

Here and below constants ¢ depend only on f, 8 and D and may change
value from line to line. Note that (2.24),(2.25),(2.26) imply (2.23).

Proof of (2.24): Note that for any n > 0 the function r — ,(r) is nonde-
creasing and for any 1 > 0, 7 > 0 we have 1, (1) < cr. Hence

Ry
/0 ) dig(r) < |1 llotbn(R1) < R f]]oc-

Proof of (2.25): Let M = sup,cpdp(x) (the inner radius of D). Since D
is bounded, we certainly have M < co. For n > 0 put M,, = (M + 1)/n.
Clearly for any r > M, we have ¢, (r) = ¢, (M,) = n~!|D|. We have

oo M'r] M"I
T r)= T r c rh T).
[ rmav0) /R F) v <c [

Ro
Integrating by parts this quantity equals

My
M, by (M) — cRy "y (Ry) + ¢ / r= A=, (r) dr

o0
< cnﬁ_l—i-c/ =P dr
Ry

= 0775_1 + CR;/H,
which proves (2.25).
Proof of (2.26): Set g(r) = |{x € D : dp(z) < r}|. By definition we have
lim, g+ g(r)/r = H¥Y(OD). Put

S

) _ Hdl(c’)D)‘ .

Clearly G is nondecreasing and in fact G(r) | 0 as r | 0. Note that for
r < Ry we have

() — ML @D)r| = ' (gf;jf“) - Hd—1<ap>> ,

< G(nr)r < G(nR2)Ra.

Let P = {xo,71,...,Zy(p)} be a partition of the interval [R1, Rp]. That is,
R1=$0<x1<...<xn(p)=R2
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and let S(P, f,1y), S(P, f) be the Riemann-Stieltjes sums

Pf 1/177 Zf xz % xz wn(%‘—ﬂ),

n(P
foz Ti — Tj—1 )

Since f is Lipschitz on [Ry, Rs] there exists a constant L > 0 such that for
all r1,T2 € [Rl, RQ]
|f(r2) = f(r1)] < Llry — 4.
This gives
[S(P, f16n) = HTHOD)S(P, f)]
\f(m)(—wwo) + M (9D)ao)
n(P)—1

+ Z Fl@ien)) (W (z5) — HL(OD)x;)

+ S (@) Wnlacp)) = HE @D ()|
n(P)
< 2/|f|loG(Ran) Ry + G(Ram) Ry > L(wip1 — ;)
i=1
= G(Ran)R2(2[|fllos + L(R2 — R1)).
Hence for any partition P we have
[S(P, f,4y) = HTH(OD)S(P, f)| < G(Ran)Ra(2||flloo + L(R2 — R1)).
This implies that
R2 d R2
f(r)diby(r) —HYOD) | f(r)dr
R1 Rl
which gives (2.26). O

< G(Ran) Ra(2]| flloo+L(R2—Ry)),

3. PROOF OF MAIN RESULT

Proof of Theorem 1.1. By (1.3)
—td/a/ rp(t,z,z)de = td/o‘/ (pp(t,xz,z) — p(t,z,x))dx
D D

= ¥ Zp(t) — C1|D).

Therefore to prove Theorem 1.1 we must show that for an arbitrary ¢ > 0
there exists a tg > 0 such that for any 0 < t < tg,

/e / rp(t, z, z)dz — CoHI™H(OD) Y| < c(e)t'/®, (3.1)
D

where ¢(e) — 0 as € — 0.
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Fix 0 < e < 1/4. We will use the (g,7)-good set G from Lemma 2.8 and
corresponding set G defined by (2.9).
We need to estimate

4/ / rp(t,x, z)dz.
D

We split this integral into three sets
Di={zxeD\G:0p(z) < s},
Dy={xeDNG:ip(z) < s},

Dy ={x € D:ép(x)> s},

where s must be smaller than the sy given by Lemma 2.7. For small enough
t we can take

s =t/ \/e.

We can also assume that sg < r/4.
By Lemmas 2.1, 2.7 and 2.8,

td/a/ ro(t,z,z)de < ¢|Dy| < C(dD)es = C(ID)/et"/®, (3.2)
D1

where C'(0D) is a constant depending on d, a and 9D.
Lemma 2.1 and the definition of the set D3 give

t1+d/a

td/o‘/ rp(t,x, z)dr < c/ — A ldx
D3 Ds 5%+a<m)

d+a d+a—1
/ /e lde < / /e VEALd
=c — ANldz <c _— eANldx (3.3
s \ 90(@) s \ 30(2) (8:3)

d+a—1
< / /e Venld
C g Z.
~ Jp \dp(x)

Now we apply Proposition 2.9 with n = t1/® and f(r) = \/er-4-*+t1 A 1. For
small enough ¢ this leads to

td/o‘/ rp(t,z,x)dr < cHd_l(ﬁD)tl/a/ Ver ot A 1dr
Dy 0

(3.4)

_ CHdl(aD)tl/a(ﬁ)l/(dJral)/ pd—atl A1dr.
0

By (3.2) and (3.4), we have that
td/a/ rp(t,z,z)dx < c(a)tl/a,
D,UD3

where ¢(e) — 0 as € — 0.
It remains to consider the integral over Dy. Let © € Dy C G and p(x) €
0D be such that x € I'v(p(z),e). We also have ép(x) < s. By (2.8), (2.9),
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(2.10), the fact that s < r/4 and € < 1/4 we have that |z —p(z)| < 20p(x) <
2s. Hence dp(z) and |z — p(z)| are comparable and x € T'95(p(x), €).

We now claim that on Dg, rp(t, =, x) is comparable to rg« (. (¢, z, 7). Let
I.(p(z)), Up(p(z)), H*(x) be defined by (2.17), (2.18), (2.20). Since

I (p(z)) € H*(x) C Ui (p(x))
and
I(p(z)) € D C U (p(x)),
we have
lrp(t, =z, x) — T+ (2) (6T, )| <71 () (6T, T) — Tyepa) (B2, 2). (3.5)
The next proposition asserts that for small ¢, the difference r;, () (¢, z,7) —

TUe(p)(t, o, ) is small.

Proposition 3.1. For any p € RY, any unit vector v(p) € R?, € € (0,1/4),
t >0, r >0 such that t'/°/\/e < r/4, s = t'/*/\/e and & € Tas(p,e) we
have

d+a—1
0< t —Tye(p) (& < Al
> rlr(p)( ,.'L',%) 7’UT(p)( 7w7x) >c d]o 5IT(p)(x)

The proof of this Proposition is fairly long and technical. In order not to
interrupt the flow, we continue with the proof of Theorem 1.1 and return to
the proof of the Proposition later.

It follows from (3.5) that

/D [rp(t, 2, 2) — T (o) (t, 7, ) |do < /D 1, (p(2)) (T, T) = Tye(p(a)) (T, T)dw
’ i (3.6)
Let us first observe that d;, (p(2))(z) < dp(7) < 0y, (p(a)) () = |z — p(z)].

Notice also that by the definition of I', and I, and the fact that = €

Pos(p(z),€), s < r/4 and € < 1/4, we have that x — p(x) and 07, () (7)

are comparable. That is, there exists a constant ¢ € (0,1) such that

clx — p(x)| < 67, (p(a)) (%). Therefore edp(x) < dy, (p(2))(*) and we conclude
that cdp(z) and 6y, (p(z))(7) are comparable. This, together with (3.6) and

Proposition 3.1 gives

/ ’T’D(t,m',flj) —TH*(I)(t,.T,Qf)‘de
Do

d+a—1

1-a/2 1/a

< S TVE 5 VVe T A1 | dx
td/e Jp, \ \ O, (p(ay) (%)

d+a—1

1-a/2 1/

< cM t Al | dx
td/o p \ \9p(z)
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Once again we apply Proposition 2.9 with = ¢t/ and f(r) = r—94"*t1 A 1.
For small enough ¢ we get

td/a/ Dt 2, @) — 7 ge (@) (t, 7, 7) | dee
Do
< (e v VEyR oDy / (rett ) ar
0
To complete the proof of (3.1), it remains to show that the quantity

td/a/ T+ (2) (L, T, T) dv
Do

gives the second term CoyH?~ (D)t in the asymptotics plus an error
term of order c(e)t!/®.
Recall that

Th(2) (62, 7) = fr(t, 0p=()()) = fu(t,op(z)).

Therefore

td/a / TH*(x) (t7 z, $)d$ = td/a fH (ty op (IL’))d(L’
DQ DQ

th/a/DfH(tafSD@))diﬂtd/a/D fu(t,6p(x))dz.

1UD3
By the same arguments as in (3.2), (3.3), (3.4) we have that

e [ fultspla))de < et
D1UDs

where ¢(e) — 0 as € — 0.
Scaling now yields

td/a/DfH(t,cSD(w))dx = /DfH (1, 55%)) dx.

By Lemmas 2.1 and 2.3 the function ¢ — fp(1, q) satisfies the assumptions
of Proposition 2.9. Hence we have that for small enough ¢,

4]
/ fu (1, Dm) dz — CoHIH (D)t | < et?/®,
D tl/a
This verifies (3.1) and finishes the proof of the Theorem 1.1. O

Proof of Proposition 3.1. We may assume that p = 0, v(0) = (1,0,...,0).
To simplify notation let us define Z = L jp1/a and U = U:/tl/a.
Put
I'={y:y-v(0)>elyl},
U={y:y-v(0) <—clyl}

r(0,) = {y 1y v(0) > V1- 22y}
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By scaling (formula (2.3)) and Proposition 2.3 in [2] we have
r, (t,x,x) — rye(t, z, x)

SR (rz<1 X(r7) €UN\T, py (1—TI’X( 1), 1aja>)

td/a
1 1 i
_ g/ _ -
gtd/aE (TI<1, X(TI)GZ/{\I,p(l TI,X(TI),tl/a)>
Put w = 7 € Ty, /0 (p, ) and
R(w) = E¥(t7 <1, X(17) €U\ Z, p(1 — 77, X (71), w)).

By the space-time Tkeda—Watanabe formula we have

1
w):// pz(q,w,y)/ v(y —2)p(l — q, 2, w) dz dq dy.
JO U\T

Note that

UN\T = B0,r/t/*)U U\ I),
IcCl.

Therefore,

1
S// pz(q,w,y)/ \IV(y—Z)p(l—q,z,w)dqudy
UC

// pz(q, w,y / v(y — 2)p(1 — q,2,w) dzdqdy
c(o T/tl/o‘)
w) + B(w).

In order to prove the proposition, it is sufficient to show that for any w €
FQs/tl/a (p7 8)

(3.7)

Aw) < ce'™ a/2\ | =4, (3.8)
A(w) < ce'70/? (3.9)
and that
B(w) < ey/e|w|~FL, (3.10)
B(w) < cy/e. (3.11)

Here we use the fact that 07, p(,)) () = |z] for € T'as(p,€), s <71/4,¢ < 1/4.
We first prove the easier inequalities involving B(w). Since s < r/4 and
w € Ly, p1/a (p,e) we have

8 (0, fe1/ry (W) > er [t
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Therefore by (2.2) for g € (0,1) and z € B%(0,r/t'/*) we have

tl/a d+a
p(l_q7Z,U))SC — .

r

Substituting back into (3.7) leads to

tl/a dta 1
B(w) <c|— // pz(q,w,y)/ v(y — z)dzdqdy
r 7Jo Be(0,r/tt/e)

tl/a d+o
=c|— PY{rr < 1,X,, € B0,r/t'/*)}

r
tl/a d+o tl/a d+a ;
<el==] =el=) =Wl

r S

for any # < d 4 «. The inequalities (3.11) and (3.10) follow if we take g
equal d + « and 1 respectively.

The proof of the inequalities (3.8) and (3.9) is quite technical. It will be
divided into several steps.

At first we will need the following auxiliary lemma.

Lemma 3.2. For any ¢ € (0,1/4), w € T'(0,¢), M € (0,00] we have

/ dz < { 07&71*0‘/2|11)\d*°‘/2*7 fory>d—a/2,
wennBoM) §2(2) |z —wp ~ L e T PMTRT for 0 <y <d - /2.

The constant cy depends only on d,c,y. When M = oo, we understand
B(0, M) = R

In fact, we will use this lemma only in the cases when v = d, M = oo
and when v =d —«a, M = 1. We state it in this form to avoid repeating the
proof twice.

Proof. Let us introduce polar coordinates (p, ¢1,...,@q4-1), with center at
p = 0 and principal axis v(0) = (1,0,...,0). There are some technical
differences between the case d = 2 when ¢; € [0,27) and the case d > 3
when ¢; € [0,7]. We will make calculations for the case d > 3. The case
d = 2 is essentially the same, simply taking care of the restriction on the
angle.

Let ¢ € [0, 7] be the angle such that cos(p.) = €. Note that

UNIT={(p,e1,--.,pa-1) : @1 € (e, ™ — @c)}

and that 07(z) = psin(p1 — @) for z € U\ 1.
Let Vi = (UNI)NB(0, |w|AM) and Vo = (U\I)NB(0, M)NB(0, |w|AM)
with the understanding that if |w| > M, then V5 is empty. Note that
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|z —w| ~ |w| for z € V] and |z — w| ~ |z| for z € V5. We have

dz Cy dz
/2 S v /2
Vi 892 (2) |z —w]r Wl v 6972 (2)

o /|w|/\M /Trgag pd—l Sind—2(90l) dor d
= 5 1
Wl Sy o g sin® P — )

Cy ol a d—l—oz/?d e 1 d
[w|Y Jo P P 0 /2 i

< e lw Y (jw| A MYEer o2,

The last inequality follows from the fact that for ¢ € (0,1/4) we have sin(m—
20:) ~ 28in(m/2 — @) = 2, so ™ — 2. < ce.
Similarly we have

/ dz <c/ dz
v (2) e —wp T e 652 (2) 2

c . /M /W—Lpg pdfl Sil’ld_Q(gOl) dspl dp
T S prHe/2sin®2 (g1 — .)

<

M
< C'y/ pdflfa/27'y dp Z_:lfcu/27
|w|AM

and the lemma follows. O

Now we will show that for w € T'(0, &) we have
Ki(w,2)dz < ce'=%/2, (3.12)
Ue\I
where Kj(w, z) is the Poisson kernel for I. For any z € U\ I, let H(z) be

a halfspace such that I C H(z), z € (H(2))° and 07(2) = dp(.)(2). Recall
that when H is a half-space, y; € H, y2 € H€, then (see e.g. (2.5) in [8])

a/2
KH(y17y2) = C’g 7 5H (yl) -
0g ~(y2)lyr — v2|

where C¢ = T'(d/2)n~%? 1sin(ra/2). Tt follows that

(3.13)

Ki(w,z)dz < Kz (w, 2) dz
Ue\I Ue\I

o dz
< c\w[ /2/ /2 ’
U 6777 (2) |2 — w|¢

This gives (3.12) by Lemma 3.2 for v = d and M = oc.
We will now show (3.8). Note that by (2.2), for w € T'(0,¢), z € U\ I
and g € [0,1) we have

1—gq c
|z — w|d+e = |w|dte’

p(l_q)sz) SC
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Using this, (2.7) and (3.7), we get

c o
Aw) < // p1(q, w, / v(y —z)dzdqd
(w) i /), (g, w,y) el (y—2) y
C
= ——— | Gr(w, / v(y —z)dzd
‘w’d—’—a/I I( y) Ue\I (y ) Y

¢
= — Ki(w, z)dz.
[w|@+e Jye s (1,2)

Now (3.8) follows from (3.12).
Our next aim is to show (3.9). By (3.7) we have

1/2
A(’U)) = // pI(Qa w, y) / V(y - Z)p(l —q,z, w) dz dq dy
1J0 Ue\I

1
+ // Pl(qawjy)/ v(y —2)p(1 — ¢, z,w)dzdqdy
1J1/2 (U\I)NB<(0,1)

1
+ // pl(q,w,y)/ v(y — 2)p(1 — q,z,w) dzdqdy
1J12 (U\DNB(0,1)
= I+ 1II+IIL

For ¢ € [0,1/2], we have p(1 — ¢, z,w) < ¢. Similarly for ¢ € [1/2,1), w
I'(0,¢) and z € (U°\I)N B¢(0,1), we have p(1 —q, z,w) < cjw—z|79 < c.
Using this and (3.12) we obtain

41 < // pf<q,w,y>/ Wy — 2) dz dg dy
1Jo Ue\I

= ¢ Kr(w,z)dz < eg' /2,
Ue\I

As for II1, by [23, Theorem 1.6 and Corollary 1.7] we have p;(q, w,y) <
05?/2(34) for g € [1/2,1), y € I. Hence,

57" () !
I < c/ /IdJr dy/ p(1—q,z,w)dgdz. (3.14)
we\DNNB,1) J1 1y — 24T 7 Ji/0

Thus for z € (U°\ I) N B(0,1) we have

O(/Q 2
|y — Z‘a/ / dy —a/2

y<c| ——-dy<c ———=cd; '(2).
/ ly — Z\‘“a 1y — 2[¢e Blz1(2)) |y — 2|4Fe/2 !
We also have

1 fo'e) c
1- ) d S 9~y dg = ———.
/1/2191( q,2,w)dgq /0 p1(g, z,w) dg I wie

So by (3.14) we get
I < ¢ / v dz .
UADNB(O,1) §7/7(2) |2 — w|d—«
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Using Lemma 3.2 for v = d — « and M = 1, we finally arrive at (3.9). O
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