SYMMETRIZATION OF LEVY PROCESSES AND
APPLICATIONS

RODRIGO BANUELOS AND PEDRO J. MENDEZ-HERNANDEZ

ABSTRACT. It is shown that many of the classical generalized isoperi-
metric inequalities for the Laplacian when viewed in terms of Brownian
motion extend to a wide class of Lévy processes. The results are derived
from the multiple integral inequalities of Brascamp, Lieb and Luttinger
but the probabilistic structure of the processes plays a crucial role in
the proofs.

1. INTRODUCTION

Let D be an open connected set in R? of finite Lebesgue measure. Hence-
forth we shall refer to such sets simply as domains. We will denote by D* the
open ball in R? centered at the origin 0 with the same Lebesgue measure as
D, and |D| will denote the Lebesgue measure of D. There is a large class of
quantities which are related to Brownian motion killed upon leaving D that
are maximized, or minimized, by the corresponding quantities for D*. Such
results often go by the name of generalized isoperimetric inequalities. They
include the celebrated Rayleigh-Faber-Krahn inequality on the first eigen-
value of the Dirichlet Laplacian, inequalities for transition densities (heat
kernels), Green functions, and electrostatic capacities (see [1], [16], [L7], [1¥]
and [19]).

Many of these isoperimetric inequalities can be beautifully formulated in
terms of exit times of the Brownian motion B; from the domain D. For
example, if 7p is the first exit time of B; from D, then for all x € D

P*{1p >0} <P’ {7mp- >0}, (1.1)

where 0 is the origin of R?. Inequality (1.1) contains not only the classical
Rayleigh-Faber-Krahn inequality but inequalities for heat kernels and Green
functions as well. This inequality is now classical and can be found in
many places in the literature. For one of its first occurrences, using the
Brascamp-Lieb-Luttinger multiple integrals techniques, please see Aizenman
and Simon [l]. Similar inequalities can be obtained by these methods for
domains of fixed inradius rather than fixed volume. For more on this, we
refer the reader to [5] and [12]. Also, versions of some of these results hold
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for Brownian motion on spheres and hyperbolic spaces, see [8] and references
therein.

Once these isoperimetric-type inequalities are formulated in terms of exit
times of Brownian motion, it is completely natural to enquire as to their
validity for other stochastic processes, and particularly for more general Lévy
processes whose generators, as pseudo differential operators, are natural
extensions of the Laplacian. Such extensions have been obtained in recent
years for the so called “symmetric stable processes” in R? and for more
general processes obtained from subordination of Brownian motion. We
refer the reader to [5], [0], [12], [22].

The purpose of this paper is to show that many of these results continue
to hold for very general Lévy processes. At the heart of these extensions
are the rearrangement inequalities of Brascamp, Lieb and Luttinger [7].
However, the probabilistic structure of Lévy processes enters in a very crucial
way. Of particular importance for our method is the fact, derived from the
Lévy-Khintchine formula, that our processes are weak limits of sums of a
compound Poisson process and a Gaussian process.

We begin with a general description of Lévy processes. A Lévy process
X, in R? is a stochastic process with independent and stationary increments
which is “stochastically” continuous. That is, for all0 < s < t < 0o, A C R¢,

P{X;—X,c A} =P X, ;€ A},

for any given sequence of ordered times 0 < t; < t3 < -+ < tp, < 00, the
random variables X;, — Xo, X, — X¢,,..., Xy, — Xt,,_, are independent,
and for all € > 0,

%i_r}r;Px{\Xt — X >e}=0.

The celebrated Lévy-Khintchine formula [21] guarantees the existence of

a triple (b, A, v) such that the characteristic function of the process is given
by

o [ei&Xt} — V(O FiLT (1.2)

where
W) = i, + 5060+ [ [1+il6n)Ts -] o),

Here, b € R?, A is a nonnegative d x d symmetric matrix, I is the indicator
function of the ball B centered at the origin of radius 1, and v is a measure
on R? such that

/ ﬂdy()<oo and v ({0}) =0 (1.3)
g 1+ g2 o |

The triple (b, A, v) is called the characteristics of the process and the measure
v is called the Lévy measure of the process. Conversely, given a triple
(b,A,v) with such properties there is Lévy processes corresponding to it.
We will use the fact that any Lévy process has a version with paths that are
right continuous with left limits, so called “cadlag” paths.
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Next we recall the basic facts on symmetrization needed to state our
results, more details on the properties of symmetrization used in this paper
can be found in the appendix in Section 6. Given a positive measurable
function f, its symmetric decreasing rearrangement f* is the unique function
satisfying

fr@) = f(y), if x| = [yl,
fr@) < fy), if || > Jyl,
lim f*(z) = f*(y),

|z|—lyl*
and
m{f>ty=m{f* >t}, (1.4)
for all t > 0. Following [14], under the assumption that f vanishes at infinity,

an explicit expression for this function is:

fH(@) = /0 Ny (@) dt.

This explicit representation is used only at the end of section §4 in the case
that f is the indicator function of an open set of finite area .

For symmetrization purposes, in this paper we will only consider Lévy
measures v that are absolutely continuous with respect to the Lebesgue
measure m. It may be that some of the results in this paper hold for more
general Lévy processes but at this stage we are not able to go beyond the
absolute continuity case. Let ¢ be the density of v and ¢* be its symmetric
decreasing rearrangement. Since the function

2
d}(y) =+ 1 —’i/||y|2

is a positive, decreasing and radially symmetric, that is, ¢* = 1, it follows
that (see Theorem 3.4 in [11])

P lyl?
/Rd 1+ [yl o"(y)dy < / P(y)dy < oo (1.5)

Hence the measure ¢*(y) dy satisfies (1.3) and it is also a Lévy measure.
We denote the d x d identity matrix by I; and the determinant of A by
det A. Set A* = (det A)l/d I; and define X} to be the rotationally invariant
Lévy process in R? associated to the triple (0, A*, ¢*(y)dy). We will often
refer to X} as the symmetrization of X;.
Notice that

E® [eigxg} _ e—t\I/*(f)-i-iéoc’ (1.6)

where

vE) = 6o+ [

. [1 - e“'y} o (y) dy

= a6+ [ (1 cos( )] 6" W)

R4
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where the last inequality follows from the fact that ¢* is symmetric and
y — sin(& - y) is antisymmetric.
The next two theorems are the main results of this paper.

Theorem 1.1. Suppose X; is a Lévy process with Lévy measure absolutely
continuous with respect to the Lebesgue measure and let X[ be the sym-
metrization of X constructed as above. Let fi,..., fm be nonnegative con-
tinuous functions and let Dy, . .., D,, be domains in R:. Then for all z € RY,

m

Hff(X;)HD;(X;)], (1.7)

=1

H fl(th) Ip, (th)
=1

forall 0 <t; < ... <t

One easily proves that this result is not valid when the functions f1, ..., fi
are not continuous. However, if we assume further that the distributions of
X: and X are absolutely continuous with respect to the Lebesgue measure,
we can extend Theorem 1.1 to measurable functions.

Theorem 1.2. Suppose X; is a Lévy process with Lévy measure absolutely
continuous with respect to the Lebesgue measure and let X[ be the sym-
metrization of Xy as constructed above. Assume further that for all t > 0
the distributions of Xy and X are absolutely continuous with respect to the
Lebesgue measure. That is, for all t > 0,

Px{Xt € A} = / p(taIE?y)dy
A
and

P*{X] € A} Z/Ap*(t,:c,y)dy,

for any Borel set A C R%. Let f1,..., fm, m > 1, be nonnegative measurable
functions. Then for all z € R?,

E* < E°

=1

forall0 <ty <...<tp.

I1 fi*(XZ-)] :

i=1

Remark 1.3. A sufficient condition for the absolute continuity of the law
of a Lévy process is given in [21], page 177. In our case this is satisfy by

both X; and X; whenever det(A) > 0 or ¢ ¢ L'(RY).

As we shall see below, Theorem 1.1 implies a generalization of (1.1) to
Lévy processes whose Lévy measure is absolutely continuous with respect to
the Lebesgue measure. In fact, we will obtain a more general result which
applies to Schrodinger perturbations of Lévy semigroups. Let D C R? be a
domain of finite measure, and consider

mhy =inf{t>0:X,¢ D},
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the first exit time of X; from D. We also have the corresponding quantity
Tg: for X; in D*. As explained in §5, the following isoperimetric-type
inequality is a consequence of Theorem 1.1.

Theorem 1.4. Let D be a domain in RY of finite measure and f and V be
nonnegative continuous functions. Suppose X; is a Lévy process with Lévy
measure absolutely continuous with respect to the Lebesgue measure and X
is the symmetrization of Xy. Then for all z € R® and all t > 0,

E{ F(X2) exp (— /OtV(XS)ds) K > t} (1.8)
< EO{ FH(XF) exp <— /Ot v*(x;)ds> N> t}.

Our symmetrization results are based on the following now classical re-
arrangement inequality of Brascamp, Lieb and Luttinger [7].

Theorem 1.5. Let fi,..., fm be nonnegative functions in R¢ and denote
by fi,..., fr, be their symmetric decreasing rearrangements. Then

m k
fi byxi | dry---dxp <
/Rd /Rdjl_[lj Z] 1

i=1
[

k
bjzl'Z) dl’l cee d:ck,
1
for all positive integers k,m, and any m x k matriz B = [bj;].

1=

As explained in [5] and [12], if we additionally assume that the process X;
is isotropic unimodal, Theorem 1.1 is an immediate consequence of Theorem
1.5. Recall that X} is isotropic unimodal if it has transition densities p(t, x, y)
of the form

p(t,z,y) = |z —yl), (1.9)
where ¢; is a function such that

qi(r1) < qi(ra),
for all 1 > r9 and all ¢ > 0. Thus for such Lévy processes (with y fixed)

[p(ta Yy y) ]* = p(ta K] 0)7

and X; = X/. This class of Lévy processes includes the Brownian motion,
rotational invariant symmetric a-stable processes, relativistic stable pro-
cesses and any other subordinations of the Brownian motion. Notice that
in our more general setting, and under the assumption that the distribution
of X; is absolutely continuos relative to the Lebesgue measure, we cannot
even ensure that [p(t,-,y)]" is the transition density of a Lévy processes.

The rest of the paper is organized as follows. In §2 we will prove Theorem
1.1 for Compound Poisson processes. We will consider the case of Gaussian
Lévy processes in §3. Theorem 1.1 and Theorem 1.2 are proved in §4, using
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a weak approximation of X; and X;* by Lévy processes of the form G} + (4,
where G, is a nondegenerate Gaussian process and C} is an independent
compound process. We will then show some of the applications in §5. For
the convenience of the reader, and for completeness, we include an appendix
in §6 with various facts on symmetrization used in the proofs.

2. SYMMETRIZATION OF COMPOUND POISSON PROCESSES

In this section we prove a version of the inequality (1.7) for compound
Poisson processes, in the case that D; = R? for all 1 < i < m. This result,
combined with the results in §3, will lead to a proof of Theorem 1.1.

We start by recalling the structure of compound Poisson processes in
terms of random walks. If C; is a compound Poisson process, starting at x,
then its characteristic function is given by

ET (eig-Ct) — eiI‘f*t\PC(f)7 (21)
where
W) = ¢ / [1-¢v] o) dy,
]Rd

and ¢ is a probability density. We now use the fact that C; can be written
in terms of sums of independent random variables. That is, by Theorem 4.3
[21] there exist a Poisson process N; with parameter ¢ > 0, and a sequence
of i.i.d. random variables {X,,}2°; such that

(1) {N¢}eso and {X,,}°2, are independent,

(2) ¢(y) is the density of the distribution of X;, i > 1,

(3) Cy = SN, + z, where S, = X; + ...+ X,, and Sy = 0.

Hence if f is a nonnegative Borel function, then

EC[f(C)] = E*[f(SNn)]

= Y P[Ne=n]E[f(z+Sn)]. (2.2)
n=0
Let ¢* be the symmetric decreasing rearrangement of ¢. Since

*(y)dy = dy=1
[ o= | o=

we can consider a new sequence of i.i.d. random variables {X}°° | indepen-
dent of Ny such that ¢*(y) is the density of X. Define S} = X{ + ...+ X}
to be the corresponding random walk and C} the compound Poisson process
given by
Cf = Sy,

Notice that the distribution p; of C; is not absolutely continuous with
respect to Lebesgue measure. However, if Cy = x we have the following
representation
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p=P[N; =00, + ) P[Ne= k] p(2), (2.3)
k=1

with pi the distribution of S;. That is,

BI(S0] = [ fe+ndu

k k
= /Rd.,,/Rdf Zl‘j ]_;[1¢(xz)dx1dxk

§=0
Thus if f is a bounded measurable function we have that

F7(So) = 7(0) = [Ifllze
and the inequality
f(So+z)=f(x) < f(S5),

can only be asserted to hold almost everywhere.

The next result is a version of inequality (1.7) for random walks where the
functions are only assume to be measurable but the conclusion is only a.e.
with respect to the Lebesgue measure. We label it as “Theorem” because it
may be of some independent interest.

Theorem 2.1. Let f1,..., f;n nonnegative functions and k1 < ... < kn,
nonnegative integers. Then

E|[[fi@o+5Sk) | <E

i=1

Hff(S;z)] , (2.4)

i=1

almost everywhere in xq, with respect to Lebesgue measure. In the case that
fis--y fm are continuous, (2.4) holds pointwise.

Proof. Given that X1, ..., Xy, arei.i.d we can apply Theorem 1.5 to obtain
that
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E

—

fixo + Sk;)

i=1

= F

[Jam B

fi(x() +X1+...+ sz)]

m i km
Rd Rd =0 i—1

z:l
/Rd

k; km

H fz* Z«Tj H¢*($i)d$1-~-d9?m

i j=1 i=1

i=1
]

O

IN

5&\

9(-

We can now prove the inequality (1.7) for the compound Poisson process
C, under the assumption that all the domains are R Let fi,..., fm be
nonnegative continuous functions. Since IV; is independent of Sy and S}, we
can combine (2.2) and Theorem 2.1 to obtain

Hﬁ(SNti)]
=1

oo
= > PINy=k,...,N,, =kn| E
k1<k2<..<km
oo
> PNy =ki,...,Ny, =kn| E
k1<k2<...<km

IN

= [, (2.6)
i=1
Thus
EC\[LAC) | <E° | T2 Co) | (2.7)
i=1 i=1

which is desired result.

3. SYMMETRIZATION OF (GAUSSIAN PROCESSES

Let Gy be a nondegenerate Gaussian process. Then there exist b € R? and
a strictly positive definite symmetric d x d matrix A such that the density
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of GG is given by

fap(t,x) =

1 1 _
2en ) Vaeih T g (ma )],

for all z € R? and all ¢t > 0.
Let us first assume that b = 0. Let v > 0, then

{:c ERY: fuo(t,z) > u}

1
= R%: (z,A7"- In|———
{x < (2, ) <t [(2t7r)du2 det A} }

1
_ d.;a—1/2 -1/2 YRV RCEIVETY
{xER <A x, A $> <t |:(2t7r)du2detA:|}‘

A change of variables implies that

1
m{x cR?: faolt,z) > u} = ————=m{ B(radu, )
(1,2) oo (B}
where
t1 L
u = n|\—————— .
Thdut (2tm)du? det A

Consider the diagonal matrix
A* = (detA)d I,
Then
m {ac eRe: faot,z) > u} =m {a: eRe: fa=o(t,z) > u} ,

for all w > 0. Given that fa-(t,z) is rotational invariant and radially
decreasing, we conclude that

[fap(t,2)]" = [fapolt,z —t0)]" = farolt @) (3.1)
If G; is a degenerate Gaussian process, then
. t
E(e’g'ct> = exp (itb-ﬁ—zé(&f,ﬁ}) , (3.2)
where A is a positive definite d x d matrix such that det A = 0.
Let {vi,...,v4} be the orthonormal eigenvectors of A with eigenvalues
ALy ...y Ag. We can assume that {\1,...,A\t}, 1 < k < d, are the nonzero

eigenvalues of A. Let W be the subspace spanned by vy, ..., v;. Then G; can
be identified with a non degenerate Gaussian process in the lower dimension
space W and
P*[Gy e D]|=P?*[G, € Pw(D)],

where Py (D) is the projection of D on the space W.

Define A* to be the symmetric positive defined matrix with eigenvectors
v1,...,Uq such that

A =0,k <i<d,
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and
A*’Ul' = )\’Ui, 1 S ) S k‘,
where
A= (A1 A)YE
The arguments of this section imply that
P*[Gye D] = P?*[Gye Py (D)]
= PY[G; e Djy].
where Dy, is the ball in W, centered at the origin, with the same k-dimension

measure as Py (D). Hence the corresponding symmetrization for this pro-
cesses should be done in lower dimensions.

4. SYMMETRIZATION OF LEVY PROCESSES: PROOF OF THEOREM 1.1

We will now consider general Lévy processes whose Lévy measures are
absolutely continuous with respect to the Lebesgue measure. Our proof
requires two basic results on symmetrization of functions that are included
in the Appendix in §6.

Recall that under our assumptions

o [eig-xt} _ eft\ll(f)+i£-a:7
where
1 .
W) = =ith. &) + 58 6.+ [ [1+itenila =€ ] o) dy

B is the unit ball centered at the origin and ¢ is such that

/ WP ) dy < o0 (4.1)
rd 1+ |y|? v . '

Consider the sequence

¢n(y) = qb(y) H{teR;%<t}(|y|)7
and let ¢ (y) be its symmetric decreasing rearrangement. Thanks to (4.1),
Cn = ¢n(y)dy<ooa
R4

and
/ 1] 6n(y) dy < 00, 1 <3 < d,
B

where again B is the unit ball.
Consider (), ; a compound Poisson process with characteristic function

B (eif-cn,t ) — e tWen(§) (4.2)

where
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Given that all the eigenvalues of A are nonnegative, if {€,}>2, is a se-
quence of positive numbers converging to zero, then A, = A + ¢,1; is a
sequence of nonnegative nonsingular matrices. Let G, ; be a Gaussian pro-
cess starting at x, independent of C), ;, and associated with the matrix A,
and the vector b, = b— fB Yy on(y) dy. Set Xy, 1 = Cyp + Gy p. Since Cp ¢ and
G+ are independent,

E'x |:€i§'Xn,t:| — e_t‘lln(g)+i£'x’
where

V(O = —ilnO+ g0+ [ [1-0] oay @)
= =i+ 560+ [ [1+ileals — €] 6u) v

Let S, = X{'+ ...+ X} be the random walk associated to ;. If

fi,..., fm are nonnegative continuous functions and ¢; < ... < t,,, then
m
B | T £:(Xns) (4.4)
i=1
m
= E* H fl ( Cn,tz‘ + Gn:ti )
i=1
o m
= > PNy =k Ny = k) BT | T i (S, + Gns,)
k1 <k2<..<km i=1
Now Theorem 1.5 and equality (3.1) imply that
E" |1 #: | Gow + D X7 (4.5)
i=1 j=1
= / . / H fz xj fAn,bn (t, Tro — .’E) H (b(x]) dl’o Ce d.%'km
Re RS\ G20 j=1
m k; km
< [ T | faotta) [T oo e,
Re IR G =0 j=1
= / / Hf* l‘j fA;f“()(t,l‘()) qu)*(SU])dl‘od.Tkm
Re - JRY GG =0 j=1
m
= E°|[[ 5 (G + S;';,k)] :
i=1

This implies that
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E* < EY

H fi(Xnt,) H fi (Xae) ] : (4.6)
i—1 i=1

Theorem 1.1 will be a consequence of (4.6) and the following result on
weak convergence.

Theorem 4.1. Let fi,..., fi be nonnegative bounded continuous functions,
and 0 <ty < ... <tp. Then for all z € R?,
k k
Jim B 1A | =B | ] fi(Xti)] , (4.7)
i=1 i=1
and
k k
lim E° | [T x5 | = B Hfi(Xz‘i)] :
i=1 i=1

Proof. Notice that for all ¢ € R?,
Tim (A, -6.) = (A-€,6).
Given that there exists C' € RT such that,
1+l y) = €€ | guly) < CLEP Poy) <00, (48)
for all y € B, and
1= 7] 6uly) <26() <o, (4.9)

for all y € R?\ B, it follows from the Dominated Convergence Theorem that

Tim W, (¢) (4.10)
= Jim (i a0+ [ [1+ et -] 6,0 )

= (it gaeso+ [ [1+itents -] oay).
We conclude that
lim B [ X0 | = o [ o] (4.11)

n—oo

On the other hand, using the last two inequalities and the fact that
lim det A, = det A,

n—oo

we can easily prove that
Tim (A -£,€) = (A" £,6).

Lemma 6.1 implies that

Pn(2) < ¢"(2),
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for all x € R, and all n > 1. In addition, Proposition 6.2 gives that
lim ¢ = ¢*, ae. .
n—oo
Thus the same argument used to prove (4.11) yields
lim E” [eif'XZ,t} — [eié'Xi‘ ] . (4.12)
n—oo

Now, if &1,...,&n € RY, then

ij Xt = 1+ +m) Xnn
j=1
> 4 ) - (Xngy — Xy ) - (413)
=2

J
Since t1 < ... < t;, we have that

E* S exp i Y & Xy, (4.14)
j=1
= E'{expli(&+...+&m) Xnnl}
X H E° {exp [l(fm +...4+¢&) - (Xnytj_tj—l ) ] } .
=2
The desired result immediately follows from (4.11), (4.12) and the fact that

our characteristic functions are continuous at 0. This last observation follows
from the Lévy-Khintchine formula. O

Combining (4.6) and Theorem 4.1, we obtain

m m
E* | [T x| <E° |11 f;‘(X;;)] : (4.15)
i=1 i=1
for all nonnegative bounded continuous functions f1,..., fim.
Let f be a nonnegative continuous functions, and consider the sequence
frn =max{f,n}.
Then

0< fu(z) < fari(z) < f(a), for all z € R
Thus Proposition 6.1 implies that

0< fi(z) < fiq(x), for all z € RY
Since f* is continuous, Proposition 6.2 yield
lim f(z) = f*(z), for all 2 € RY.
n—oo

The Monotone Convergence Theorem for the laws of X; and X} imply (4.15)
for all nonnegative continuous functions.
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To finish the proof of Theorem 1.1, we must show that we may replace a
continuous function f; by the indicator (characteristic) function of a domain
of finite volume. Let O be a open set of finite volume and consider

Yo () =1—(1-nd(=,F)),, where F = R%\ O.

Notice that 1,(z) = 0 if x € F, and ¢, (x) = 1, if d(z,R¢\ O) >
addition,

1
o In

0< wn@:) < ¢n+1(9€) < 17 for all z € Rd-
By Proposition 6.1,
0 < oi(z) <obfy(x) <1, for all 2 € RY

Therefore

[’ 1
¥i(a) = /0 gy () dt = /0 Ly o () d.

Let O, = {z:d(z,R*\ 0) > 1} O* = B(0,r), and O}, = B(0,ry). If
0 <t<1,then

m{¢n > t}* = m{d)n > t} > m{O;kL}
Hence, for all z,
]IB(O,rn)(x) < H{wn>t}*(9ﬂ') < ]IB(O,T) (z).

Integrating in ¢ we obtain

1B, (@) < by (2) <Iperm(2).
We conclude that
lim oy, (z) = Ip,(7), for all € R,

n—oo

and Theorem 1.1 follows from the Monotone Convergence Theorem. O

Now we will prove Theorem 1.2. Without lost of generality we can assume
that the functions fi,..., fi, are finite almost everywhere with respect to
the Lebesgue measure. Let 1 < i < m. We first assume that there exists a
constant M;

for all + € R. Then there exists a sequence of nonnegative continuous
functions {¢y }22, such that
n—oo
almost everywhere with respect to the Lebesgue measure, and
on(x) < M;,
for all x € R. By proposition 6.2

: * ek
lim ¢;, = f,
n—oo
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almost everywhere with respect to the Lebesgue measure. Thus the ab-
solute continuity of the laws of Xy, and Xj, with respect to the Lebesgue
measure and the Dominated Convergence Theorem yield (4.15) if the func-
tions f1, ..., fm are bounded.

Finally, if f; is not bounded, consider the sequence

fn= max{fian}'
As before, Proposition 6.1 and Proposition 6.2 imply

I < foiq < ff forall x € R,
and
lim fo = ff,
n—oo
almost everywhere with respect to the Lebesgue measure. As before, Theo-

rem 1.2 follows from the absolute continuity of the laws of X¢, and X}, with
respect to the Lebesgue measure and the Monotone Convergence Theorem.

5. SOME APPLICATIONS

In this section we give several applications of Theorem 1.1, we begin with
the proof of Theorem 1.4. Recall that

R =inf{t >0:X; ¢ D}

is the first exit time of X; from a domain D. Let Dy, be a sequence of bounded
domains with smooth boundaries such that Dy C D41, and U2, Dy = D.
Since any Lévy process has a version with right continuous paths, we have

EZO{f(Xt) exp <— /OtV(XS)ds> DT >t}

= E%® { F(X}) exp <— /OtV(XS)ds> . X, €D, Vs €[0,] }

m—o0 k—o00

t m
= I lim E?° X ——E X s Xit € D, 1=1,...
im lim {f( t)exp( - V( 75))’ ate ks ? Yo

i=1
—  lim lim E%{ f(X) ﬁexp L yixa) ) 1p (Xit> .
Since
[exp (—=sV(z))]" = exp (=sV"(2)),
for all s > 0 and all z € R%, Theorem 1.1 implies that

E* { f(Xt) ﬁexp <_;V(Xfr5)> o (X:'i)}

i=1

i=1

< B { rex TLew (v ) HD;<X3>}.

(5.1)

")
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Hence we have the following
¢
EZ{ f(X¢) exp (—/ V(Xs)ds) CTh > t} (5.2)
0
t *
< Eo{f*(xg) exp (_/ v*(x;)ds> LT >t},

0
which is Theorem (1.4). Taking V' =0 and f = 1, gives
PZ{T§>75} gPO{Tgf >t}, (5.3)

which is a generalization of inequality (1.1). Integrating this inequality with
respect to t gives the following result.

Corollary 5.1. If Y is a nonnegative increasing function, then

B [y ()] < B v (7). (5.4)
for all z € D. In particular
B ()] < B[ ()], (5.5)

for all 0 < p < .

Our results imply many isoperimetric inequalities for the potentials and
the eigenvalues of Schrédinger operators of the form

where H g is the pseudo differential operator associated to X; with Dirich-
let Boundary conditions on D. For the convenience of the reader we will
give a brief description of the operators and semigroups associated to Lévy
processes.

For purposes of our formulae below we define the Fourier transform of an
L?*(R%) function as

f(&) = (27r1)d/2 /]Rd e " f(x) da,

1 N
=——— [ " f(&)de.
f(l') (27_r)d/2 /]Rti e f(g) g
We define the semigroup associated to the Lévy process X; by

Tif(x) = E°[f(X0)]
1

~

)

d
1 . ~

_ ix-§ —tW(&

- W/Rde MO J(e) de

with
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This semigroup takes Co(RY) into itself. That is, it is a Feller semigroup.
From this we see that, at least formally for f € S(R?), the infinitesimal
generator is

oL f (m)‘ 1 / - )
B = Tt de.
t =0 (2m)4/2 Jpa e (&) f(§) dg
Then the Lévy-Khintchine formula implies that the operator associated to
X, is given by

HX f(x)

d d
HYf@) = S hosf) - 5 Y apdioef() (56)
j=1

k=1
+ [ @) = 1@ =5 9@ g |avto)

where a;j, are the entries of the matrix A. For instance:

(1) If X; is a standard Brownian motion:
1
HYXf = —iA f.

(2) If X; is a symmetric stable processes of order 0 < o < 2:

¥ 1 a/2
H f:—<—2A> f.

(3) If X is a Poisson process of intensity c:
HX f(@) = e[ f(z +1) - ().
(4) If X; is a compound Poisson process with measure v and ¢ = 1:
B 1) = [ (fa+0) = f(@)] dvlw).

In this paper we are interested not on the “free” semigroup for X; but
rather on its “killed” semigroup and its perturbation by the potential V.
That is, we want properties of the semigroup

TtD,V flz) = EZ{ f(Xy) exp <— /Ot V(Xs)ds> : Tg >t }, (5.7)

defined for t > 0, z € D, and f € L?(D). Recall our assumption that V is
nonnegative and continuous. Thus,

|TtD,V flz) = ‘Ez{f(Xt) exp (— /OtV(Xs)ds) ; 7'1))( > t}‘

< B{IfXl 7 >t ) =TPIf2). (5.8)

For the rest of the paper we shall assume that the distributions of X,
and X; have densities pX (¢, z,w) and pX " (t, z,w), respectively, which are
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continuous in both z and w for all ¢ > 0. The killed semigroup has a heat
kernel pﬁv (t,z,w) satisfying

TPV f(2) = /D Pyt z,w) f(w) dw. (5.9)
Inequality (5.2) is equivalent to
/ f(w)pg’v(t, z,w) dw < f(w) pg:y*(t, 0,w) dw, (5.10)
D D*

for all z € D and all ¢ > 0, and this in fact holds for all nonnegative Borel
functions f by Theorem 1.2. Since f is arbitrary, the continuity assumption
of the kernels together with (5.8) gives that for all z,w € D,

Pyt z,w) < ppe vy (t,0,0) < ppe(t,0,0) < oo. (5.11)

If in addition X} is transient, we can integrate (5.10) in time to obtain the
following isoperimetric inequality for the potentials associated to X; and
X7

Corollary 5.2. Suppose both X; and X} are transient and have continuous
densities for all t > 0. Then for all z € D,

/ f(w)G)é’V(z, w)dw < f*(w)GX:y*(O, w) dw, (5.12)
D D*

where Gg}v(z,w) and Gé:’v* (0,w) are the Green’s functions corresponding
to X¢ and X[, respectively.

By inequalities (5.10), (5.12), and Proposition 2.1 in [2] (see also page 671
of [8]), we have

Corollary 5.3. Suppose both X; and X} are symmetric, transient and have

continuous densities for all t > 0. Then for all increasing conver functions
®: Rt — RT,

/ @(pgy(t, Z,w) )dw < / @(pg:y*(t, w,0) )dw, (5.13)
D *
and
/ @(Ggy(z,w) dw < / @(Gg:’v*(w,O) )dw, (5.14)
D *
forallze D, t > 0.
These Corollaries extend several results in C. Bandle [4], see for example
page 214.
The heat kernel p3 (¢, z,w) can also be represented in terms of the mul-
tidimensional distributions. One easily proves, see [12], that
pg’v(t, zZ,w) (5.15)

t
0
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If0=ty <t <...<t, <t, the conditional finite dimensional distribution

Xt =w } )
is given by

pX(t m,zm,w) - X
Hp (ti - ti—l, Ziy Zi—l) dzl ce dzm.

P {th €dzy,..., Xy, €dzp

Combining (5.15 ) with the arguments used in (5.1) we have that
pg,v(@%’w) (516)

Zm VX m+1
= lim lim/ / =1 VX ) Hp R Ziel dzy - dzp,
m—o0 k—oo Dy, Dy,

where zg = z and 2,41 = w.
The proof of Theorem 1.1 can be adapted to obtain

/ pg’v(t,w,w) dw < / pg:’v* (t,w,w) dw < oo, (5.17)
D *

where the last inequality follows from (5.11) and the fact that |D*| < oo.
That is, the trace of the Schrodinger semigroup for H 1))(,‘/ is maximized by
the trace of the Schrédinger semigroup HA. Ve

As explain in [23], the amount of heat contained in the domain D at time
t, when D has temperature 1 at ¢ = 0 and the boundary of D is kept at
temperature 0 at all times, is given by

— [ [ ohit.zw)dzaw.
D JD

where B is a Brownian motion. Also the torsional rigidity of D is given by

/OooQt(D)dt:/D/DGg(z,w)dzdw.

Using the representation (5.16), we obtain the following results for the heat
content and torsional rigidity of Lévy processes.

Corollary 5.4. Suppose both X; and X} are transient and have continuous
densities for all t > 0. Then for all z € D and t > 0,

//Pg,v(t,z,w)dzdwg/ / pgiv*(t,z,w)dzdw, (5.18)
DJD « Sy

//Gﬁv(z,w)dzdwg/ Gg:y*(z,w)dzdw. (5.19)
DJD * JD*

and

We recall that the semigroup of the process X; is self-adjoint in L? if and
only if the process X; is symmetric. That is, for any Borel set A C R,

PYX; € A} = P’{X, € —A}.
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In terms of the exponent in the Lévy-Khintchine formula this leads to the
representation (see [3])

¥(6) = 5066 = [ [eosta- )~ 1] o)

where A is a symmetric matrix and v is a symmetric Lévy measure. That
is, [v(A) = v(—A)] for all Borel sets A. In this case the general theory of
Dirichlet forms (see [10]) guarantees that the Markovian semigroup gener-
ated by X, gives rise to the self-adjoint generator HX. Recall that H{f D
is the operator obtained by imposing Dirichlet boundary conditions on D
to the Schrodinger operator HX + V. That is, the generator of the killed
semigroup {T}”"" };>0. By (5.11) we have that

/p‘gjv(t,w,w)dw < /p‘g:,v*(t,0,0)dw (5.20)
D *

= ppey(£,0,0)|D*| < oo.

That is, the semigroup of the killed process has finite trace.

Whenever D is of finite volume, the operator TtD’V maps L%(D) into
L>*(D) for every t > 0. This follows from (5.11) and the general the-
ory of heat semigroups as described on page 59 of [10]. In fact, under
these assumptions it follows from [10] that there exists an orthonormal ba-
sis of eigenfunctions {¢, ¢} for L?(D) and corresponding eigenvalues

{\(D,V, X)}o2, for the semigroup {TtD’V}tZO satisfying
0<M(D,V,X) < \(D,V,X) < X3(D,V, X) <
with A\, (D,V, X) — oo as n — oco. That is, the pair
{eDvx: (D, V, X)}
satisfies
—An(D,V,X)t

TPehyvx(z) =e Phvx(z), zeD, t>0.

Notice that A,(D,V,X) is a Dirichlet eigenvalue of HX 4+ V on D with
eigenfunction ¢% 1,y (z). Under such assumptions we have

PDV (t, 2, w) Ze (D VXt @%,V,X(Z) ©pv.x(w). (5.21)

This eigenfunction expansion for p% (¢, z,w) implies that

t
—M(D,V, X) = lim %ng'z {exp (—/ V(Xs)ds> CTH > t}, (5.22)
—00 0

for all domains D of finite volume. This gives the following corollary.
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Corollary 5.5 (Faber-Krahn inequality for Lévy Processes). Suppose both
X and X] are symmetric, transient and have continuous densities for all
t > 0. Then

AM(D* VX" < A\ (D, V.X). (5.23)

More generally, we also have the trace mequalz'ty

Z —tAn(D,X,V) SZ —tAn(D*, X*V")7

n=1

valid for all t > 0.

Finally, denote by C'x(A) the capacity of the set A for the process X;. In
[24], T. Watanabe proved that

Cx(A) > Cx«(A"). (5.24)
(This question, for Riesz capacities of all orders was raised by P. Mattila in
[11].) As explained in [13], this inequality can be obtained from the existing

rearrangement inequalities of multiple integrals only in the case that X,
is isotropic unimodal. For general Lévy processes we have the following
representation of the capacity due to Port and Stone [20]

1
Jlim — [ P (74 <t) dzo = Cx(A). (5.25)

Since
/PZO (ijfc <t) dz (5.26)

= k]l_}rgonlgnoo/ / I—HIAc 2j } Hp ( ) Zjy Zj— 1) dzg - dzm,

where Ay is a decreasing sequence of Compact sets such that the interior
of Ay contains A for all k and N2, Ar = A. We would expect to obtained
(5.24) using a result similar to Theorem 1.5 for more general Lévy processes.
However, the corresponding rearrangement inequality for this type of mul-
tiple integrals is only known for radially symmetric decreasing functions.
That is, only when X; is an isotropic unimodal Lévy process.

6. APPENDIX: SOME SYMMETRIZATION FACS

We recall once again that the symmetric decreasing rearrangement f* of
f is the function satisfying

fr () = f(y), if [=] = |yl
(= ) (y) if \wl > [yl
fr(z

and

m{f >t =m{f* >t} (6.1)
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for all ¢ > 0. Define r(f,t) as
m{f>t}=m{B(0,r(f,t))}. (6.2)

Whenever f is a radially symmetric nonincreasing function such that f is
right continuous at |zg|, we have that

r(f, f(zo)) = sup{r > 0: f(r) > f(x0)} = |zol- (6.3)

In particular, given that f* is right continuous as a function of the radius,
we have

r(f*,t) =sup{r > 0: f*(r) > t},
for all ¢ > 0.

Our first result states that symmetrization preserves continuity and order,
see page 81 of [11].

Proposition 6.1. Let f be a nonnegative function. If f is continuous,
then f* is continuous. In addition, if g is a nonnegative function such that
g(z) < f(x) almost everywhere with respect to the Lebesgue measure, then

g (x) < f*(2), (6.4)
for all x € R.
Proof. Let us assume that f*(x) is not continuous at zg. Given that f*

is radially symmetric decreasing and right continuous as a function of the
radius, zg # 0 and there exist ¢; such that

mA{f* > st =m{f*> f(z0)} #0,
for all s € [f*(z0),t1). However the continuity of f implies that the set

{x eR%: f*(x0) < f(z) < s}
is nonempty and open. Therefore

mA{f > st <m{f>f*(z0)},

which is a contradiction.
Now if g(x) < f(x), almost everywhere with respect to the Lebesgue
measure, then

m{B(0,r (¢*,t)} = m{g>t} (6.5)
< mif>t}
= m{BO,r(f"t)}.
That is,
r(ght) <r(f5t), (6.6)
for all t > 0. Let us assume that there exists € R? such that f*(|z|) <

g*(|x]). Since g* is decreasing and right continuous as a function of the
radius, we have

r (g% g (lz))) <r (g f(|x]))-
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On the other hand, by (6.5) and (6.6),

[ =7 (g% g (|=)) <r (g% fF(2))) <r (f5 7 (2)) = [=].
O

Finally, we prove that symmetrization preserves almost everywhere con-
vergence.

Proposition 6.2. Let {¢,}22 be a sequence of bounded functions such that
lim ¢, = ¢,
n—oo

almost everywhere with respect to the Lebesgue measure. If xg is a point of
continuity of ¢* then

Jim_ ¢, (o) = ¢"(20)-
In particular
lim ¢} = ", (6.7)

n—oo

almost everywhere with respect to the Lebesque measure.

Proof. Asumme there exists xg a continuity point of ¢* such that

lim_ 6% (xo) # 6" (o).
Then there exists € > 0 and a subsequence nj such that either

b, (T0) > ¢ (w0) + ¢, (6.8)
or

Ppy,(20) < ¢ (w0) — €. (6.9)

Let us assume that (6.8) holds. Since ¢ is a continuity point of ¢*, there
exists 0 < § < € and yg a continuity point of ¢* such that

¢™(z0) + 6 = ¢"(yo), and [yo| < [wol-
However, thanks to (6.1) and (6.3),

m{B(0,lzo|)} = limsupm {¢y, > ¢y, (z0)}

nj—00

< limsupm {¢}; > ¢*(z0) + 6}

ng—00

m{¢* > ¢"(yo)}
= m{B(0,[yol)},

which is a contradiction. On the other hand, if

b, (z0) < " (w0) — €.
There exists 0 < § < € and yg a continuity point of ¢* such that

¢*(z0) — 0 = ¢"(yo), and |yo| > |zo].
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Since
m{B(0,|zo|)} = limsupm{¢y, > ¢y, (z0)}
ng—00
. * *
> limsupm {¢, > ¢"(x0) — 0}
= m{¢" > ¢"(yo)}
= mA{B(0,[yol)},
we also obtain a contradiction and this proves the Proposition. O
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