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The Laplace Operator
• One of the most fundamental operators in the development of several

areas of mathematics and its applications is the Laplace operator

∆ =
∂2

∂x2
+

∂2

∂y2

and its higher dimensional analogues. Called the Laplacian, after the
Marquis Pierre–Simon De Laplace (1749–1827), the operator lies at the
heart of the mathematical description of heat, light, sound, electricity,
magnetism, gravitation, fluid motion, etc., as well as at the heart
of modern mathematical analysis. It has been extensively studied by
mathematicians and physicists for more than 200 years, often focusing
on the geometric properties of its solutions.

• One may surmise that everything worth knowing about this operator
would already be known.

• But this “old, classical,” mathematical object does not reveal its secrets
lightly.

• PURPOSE OF THIS TALK: Explore sharp bounds of geometric nature
on some basic quantities associated with Laplace’s operator.



Eigenvalues/Eigenfunctions
Given a region D in the plane there is a sequence of numbers {λn} satisfying

λ1 < λ2 ≤ λ3 ≤ . . . → ∞

and a sequence of functions

ϕ1, ϕ2, . . .

which solve the boundary value problem (“Dirichlet boundary” conditions)

{
∆ϕn = −λnϕn in D

ϕn = 0 on ∂D.

The functions

uj(t, z) = ϕj(z)ei
√

λj t z = (x, y)

solve the wave equation:

∂2uj

∂t2
= ∆uj =

∂2uj

∂x2
+

∂2uj

∂y2
.
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• The numbers {λ1, λ2, . . . } are called the eigenvalues for D.

• The functions {ϕ1, ϕ2, . . . } are called the eigenfunctions for D.

• Both sequences have been systematically studied for more than 200 years.

• Special attention paid to the “fundamental” tone λ1 and the “ground” state

ϕ1.

Intuition: The smaller λ1, the larger the “drum”. The larger the “drum”, the

smaller λ1.
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World’s Largest Drum!

World’s Lowest Fundamental Tone!

People throughout the world have known for centuries that “big drums”
produce low tones and that “small drums” produce high tones.

But, What is “BIG” and what is “SMALL”?



The Isoperimetric Problem

The Greek Philosopher, Proclus, wrote in the fifth century: “The circle (disk), is

the first, the most simple, and the most perfect figure.” The “perfect” symmetry

of the disk justifies this statement as does the deep property discovered by

Queen Dido (Deido–the wanderer), a Phoenician princess from the city of Tyre,

shortly after her arrival in Africa in 900 B.C.

Dido’s property: Amongst all regions of fixed equal area, the disk has the

smallest perimeter.

OR: Amongst all figures of equal perimeter, the circle encloses the largest
area.

“Mathematically”: Let D be a region in the plane with area A(D) and
perimeter L(D). Then

A(D) ≤
1

4π
L2(D),




